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Abstract

Output-only Time and Frequency Domain system identi�cation
techniques are developed in this doctoral dissertation towards the
challenging assessment of current structural dynamic properties

of buildings from earthquake-induced structural responsesignals, at si-
multaneous heavy damping. Three di�erent Operational Modal Anal-
ysis (OMA) techniques, namely are�ned Frequency Domain Decompo-
sition (rFDD) algorithm, an improved Data-Driven Stochastic Subspace
Identi�cation (SSI-DATA) procedure and a novelFull Dynamic Com-
pound Inverse Method (FDCIM)are formulated and implemented within
MATLAB, and exploited for the strong ground motion modal dynamic
identi�cation of selected buildings. First, the three OMA methods are
validated by the adoption of synthetic earthquake-inducedstructural re-
sponse signals, generated from numerical integration on benchmark lin-
ear shear-type frames. Then, real seismic response signalsare e�ectively
processed, by getting even closer to real Earthquake Engineering identi�-
cation scenarios. In the end, the three OMA methods are systematically
applied and compared. The present thesis demonstrates the reliability
and e�ectiveness of such advanced OMA methods, as convenient output-
only modal identi�cation tools for Earthquake Engineeringand Structural
Health Monitoring purposes.
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Summary

I n the present doctoral dissertation, research focus goes on Time and
Frequency Domain output-only system identi�cation methods relying
on earthquake-induced structural response signals. The aim of such

a wave-front research investigation is that of assessing current structural
modal properties of civil engineering buildings, by three original modal dy-
namic identi�cation implementations within an Earthquake Engineering
and Structural Health Monitoring context.

Speci�cally, the formulated Operational Modal Analysis (OMA) tech-
niques are a Frequency Domainre�ned Frequency Domain Decomposi-
tion (rFDD) algorithm, a Time Domain Data-Driven Stochastic Subspace
Identi�cation (SSI-DATA) procedure and a new Time DomainFull Dy-
namic Compound Inverse Method (FDCIM). Such investigation scenario
appears quite challenging in the dedicated scienti�c and technical litera-
ture. Indeed, by taking earthquake-induced structural responses as input
signals for the identi�cation process, typical OMA validity assumptions
like that of stationary white noise input no longer hold. Additionally,
heavy damping conditions (in terms of identi�cation challenge) are con-
sidered all together.

The three original OMA implementations are formulated and devel-
oped within MATLAB. Synthetic earthquake-induced structural response
signals are generated �rst from di�erent linear shear-typeframes, with
variable structural features, which are taken as benchmarkstructures, for
necessary validation purposes. Then, real seismic response signals from a
selected building are e�ectively processed, by getting even closer to real
Earthquake Engineering identi�cation scenarios.

The rFDD algorithm, a main subject of the present thesis, maybe
conceived as an advanced evolution of classical FDD methods, as speci�-
cally devised here to deal with earthquake-induced structural response sig-
nals and heavy damping conditions. Through novel dedicatedalgorithmic
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and computational strategies, the present rFDD implementation results
in a rather robust tool, within such a challenging identi�cation context.
The rFDD technique is speci�cally validated by adopting a complete seis-
mic dataset, namely by considering the twenty-two Far-Field multicompo-
nent (NS, WE) seismic base excitations from the FEMA P695 earthquake
database, as applied to three linear shear-type frames (a two-, a three-
and a six-storey frame).

Further, the rFDD technique is innovatively expanded to operate also
under Soil-Structure Interaction conditions, in order to deal with both
�exible- and �xed-base conditions. The developed analysesare performed
on earthquake-induced synthetic response signals, which are computed
from a benchmark linear �ve-storey shear-type frame, underseveral earth-
quake excitations and at variable foundation properties. Then, rFDD
originally operates within an OMAX (Operational Modal Analysis with
eXogenous input) environment on the base-excited buildings. This aims at
detecting also the underlying �xed-base condition and at quantifying the
amount of Soil-Structure Interaction to which the buildingunder analysis
may be subjected to.

The SSI-DATA identi�cation algorithm, instead, is developed in an
optimized version, which aims at exploring and improving the classical
Stochastic Subspace Identi�cation performance in the presence of seismic
response signals and heavy damping. In particular, speci�cally developed
stabilization diagrams have been conceived, jointly with the best setting
of the processing tool and of its computational parameters,in order to
handle the present challenging Earthquake Engineering context.

Finally, the new FDCIM technique is an innovative output-only
element-level system identi�cation and input estimation method, which
works �ne towards the simultaneous identi�cation of modal parameters,
input excitation time history and structural features at the element-level,
by adopting earthquake-induced structural response signals only. The
method operates within a deterministic state-space form, by an original
two-stage iterative algorithm, and arrives at consistent identi�cation re-
sults in the Earthquake Engineering range.

The doctoral thesis thoroughly analyses and compares the outcomes
from such three implemented OMA techniques, by demonstrating their re-
liability and e�ectiveness, as convenient output-only modal identi�cation
tools towards innovative Earthquake Engineering and Structural Health
Monitoring purposes.
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Chapter 1
Introduction

The determination of current modal dynamic properties fromearthquake-
induced structural response signals displays a key importance in the con-
texts of Earthquake Engineering and Structural Health Monitoring, with
the aim of investigating the assessment of structural dynamic properties
of civil engineering buildings in the seismic engineering range. Through
prompt modal parameter estimates, also structural changesat pre-, cur-
rent and post-earthquake stages may be potentially detected by speci�-
cally-developed identi�cation techniques, either in the linear or in the
nonlinear range. Also, heavy damping conditions may characterize the
structural behaviour along the development of earthquake events.

During the past years, the adoption of seismic structural responses,
as connected to the identi�cation of modal dynamic properties of civil
buildings, has been the subject of several researches [6,7,33,50]. Various
�elds of application may adopt the outcomes of these speci�cidenti�cation
tools, as for example Structural Health Monitoring, condition assessment,
design process, development or validation of predictive models, evalua-
tion of retro�tting procedures, damage detection, �nite element model
updating and insertion of possible active, semi-active andpassive control
devices [2,3,28,35,75,78,111,112,133].

The adopted modal identi�cation techniques generally pertain to two
di�erent classes, i.e. to Experimental Modal Analysis (EMA) or to Oper-
ational Modal Analysis (OMA). EMA techniques rely on the knowledge
of both input excitation and output structural response, and are the most
di�used identi�cation techniques since from the sixties [36, 41, 75]. OMA
(or output-only) procedures, instead, are based on the adoption of struc-
tural responses signals only, which in general are induced by unknown
ambient excitations, such as by operating loads, wind and tra�c [13,104].

Then, the use of seismic response signals towards modal identi�ca-
tion has been attempted in several works, especially withinExperimental
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Chapter 1. Introduction

Modal Analysis [6,7,21,46,56], where the seismic input is assumed to be
known and measured. Instead, within Operational Modal Analysis, where
the seismic input is actually unknown, fewer works attempted successfully
such a di�cult task [51,68,74,77,78].

This is the main subject of the present doctoral dissertation. In partic-
ular, the research focus goes here on Time and Frequency Domain output-
only system identi�cation methods, by relying on earthquake-induced
structural response signals. Most OMA techniques are speci�cally con-
ceived to work with free or ambient vibration recordings, where (small-
amplitude) vibrations may be well approximated by stationary Gaussian
white noise [17,121]. Rather, the aim of the present investigation is that of
assessing current structural modal properties of civil engineering buildings,
by three original modal dynamic identi�cation methods within an Earth-
quake Engineering and Structural Health Monitoring context (Chapter 2).

Speci�cally, the formulated Operational Modal Analysis (OMA) tech-
niques are a Frequency Domain re�ned Frequency Domain Decomposi-
tion (rFDD) algorithm, a Time Domain Data-Driven Stochastic Subspace
Identi�cation (SSI-DATA) procedure and a new Time Domain Full Dy-
namic Compound Inverse Method (FDCIM). Such investigationscenario
appears quite challenging in the dedicated scienti�c and technical litera-
ture. Indeed, by taking earthquake-induced structural responses as input
signals for the identi�cation process, typical OMA validity assumptions,
like that of stationary white noise input, no longer hold. Additionally,
heavy damping conditions (in terms of identi�cation challenge) are consid-
ered all together, towards getting even closer to real earthquake scenarios
and applications.

The three original OMA implementations are all formulated and de-
veloped autonomously within MATLAB (Chapters 3, 6 and 7). Synthetic
earthquake-induced structural response signals are generated �rst from
two di�erent linear shear-type frames (a three- and a ten-storey frame)
with variable features, which are then taken as benchmark structures for
necessary validation purposes. The response signals are generated via di-
rect Newmark's integration from a set of ten selected earthquake records,
taken as instances of base excitation (Chapter 4). Subsequently, real seis-
mic response signals are e�ectively processed (Chapter 8),by getting even
closer to real Earthquake Engineering identi�cation scenarios.

The rFDD algorithm [91, 92], a main subject of the present thesis,
may be conceived as a considerable evolution of classical FDD meth-
ods [16, 17, 125], as speci�cally devised here to deal with earthquake-
induced structural response signals and heavy damping conditions. FDD
methods are based on the calculation of the Power Spectral Density (PSD)
matrix of the structural response signals, and on its Singular Value De-
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composition (SVD), towards modal parameters estimation. Through novel
dedicated algorithmic and computational strategies, the present rFDD im-
plementation results in a rather robust identi�cation tool in such a chal-
lenging identi�cation context (Chapter 3).

After the preliminary analysis with the three- and ten-storey frames,
the rFDD technique is speci�cally validated by adopting a complete seis-
mic dataset, namely by considering the twenty-two Far-Field multicompo-
nent (NS, WE) seismic base excitations from the FEMA P695 earthquake
database [97]. These earthquake instances are applied as base excitation
to three linear shear-type frames (a two-, a three- and a six-storey frame),
with di�erent structural features (Chapter 4).

Further, the rFDD technique is innovatively expanded here to oper-
ate also under Soil-Structure Interaction conditions, in order to deal with
both �exible- and �xed-base conditions [101, 102]. The developed analy-
ses are performed on earthquake-induced synthetic response signals, which
are computed from a benchmark linear �ve-storey shear-typeframe with
an underlying Sway-Rocking Soil-Structure Interaction model. Structural
responses are calculated by adopting the earlier set of ten selected earth-
quake excitations, with �ve di�erent types of soils, i.e. offoundation prop-
erties, from the rigid to the very soft soil cases. Then, rFDDoriginally
operates within an OMAX (Operational Modal Analysis with eXogenous
input) environment on the base-excited buildings. This aims at detecting
also the underlying �xed-base conditions and to quantify the amount of
Soil-Structure Interaction to which the building under analysis may be
subjected to (Chapter 5).

The SSI-DATA identi�cation algorithm, instead, starting f rom seminal
works [83, 84, 121], is developed in an optimized version, which aims at
explaining and improving the classical Stochastic Subspace Identi�cation
performance with seismic response signals and heavy damping [94, 98].
The best setting of the SSI-DATA processing tool and computational pa-
rameters, namely signal processing and �ltering, Block Hankel matrix fea-
tures, SVD truncation order and weightings and calculationof the State
Space matrices aim at handling such a peculiar and challenging applica-
tion �eld. Also, speci�cally developed stabilization diagrams have been
conceived, designed as a �fusion� of rFDD and SSI-DATA information. All
these re�nements are developed in order to handle the present demanding
Earthquake Engineering context, and are demonstrated in their e�cacy
with the three- and ten-storey benchmark structures (Chapter 6).

Then, the new FDCIM technique is an innovative output-only element-
level system identi�cation and input estimation method [96, 99], which
takes its roots from earlier seminal works [23,67,124]. This method works
�ne towards the simultaneous identi�cation of modal parameters, input
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Chapter 1. Introduction

excitation time history and structural features at the so-called �element-
level�, by adopting earthquake-induced structural response signals only.
The method operates within a deterministic state-space form, by an orig-
inal two-stage iterative algorithm, and arrives at consistent identi�cation
results in the Earthquake Engineering range. Speci�cally developed pro-
cedures, such as a Statistical Average technique, a modi�cation process, a
parameter projection strategy and a Rayleigh damping parameter estima-
tion method concur to this FDCIM challenging OMA identi�cat ion. The
remarkable e�ectiveness of the FDCIM algorithm is demonstrated with the
application on a three- and a ten-storey benchmark frame (Chapter 7).

Finally, the three methods are compared all together, afterthe analysis
performed with synthetic seismic response signals, in the further challeng-
ing scenario of adopting real earthquake-induced structural response sig-
nals. The adopted real signals come from a six-storey o�ce building in San
Bruno, California, and are taken from the Center for Engineering Strong
Motion Data (CESMD) [22]. Then, the real case-study comparison of the
outcomes from such three advanced OMA techniques aims at demonstrat-
ing once again their reliability and e�ectiveness as convenient output-only
modal identi�cation tools towards innovative Earthquake Engineering and
Structural Health Monitoring purposes (Chapter 8).

Main global conclusions of the present doctoral dissertation are �nally
reported in closing Chapter 9.
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Chapter 2
Operational Modal Analysis under strong
ground motion structural response signals

In the �eld of Operational Modal analysis (OMA), where identi�cation
techniques are based on structural response signals only, just a few works
attempted successfully to deal with the modal estimation under
earthquake-induced response data. That since most of OMA techniques
are speci�cally conceived to work with free or ambient vibration record-
ings, where (small-amplitude) vibrations may be well approximated by
stationary Gaussian white noise [17,121]. Furthermore, most of the times
adequately long acquisitions are required, in order to possibly reduce noise
and errors during the estimation procedures. Thus, seismicresponse sig-
nals are very much di�erent than classically-adopted output-only ambient
vibration signals.

Despite that, the knowledge of modal dynamic properties notonly at
the pre- and post-earthquake stages, but also during the sequences of
main seismic events, delineates a very challenging and fundamental �eld
of study within structural dynamics and seismic engineering. For example,
tasks like Structural Health Monitoring, conditions assessment, predictive
response modelling, damage detection and evaluation of retro�tting pro-
cedures may take signi�cant advantages from the knowledge of current
strong ground motion modal parameters.

After the preamble of the Introduction, the present sectionaims at
setting a state of the art in the �eld. In �rst Section 2.1, main contribu-
tions, explanations and details concerning the theoretical background and
positioning of the rFDD and SSI-DATA identi�cation techniques treated
in the thesis will be one main subject of discussion. In Section 2.2, a
brief overview on the adoption of Soil-Structure Interaction conditions
within output-only modal identi�cation will be reported. T hen, in sub-
sequent Section 2.3, the focus will move on the main contributions and
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Chapter 2. OMA under seismic structural response signals

the theoretical background concerning element-level and input estimation
techniques, to which the present original FDCIM algorithm developed in
the thesis belongs to.

2.1 Time Domain and Frequency Domain output-only modal
identi�cation under earthquake-induced structural
response signals

Nowadays, several identi�cation methods just rely on output-only condi-
tions, by knowing structural response signals only [104,106]. By employ-
ing these OMA procedures, only a few attempts with earthquake-induced
structural response signals (adopted as input channels forthe identi�ca-
tion algorithms) have been performed in the literature. On that, a brief
and likely non-exhaustive literature overview on recent contributions, ei-
ther in the Time Domain or in the Frequency Domain, is reported in the
following.

Most of the current state-of-the-art OMA techniques adopting seismic
structural response input refer to Time-Domain methods. In2003, Smyth
et al. [114] developed a combination of linear (Least-Squares based) and
non-linear (non-parametric) system identi�cation techniques, in order to
obtain a complete reduced-order, Multi-Input Multi-Output (MIMO) dy-
namic model of the Vincent Thomas Bridge, based on the dynamic re-
sponse of the structure to two main earthquakes under study.

In 2004, Pridham and Wilson [103] proposed a combination of standard
Stochastic Subspace Identi�cation (SSI) with a Maximum-Likelihood (Ex-
pectation Maximization - EM) algorithm, in order to re�ne SSI estimates.
Five ensembles of synthetic response signals, generated from shear-type
frames under seismic base excitation, were employed in Monte Carlo sim-
ulations, to illustrate the applicability of the method. For certain system
characteristics, more accurate system pole estimates can be identi�ed by
adopting the combined SSI-EM formulation, but problems still remain on
the damping ratio estimations.

In 2005, Lin et al. [68] developed a modi�ed Random Decrement
method coupled with an Ibrahim Time Domain technique, by relying only
on a few �oor acceleration earthquake-response records. The aim was
that of identifying modal parameters on asymmetric buildings, modelled
as general torsionally coupled structures. By analytically deriving the gen-
eral relationship between the reduced Random Decrement signature and
the true free vibration response, they were able to identifythe structural
dominant modal parameters, even with coupled modes and the addition
of noise.

In 2009, Kun et al. [61] proposed an identi�cation method where the
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2.1. TD and FD OMA under seismic structural response signals

support excitation acting on a structure was modelled by orthogonal poly-
nomial approximations, with the derivation of the sensitivities of struc-
tural dynamic response with respect to its physical parameters and or-
thogonal coe�cients. The identi�cation equation was basedon a Taylor's
�rst-order approximation, and was solved by a damped iterative Least-
Squares procedure. Their method could also detect local damage and
identify the unknown support excitation from the structural responses of
the structure.

In 2013, Ghahari et al. [43] presented an OMA method based on two
steps. First, the Time-Frequency distributions of the response signals were
used for blind identi�cation of classical mode shapes and modal coordinate
signals. Second, the cross-relations among the modal coordinates were
employed to determine the natural frequencies and the damping ratios of
the system under analysis. All that in the premise of linear behaviour
for the structural system. They adopted both simulated and real seismic
response data to validate their method.

Still in 2013, Gouache et al. [47] developed an output-only procedure
that was able to deal with harmonic and transient input forces, instead of
classically adopted white noise. The feature was that transient and har-
monic inputs were no longer considered as parasitic input, as for most of
the OMA techniques (which are designed to be robust to such harmonic
contributions), but as the main force applied to the structure under anal-
ysis. That was possible by using a phase analysis, adapted toa transient
context, to conduct OMA under harmonic transient input. They exposed
the related theoretical developments and algorithmic implementations in
order to apply the method to a laboratory SDoF test setup and to validate
the procedure.

Finally, in 2014, Lei et al. [63] developed a Time Domain Extended
Kalman Filter (EKF) estimator approach for the identi�cati on of multi-
storey shear-type buildings under an unknown earthquake-induced ground
motion, by using partial measurements of the structural absolute accel-
eration responses. This method also allowed for estimatingthe ground
motion base-excitation, by adopting LS estimation coupledwith EKF.

Then, by adopting OMA techniques with earthquake-induced struc-
tural response input in the Frequency Domain, dedicated algorithms seem
to have been less investigated than those in the Time Domain.Few notable
exceptions may be listed in the following. In 2005, Ventura et al. [122]
studied the dynamical behaviour of the Painter Street Overpass (Rio Dell,
California) through a series of ambient vibration tests andmore than ten
signi�cant recorded strong motion data. The aim was that of comparing
the dynamic characteristics of the bridge at low levels of vibration with
those measured during strong motion events. The adopted OMAalgo-
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Chapter 2. OMA under seismic structural response signals

rithms belongs to a commercial software version of Frequency Domain
Decomposition [17] (Time Domain Stochastic Subspace Identi�cation [84]
was adopted, too).

In 2007, Mahmoudabadi et al. [74], starting from a method forpara-
metric system identi�cation of classically damped linear systems in the
Frequency Domain, proposed an extension based on iterativeLS that was
able to deal with non-classically damped linear systems subjected to up to
six components of earthquake ground motions. The results ofthe identi-
�cation on synthetic and real buildings showed that the adoption of non-
classical damping and the inclusion of the multi-components e�ect of the
earthquake ground motions can improve the Least-Squares match between
the Finite Fourier Transforms of the recorded and calculated acceleration
responses.

Finally, in 2010 Michel et al. [78] examined the seismic response of
the Grenoble City Hall building (Grenoble, France), based on ambient
vibrations and weak earthquakes, and performed OMA througha clas-
sical Frequency Domain Decomposition algorithm. They compared the
frequencies from the ambient vibrations to those from weak earthquakes
recorded by the instrumentation that was installed to monitor the build-
ing.

By making reference to main OMA techniques, earthquake-induced
structural responses are adopted in the body of this work as input channels
for a re�ned Frequency Domain Decomposition (rFDD)algorithm [17] and
an improved Data-Driven Stochastic Subspace Identi�cation (SSI-DATA)
technique [84]. Both were implemented autonomously withinMATLAB,
for rFDD in [90�92, 97] and for SSI-DATA in [82, 94, 98]. The traditional
versions of these algorithms rely on the typical assumptionof (stationary)
white noise input, which no longer holds true with (non-stationary) seismic
response input. On the contrary, the present methods have been speci�-
cally developed to deal with earthquake-induced structural responses and
at simultaneous heavy damping (in terms of identi�cation challenge, i.e.
with modal damping ratios larger than only a few percents, and up to
10%or even higher).

As concerning rFDD (Chapters 3, 4 and 5 of the thesis), the ancestor
works came from FDD developments and inspections of Brincker and co-
workers [15,17]. The classical FDD technique allows for estimating natural
frequencies and mode shapes of the structural system; in itsEnhanced
EFDD formulation, also of modal damping ratios and undampednatural
frequencies [14, 130]. A third generation of FDD, i.e. Frequency Spatial
Domain Decomposition (FSDD), was recently developed to eliminate some
disadvantages of EFDD algorithms [15, 125, 131]. However, the present
rFDD algorithm re�nes and rede�nes classical FDD algorithms, through
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2.1. TD and FD OMA under seismic structural response signals

speci�c computational strategies, allowing for the structural identi�cation
at seismic input and concomitant heavy damping.

Starting from those earlier FDD methods, the theoretical background
and e�cacy of the present rFDD technique have been �rst outlined and
demonstrated in [92], where preliminary attempts with single and multi-
ple input earthquakes have been considered. Then, in [92] a further in-
vestigation on the theoretical aspects has been performed,where original
strategies for the correlation and Power Spectral Density (PSD) matrices
were developed. There, an extended set of structures and earthquakes was
adopted, jointly with noise addition.

As a necessary validation condition, synthetic response signals in the
linear range have been adopted in both [91,92] works. In order to further
demonstrate the rFDD validity, the achieved estimates havebeen com-
pared to those coming from classical FDD, implemented by a commer-
cial software. Furthermore, several trials with real earthquake-induced
structural response signals have been e�ectively performed in [93], by ad-
dressing speci�c computational issues related to real acquisitions. Damage
scenarios in the nonlinear range, retro�t stages and Soil-Structure Inter-
action e�ects have been considered as well. Soil-StructureInteraction
e�ects have been also investigated in [101,102], in order toestimate �xed-
and �exible-base modal parameters under earthquake-induced structural
response signals.

Then, in [97] the original rFDD technique was improved with acou-
pled Chebyshev Type II bandpass �lters procedure, in order to obtain
even much e�ective estimations of natural frequencies, mode shapes and
modal damping ratios, when tough seismic input and heavy damping con-
ditions apply. Also, the proper procedure tuning was achieved by a time-
frequency Gabor Wavelet Transform (GWT) analysis [11]. A systematic
and comprehensive validation of the rFDD method was provided through
the adoption of the complete �Far-Field� seismic record set(22 NS and
22 WE earthquake acquisitions) coming from the FEMA P695 earthquake
database [37]. This earthquake dataset was also preliminary adopted
in [95], with previous rFDD instances [91,92], while in [100] further anal-
yses with the most demanding earthquakes and structural conditions (in-
cluding heavy damping until � = 13%) have been attempted, based on
work [97].

As concerning SSI-DATA (Chapter 6), the ancestor works camefrom
�rst SSI developments by Van Overschee and De Moor [121], where the
SSI-DATA theoretical background was examined in detail, bytaking a gen-
eral overview on the identi�cation problem. The further work of Peeters
and co-workers [83�85], instead, introduced the use of SSI-DATA within
the civil engineering �eld, by taking into account all the related issues, as
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Chapter 2. OMA under seismic structural response signals

for example the adoption of reference channels, and so on. Starting from
the models outlined from these works, classical SSI-DATA has been en-
hanced here and improved to be able to deal also with earthquake-induced
structural response signals and heavy damping.

A preliminary study on SSI-DATA e�cacy within the present ch alleng-
ing �eld was performed in [82], where the algorithm was �rst implemented
and validated with white noise signals and then analysed with seismic re-
sponse signals. Then, in [94] a further study on the SSI-DATAalgorithm
application with seismic input was performed, by adopting athree-DoFs
reference frame. There, a �rst comparison of SSI-DATA outcomes with
rFDD ones was attempted.

Then, in [98] the SSI-DATA was de�nitively rearranged and improved
to deal with earthquake response signals and heavy damping.Speci�cally,
the best setting of the SSI-DATA processing tool and computational pa-
rameters, namely signal processing and �ltering, Block Hankel matrix fea-
tures, SVD truncation order and weightings and calculationof the State
Space matrices aim at this peculiar application �eld. Also,speci�cally
developed stabilization diagrams have been conceived, designed as a �fu-
sion� of rFDD and SSI-DATA information. In that work, SSI-DATA and
rFDD estimates were compared in detail, by adopting an increased num-
ber of frames and seismic excitations at the base. First, theautonomously
implemented rFDD and SSI-DATA techniques were separately adopted
to identify the modal properties of two linear heavy-dampedshear-type
frames under several strong ground motions. Then, real earthquake re-
sponse signals were considered, in order to extract generaland speci�c
considerations on the e�ciency and consistency of both OMA algorithms
and to investigate and compare their e�ectiveness in identifying all current
strong ground motion modal parameters.

2.2 Time Domain and Frequency Domain OMA with seismic
excitation under Soil-Structure Interaction conditions

As connected to the dynamic characterization of real engineering struc-
tures, the determination of modal parameters via OMA takes asigni�cant
role within Earthquake Engineering, especially as connected to the adop-
tion of earthquake-induced structural response signals. In this framework,
seismic Soil-Structure Interaction [59,60,127] may play aconsiderable role.

The dynamic response of a structure laying on a soft soil may sub-
stantially di�er, in amplitude and frequency content, from that of an
identical structure based on a sti� ground [127]. A buildingsubjected
to Soil-Structure Interaction displays a coupling betweenthe foundation
and the superstructure motions. The recorded dominant frequency is al-
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2.2. TD and FD OMA under seismic Soil-Structure Interaction conditions

ways smaller than that of the corresponding �xed-base building, and of
the foundation itself, when no building is present [108].

If local Soil-Structure Interaction e�ects are small, the recorded re-
sponses at the foundation level are not in�uenced by the motions of the
upper stories, and the building may be assumed as laying on a ��xed
base� [5, 28]. The motion at the foundation level may be takenas a base
excitation for the adopted structural model. Otherwise, ifthe interaction
becomes signi�cant, this assumption is no longer valid, since the foun-
dation input motion and the output response of the structureturn out
to be coupled to each other [60]. Then, the response of the building is
characterized by a ��exible-base� Soil-Structure Interaction condition.

By knowing the building structural recordings, the identi�cation of
Soil-Structure Interaction e�ects may be possible if acquisitions would be
available also from the foundations, or from free-�eld or nearby downhole
locations. During the last decades, several studies on Soil-Structure Inter-
action identi�cation and quanti�cation have been thoroughly attempted,
see e.g. [26,72,107,108,115,117,119]. By using Operational Modal Anal-
ysis (OMA), a few attempts have been performed, speci�callyin the Fre-
quency Domain context, by aiming at the detection of �exible-base condi-
tions and by accounting for Soil-Structure Interaction e�ects on the build-
ings, as e.g. in [43,44]. Thus, a brief overview on recent contributions on
Soil-Structure Interaction identi�cation and quanti�cat ion, by focusing es-
pecially on main contributions that inspired the rFDD inspection in this
�eld (Chapter 5), is reported in the following.

First attempts on Soil-Structure Interaction modelling for buildings
likely came in 1974 from the work of Chopra and Gutierrez [28]. They
developed a method, based on the Ritz concept, for the dynamic analysis
of the response of multi-storey buildings including foundation interaction
under earthquake ground motion. The considered system was ashear
building on a rigid circular disc footing, attached to the surface of a linear
elastic halfspace.

In 1988, Luco et al. [72] described an EMA series of forced vibration
tests designed to isolate the e�ects of Soil-Structure Interaction for a nine-
storey reinforced concrete building. They experimentallydetermined the
�xed-base natural frequencies and modal damping ratios of the super-
structure, which signi�cantly di�ered from the resonant frequencies and
damping ratios of the complete structure-foundation-soilsystem.

Still in 1988, Pais and Kausel [81] proposed several approximate for-
mulas to describe the variation with frequency of the dynamic sti�nesses
of rigid embedded foundations. These formulas were obtained by �tting
mathematical expressions to accurate numerical solutionsfor cylindrical
and rectangular embedded foundations, computed by assuming a one-
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dimensional wave propagation theory.
In 1995, Safak [108] studied the causality of the building'simpulse re-

sponse, towards the detection of the presence of Soil-Structure Interaction
e�ects. That since for causal systems, the amplitudes of theimpulse re-
sponse function at negative times are zero, whereas for noncausal systems
they are comparable to those at positive times. Then, he studied also
the identi�cation of Soil-Structure Interaction, in terms of extracting the
natural frequencies of the �xed-base building from the recordings of the
foundation and of the upper stories. He proved that the ratioof the Fourier
amplitude spectrum of the top-story accelerations to that of the founda-
tion accelerations allows for the identi�cation of the natural frequency of
the �xed-base building.

In 1996, Celebi [20] presented a comprehensive assessment of damping
values and other dynamic characteristics of �ve buildings,using strong-
motion and low-amplitude (ambient vibration) data. For each building, he
found that the modal damping ratios and the corresponding fundamental
periods determined from low-amplitude data are appreciably lower than
those determined from strong-motion recordings. After a thorough in-
spection, he attributed these di�erences to Soil-Structure Interaction and
other non-linear behaviour a�ecting the structures duringstrong shaking.

In 1997, Wolf [128] studied the behaviour of a simple spring-dashpot-
mass model with frequency-independent coe�cients for the modelling of
foundations on deformable soils. He scheduled the foundation coe�cients
for a homogeneous half-space and the homogeneous layer �xedat its base,
for varying parameters as the ratios of foundation dimensions and Pois-
son's ratio.

In 1998, Stewart and Fenves [115] developed an EMA parametric sys-
tem identi�cation method to evaluate seismic Soil-Structure Interaction
e�ects on buildings, i.e. for the detection of both �exible- and �xed-
base modal parameters. They adopted the recordings of lateral free-�eld,
foundation, roof motion and foundation rocking for the evaluations of the
modal parameters for both cases of base �xity.

In 1999, Heredia-Zavoni et al. [52] analysed the optimal instrumen-
tation of structures on soft soils, by adopting a criterion based on the
stochastic response of a linear MDoF Soil-Structure Interaction system
on a �exible-base. The structures were shear buildings, with uncertain
lateral sti�ness, subjected to random earthquake ground motions. They
discussed the optimal location of the accelerometers, the reduction of prior
uncertainty on the lateral sti�ness, the e�ects of the base �exibility, the
relative in�uence of translation and rocking of the base, and the in�uence
of the recording noise.

In 2004, Choi et al. [26] developed an EMA identi�cation technique that
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was able to identify input and Soil-Structure Interaction system param-
eters, by adopting earthquake response data. Identi�cation was carried
out on a real test structure, i.e. a 1/4-scale reinforced concrete contain-
ment building of a nuclear power plant. Identi�ed quantities were the
input ground acceleration, the shear wave velocities (and then the shear
moduli) of the near-�eld soil regions and the Young's moduliof the shell
sections of the structure. The Soil-Structure Interactionsystem was mod-
elled by Finite Elements combined with an In�nite Element formulation
for the unbounded layered soil medium.

In 2013, Renzi et al. [107] performed a parametric analysis of seismic
Soil-Structure Interaction e�ects of a large number of idealised ordinary
shear-type buildings. They modelled the structures as generalised SDoF
systems via the principle of virtual displacements, by assuming shallow
squared foundations resting on di�erent soil types. The outcomes of the
numerical analyses were used as a statistical base in order to obtain simple
analytical and non-dimensional relationships for estimating seismic Soil-
Structure Interaction e�ects in terms of modi�ed period anddamping.

Still in 2013, Ghahari et al., in two di�erent works [43,44],developed an
OMA procedure that was able to deal with Soil-Structure Interaction con-
ditions. In [43] (presented in previous Section 2.1) they applied a two-step
parametric Time Domain method also in case of Soil-Structure Interac-
tion, both with synthetic and real earthquake-induced structural response
signals. In [44], instead, they studied an OMA procedure that was able to
deal with non-classically damped Soil-Structure Interaction systems. That
since in most cases the soil provides additional damping dueto material
hysteresis and radiation, which cannot be represented in classical form,
rendering complex-valued mode shapes. In this way, the response of the
soil-foundation system can be represented through frequency-dependent
real and imaginary impedance functions, representing the sti�ness and
damping of the system, respectively. Thus, they developed asecond-order
blind identi�cation method that was able to extract complex-valued mode
shapes from free or ambient vibration recordings, and also the frequency-
dependent soil-foundation impedance functions.

Within an OMA �eld, the analyses presented later in Chapter 5vastly
investigate the novel application of the rFDD algorithm under seismic Soil-
Structure Interaction conditions, in order to identify �exible-base modal
parameters of linear frame structures with earthquake baseexcitation.
This inspection is rooted on preliminary trials sketched inworks [101,
102]. Within this seismic and Soil-Structure Interaction research main-
stream, this study is connected to that on papers [109,110],where a com-
plementary study investigated the e�ectiveness of passiveTuned Mass
Dampers (TMDs) as possible vibration reduction devices under seismic
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Soil-Structure Interaction conditions.
Innovatively, the rFDD algorithm is expanded to operate also in an

OMAX (OMA with eXogenous input) environment [48]. This concept
takes bene�t from the advantages of both OMA and EMA techniques:
operational (unknown) forces (causing the earthquake response of the
superstructure) as well as arti�cial (known) forces (foundation and/or
free-�eld recordings in this case) are processed simultaneously by the
rFDD-OMAX algorithm, towards achieving a correct detection of po-
tential Soil-Structure Interaction e�ects and an e�ective estimation of
�xed-base modal parameters too. Foundation and/or free-�eld record-
ings are adopted as (exogenous) input for the algorithm, which develops
in a self-contained framework some tools for Soil-Structure Interaction
detection and quanti�cation, taken and re-elaborated fromprevious con-
tributions [107,108].

2.3 Output-only element-level system identi�cation and
input estimation under earthquake base excitation

The �eld of Earthquake Engineering is considered here as a main target
of interest of structural dynamics identi�cation, speci�cally as connected
to potential Structural Health Monitoring approaches, which are devoted
to the assessment of current structural properties and to the evaluation of
potential damages that may occur in civil structures, due tothe action of
strong ground motion excitations.

Most of the works here inspected the identi�cation of structural dy-
namics properties at seismic input, either within EMA [6,7,21,33,46,56],
where the excitation input is known and/or controlled, or within OMA [43,
51,68,77,103,113], where the input action is unknown (output-only tech-
niques). In these works, speci�cally-developed strategies have been devel-
oped to identify the modal parameters from earthquake-induced structural
response signals.

Indeed, even though modal parameters shall be considered asrepre-
sentative of the global dynamic properties of a given structure, referring
to its mass, damping and sti�ness characteristics, their usefulness may be
insu�cient in practical cases, in order to quantify the amount of dam-
age that may have occurred within individual structural elements [49]. In
fact, structural degradations will be re�ected in modi�cations of the global
structural behaviour. As a consequence, these damages are dependent on
changes that may be detected in individual structural elements, i.e. at the
so-called �element-level�, speci�cally in terms of time variations of sti�ness
and damping structural characteristics (assuming time-invariant systems
in terms of mass). Also, nearly all of the available techniques for modal
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dynamic identi�cation and damage detection at seismic input pertain to
EMA methods, i.e. they need the knowledge (or the acquisition) of the
input ground motion (i.e. the knowledge of the external action), too.

At this stage, current OMA (output-only) methods may be viewed on
di�erent levels of sophistication. The �rst level appears to be the lower
one: it leads to the estimation of structural modal properties only, i.e.
of natural frequencies, mode shapes and modal damping ratios (and, in
case of parametric algorithms, also of �realizations�, in terms of a set
of State-Space structural matrices referred to a given input-output be-
haviour [34]). The second level of detail pertains to the further re�nement
of mass, damping and sti�ness matrix estimation. The aim is to target
each of their characteristic parameters, i.e. to achieve the so-called �iden-
ti�cation at the element-level�. The third level of focus, �nally, refers to
the estimation of the �input excitation� acting on the system, speci�cally
here of the shaking ground motion, which induces the structural response
recorded from the available instrumentation.

Thus, the simultaneous identi�cation of modal parameters,structural
features at the element-level and excitation input still appears to be rather
challenging in the present dedicated OMA literature [30, 67, 124], and
speci�cally in the Earthquake Engineering context, a main target of the
present doctoral dissertation.

By using output-only acquisitions of the structural response, during the
past years several identi�cation techniques have been proposed to jointly
estimate the structural parameters and the unknown seismicinput at the
base. On that, a literature overview on fundamental contributions is re-
ported in the following, as an underlying framework for the innovative
steps and approaches presented by the newFull Dynamic Compound In-
verse Method (FDCIM), later outlined in Chapter 7.

In 1989, Toki et al. [118] proposed that the �coda� of the response time
history (i.e. the tail, namely the last seconds of the acquisition following
the end of the earthquake excitation) may be representativeof the free
vibration response of the structural system. Their assumption was that
the coda is not a�ected by the input ground motion, and then the ratio
between mass and sti�ness or damping coe�cients shall be constant from
this part of the record on. So, modal parameters may be identi�ed by
Extended Kalman Filtering (EKF) [53]. Also, they improved the method
to estimate the input ground motion by the Kalman Filter estimation
error [80].

In 1994, Benedetti and Gentile [10] suggested a Frequency Domain
algorithm, which worked in two stages, to identify the properties of struc-
tures subjected to input ground motion. With this method, the responses
at two di�erent locations of the structure were assumed to beavailable,
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while the requirements for the input excitation were avoided, by using the
ratio between the Fourier amplitude transforms of the two acquired re-
sponse signals. However, the input time history could not bedetermined
by that identi�cation procedure.

Still in 1994, Wang and Haldar [124] proposed an iterative Finite
Element-based procedure in the Time Domain to evaluate bothsti�ness
and damping matrices at the element-level, jointly with theinput force ex-
citation (which could be a generic force or seismic loading). Only a small
number of observation time points was required for the development of the
algorithm, where the solicitations were assumed to be initially zero for the
starting of the iterative Least-Squares procedure, and then were updated
step by step, until convergence was reached. Finally, the complete in-
put time history could be evaluated by using the estimated sti�ness and
damping parameters and the full-length measured structural responses.

In 1995, Hoshiya and Sutoh [54] suggested a method to identify both
the input and the sti�ness and damping matrix coe�cients for shear-type
frames. A combination of a smoothing algorithm on the input ground exci-
tation and of an Extended Kalman Filtering was formulated, by adopting
the coda of the system responses. They used a Weighted GlobalItera-
tion (WGI) procedure to obtain a fast convergence to the optimum so-
lution and to achieve stability, as previously outlined in [53]. A problem
related to these methods concerned how to choose the coda of the response
time history, i.e. the exact start of the free response part of the acquisition,
without a prior knowledge of the input ground motion excitation.

Afterwards, in 1997, Haldar et al. [49] expanded their previous work to
cases with limited response measurements (or limited observations), i.e.
when the structure was monitored only at a few dynamic degrees of free-
dom. They combined their former iterative Least-Squares algorithm with
a Weighted Global Iteration procedure applied to an Extended Kalman
Filter technique.

In 2000, Li and Chen [66] proposed an iterative Time Domain method
for solving hybrid inverse problems. Structural parameters and inverse
time history of input excitation were simultaneously estimated, by relying
on structural response signals only. In that work, additional conditions
were set on the input force, by relying on its mechanical characteristics.
Then, a Statistical Average algorithm (SA) was developed, in terms of
a properly-de�ned transfer coe�cient. The computational steps of the
algorithm relied on their previous work, Li and Chen [65].

Still in 2000, Cho and Paik [25] re�ned the algorithm by Wang and
Haldar [124], by proposing an improved Least-Squares method based on a
Multiple models QR Decomposition (MQRD). This method enhanced the
Least-Squares convergence and allowed for a more accurate identi�cation
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of structural element properties and potential damages.
In 2002, Chen et al. [24] took the element-level Time Domain method

developed by Wang and Haldar [124] and implemented a re�nement, which
looked at identifying both the earthquake excitation and the structural
parameters (at the element-level), by using a combination of an iterative
Least-Squares technique and of a speci�cally-developed Statistical Aver-
age method. They named the algorithm asDynamic Compound Inverse
Method (DCIM), label which has been kept here as a base for the subse-
quent developments put forward by the present FDCIM algorithm.

Along the same line, in 2003, Li and Chen [67] published an improved
version of their previous work [66], by improving the Statistical Average
algorithm for the DCIM solution. The adopted solicitationsspread from
ambient recordings to seismic ground motions, acting on di�erent struc-
tures.

In 2004, Chen and Li [23] proposed a further implementation,which
took into account the use of Rayleigh dampingC = � M + � K , instead
of general viscous damping used until then. Unknown Rayleigh damp-
ing coe�cients � and � and the sti�ness parameters of matrixK were
coupled to each other, leading the classical MDoF equationsof motion
to a set of non-linear identi�cation equations in terms of the unknown
structural parameters. Then, by relying on their previous algorithm, they
developed a two-stage iterative method to avoid such a non-linear identi�-
cation problem. An inner modi�cation process was applied between each
iterative step, to convert the spatial information of the external excitation
into mathematical conditions for the iterative algorithm. In that work,
the focus was on possible forced vibration surveys of the system, i.e. on
cases where the structure was excited by actuators installed at several
locations of the building. No ground motions or ambient vibrations were
considered at that stage. The present FDCIM procedure relies much on
the two contributions above, and attempts to provide a more general and
robust analysis, towards achieving a full identi�cation approach.

Still in 2004, Ling and Haldar [69] developed a further approach to
take into account the possible use of Rayleigh proportionally damped sys-
tems. They proposed a modi�ed Iterative Least-Squares method with
Unknown Input (ILS-UI), to identify such types of systems atthe element-
level. They used Taylor series approximations to transformthe non-linear
set of identi�cation equations (arising from the equationsof motion with
Rayleigh damping) into a set of linear equations. Again, no ground mo-
tions or ambient vibrations were considered.

In 2006, Zhao et al. [132] demonstrated that the structural parameters
and the earthquake ground motion could not be uniquely identi�ed when
absolute structural response signals were used, instead ofrelative ones.
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Then, they proposed a hybrid identi�cation method to tacklethe problem.
First, that algorithm identi�ed the structural parameters above the �rst-
�oor of a multi-storey shear-type building, by using Least-Squares. Later,
the minimum modal information was introduced to �nd out the � rst �oor
parameters and to avoid the shortcoming of non-uniqueness.After that,
all structural parameters were identi�ed. The unknown earthquake ground
motion was estimated by solving a �rst-order di�erential equation.

In 2008, Perry and Koh [86] proposed an element-level parameter and
input estimation technique with a non-classical approach based on a Ge-
netic Algorithm (GA). They made use of a modi�ed GA-based method,
to adopt the strategy of the Search Space Reduction Method [87]. They
revised this method through a modi�cation of the numerical integration
scheme, in order to be used also for output-only identi�cation. Still in
2008, Wang and Cui [124] suggested a two-step method, which generalized
the work of Chen et al. [24], apt to identify both element-level structural
parameters and input time history.

Concerning the intelligent monitoring of multi-storey buildings by a
wireless sensor network, in 2012, Lei et al. [63] suggested an element-level
and input ground motion identi�cation algorithm based on a two-stage
Kalman Filter estimator. That method worked with absolute coordinates
through the use of sub-structuring methods. Still in 2012, Lourens et
al. [71] proposed an extension of an existing joint input-state estimation
Kalman Filter, which was derived by using a linear minimum-variance un-
biased estimation. The novelty consisted in the use of an optimal estimate
in place of the true value of the input for the Kalman Filter steps.

Then, in 2014, Ding et al. [32] developed a method which couldbe used
to identify structural parameters and input time history, either for linear or
non-linear hysteretic frames, with limited observations.With this method,
they decomposed the structural excitation by orthogonal approximation
and then applied an Extended Kalman Filter for the identi�cation process.
Only forces acting on the �oors of the frames were consideredat that stage.

Recently, Bayesian methods also started to be applied for OMA in-
put and element-level identi�cation. Relevant examples may be found in
Behmanesh et al. [8] (2015), where a probabilistic Finite Element (FE)
model updating technique based on Hierarchical Bayesian modelling was
proposed for the identi�cation of civil structural systems under chang-
ing ambient/environmental conditions. Further, the works of Au and
Zhang [4] and Zhang and Au [129] (2016), suggested the adoption of a
modi�ed two-stage Bayesian identi�cation approach, towards the estima-
tion of modal properties and structural parameters.

Still in 2015, Concha et al. [30] suggested an adaptive observer which
simultaneously estimated the damping/mass and the sti�ness/mass ra-
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tios, as well as the state of seismically-excited shear buildings. Their
work started from the research of Jiménez and Icaza [57], where the
parametrization of a shear-type frame equipped with a Magneto-Rhe-
ological Damper (MRD) had been considered; the assumptionswere the
knowledge of the structural parameters (at a �rst approximation, account-
ing for some uncertainties) and of the seismic ground acceleration, the
accelerations of each �oor and the MRD damper force (direct measure-
ment). Similar assumptions were assumed in Concha et al. [30], where the
identi�cation scheme relied on the knowledge (i.e. on the measurement)
of ground and �oor accelerations and of �rst �oor massm1. This method
achieved the estimation of a reduced-order model, if some �oors only may
be equipped with available instrumentation. Computationally, the algo-
rithm relied on Least-Squares and on a Luenberger state estimator for the
estimation process.

A crucial common denominator between all the aforementioned works
is the fact that they take the full mass matrix to be given for granted,
both in its matrix structure and in the values of its mass parameters.
Then, despite the output-only feature of the algorithms, the knowledge
of structural responses only (either in terms of accelerations, velocities or
displacements) is not su�cient for their functioning. A slight exception
comes from the work of Concha et al. [30], where �rst �oor massm1

and the seismic ground acceleration had been considered to be known, to
return the element-level identi�cations for all the sti�ness, damping and
mass matrices.

In this framework, the present Full Dynamic Compound Inverse
Method (FDCIM) is an innovative, complete element-level system iden-
ti�cation and input estimation technique that takes and detaches from
the previous contributions above. It is speci�cally developed to oper-
ate with earthquake-induced structural response signals,collected from
seismically-excited MDoF shear-type frames. The FDCIM method re-
leases strong assumptions implied by the earlier techniques, especially the
required knowledge of the full mass matrix (or at least of itsspeci�c ele-
ments), to provide an e�ective identi�cation of the modal parameters of
the system, i.e. natural frequencies, mode shapes and modaldamping
ratios, of the excitation input and of a realization of the state matrices.

In fact, the present FDCIM algorithm requires the knowledgeof struc-
tural response signals only, while mass, damping and sti�ness matrices,
and obviously the exciting earthquake input, may be completely unknown.
Accurate estimations of the input ground motion time history and of the
states at the element-level are provided through a two-stage iterative al-
gorithm. This method works jointly with a Statistical Average technique,
a modi�cation process and a parameter projection strategy,which are
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adopted at each iteration to provide correct and stronger constraints for
the estimates, allowing for faster and much reliable convergence.

Initial hypotheses a�ect only the supposed behaviour of thestructural
matrices, i.e. diagonal mass matrix and tridiagonal symmetric damping
and sti�ness matrices, where the structural coe�cients arecoupled to
each other. Damping behaviour is treated through two di�erent ways,
i.e. as lumped (see [96]) or General damping, which containsas a spe-
cial case also the Rayleigh damping behaviour (see [99]). Inthe present
case, lumped damping means that the damping parameters are considered
as lumped between two consecutive �oors, in terms ofn damping coe�-
cientsci , wheren is the number of �oors, as it is for sti�ness coe�cients ki .

General damping, instead, considers an implementation that further
widens and generalizes the FDCIM algorithm, by adopting a more gen-
eral damping behaviour. In this way, each single damping parameter cij

is uncoupled from the remaining ones, by allowing for the analysis and
identi�cation of structures characterized by unknown �General damping�.
Further, as a particular case, it becomes possible to e�ectively identify
�Rayleigh damping� (C = � M + � K ), as it was also considered by the
earlier DCIM attempts quoted above. This actually constitutes a much
challenging case, since it apparently leads to non-linear identi�cation equa-
tions in terms of the unknown structural parameters (see [23,69] and Sec-
tion 7.2).

The use of General and Rayleigh damping becomes possible by intro-
ducing several dedicated modi�cations and improvements into the original
FDCIM formulation for lumped damping, in terms of di�erent i teration
matrices and dimensions, modi�ed vectors of unknown variables, innova-
tive parameter projection technique, novel procedure for Rayleigh damp-
ing coe�cients estimation, and so on (Section 7.2).

Moreover, the proposed FDCIM method (as opposed to other meth-
ods operating within the stochastic framework) appears to be completely
deterministic and it is fully developed inState-Space form. It does not
require transformations from continuous-time to discrete-time and it does
not depend on the adopted initial conditions or on the state estimation,
in order to identify the modal parameters and the input ground motion.
Further, all the structural features as element-level mass, damping and
sti�ness matrices, may be accurately identi�ed merely by knowing any
single component of one of these matrices, or even by relyingon an es-
timate of a global structural parameter, like for instance the total mass
of the building. Then, the adopted formulation is suitable for integra-
tion or support to other common output-only methods workingwithin
State-Space parametric Time Domain frameworks.
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Chapter 3
Re�ned Frequency Domain Decomposition:

theoretical background

3.1 Fundamentals of the re�ned Frequency Domain
Decomposition technique

Classical Frequency Domain approaches are based on the processing of a
time-correlated signal through a Discrete Fourier Transform (DFT) pro-
cedure, with the purpose of evaluating the Power Spectral Density (PSD)
functions of the structural system responses [13, 17]. Then, Frequency
Domain Decomposition methods operate a Singular Value Decomposi-
tion (SVD) at each line of the frequency spectrum. This procedure sep-
arates noisy data from disturbances of various source [104]and appears
able to pick-up close modes with better accuracy, while resulting not ex-
cessively sensitive to ambient noise. The PSD matrix is thusdecomposed
into a set of auto-spectral density functions. Each of thesecorrespond to
that of a SDoF system, from which natural frequencies and mode shapes
can be estimated [16]. Typical underlying hypotheses of Frequency Do-
main Decomposition (FDD) methods are: white noise input, very low
structural modal damping ratios (below1%) and geometrically-orthogonal
mode shapes of close modes [125].

The present re�ned FDD (rFDD) technique attempts to clear these
latter limitations, in the context of earthquake response input. In the
present section, all crucial steps of the theoretical framework of the rFDD
algorithm are exposed, by relying on theoretical works [15,16,91,92] (Sec-
tion 3.1.1). Then, the main work�ow and novelties of the present rFDD
algorithm are introduced in Sections 3.1.2 and 3.1.3. Furthermore, in
Sections 3.2-3.4 these innovations are explained in detail.
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Chapter 3. Re�ned FDD: theoretical background

3.1.1 Main theoretical background of the rFDD algorithm

The classical FDD theory is based on the typical input/output relationship
of a general stationary random process for an-DoF system [9,15,125]:

G yy (! ) = H(! )G xx (! )H T (! ) (3.1)

where G xx (! ) 2 R r � r is the PSD matrix of the input, r being the num-
ber of input channels (references),G yy (! ) 2 R m� m is the PSD matrix of
the output, m being the number of output signals (responses or measure-
ments), H (! ) 2 R m� r is the Frequency Response Function (FRF) matrix;
overbar denotes complex conjugate and apex symbolT transpose. Both
G xx (! ) and G yy(! ) matrices derive from Finite Fourier Transforms for
the PSD evaluation (see [9] for the details). Also, the FRFH (! ) may be
written in pole/residue form [75]:

H (! ) =
nX

k=1

R k

i ! � � k
+

Rk

i ! � � k

(3.2)

where n is the number of vibration modes,� k = � � k ! k + i ! dk and � k

are the kth poles (in complex conjugate pairs) of the FRF function [75],
being � k the modal damping ratio and! k and ! dk = ! k

p
1 � � 2

k the kth

natural and damped frequency, respectively. Then,R k = � k � T
k 2 R m� r

is the residue matrix [15,104], which is obtained by the product between
mode shape vector� k 2 R m� 1 and modal participation factor vector
� T

k 2 R r � 1. When all output measurements are taken as input references
(i.e. whenm = r ), H (! ) becomes a square matrix. So, Eq. (3.1), through
Eq. (3.2), can be rewritten as [16]:

G yy(! ) =
nX

k=1

nX

s=1

 
RkGxx

� i ! � � k

+
R kGxx

� i ! � � k

! 
R T

s

i ! � � s
+

R H
s

i ! � � s

!

(3.3)

where Hermitian apex symbolH denotes complex conjugate and transpose.
This formulation is possible since PSD matrixG xx (! ) is a single scalar
constant Gxx for stationary zero mean white noise input[9]; due to this
fact and remembering the formulations of the PSD matrices byShort
Time Fourier Transforms [9], the PSD matrixG xx (! ) becomes real-valued
and non-negative. Thus, by recalling the properties ofG xx (! ) and by
applying the Heaviside partial fraction expansion theoremto Eq. (3.3),
one obtains the �nal reduced pole/residue form for the output PSD matrix
as follows [16,125]:

G yy (! ) '
nX

k=1

A k

i ! � � k
+

A H
k

� i ! � � k

+
Ak

i ! � � k

+
A T

k

� i ! � � k
(3.4)
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3.1. Fundamentals of the rFDD technique

whereA k 2 R m� m is the residue matrix of the PSD output corresponding
to kth pole � k . As for the PSD output itself, the residue matrix is an
Hermitian matrix and is given by [16]:

A k =
nX

s=1

 
R s

� � k � � s
+

Rs

� � k � � s

!

Gxx R T
k (3.5)

When the structural system is lightly damped(small modal damping
ratios � k � 1), the pole can be expressed in approximate form as
� k = � � k ! k + i ! dk ' � � k ! k + i ! k ; then, in the vicinity of the kth modal
frequency, only theRk term survives, so that the residue matrix can be
derived approximately from Eq. (3.5) as [15]:

A k =

"
R k

2(� k ! k � i! k)
+

Rk

2� k ! k

#

Gxx R T
k '

RkGxx R T
k

2� k ! k
=

=
� k � H

k Gxx � k � T
k

2� k ! k
= d k� k � T

k

(3.6)

where only theRk term survives, since the2� k ! k denominator is dominant
with respect to the 2(� k ! k � i! k) one, whiledk = � H

k Gxx � k=(2� k ! k) is a
real scalar. Then, indexk spans the modes of vibration,k = 1; : : : ; n. So,
by substituting Eq. (3.6) into Eq. (3.3) one gets:

G yy (! ) =
nX

k=1

dk� k � T
k

i ! � � k
+

dk� k � T
k

� i ! � � k

+
dk � k � H

k

i ! � � k

+
dk � k � H

k

� i ! � � k
(3.7)

In the narrow band with spectrum lines in the vicinity of a modal
frequency, the last two terms in Eq. (3.7) can be ignored, since their
denominator terms i ! � � k = � i ! � � k ' � k ! k + 2i ! k are bigger with
respect to the �rst two, � i ! � � k = i ! � � k ' � k ! k . Taking this into
account, the previous equation can be simpli�ed as [15]:

G yy (! ) '
nX

k=1

dk� k � T
k

i ! � � k
+

dk� k � T
k

� i ! � � k

= �
�

diag
�
<e

�
2dk

i ! � � k

���
� T

(3.8)
where � is the eigenvector matrix, gathering alln eigenvectors� i as
columns. Previous Eq. (3.8) represents a modal decomposition of the
output PSD matrix. The contribution to the spectral density matrix from
a single modek can be expressed as:

G yy (! k) ' � k

�
diag

�
<e

�
2dk

i ! � � k

���
� T

k (3.9)
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Chapter 3. Re�ned FDD: theoretical background

The �nal form of the G yy(! k) matrix in Eq. (3.9) is then decomposed,
using a SVD technique, into a set of singular values and corresponding
singular vectors. From the former, natural frequencies areextracted; from
the latter, approximate mode shapes are obtained.

3.1.2 Re�ned FDD technique for earthquake-induced
structural response signals and heavy damping

The response of the structurey(t) can be expressed in terms of modal
coordinates:

y(t) =
nX

k=1

� kpk(t) = �p (t) (3.10)

wherep(t) is the vector of principal coordinatespk(t). The response sig-
nals (input signals for the algorithm, as the accelerationsconsidered here)
shall be correlated in time to obtain the matrix of the auto- and cross-
correlations in the time domain,R yy(� ), a starting point for the developed
rFDD algorithm:

R yy(� ) = E
�
y(t + � )yT (t)

�
= E

h
� p(t + � )pT (t)� T

i
= �R pp(� )� T

(3.11)
where R pp(� ) = E

�
p(t + � )pT (t)

�
is the auto- and cross-correlation re-

sponse matrix (in principal coordinates),E denotes the expected value
and instant � spans the interval from0 to t, i.e. 0 � � < t . In the present
algorithm the m � m � N auto- and cross-correlation matrix (givenm the
number of measurement channels,N = t the total number of considered
time lags) is calculated numerically, for a �nite signal length, with the
following biased estimator [9]:

R yy(t; � ) � R yy(� ) '
1
t

t � �X

t=1

y(t + � )yT (t) (3.12)

In general, for a non-stationary input the correlation matrix shall be stated
as a function of timet and of lag� , i.e. R yy = f (t; � ). The approximation
in Eq. (3.12), ignoring the time dependence on behalf of thaton lag only,
can be explained as follows.

For some selected non-stationary input, as for the adopted earthquake
responses, it is possible, within a good approximation, to ignore the fre-
quency dependence of the input PSD matrix for a speci�c frequency inter-
val, corresponding to a subset of the frequency lines of the original input
spectrum.

Unlike for the PSD of a white noise input (that runs-out approximately
constant at every frequency instance of the spectrum), the PSD of an
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3.1. Fundamentals of the rFDD technique

earthquake excitation shall change with time and frequency, due to the
non-stationarity nature of the signal [105]. Otherwise, inmost cases it
may change slowly over a frequency range, especially for an interval that
appears adequately wide to include all the structural modalfrequencies.
Then, in a speci�c frequency region! Sub = Sub(! ) 2 ! some seismic
signals may be considered as �weakly stationary� [105], i.e. the �rst two
statistical moments (mean and autocorrelation) of the signals do not sig-
ni�cantly vary in time. In simple terms, in these weakly stationary cases
the spectrum may be considered su�ciently �at to approximate the trend
of a white noise excitation with reasonable accuracy. Then,it is possible
to ignore the frequency dependence of the input PSD matrix for this spe-
ci�c frequency interval, corresponding to a subset of the frequency lines
of the original input spectrum, f Sub = Sub(f ) 2 f ) ! Sub = 2�f Sub =
2� Sub(f ) = Sub( ! ) 2 ! , as the following:

f Sub = Sub(f ) =

"

0;
f Nyq

2m
=

f s

4m

#

2 f = [0; f s = 2f Nyq ] (3.13)

where f Nyq = f s=2 is the Nyquist frequency,f s is the adopted sampling
frequency andm is a positive integer which delineates the subinterval of
frequencies.
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Figure 3.1: Auto-Power Spectral Density of some of the adopted structural input
excitations with related linear interpolation in the frequency range between 0 and
15 Hz.

This assertion may be illustrated in Fig. 3.1, where, over the frequency
range between0 Hzand 15 Hz, a sample interval which may contain the ex-
amined structural modal frequencies, a linear interpolation is represented,
proving through its slight angular coe�cient the fairness of the present
weakly-stationary assumption.
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Chapter 3. Re�ned FDD: theoretical background

So, the developed rFDD algorithm considers, among other strategies,
the feature of de�ning G xx (! ) ) Gxx = Gxx for a frequency interval
! Sub 2 ! . Therefore, remembering Eq. (3.3), it is possible to obtain:

G yy (! Sub) =
nX

k=1

nX

s=1

 
RkGxx

� i ! � � k

+
R kGxx

� i ! � � k

! 
R T

s

i ! � � s
+

R H
s

i ! � � s

! �
�
�
�
�
! = ! Sub

(3.14)
Thus, all equations from Eq. (3.4) to Eq. (3.9) are still valid, recalling

the approximation due to the use of theSub(! ) interval. Accordingly,
over this frequency range, the PSD can be approximately represented
as to be merely frequency-dependent, allowing to follow classical PSD
computations [105].

As a direct consequence of that treatment, the correlation matrix of
Eq. (3.12) can be approximately expressed as a function of lag only, with-
out the need of expressing it as a function of time, too.

Further examples of the previous statements can be seen in Figs. 3.2
and 3.3. In Fig. 3.2, a representation of the accelerogram, the Auto-PSD
and the Gabor Wavelet Transform related to the WE component of the
Tabas (TA) ground motion is depicted. Then, Fig. 3.3 represents the
instantaneous Auto-Correlation Function (ACF) of this earthquake exci-
tation, which proves again that a locally-stationary (weakly stationary)
amplitude domain of the spectra may be detected and thus usedfor the
analysis.

These slight time-frequency changes may be gradual enough to not sig-
ni�cantly a�ect any individual modal peak of the structure, by aiming at
using the strong ground motion responses instead of the white noise input
generally adopted for the OMA procedures. Additionally, inthe literature
some works justify the use of stationary models for the representation of
the seismic signals [55, 120], based on the fact that accelerograms simu-
lated as series of pulses, white noise and �ltered white noise give rise to
response spectra with damping, which are similar to those obtained from
real earthquakes of great magnitude in a limited frequency range. The
need to model seismic motion by means of non-stationary stochastic pro-
cesses arises when the ground and/or the structure behaviour is clearly
non-linear because, in this case, the system might undergo adeterioration
with a strength loss during the major motion phase of the earthquake,
and this would result in a reduction of its natural frequencies.

Finally, concerning the possibility of extracting reliable estimates also
at concomitant heavy damping, although theoretical derivations belong to
the assumption of light damping, the following remarks may be expressed.
The hypothesis of lightly-damped structures has been made in Eq. (3.6),
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3.1. Fundamentals of the rFDD technique

where the pole can be anyway expressed as� k = � � k ! k + i ! dk ' � � k ! k +
i ! k even with heavy damping. In fact, by assuming a modal dampingratio
� k = 10%, the former equation leads to an error of about5� 10� 3 rad=s on
the ! dk computation (with respect to 5� 10� 5 rad=s arising from � k = 1%),
an acceptable value in engineering terms.
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Figure 3.2: Accelerogram, Auto-PSD and Gabor Wavelet Transform of Tabasearth-
quake signal, WE component.

Figure 3.3: Instantaneous Auto Correlation Function (ACF) of Tabas earthquake
signal, WE component.

Accordingly, relations from Eq. (3.6) to Eq. (3.9) work properly, prov-
ing the theoretical e�ectiveness of the algorithm at heavy damping. With
respect to the subsequent procedures for heavy damping estimates, the-
oretical derivations are still fully valid. Flattening of the peaks and ex-
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Chapter 3. Re�ned FDD: theoretical background

tremely noisy SVs lead to critical conditions for classicalFDD procedures.
The developed algorithm, with its procedures and strategies, returns well-
de�ned peaks and SVs, leading to e�ective modal parameter estimates, as
it can be appreciated from the illustrative results reported in Chapter 4.

3.1.3 Main novelties of the present rFDD algorithm

Main assumptions of classical FDD methods consist of (stationary) white
noise input, light damping (modal damping ratios in the order of 1%) and
geometrically-orthogonal mode shapes of close modes [17].

The present rFDD method, whose original theoretical background has
been reported in [91, 92], conceptually derives from classical FDD meth-
ods [17], but has been speci�cally developed to deal with earthquake-
induced structural response signals and concurrent heavy damping con-
ditions (in terms of FDD identi�cation challenge, i.e. for realistic modal
damping ratios up to 10%).

Pioldi et al. [90�92] have discussed the theoretical validity and e�cacy
of the present rFDD technique, through the use of synthetic seismic re-
sponse signals in the linear range. Trials with real earthquake responses
and damage scenarios in the non-linear range have been e�ectively per-
formed as well in [93]. In [95, 97], further rFDD computational strate-
gies have been introduced, by adopting excitation data fromthe complete
FEMA P695 earthquake database, towards achieving an extensive val-
idation in the Earthquake Engineering range. In [101, 102],the rFDD
technique has been also applied to frames under Soil-Structure Interac-
tion (SSI) e�ects, towards obtaining the identi�cation of � exible- and
�xed-base modal parameters from earthquake-induced structural response
signals (see also Chapter 5).

For the sake of completeness, the following computational steps (and
references quoted therein) summarize the main work�ow of the present
rFDD algorithm:

� Suitably-developed �ltering applied to the structural response input
signals (earthquake-induced structural responses) before starting the
modal identi�cation process [92].

� Coupling of the rFDD algorithm to a time-frequency Gabor Wavelet
Transform (GWT), towards achieving a correct evaluation ofthe
time-frequency features of the signals and a best setup for rFDD
identi�cation [97].

� Processing of the auto- and cross-correlation matrix entries, by aim-
ing at obtaining clearer and well-de�ned SVs out of seismic response
signals [91].
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3.1. Fundamentals of the rFDD technique

� Integrated PSD matrix computation, implementing simultaneously
both Wiener-Khinchin's approach and Welch's modi�ed periodogram
method [91, 92]. Wiener-Khinchin's procedure works especially well
with short signals, allowing for a clearer peak detection, not only on
the �rst SV curve, but also on the subsequent ones. Welch's method,
instead, implements averaging and windowing before the frequency-
domain convolution, allowing to achieve better mode shapes, despite
for the not so good separation of the signals in the modal space.
Then, the integrated PSD matrix computation aims at extracting
better modal estimates, by taking simultaneous advantage of both
PSD evaluation methods.

� Iterative loop and optimization algorithm towards achieving e�ec-
tive modal damping ratio estimates, especially under heavy-damping
identi�cation conditions [92].

� Coupled Chebyshev Type II bandpass �lters computational proce-
dure, aiming at enhancing the SDoF spectral bells towards estimation
improvement, when challenging seismic input and heavy-damping
conditions apply [97].

� Estimation of modal parameters by operating on di�erent SVsand on
their composition, to detect each SV contribution and to reconstruct
the original SDoF spectral bells [92].

� Inner procedure for frequency resolution enhancement, without the
need of higher frequency sampling, as �rst outlined in [92].

� Combined use of di�erent MAC indexes towards modal validation
purposes [92, 93]. After a preliminary �peak-picking� [92], the use
of Modal Assurance Criterion (MAC) and Modal Phase Collinear-
ity (MPC) indexes [91] becomes necessary to discern �spurious peaks�
from true (physical) modal ones. In particular, these indexes have
been used to discard spurious peaks that exhibit a complex-number
character (i.e. displaying modal de�ection phases that signi�cantly
deviate from 0 or � ).
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Chapter 3. Re�ned FDD: theoretical background

3.2 Re�ned FDD modal dynamic identi�cation of natural
frequencies and mode shapes

3.2.1 Time-Frequency signal analysis and suitably-develo ped
�ltering for the rFDD technique

As explained earlier in Section 3.1.2, for some selected non-white noise
input, as for several earthquake response signals, over thefrequency inter-
val ! Sub, which is chosen to include the structural modal frequencies under
target (or at least some of them), the spectrum may change rather slowly.
The selected frequency interval! Sub may be de�ned according to the spe-
ci�c study being undertaken. If the target would be that of predicting the
seismic response by modal properties, as it is performed here, the focus
would be placed on the lower-frequency global response parameters; if the
intent would be that of identifying potential structural damage, a focus
on the higher-frequency local response parameters would beconsidered.

The previous �weakly-stationary� assumption may be betterappreci-
ated by looking at Fig. 3.4, where El Centro earthquake (later adopted
in Chapter 4) has been taken as an example. Over the speci�ed range
between0 Hz and 10 Hz, a linear interpolation of the spectrum has been
represented. The slightness of its angular coe�cient and the �at dis-
tribution of the regression residuals suggests that the spectrum may be
approximated with reasonable accuracy as being �weakly stationary� (or
at least similar to a pink noise, i.e. a signal that falls o� at3 dB per
frequency octave in terms of power at a constant bandwidth [105]). The
Gabor Wavelet Transform (GWT) [11] of the adopted earthquake record,
despite its global non-stationarity, con�rms the assumption of a weakly
stationary signal for narrow frequency intervals, too.

The present time-frequency distribution and spectrum �atness analy-
sis is a necessary step when dealing with earthquake-induced structural
response signals (not only with synthetic signals, but alsowith real data),
in order to be con�dent on the choice of the correct frequencyinterval
(if a such kind of frequency interval exists) for a reasonable validity of
the �at spectrum assumption. This time-frequency analysisis a manda-
tory pre-processing step that integrates the rFDD algorithm. Basically,
a frequency interval must necessarily be found where the spectrum is ap-
proximately �at, which contains as much natural frequencies as possible,
pertaining to the monitored structure. This procedure, which shall be
extended also to the output spectrum, enables for the selection of the cor-
rect frequency range, to be adopted in the following computational steps.
Otherwise, it would not possible to ensure the reliability of the achieved
estimates. After the selection of the! Sub interval, the remaining part of
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the frequency spectrum shall be discarded through an appropriate (low-,
band- or high-pass) �ltering.
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Figure 3.4: Accelerogram, Auto-PSD with linear regression, residualsand Gabor
Wavelet Transform (GWT) of El Centro earthquake (1940).

Also, a further data �ltering may be necessary before modal identi�-
cation, with respect to the use of a random excitation, sinceadditional
undesired frequency contents, that for civil structures correspond to the
high frequency components of the spectra, shall be left-out. This portion
of the spectra may be signi�cant with earthquakes, and must be removed
(or, at least, reduced) by an adequate low-pass �ltering of the acquisitions.
Estimates take quite a signi�cant advantage from this feature.

3.2.2 Auto- and cross-correlation matrix processing

In the presence of noisy or weakly-stationary data (or non-stationary data,
as earthquakes), theR yy(� ) matrix can be further processed to obtain an
untrended well-de�ned version, as outlined in the subsequent steps (see
also [91] for more details). Practically, each of them2 combinations of
channels resulting from theR yy(� ) matrix may be �tted by the following
linear estimator:

R̂ yy(� ) = A + X R;� B (3.15)

whereX R;� is the matrix of the time instants � , described for every column
of R yy(� ), and A , B are the vectors of the parameters to be �tted, withak

and bk components,k = 1; : : : ; m2. These parameters can be calculated
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by the minimization of function R below as follows:

R2(ak ; bk) =
tX

� =1

h
R yy;� �

�
ak + X R;� bk

� i 2
)

8
>><

>>:

Ja;k =
@(R2)
@ak

= 0

Jb;k =
@(R2)
@bk

= 0
(3.16)

where Ja;k and Jb;k are the kth terms of the Jacobian matrixJ. Solving
for ak and bk , it is possible to obtain the estimates of the linear trends
R̂ yy (� ) in Eq. (3.15). Finally, the de-trended correlation matrix can be
formulated as:

R detr
yy (� ) = R yy(� ) � R̂ yy (� ) (3.17)

where the de-trended correlation matrixR detr
yy (� ) shows the important

property of a zero mean. This processing of the correlation matrix helps
in removing possible troubles related to non-stationary orweakly non-
stationary data, leading to a re�nement of the achievable estimates, specif-
ically in the seismic response input scenario. In Fig. 3.5 a comparison be-
tween the SVD obtained from the application (Fig. 3.5b) or not (Fig. 3.5a)
of the de-trended correlation matrixR detr

yy (� ) is presented. It can be no-
ticed that the application of this procedure may return clearer and well-
de�ned SVs, a fact which positively re�ects in the achievable modal esti-
mates.
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Figure 3.5: SVD obtained by the rFDD algorithm (a) without (R yy (� )) and (b) with
(R detr

yy (� )) processing of the correlation matrix, ten-storey frame, L'Aquila earth-
quake, NS component.

3.2.3 Integrated approach for PSD matrix computation

Output PSD matrix G yy(! Sub), selected for the frequency interval! Sub,
shall be computed through numerical methods. The integrated approach
for the PSD matrix computation presented in this work simultaneously
implements the Wiener-Khinchin [9] and the Welch's modi�edperiodo-
gram [126] methods in a sequential way.
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3.2. rFDD natural frequencies and mode shapes identi�catio n

The Wiener-Khinchin algorithm is based on the direct Fourier Trans-
form (FT) of the correlation matrix R detr

yy (� ) (see Eqs. (3.11) and (3.12)),
in order to obtain the PSD matrix of the responsesGdetr

yy (! Sub):

Gdetr
yy (! Sub) = F

h
R detr

yy (� )
i

= F
h
� R detr

pp (� )� T
i

= �G detr
pp (! Sub)� T

(3.18)
where Gdetr

pp (! Sub) = F
�
R detr

pp (� )
�

is the PSD matrix of responses (in
terms of principal coordinatespi ), obtained as FT of the untrended corre-
lation matrix R detr

pp (� ) (see [91] for more details), expressed again in prin-
cipal coordinates. This makes the close relationship between the modal
decomposition of Eq. (3.8) and Eq. (3.18) clearly visible. Steps from
Eq. (3.15) to Eq. (3.18) de�ne the method that shall be calledCorrelation
Approach (Corr).

After the use of the Corr approach, the second method adoptedby the
rFDD algorithm for the estimation of the G yy (! Sub) matrix derives from
the Welch's modi�ed periodogram, starting from [126]:

G yy (! Sub) '
1 � r

K

K= (1� r )X

k=1

�
L � 1P

t=0
yk(t)W( t)e� i ! t

L

� �
L � 1P

t=0
yT

k (t)W( t)e� i ! t
L

�

�
L � 1P

t=0
W(t)2

�

(3.19)
whereK is the number of segments of lengthL and overlappingr (r = 2=3
in the present work) in which the initial signaly(t) has been divided,yk(t)
is thekth segment of the original signal andW(t) is the considered window-
ing function, i.e. an Hanning window as in this case [9]. The method re-
sumed in Eq. (3.19) shall be calledWelch Approach (Welch). This method
implements averaging and windowing, formerly than frequency domain
convolution; this leads to slightly better estimates, especially with long
recordings, despite for the appearance of noisier singularvalues.

The present rFDD algorithm displays the innovative and powerful fea-
ture of the simultaneous implementation of both Corr and Welch methods,
into an integrated process, in order to take advantage of thepeculiarities
of both approaches. First, a run with the Corr approach is performed,
by applying the peak-picking procedure on the sharper and better de�ned
SVs (and then, clearer and well-de�ned peaks) provided by this method.
The peak-picking technique is supported by the use of MAC, Auto-MAC,
MPC and Auto-MPC indexes (later introduced in Section 3.4.3), through
comparison of the mode shapes of each potential peak with those of the
others in its proximity. In this way the correct peaks (i.e. the correct
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frequency lines related to the modes of vibration) may be detected. This
method works well especially with short signals, as for those coming from
earthquake records, though it may produce slightly less accurate mode
shapes. Peaks may be detected not only on the �rst SV curve, but also
on the remaining ones.

Then, the PSD matrix is recomputed through the Welch's approach,
which is applied sequentially to the Corr method. This aims at extracting
the �nal modal estimates, read in correspondence of the formerly-detected
frequency lines! = ! k arising from the Corr method. This method imple-
ments averaging and windowing, previous to the frequency-domain convo-
lution, leading to slightly better estimates, especially with long recordings,
despite for the appearance of noisier singular values. Withthis method,
only the peaks on the �rst SV are adopted, in order to avoid leakage on
the achievable estimates.

In short, the contribution of the Corr approach detects the correct
resonance peaks, allowing to process noisy SVs that may arise from the
Welch's procedure more e�ectively, which otherwise would return merged
and doubtful peaks. According to the characteristics of therecorded struc-
tural responses, this may e�ectively help in the �nal modal estimates.

This original integrated procedure leads to a substantial improvement
of the seismic modal estimates, not only in case of syntheticresponse sig-
nals, but also � and speci�cally � in case of real earthquake response input.
This potential feature can be appreciated in Fig. 3.6, wherethe two meth-
ods for the computation of the PSD matrix are displayed, focusing on the
results (i.e. on the detected frequency lines) provided by the subsequent
SVD computation.
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Figure 3.6: Singular Value Decomposition obtained from integrated computation of
the PSD matrix: (a) Corr Approach; (b) Welch Approach; response to Encino earth-
quake (2014), NS component. The peak frequency lines detectable by the Corr Ap-
proach (a) are transferred to the Welch Approach (b), where the modal peaks are
hardly visible for direct peak-picking.
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3.2. rFDD natural frequencies and mode shapes identi�catio n

3.2.4 Strategies for natural frequency and mode shape modal
dynamic identi�cation

Now, as it is common in stochastic dynamics, it is possible toassume that
the modal coordinates are uncorrelated; whenever this assumption is valid,
or whenever the input is �at [17,75], the PSD matrix can be decomposed as
seen in previous Eqs. (3.8) and (3.9). For classical FDD, thehypothesis
of light damping [17] becomes necessary for this step. Anyway, for the
rFDD algorithm this last assumption shall be overcome, by leaving room
also for highly damped cases, with still a reliable approximation.

Accordingly, the input cross-correlation functions vanish, so that ma-
trices R pp(� ) and Gpp(! ) are assumed diagonal. Then, if the mode shapes
(the columns of matrix � ) are orthogonal to each other, Eq. (3.18) repre-
sents a spectral decomposition. TheG yy(! ) matrix can be represented as
the summation ofn G k(! )� k � T

k terms, whereG k(! ) is the auto-spectral
density function of the kth modal coordinate. Although the SVD forces
the singular vectors to be orthogonal, notice that in general experimental
mode shapes are not orthogonal [13]. This will introduce a bias error in
the mode shape estimation, towards the orthogonality between adjacent
eigenvectors, which directly depends on the distance between adjacent sin-
gular values (the larger the di�erence, the smaller the error) [13]. Then,
this hypothesis (or at least mode shapes orthogonality for close modes)
is a requirement, inter alia (the others are white noise input and light
damping), to achieve an accurate SVD of the spectral matrix.If these
assumptions are not satis�ed (as in this seismic heavy-damped case), the
decomposition becomes approximate, but may still be accurate [9], justi-
fying then the adoption of the current rFDD technique.

Then, remembering Eqs. (3.8) and (3.18), it is possible to consider a
SVD of the transpose of the response PSD matrix:

GT
yy (! ) ' �

�
diag

�
<e

�
2dk

i ! � � k

���
� H = USU H (3.20)

where U is a unitary complex matrix (i.e. UU H = U HU = I ) holding
the singular vectors (i.e. the eigenvectors) andS is a real diagonal matrix
holding the singular values (i.e. the eigenvalues). In general, the SVD of an
arbitrary matrix A is given byA = USV H (see e.g. [36,75]), whereU and
V are unitary matrices holding the left and right singular vectors and S is
a rectangular matrix holding the non-zero singular values.Remembering
that G yy (! ) is Hermitian and positive de�nite [9] (since all PSD matrices
embed energy content), this bringsU = V ; thus, the SVD of a PSD
matrix can always be expressed by Eq. (3.20), factorizationalso known as
spectral theorem [9,15].
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Chapter 3. Re�ned FDD: theoretical background

The above-mentioned SVD technique is performed at each frequency
line ! = ! i . Starting from the SVD of Eq. (3.20), modal identi�cation
can be made around a modal peak in the frequency domain, that can be
located by a peak-picking procedure on the singular values representation.
The previous peak-picking can be applied also to the SV product plot,
supporting the procedure in case of very high damping or noisy data and
further improving the modal estimates. Especially, when only the kth

principal value is dominant, i.e. it reaches the maximum near a modal
frequency! k , the response PSD matrix can be approximated by a unitary
rank matrix [14]:

GT
yy (! i = ! k) ' skuk1uH

k1 (3.21)

where the �rst singular value sk at the kth resonance frequency leads
to an estimate, with unitary normalization, of the related mode shape
�̂ k = uk1. The identi�ed mode shape is then compared to the others in
its proximity [13], by making basic reference to the classical MAC (Modal
Assurance Criterion) index [1]:

MAC ( � r ; � s) =

�
�� H

r � s

�
�2

�
� � H

r � r

�
�
�
� � H

s � s

�
� (3.22)

The MAC index represents the square of the correlation between two
modal vectors� r , � s. If the MAC index is 1, the two compared vectors
can be considered as identical; if0, clearly distinct (orthogonal). As long
as a principal vector related to a frequency around the modalpeak displays
a high MAC value (near1, say larger than for example0:8 � 0:9), related
to the estimated mode shape, the corresponding principal value locates a
subset of SV that belongs to the SDoF density function [14, 15]. Further
indices based on MAC Eq. (3.22) are also used later in the algorithm (see
Section 3.4.3), with the purpose to assess the validity of the estimated
modal parameters.

3.3 Modal damping ratio estimates by re�ned FDD

After the evaluation of the natural damped frequencies and mode shapes
estimates, as delineated in previous Section 3.2.4, the rFDD algorithm
is further extended, by accounting for consistent estimates of the modal
damping ratios and of the undamped natural frequencies, through a devel-
opment of the classical Enhanced FDD algorithm. Following Section 3.3.1
presents the classical FDD method, while Section 3.3.2 outlines in detail
the original procedure developed in the rFDD algorithm, andSection 3.3.3
�nally develops the coupled Chebyshev Type II �lters procedure for the
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3.3. Modal damping ratio estimates by rFDD

estimate improvements, especially as concerning the modaldamping ra-
tios.

3.3.1 Classical Enhanced FDD algorithm

With the classical EFDD algorithm [14, 42] modal damping ratios and
undamped natural frequencies can be estimated. The main features of
this procedure are reported below. The SDoF power spectral density
function associated to thekth mode is identi�ed around the corresponding
resonance peak, by comparing the associate estimated mode shape to those
at the frequency lines in its proximity, in terms of MAC �lter ing [42,130].
This phase is usually referred to as spectral bell identi�cation. As a sample
of the procedure, in Fig. 3.7a the peak picking technique on the �rst SV is
represented, while in Fig. 3.7b the spectral bell identi�cation of the �rst
mode is depicted.

The located subset of singular values in the spectral bell istaken back
to the time domain by Inverse Discrete Fourier Transform (IDFT), by
obtaining an estimate of the SDoF auto-correlation function related to the
resonance peak. In this process, remaining parts of the PSD function that
lay outside the frequency window of the spectral bell are setto zero [14].

Frequency [Hz]
0 2.5 5 7.5 10 12.5 15

S
in

gu
la

r
Va

lu
e

[(
m

=s
2 )

2 =
H

z]

10! 10

10! 8

10! 6

10! 4

10! 2

100

102

104
First Singular Value

Frequency [Hz]
0 2.5 5 7.5 10 12.5 15

S
in

gu
la

r
Va

lu
e

[(
m

=s
2 )

2 =
H

z]

10! 10

10! 8

10! 6

10! 4

10! 2

100

102

104
Spectral Bell Identi- cation on I SV

(a) (b)

Figure 3.7: Display of the peak-picking technique on the �rst singular value and of the
spectral bell identi�cation of the �rst mode; six-storey fra me, L'Aquila earthquake.

All extrema, i.e. peaks and valleys, that shall represent the free decay of
a damped SDoF system, are identi�ed within an appropriate time window,
as it can be seen in Fig. 3.8a. Through a peak-picking of peaksand valleys
in the selected time window, it is possible to evaluate the logarithmic
decrement� as:

� =
2
k

ln
�

r0

jr k j

�
(3.23)

wherek is an integer index counter of thekth extreme of the auto-corre-
lation function, k = 1; 2; : : :, while r0 and r k are the initial and the kth

extreme value of the auto-correlation function, respectively. Then, a linear
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relation can be obtained in terms of counterk [12]:

2ln (jr k j) = ln ( r0) � �k (3.24)

which can be plotted and �tted with a straight line (see a sample in
Fig. 3.8b). Its slope provides an estimate of the logarithmic decrement� ,
through a linear regression onk and 2ln (jr k j). Finally, from the estimated
logarithmic decrement� = � q of modeq the corresponding modal damping
ratio � q can be classically evaluated as [14]:

� q =
� qp

4� 2 + � 2
q

(3.25)

Then, knowing the estimated modal damping ratio� q and the estimated
damped frequency, the undamped natural frequency can be obtained [14].
Summarizing, the standard EFDD algorithm sets �xed values for the MAC
index (for example0:6) used to perform the spectral bell identi�cation
and the peaks of the auto-correlation within90%to 20%of the maximum
amplitude are selected to perform the subsequent regression operations.
More details on the standard procedure can be found in [12,14,73].
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Figure 3.8: Selected time window of the normalized IDFT and linear regression tech-
nique for the estimate of the modal damping ratio; �rst mode, six-storey frame,
L'Aquila earthquake.

3.3.2 Damping estimates by re�ned FDD: iterative loop and
optimization algorithm

The re�ned FDD technique evaluates the modal damping ratiosby an ad-
vanced optimization algorithm, in order to achieve reliable estimates, es-
pecially in the case of seismic input and heavy damping, which negatively
a�ect the results achievable from classical EFDD algorithms. Mainly, the
adoption of preselected �xed parameters (i.e. MAC value forthe bell iden-
ti�cation and selected range of amplitudes for the ACF, as explained in
Section 3.3.1), as usually done in standard EFDD, su�ers forthese tough
conditions [12,73]. Also, the present use of seismic input makes it harder
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3.3. Modal damping ratio estimates by rFDD

for the correct detection of the SDoF system associated to the identi�ed
mode. Besides, the use of the following procedure automatesthe estima-
tion of the modal damping ratios and does not require the interaction with
an expert operator. The selection of the correct time windowon the SDoF
Auto-Correlation Function (ACF) represents the most di�cu lt part of the
algorithm, which, jointly with the spectral bell identi�ca tion, derive from
truncated data, introducing errors in the damping estimates [125]. This
disadvantage must be taken into account, especially with closely spaced
modes [130]. An inspection about contents, decimation and frequency res-
olution of adopted signals must be necessary to achieve well-de�ned time
window representations. Besides, the correct outcome of the aforemen-
tioned linear regression is directly connected to the adequacy of the time
window selection. These two steps, jointly with the choice of the spectral
bell, shall be performed by aniterative operation of advanced optimization,
according to the following procedure:

1. The spectral bell identi�cation of the qth mode of vibration is per-
formed �rst with a 0:9 MAC index, selecting theSQ subset of SVs
directly from Eq. (3.18):

SQ(! ) = SQ(! i = ! q) =
�

0 sl : : : sq : : : su 0
� T

(3.26)

wheresl and su are the lower and upper values of the spectral bell.

2. The identi�ed set of SV is taken back to time domain by Inverse
Fourier Transform and normalized, by obtaining the relatedSDoF
Auto-Correlation Function (ACF), R yy;Q (� ):

R yy;Q (� ) = F � 1
�

SQ(! )
	

=
1
m

m� 1X

j =0

SQ(! )e� 2� i
m j l =

=
�

r l : : : rm

� T
; l = 1; : : : ; m � 1

(3.27)

3. On the normalized SDoF Auto-Correlation Function (ACF) two ex-
ponential decays are �tted, both on peaks and valleys of the ACF,
de�ning terms ŷp and ŷv, respectively:

ŷ p = A p exp
�
Bpxp

�
; ŷ v = A v exp

�
Bvxv

�
(3.28)

whereA i andBi are the parameters to be �tted, whilex i represent the
peak and valley time instant vectors (superscripti denotes peaksp,
and valleysv, respectively). These parameters can be calculated by
the minimization of the Ri function, wherein the points are equally
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weighted (with respect to classical exponential best-�t, where greater
weights to smally values are given):

R2
i (a

i ; bi ) =
mX

j =1

yi
j

h
ln

�
yi

j

�
�

�
ai + b i xi

j

� i 2

)

8
>><

>>:

Ja;i =
@(R2

i )
@ai

= 0

Jb;i =
@(R2

i )
@bi

= 0

(3.29)

whereJa;i and Jb;i are the terms of the Jacobian matrixJ, while su-
perscript i again denotes peaks and valleys, respectively. The �tting
coe�cients ai and bi may be computed asai = ln (A) i and bi = B i .
Solving for ai and bi , it is possible to obtain the estimates of the
exponential decays as in Eq. (3.28).

4. All ACF extrema ranging from r0 = 90% to rn = 30% of the maxi-
mum amplitude are selected within an appropriate time window, by
obtaining the normalized ACF subsetR yy;Q (� sub):

R yy;Q (� sub) =
�

r0 : : : rn

� T
� R yy;Q (� ) (3.30)

5. Subsequent operations of regression, according to classical EFDD
procedures, are performed and the modal damping ratio� q is esti-
mated.

6. The exponential decays of Eq. (3.28) included in the time window
of the ACF are compared with the classical damping trends, arising
from SDoF free damped vibrations:

y p = exp

 

� � q
! dqp
1 � � 2

q

xp

!

; y v = exp

 

� � q
! dqp
1 � � 2

q

xv

!

(3.31)

where the maximum amplitude of the motion is set equal to1 for the
normalized ACF, � q is the estimated modal damping ratio (point 5)
and ! dq is the qth estimated damped frequency.

7. The computed exponential decays of Eqs. (3.31) are compared, by
calculating the residuals"̂ i with the �tted decays of point 3:

"̂ p = y p � ŷ p; "̂ v = y v � ŷ v (3.32)

These residuals are compared for each peak and valley of the ACF
considered time window.
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8. The developed algorithm works in order to minimize these residuals,
by recalibrating the time window parameters (i.e. the minimum and
maximum amplitudes selected on the ACF,r0 and rn ) and the MAC
index at each step, with an iterative loop from point 1 to point 7, until
a reliable estimate of� q is obtained. This means that the residuals
must be less than a �xed parameter, for examplê" i < 0:01 in the
present analyses. The MAC index is the �rst value recalibrated by
the algorithm, ranging from0:70to 0:99, while r0 and rn , secondarily,
shall assume values between0:7 � r0 � 1:0 and 0:1 � rn � 0:4, by
expanding or contracting the time window, until the residuals have
been minimized.

The optimization algorithm adopted for the residuals minimization
adopts two sources of information, i.e. the classical damping trends y p,
y v and the exponential �tted decays ŷ p, ŷ v. Either these data depend
on the adopted MAC index and on the ACF time window parameters.
The minimization of the residuals, allowing for a most e�ective evaluation
of the modal damping ratio � q, is measured in terms of an appropriate
objective function P(z), de�ned as follows:

P(z) =

"

�
�

yp
i � ŷp

i

yp
i

� 2

; (1 � � )
�

yv
i � ŷv

i

yv
i

� 2
#T

=

=

"

�
�

"̂ p
i

yp
i

� 2

; (1 � � )
�

"̂ v
i

yv
i

� 2
#T (3.33)

where z is the (3 � 1) vector including the parameters to be optimized
with respect to the i = 1; : : : ; n ACF points, and � 2 [0; 1] represents a
weighting coe�cient, set to 0:5 in the present work. The minimization of
the residuals in the objective function is achieved by usinga non-linear
least-squares algorithm through the �lsqnonlin� functionof the Matlab
Optimization Toolbox [116].

The procedure described above conceptually derives from classical
EFDD algorithms [14, 42] but considers a re�ned and improvedproce-
dure with an optimization loop, limiting possible errors and inaccuracies
in the estimates, with respect to classical EFDD implementations of the
literature (see the results presented in [91] for further details). Despite the
iterative approach, rather limited computing time has beenadded to the
computational e�ort of a classical EFDD algorithm, in the order of 20%.
Finally, an example of the ACF curve �ttings that may be achieved from
the adoption of the present procedure is depicted in Fig. 3.9(structural
features of the adopted frames are going to be presented in Chapters 4).
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Figure 3.9: ACF curve �tting for the 1st mode of vibration of a two-, three- and
six-storey frame, Kocaeli b) (12082), Superstition Hills b) (12122) and Chi-Chi a)
(12141) earthquakes, NS component.

3.3.3 Enhancement of modal parameter estimates via coupled
Chebyshev Type II bandpass �lters

When tough seismic input and heavy damping conditions apply, i.e. espe-
cially when the adopted structural responses exhibit stronger non-statio-
nary or heavy-damped conditions, in terms of FDD identi�cation challenge
(namely when � > 1 � 2%, see [17]), this technique may be further im-
proved with a novel computational procedure. This method isbased on
coupled Chebyshev Type II bandpass �lters, in order to achieve much ef-
fective estimation of natural frequencies, mode shapes anddamping ratios.

These �lters have been adopted in order to enhance the SDoF spectral
bells related to the identi�ed mode and to isolate their frequency con-
tent, with respect to that of the remaining spectrum. This isbecause,
when earthquakes characterized by strong non-stationary are adopted as
input excitations, the harmonics brought about by themselves (around the
modal peaks) may in�uence the correct outcomes of the rFDD algorithm.
Therefore, the need was that of seeking for an appropriate �lter that was
capable to extract the correct modal information from the SVs, without
loss of data content.

The choice had fallen on Chebyshev Type II �lters since, after several
trials and simulations, this kind of �lter showed to be the most e�ective one
for the sought enhancement of the SDoF spectral bells, without a�ecting
the main characteristics of the original signal in the frequency interval of
interest (i.e. within the range of the considered modal peak). Chebyshev II
�lters are characterized by a �at (monotonic) passband magnitude and
equiripple response in the stopband. They do not roll o� as fast as Type I
�lters, and they are free of passband ripple. In addition, they minimize
the error between the idealized �lter and the actual �lter characteristics,
over the range of the �lter itself [79].
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3.3. Modal damping ratio estimates by rFDD

An example of the outcome of the adopted Chebyshev Type II �lter
is represented in Fig. 3.10, where magnitude and phase responses are de-
picted for the enhancement of the second mode SDoF spectral bell, for a
two-storey frame (see later description in Chapter 4).
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Figure 3.10: Magnitude and phase response of the adopted Chebyshev Type IIband-
pass �lter for the enhancement of the II mode SDoF spectral bell, two-storey frame.

Basically, the Chebyshev Type II bandpass �lter procedure may be
outlined as follows:

1. A �rst run of the rFDD method is performed on the original earth-
quake-induced response signals, which are adopted as inputchannels
for the identi�cation algorithm, including for the iterati ve procedure
for the modal damping ratio estimates (see Section 3.3.2). This is
necessary to extract all the modal peaks, i.e. all the resonance fre-
quencies! i = 1; : : : ; k; : : : ; n of the structure under analysis, whose
modal estimates are going to be improved through the presentcou-
pled �lter method.

2. From the iterative procedure in Section 3.3.2, a well-suited set of
MAC indexes can be achieved, leading to an appropriate detection
of the spectral bells. For thekth mode of vibration, the spectral bell
may be selected from theSk subset of the SVs as:

SK (! ) = SK (! i = ! k) =
�

0 sl : : : sk : : : su 0
� T

(3.34)

where sl and su are the lower and upper values of the spectral bell,
to which lower and upper frequencies! l and ! u de�ning the spectral
bell correspond. These extreme values can be extracted by comparing
the kth frequency peak with the frequency lines in its proximity, in
terms of singular vectors, with a MAC index set equal to the one
achieved from the iterative procedure in Section 3.3.2.

3. Lower and upper frequencies! l and ! u are used for the de�nition of
the lower and upper bounds, i.e. the stopband edge frequencies of a
Chebyshev Type II bandpass �lter [79]:

! L = 0:80! l ; ! U = 1:20! u (3.35)
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Chapter 3. Re�ned FDD: theoretical background

where! L and ! U are the lower and higher stopband frequencies of the
�lter, which are calculated by taking � 20%of the original lower and
upper frequencies, as adopted for all the analyses in the present work.
The attempts that were performed for the selection of the appropriate
boundary values showed that these are, on average, the best values
that can be adopted in the following steps. Generally,! L and ! U

may vary between0:70 < ! L =! l < 0:90 and 1:10 < ! U=! u < 1:30,
respectively, as a function of the modal damping ratio undertarget.
In fact, the modal damping ratio directly a�ects the width of the
SDoF spectral bell. For light damping, i.e. for� in the order of
1 � 2%, normalized values of0:90 and 1:10 can be used, leading to a
narrow interval. On the other hand, for damping values in theorder
of 5� 10%, it is necessary to adopt a wider interval, i.e. with extreme
normalized values of0:70 and 1:30.

4. Then, the Chebyshev Type II �lter is de�ned as a 4th-order (N = 4)
bandpass �lter with an As = 60 dB stopband attenuation and ! L ,
! U lower and higher stopband frequencies. For the present analysis,
the �lter order and the stopband attenuation speci�cationshave been
selected, after several trials, as the more suitable ones toachieve the
best trade-o� among passband width, transition band steepness and
stopband attenuation. As for! L and ! U , order and stopband atten-
uation may vary between3 < N < 5 and 50 dB < As < 70 dB, as a
function of the modal damping ratio under target. The highervalues
show to be more suitable for light damping, while lower values need
to be used at increasing damping. In the present form, the Cheby-
shev II �lter is implemented within MATLAB via a Transfer Fun ction
design as a zero-phase digital �lter [79], by using the �cheby2� �lter
design and the ��lt�lt � digital �lter environment.

5. The so-de�ned Chebyshev II �lter is applied to all the original earth-
quake-induced response signals, in order to compute the �ltered sig-
nals for each mode (detected in Step 1), which are used then asinput
channels for the rFDD algorithm. An example of the achievable �l-
tered responses (in terms of accelerations) and their FFT after the
application of the Chebyshev II �lter is depicted in Fig. 3.11, where
the �ltering on the I and II mode is applied on the1st-storey response.
The rFDD procedure shall be applied in all its computationalsteps,
until the SVD of the output PSD matrix is achieved (see Eq. (3.20)).
In this way, a set ofn SDoF �ltered spectral bells can be obtained,
by sequentially applying present Steps 2-5, for each of the previously-
de�ned modal peaks! i = 1; : : : ; k; : : : ; n.

6. Obviously, eachkth SDoF �ltered spectral bell has components on
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3.3. Modal damping ratio estimates by rFDD

the di�erent SV lines, obtained through the application of the SVD.
An example of the Singular Value Decomposition obtained from the
Chebyshev II �ltering applied on the I and II mode of vibration is
represented in Fig. 3.12. Finally, the achieved set ofn SDoF �ltered
spectral bells is recomposed over the original SVs, in orderto obtain
the new set of �ltered SVs that is going to constitute the basis for
the modal parameter identi�cation. The �ltered set of SVs can be
reconstructed by taking into account the overlapping points between
the data coming from di�erent SDoF �ltered spectral bells. The
remaining parts that do not compete to thekth modal peaks are then
removed from the �nal SV curves.
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Figure 3.11: Chebyshev Type II bandpass �ltering on the I and II mode on the 1st-
storey responses and FFT of the responses, Chi-Chi a) (12141) earthquake, NS
component, two-storey frame.
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Figure 3.12: Singular Value Decomposition obtained from the Chebyshev Type II
bandpass �ltering on the �rst and second mode, Chi-Chi a) (12141) earthquake, NS
component, two-storey frame.

Then, the achieved set of reconstructed �ltered SVs is used for modal
identi�cation, by applying the estimation steps of the rFDD algorithm
(see Section 3.2). Samples of the resulting SVs are depictedin Fig. 3.13a
and 3.13b, for a two- and a three-storey frame (frame properties are de-
scribed in Chapter 4). The support of this innovative strategy enhances
the modal parameter estimates, with respect to those achievable by the
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Chapter 3. Re�ned FDD: theoretical background

basic rFDD algorithm, especially when the adopted earthquakes exhibit
stronger non-stationary and critical features for the rFDDvalidity. In
fact, some earthquakes carry several strong harmonics in correspondence
of the structural frequencies, which trouble the correct detection of the
resonance peaks and lead to more di�cult estimates. That feature, in
addition to heavy damping (in terms of FDD identi�cation challenge),
may bring to failures or to consistent errors, when using traditional FDD
methods. Then, the application of the current procedure shows to be able
to isolate the modal information of the spectral peaks from the remain-
ing frequency lines of the spectra. Further descriptions and numerical
examples from this procedure can be found in [97].
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Figure 3.13: Singular Value Decomposition obtained from basic rFDD and
rFDD+�lter for: (a) two-storey frame, Chi-Chi a) (12141) earth quake, NS com-
ponent; (b) three-storey frame, Superstition Hills b) (12122) earthquake, NS com-
ponent.

3.4 Further rFDD computational procedures at seismic input
and heavy damping

3.4.1 Reconstruction of the original SDoF spectral bells

With the adoption of ambient input excitations, i.e. of classically-used
white noise, modal peaks may be detected all on the �rst Singular
Value (SV) curve, which contains all the necessary modal information
towards natural frequency, mode shape and modal damping ratio estima-
tions. With white noise input, the adoption of the remainingSVs curves
is not necessary, since they are characterized by greatly lower energetic
levels, bringing to an increase of the bias level of the estimates.

That is no longer true with seismic input, since they displaydi�erent
characteristics with respect to the white noise signals. Then, the inte-
grated approach for PSD matrix computation, explained before in Sec-
tion 3.2.3, leads to the possibility of having the modal information, and
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3.4. Further rFDD computational procedures

then the modal peaks, on di�erent SV curves. In this case, thedi�er-
ent energy levels of the SV curves with seismic input bring toless biased
estimations by adopting also the SV curves beyond the �rst one.

Then, the integrated PSD matrix computation suggested by the re-
�ned FDD procedure (Section 3.2.3), shall lead to substantial help in the
location of the correct resonance peaks at seismic input andalso at heavy
damping. With this procedure, the estimate of the modal parameters be-
comes feasible by operating at the same time on di�erent SVs:an example
is shown in following Fig. 3.14a, where the SVD of the PSD matrix cal-
culated with the Corr method is represented. It is possible to see that
resonance peaks can be found on di�erent SVs, thanks to the clearer rep-
resentation o�ered by the procedure. Moreover, the use of the SV product
plot, i.e. the representation of the product between various SVs for each
frequency line, is complementary (see [88,89]).

Then, in case of very noisy SVs (e.g. especially with heavy damping)
or some seismic input, a partial overlapping of SVs is also possible. The
individuation of the spectral bells can be originally made as an envelope
composition of di�erent SVs portions, similarly to the common overlap-
ping technique [64], by building a �ctitious SDoF SV, as it isshown in
Fig. 3.14b. Then, the use of Blind Source Separation [29] is not necessary
at this stage.
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Figure 3.14: Display of the SVD and of the �ctitious SV related to the fourth vibration
mode, six-storey frame, L'Aquila earthquake.

So, a �ctitious SDoF SV can be built to help the modal parameter
estimates, especially as concerning the identi�cation of the modal damp-
ing ratios. The example reported in Fig. 3.14b, where the spectral bell
related to the fourth mode of vibration is composed as a �ctitious SV
from portions of di�erent SVs (in this case the I, II, III and IV modes
are adopted). Also, the peaks related to the III, V and VI modes can
be found on the second SV curve, and the spectral bells can be similarly
composed. This feature di�ers from the chance o�ered by classical EFDD
algorithms, which allow for the overlapping of SVs based upon the use of
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Chapter 3. Re�ned FDD: theoretical background

a modal peak positioned on the �rst SV. The presence of resonance peaks
on di�erent SVs may produce severe working conditions for traditional
EFDD algorithms, which are supported here by the strategiesof the cur-
rent re�ned FDD procedure [91,92]. Then, by starting from the SV curve
reconstruction related to a particular mode of vibration, all the remaining
rFDD computational procedures may be thoroughly applied.

3.4.2 Frequency resolution enhancement

Another important issue concerns the frequency resolution(f s). Seismic
input signals display very limited registrations with respect to ambient
recordings, and this may reduce the frequency resolution adopted for the
PSD matrix evaluation. In fact, the PSD's frequency resolution is an-
other fundamental issue towards achieving reliable estimates, especially
for the damping ratios, where the frequency resolution directly a�ects the
number of points which can be used during the linear regressions (see
Section 3.3.2), and consequently the reliability of the results. Also the
remaining modal parameters are a�ected by the adopted frequency reso-
lution, since a low frequency samplingf s may truncate the modal peaks in
the SV curves, leading to less accurate natural frequency and mode shape
estimates, or even introducing noise and errors in the estimates.

Then, the adopted frequency resolution looks an essential feature for
the adoption of seismic input, whose intrinsic short duration (with re-
spect to ambient recordings) may de�nitely a�ect the achievable estimates.
Then, it is possible to enhance the frequency resolution by acting on two
parameters: the time sampling� t or the total number of points Npoints

adopted for the PSD matrix computation. Both directly depend on the
total time length of the structural response recording.

Time sampling and total time length of the recording dependson the
duration of the seismic signal and on the characteristics ofthe adopted
instrumentation. So, the way implemented with the rFDD algorithm to
avoid the lacking of frequency resolution is to increase thenumber of
points used for the PSD matrix computations through an interpolation of
the spectrum; this can be done by adding a zero-solicitationtime window
at the end of the earthquake acquisitions, thus increasing the length of
recordings with an operation similar to that known as zero-padding in
classical signal analysis [36].

Starting from the original seismic response recording, which has its own
total time length t f , total number of points Npoints and time sampling� t
as:

t f = Npoints � � t (3.36)

it is possible to add a zero-solicitation time windowt0, i.e. a series of
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3.4. Further rFDD computational procedures

zeros Nzeros, such that time length t f may be incremented until time
length t f t , necessary to obtain the desired frequency resolution. Than,
it is possible to obtain:

t f t = t f + t0 = ( Npoints + Nzeros) � � t (3.37)

With the new number of pointsNp:

Np = Npoints + Nzeros =
t f t

� t
(3.38)

The new increased frequency resolution which is going to be adopted
for the PSD computation is the following:

� f =
1

� t
�

1
Np

=
1

t f t
(3.39)

More speci�cations and some practical examples may be foundin [89,
92], where some case studies relating the record length to the modal esti-
mates are considered, too. In the literature, it is generally said that reg-
istration lengths of about1000� 2000times the �rst natural period often
result to be appropriate [13, 104]. So, this issue is fundamental to reach
consistent estimates of the modal parameters, especially for the modal
damping ratios, even for the low damping cases, where a �ne frequency
resolution is necessary to correctly score the very sharp peaks.

3.4.3 Modal detection and validation via MAC indexes and
complexity analysis

Towards modal detection and modal validation purposes, thepresent
rFDD algorithm adopts the combined use of di�erent MAC indexes [91,93].
The use of Modal Assurance Criterion (MAC) and Modal Phase Collinear-
ity (MPC) indexes (also in their Auto-MAC and Auto-MPC meanings)
comes after a preliminary �peak-picking� on the available SVs [92], and
becomes necessary to discern �spurious peaks� from true (physical) modal
ones. In particular, these indexes may be used to discard spurious peaks
that exhibit a complex-number character (i.e. displaying modal de�ection
phases that signi�cantly deviate from0 or � ).

Fig. 3.15 represents, for an applicative case, the associated Modal As-
surance Criterion (MAC), Auto-Modal Assurance Criterion (Auto-MAC)
and Auto-Modal Phase Collinearity (Auto-MPC) indices [1]. The MAC
index was outlined in previous Section 3.2.4. Its purpose isthat of com-
paring two di�erent mode shapes towards modal validation (when target
modal parameters are available), and to support modal peak and spectral
bell detection for the modal damping ratio estimation.
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Figure 3.15: Modal Assurance Criterion, Auto-Modal Assurance Criterion and Auto-
Modal Phase Collinearity for the estimated mode shapes; six-storey frame, L'Aquila
earthquake (� k = 1%).

The Auto-MAC index is a version of the MAC index in which the
estimated mode shapes are correlated with themselves,Auto-MAC =
MAC( � k;est; � k;est); especially, the Auto-MAC matrix is useful to detect
if some modes are not orthogonal to each-other. All diagonalterms are
unitary by de�nition, while o�-diagonal terms, due to the or thogonality
hypothesis between the modes, shall be at around zero. The existence of
non-zero o�-diagonal terms (e.g. larger than0:4) can be taken as a sign
of little degree of correlation.

Finally, the Auto-MPC is an index that checks the degree of com-
plexity of a mode, by evaluating the functional linear relation between
imaginary and real parts of the mode shape components [1, 104]. This
index is based on variance-covariance matrix computationsapplied to
the estimated mode shapes, and can be calculated as the MAC index
among an estimated mode shape and its complex conjugate,Auto-MPC =
MAC( � k;est;� k;est). An MPC index greater than, say,0:5 may be inter-
preted as if the mode shape vector components are all in-phase (and then
the estimates are considered to be suitable), while a lower value suggests
anomalous �uctuations of the phases (related, for example,to unreliable
mode shapes, or to potential structural damage). Also, a visual inspection
of the mode shapes complexity is possible at this stage [93].

Either the Auto-MAC and Auto-MPC indexes help with the modal
identi�cation when no target parameters are available for comparison pur-
poses [1]. The existence of non-zero o�-diagonal terms alsoindicates a
little degree of correlation between some of the modes, i.e.some of them
are not correctly estimated (or in some cases the estimates may not be
reliable).
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Chapter 4
Re�ned Frequency Domain Decomposition:

main results

As it concerns the developed identi�cation analyses and results, in the
present thesis only selected outcomes are reported, from the whole bulge
of cases that have been analysed in seminal works [88�90] andin more
recent works [38�40,91�95,97,98,100] and all along the whole development
of this doctoral dissertation.

In particular, in present Chapter 4 the focus falls on two di�erent
structures, i.e. a reference three-storey shear-type frame and a more re-
alistic ten-storey shear-type frame, with regards to the use of synthetic
earthquake-induced structural response signals. Both structures are char-
acterized by heavy damping, and they are analysed through the adoption
of a set of ten earthquake base excitations. These structures and earth-
quakes are going to be adopted for all the three proposed methods explored
in this thesis, namely rFDD (present Chapter 4), SSI-DATA (Chapter 6)
and FDCIM (Chapter 7), in order to make it possible for a detailed com-
parison among these algorithms within the Earthquake Engineering range.

For the rFDD algorithm only � the most deepened and analysed algo-
rithm in the present work � additional results are going to bepresented
both in present Chapter 4 (Section 4.3) and in Chapter 5, representing an
extensive analysis based on the adoption of the FEMA P695 earthquake
database with three di�erent shear-type frame structures and a further
analysis with structures subjected to Soil-Structure Interaction e�ects,
additionally to the earthquake excitation input and the heavy damping
conditions, respectively.

Then, as a �nal and conclusive analysis framework, some results with
the adoption of real earthquake-induced structural response signals will
be reported in Chapter 8, where all the three OMA methods are going to
be used for �nal comparison purposes.
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4.1 Adopted earthquake dataset and numerical models

The input response channels to be fed to the present OMA output-only
algorithms are �rst obtained from calculated synthetic structural response
signals of linear multi-storey frames. Storey accelerations are considered as
input for the identi�cation algorithms. These numerical response record-
ings are generated prior to the modal identi�cation by taking as base ac-
celeration an earthquake from a set of ten selected seismic ground motions
(see Table 4.1).

The adopted earthquakes have been chosen as representativeones from
a wide variety of seismic events, with rather di�erent characteristics, i.e.
time-frequency spectra, duration, sampling, magnitude and PGA. Also,
they have been speci�cally selected as expected challenging instances for
the present rFDD, SSI-DATA and FDCIM identi�cation purposes, given
their non-stationary nature.

The simulated structural responses are calculated by direct time inte-
gration of the equations of motion, via Newmark's (average acceleration)
method [27]. The use of synthetic signals shall ful�l a �rst necessary
condition for the algorithms' e�ectiveness, since modal parameters are de-
termined via direct modal analysis before identi�cation and adopted as
known targets for validation purposes.

Earthquake Date Station Dur. [s] f s [Hz] M Comp. PGA [g]

(AQ) L'Aquila 06=04=2009 AQV 100 200 5:8 WE 0:659
(CH) Maule 27=02=2010 Angle S/N 760 180 100 8:8 WE 0:697
(EC) El Centro 18=05=1940 0117 40 100 7:1 NS 0:312
(IV) Imperial Valley 15=10=1979 01260 58 100 6:4 NS 0:331
(KO) Kobe 17=01=1995 Nishi Akashi 41 100 6:9 WE 0:510
(LP) Loma Prieta 17=10=1989 47459 40 50 7:0 WE 0:359
(NO) Northridge 17=02=1994 24436 60 50 6:7 WE 1:778
(NZ) Christchurch 03=09=2010 163541 82 50 7:1 NS 0:752
(TA) Tabas 16=09=1978 70 Boshrooyeh 43 50 7:3 WE 0:929
(TO) Tohoku 11=03=2011 MYG004 300 100 9:0 NS 2:699

Table 4.1: Main features of the adopted set of ten selected earthquake base excitations.

The frame structure that has been adopted �rst for initial veri�ca-
tion is a reference three-storey shear-type frame, subjected to each single
base excitation instance from the above adopted set of ten strong ground
motions. This reference 3-DoF case has been characterized by a modal
damping ratio � k = 7%, for all the structural modes, a rather high value
for the present OMA identi�cation purposes, especially within the seismic
engineering scenario. Structural and modal dynamic characteristics of the
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4.1. Adopted earthquake dataset and numerical models

adopted three-storey frame [92] are reported in Table 4.2.

Floor 1 2 3

Sti�ness � 103 [kN=m] 202:83 202:83 202:83
Mass � 103 [kg] 144 144 144

Mode 1 2 3

Natural frequency [Hz] 2:658 7:448 10:76

Mode shape[1]

8
<

:

0:328
0:591
0:737

9
=

;

8
<

:

� 0:737
� 0:328

0:591

9
=

;

8
<

:

0:591
� 0:737

0:328

9
=

;

Assumed modal damping ratio [%] 7% 7% 7%

Table 4.2: Properties of the analysed reference three-storey frame [92].

Then, after the reference 3-storey frame, the focus goes to the analyses
and results that can be achieved by adopting a realistic ten-storey RC
frame, taken from the work of Villaverde and Koyama [123]. This shear-
type frame is subjected to each single earthquake excitation from the set
of strong ground motions reported in Table 4.1 and syntheticseismic re-
sponse signals are calculated before the subsequent identi�cation process.
Structural and modal dynamic characteristics of this 10-DoF frame are
reported in Table 4.3 (mode shapes are not reported for compactness pur-
poses; however, they may be found in [82]).

Floor 1 2 3 4 5 6 7 8 9 10

Sti�ness � 103 [kN=m] 62:47 59:26 56:14 53:02 49:91 46:79 43:70 40:55 37:43 34:31
Mass � 103 [kg] 179 170 161 152 143 134 125 116 107 98

Mode 1 2 3 4 5 6 7 8 9 10

Natural frequency [Hz] 0:500 1:326 2:151 2:934 3:653 4:292 4:836 5:272 5:590 5:787

Modal damping ratio [%]2:50%3:50%5:16%6:83%8:40%9:81%11:01%11:98%12:69%13:13%

Table 4.3: Properties of the analysed realistic ten-storey frame [123].

The use of this 10-DoFs frame represents a rather challenging case for
the modal identi�cation, since the building is characterized by very close
modes (the ten natural frequencies are contained within a5 Hz interval).
As concerning to the damping modelling, Rayleigh proportional damping
(i.e. a linear combination of sti�ness and mass matrices) has been adopted,
by setting � 1 = 2:5% and � 2 = 3:5% for the �rst two modes, respectively.
In this way, the modal damping ratios become rather high, in terms of
identi�cation challenge for the present OMA algorithms, raising up to
values of� i at around 10%for half of the modes of vibration.
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4.2 Results from synthetic output-only modal dynamic
identi�cation

4.2.1 Analyses and results with a reference three-storey
frame

By taking as base excitation the single instances from the set of ten se-
lected earthquake recordings presented in Section 4.1 (Table 4.1), modal
dynamic identi�cation analyses have been performed with the rFDD al-
gorithm (Chapter 3), in order to identify all strong ground motion modal
parameters.

The rFDD identi�cation method adopts constant time series lengths
of 400 sand a 0:0025 Hzfrequency resolution, by applying the method
outlined in Section 3.4.2, which allows to increase the frequency resolution
of the recordings, despite for the shortness of the seismic histories.

As concerning to the present rFDD method, the following parameters
have been adopted for the performed analyses:

� Butterworth low-pass �ltering, order 8, cutting frequency 15 Hz, ap-
plied to the earthquake-induced structural response signals (input
channels for the rFDD algorithm);

� No decimation, decimation of order2 and of order5 of the response
signals, as a function of the frequency sampling of the recordings, i.e.
50 Hz, 100 Hzand 200 Hz, respectively;

� Integrated PSD matrix computation through both Welch's Modi�ed
Periodogram, generally set with 1024-points Hanning smoothing win-
dows and 66.7% overlapping (2048-points Hanning smoothingwin-
dows when no decimation is applied), and Wiener-Khinchin method,
set with a de-trended biased correlation matrix (see [91] for more
details).

As concerning to the achievable rFDD outcomes, the three modal peaks
are detectable from the frequency lines on the �rst SV. Also,modal peaks
are repeated on the remaining SVs, which is a clear index of existence of
the related mode of vibration. Anyway, MAC and MPC indexes may be
simultaneously adopted towards modal peak selection and validation, as
extensively outlined in [91,92].

Thus, by the strategies and settings reported above, complete syn-
thetic output-only analyses with the rFDD method have been performed.
A synopsis from all the achieved results is reported in Fig. 4.1, where
the estimates in terms of absolute deviations of rFDD identi�ed natural
frequencies and modal damping ratios and achieved MAC indexes for the
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estimated mode shapes are depicted. Estimates are reportedin terms of
absolute deviations of estimated natural frequencies� f and modal damp-
ing ratios � � from the target parameters, and of achieved MAC indexes
for the estimated mode shapes on the target ones, calculatedas follows:

� f =
jf est � f targ j

f targ
(4.1a)

� � =
j� est � � targ j

� targ
(4.1b)

MAC =
j� H

est� targ j2

j� H
est� estj j � H

targ � targ j
(4.1c)

The rFDD estimated frequencies show deviations that are always be-
low 5%, except for the last modes of the NO, LP and TA earthquake
cases (Table 4.1), where deviations increase up to9%. The estimated
modal damping ratios display very low deviations, at around10% as a
mean. Then, the frequency and damping estimates from these analysed
rFDD cases show to be very close to the target values. Then, also MAC
values are always higher than0:91, for all the modes, by con�rming the
goodness of the achieved results.
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Figure 4.1: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes, three-storey frame, synthetic response signals, rFDD algorithm,
complete considered earthquake dataset.

Then, global results on the achieved modal estimates are further sum-
marized in Fig. 4.2, where the absolute deviations of the estimated natural
frequencies and modal damping ratios, and the MAC indexes are repre-
sented, in terms of suitably-designed dispersion diagrams[97]. The syn-
thetic estimates for the adopted three-storey frame have been condensed
all together, by displaying the minimum, the mean and the maximum
(absolute) deviations, in blue, black and red coloured lines and mark-
ers, respectively. Then, the normalized truncated Gaussian Probability
Density Functions (PDF) related to the dispersion of the estimates have
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been depicted for each mode, jointly with an indication of the standard
deviation � of the estimated values. In the present case, frequency and
modal damping ratio deviations shall turn out strictly positive (since ab-
solute percentage deviations are adopted), while MAC indexes shall vary
between 0 and 1. By taking into account such boundaries, truncated
Gaussians are �tted on the achieved estimates, for each examined case.
A demonstration of the possible use of truncated Gaussians is further go-
ing to be reported in Chapter 5, where the performed analysiswith the
FEMA P695 earthquake database is going to be addressed.
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Figure 4.2: Dispersion diagrams for the deviations of estimated naturalfrequencies
and modal damping ratios, and for the MAC indexes, three-storey frame, synthetic
response signals, rFDD algorithm, complete considered earthquake dataset. Mini-
mum, mean and maximum values, and standard deviations are indicated.

These truncated Gaussians represent the probability of appearance of
a certain deviation, as associated to each estimate, between the minimum
and the maximum value, and are centred on the mean value. As itis
possible to be appreciated, the maximum deviations are always on the
Gaussian tails, while the minimum deviations lay in the Gaussian center.
This con�rms the goodness of the achieved rFDD modal identi�cation
estimates.

Finally, the achieved results are also synoptically reported in statistical
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form in Fig. 4.3, through appropriateboxplots. In these representations,
each boxplot relates to the natural frequencies, modal damping ratios and
MAC values estimated from the performed analyses. In each boxplot the
inner rectangular box represents the central 50% of the identi�ed param-
eters, while the centred line indicates their median. Then,the right and
left boundary segments depict the 25% and 75% quantiles of the related
statistical distributions. Finally, the vertical through -plot dashed green
lines mark the known targeted modal parameters for the identi�cation
procedure.

The presented boxplots con�rm again the goodness of the achieved
rFDD results. Natural frequency estimates show to substantially catch
the expected target values. Also, MAC indexes reveal very good mode
shape estimates, even for the last modes of vibration. Finally, modal
damping ratios display again very good estimates, by showing a rather
contained dispersion.
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Figure 4.3: Boxplot diagrams for estimated natural frequencies, modaldamping ratios
and MAC indexes, three-storey frame, synthetic response signals, rFDD algorithm,
complete considered earthquake dataset.

4.2.2 Further synthetic identi�cation analyses with a real istic
ten-storey frame

In the present section, the focus goes to the analyses and results that can
be achieved by adopting the realistic ten-storey RC frame introduced in
Section 4.1 (see Table 4.3). The adopted settings for the rFDD identi�-
cation procedure are the same as those employed before, except than for
the Butterworth low-pass �ltering, whose cutting frequency now has been
taken equal to7:5 Hz.

Thus, by adopting the present realistic ten-storey frame, synthetic
output-only analyses with the present rFDD algorithm have been per-
formed. As it was previously done in Section 4.2.1, a synopsis from all
the achieved results is depicted in Fig. 4.4. Again, the absolute deviations
of the rFDD identi�ed natural frequencies and modal dampingratios and
the achieved MAC indexes are reported in the following representations.

The estimated frequencies from rFDD show deviations that are always
below 7%, except for the �fth and sixth modes of the IV earthquake case
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(Table 4.1), where deviations increase up to8:11%. The most demanding
seismic excitations turn out to be the EC, IV and NO cases.
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Figure 4.4: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes, ten-storey frame, synthetic response signals, rFDD algorithm,
complete considered earthquake dataset.

The rFDD estimated modal damping ratios display good (low) devia-
tions, at around20%. Maximum deviations show to be lower than42%, for
all the cases. Deviations show to be higher than for the three-storey frame;
however, it should be recalled that really demanding heavy-damping iden-
ti�cation conditions have been challenged here, with� i up to 13%. As it
was seen with the previous 3-DoF case, rFDD frequency and damping
estimates for the present 10-DOF case show to be very close tothe target
values.

MAC values are always higher than0:70 for the �rst �ve modes, except
for the �fth mode of the LP, NO and NZ cases, where they go down to
0:396, 0:657 and 0:670, respectively. Anyway, especially for the lowest
MAC values, they show to be rather isolate instances. For theremaining
modes, MACs show to be acceptable for most cases, until for the seventh
mode, after which MAC values go to rather unacceptable values.

Thus, in terms of strong ground motion modal parameters at heavy
damping, rFDD shows to be very consistent, for the present MDoF real-
istic case, at the present stage of development and implementation.

As before, Fig. 4.5 summarizes the global results on the achieved modal
estimates for the ten-storey frame, where the absolute deviations of the
estimated natural frequencies and modal damping ratios, and the MAC
indexes are represented in terms of appropriate dispersiondiagrams. The
truncated Gaussian distributions show once again that maximum devi-
ations lay always on the Gaussian tails, while minimum deviations are
located near the Gaussian centres. This con�rms the goodness of the
achieved rFDD modal identi�cation estimates, despite for the rather chal-
lenging scenario. In fact, it is clearly visible that rFDD Gaussians are very
narrow, especially as concerning to the natural frequencies and the modal
damping ratios. This is again an indication of the e�ective performance

58



4.2. Results from synthetic output-only modal identi�cati on

of the rFDD algorithm in the present context and implementation.
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Figure 4.5: Dispersion diagrams for the deviations of estimated naturalfrequencies
and modal damping ratios, and for the MAC indexes, ten-storey frame, synthetic
response signals, rFDD algorithm, complete considered earthquake dataset. Mini-
mum, mean and maximum values, and standard deviations are indicated.

Finally, the results achieved from the realistic ten-storey frame are also
synoptically reported in Fig. 4.6, in terms of statistical boxplots. Here,
natural frequencies, modal damping ratios and MAC values estimated
from the performed synthetic analyses are represented.
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Figure 4.6: Boxplot diagrams for estimated natural frequencies, modaldamping ratios
and MAC indexes, ten-storey frame, synthetic response signals, rFDD algorithm,
complete considered earthquake dataset.

The proposed boxplots con�rm again the goodness of the rFDD
achieved results. Despite for the very high modal damping ratios reached
by the present case, in terms of rFDD identi�cation challenge, modal
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parameter estimates show to be very close to the target values. Again,
natural frequency estimates turn out very close to the expected target
values. Also MAC indexes reveal very good mode shape estimates until
the �fth mode of vibration, i.e. a more than adequate number of modes,
in order to describe the dynamical behaviour of the structure, speci�cally
under seismic excitation. Finally, also modal damping ratios display very
good estimates, by showing rather contained dispersions for all the modes.

4.3 Extensive validation with the FEMA P695 earthquake
database

4.3.1 Adopted FEMA P695 seismic database

Towards reaching a conclusive validation of the e�ectiveness of the present
rFDD algorithm, speci�cally for the targeted context of earthquake-in-
duced structural responses (accelerations adopted as input channels for
the identi�cation process) and simultaneous heavy damping, the codi�ed
FEMA P695 seimic database [37] has been considered as a source for the
base-excitation instances of structural input.

This database was developed by the US Federal Emergency Manage-
ment Agency (FEMA) as a selection of ground motion records, towards
the collapse assessment of structures using nonlinear dynamic analysis
methods [37]. Nowadays, its use is widely established in theearthquake
engineering research �eld, whether for structural analysis, dynamics or
identi�cation purposes.

The ground motion record database includes a set of ground motions
recorded at sites located at a distance greater than or equalto 10 km
from fault rupture, referred to as �Far-Field� record set (22 NS and 22 WE
individual components for 22 seismic events), recordings adopted for the
present identi�cation analysis, and a set of ground motionsrecorded at
sites laying less than 10 km from fault rupture, referred to as �Near-Field�
record set (28 NS and 28 WE individual components for 28 seismic events).

Seismic records in the database have been selected according to the
following criteria [37]:

� Source magnitude: ground motions with a magnitude M larger
than 6.5;

� Source type:ground motions from earthquakes with either strike-slip
or reverse (thrust) sources;

� Site conditions: ground motions recorded on either soft rock (Site
Class C) or sti� soil (Site Class D) sites;

� Site-source: the source-to-site distance was taken as the average of
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Campbell and Joyner-Boore fault distances provided in the PEER
NGA database;

� Number of records per event:to avoid potential event-based bias
in record sets, no more than two records were taken from any one
earthquake for a record set;

� Strongest ground motion records:PGA and PGV greater than 0:2 g
and 15 cm=s, respectively;

� Strong-motion instrument capability: ability to record long-period
vibrations is required;

� Strong-motion instrument location: only instruments located in a
free-�eld location or on a ground �oor of a small building have been
used.

SubsetEQ ID
Earthquake

Station Name - Owner
M PGA [g] Year Name Dur. [s] f s [Hz]

(1/2)

12011 6:7 0:52 1994 Northridge, USA 29:99 100 Bev. Hills, Mulhol - USC
12012 6:7 0:48 1994 Northridge, USA 19:99 100 Canyon Country - USC
12041 7:1 0:82 1999 Duzce, Turkey 55:90 100 Bolu - ERD
12052 7:1 0:34 1999 Hector Mine, USA 45:31 100 Hector, SCSN
12061 6:5 0:35 1979 Imperial Valley, USA 99:92 100 Delta - UNAMUCSD
12062 6:5 0:38 1979 Imperial Valley, USA 39:035 200 El Centro Arr. #11 - USGS
12071 6:9 0:51 1995 Kobe, Japan 40:96 100 Nishi-Akashi - CUE
12072 6:9 0:24 1995 Kobe, Japan 40:96 100 Shin-Osaka - CUE
12081 7:5 0:36 1999 Kocaeli, Turkey 27:085 200 Duzce - ERD
12082 7:5 0:22 1999 Kocaeli, Turkey 30:00 200 Arcelik - KOERI
12091 7:3 0:24 1992 Landers, USA 44:00 50 Yermo Fire Stat. - CDMG

(2/2)

12092 7:3 0:42 1992 Landers, USA 27:965 300 Coolwater - SCE
12101 6:9 0:53 1989 Loma Prieta, USA 39:955 200 Capitola - CDMG
12102 6:9 0:56 1989 Loma Prieta, USA 39:945 200 Gilroy Array #3 - CDMG
12111 7:4 0:51 1990 Manjil, Iran 53:52 50 Abbar - BHRC
12121 6:5 0:36 1987Superstition Hills, USA 40:00 200 El Centro Imp. Co. - CDMG
12122 6:5 0:45 1987Superstition Hills, USA 22:30 100 Poe Road (temp) - USGS
12132 7:0 0:45 1992Cape Mendocino, USA 36:00 50 Rio Dell Overpass - CDMG
12141 7:6 0:44 1999 Chi-Chi, Taiwan 90:00 200 CHY101 - CWB
12142 7:6 0:51 1999 Chi-Chi, Taiwan 90:00 200 TCU045 - CWB
12151 6:6 0:21 1971 San Fernando, USA 28:00 100 LA Hollywood Stor - CDMG
12171 6:5 0:35 1976 Friuli, Italy 36:345 200 Tolmezzo

Table 4.4: Main characteristics of the 22 Far-Field set of earthquakes, FEMA
P695 [37]. Subsets (1/2) and (2/2) refer to the graphs later reported in Sec-
tion 4.3.2.

Table 4.4 summarizes the main characteristics of the adopted set of
Far-Field seismic records (44 recordings) considered as base excitations for
the present identi�cation analyses. PGA is referred here asthe maximum
value registered among the NS and WE components, for each considered
earthquake instance. These signals have been used as base excitation for
the calculation of the linear structural response of chosenshear-type frame
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structures (Section 4.3.2). The subdivision of seismic signals in Table 4.4
into two further subsets (indicated as (1/2) and (2/2)) becomes necessary,
at this stage, to better appreciate the outcomes of the forthcoming investi-
gation and their graphical representation. Thus, such partition refers just
to achieving a clearer reading of the graphs that are going tobe reported
in following Section 4.3.2.

4.3.2 Numerical rFDD identi�cation results

A series of multi-storey shear-type frames have been analysed, speci�cally
a two-, a three- and a six-storey shear-type frame. The structural features
of these three frames are resumed in Table 4.5. The undamped modal
parameters of the frames have been determined �rst, via direct modal
analysis, before starting the identi�cation process, to constitute then the
benchmark reference to be targeted by the present rFDD modalidenti�-
cation procedure.

Frame Floor 1 2 3 4 5 6

Two-storey
Sti�ness � 103 [kN=m] 130 124

Mass � 103 [kg] 70 70

Three-storey
Sti�ness � 103 [kN=m] 202:83 202:83 202:83

Mass � 103 [kg] 144 144 144

Six-storey
Sti�ness � 103 [kN=m] 304:25 283:96 263:68 243:40 223:11 202:83

Mass � 103 [kg] 144 144 144 144 144 144

Table 4.5: Structural properties of the adopted two-, three- and six-storey shear-type
frames (adopted also in [92]).

In the present work, the modal damping ratios of the frames have
been set as constant for all their structural modes. Speci�cally, within
the present section, the following values of modal damping ratios have
been assumed:� i = 5% for the two-storey frame,� i = 3% for the three-
storey frame and � i = 2% for the six-storey frame. The modal fea-
tures, namely natural frequencies and modal damping ratios, of the three
adopted frames, are reported in Table 4.6.

Within following Section 4.3.3, instead, only the six-storey frame is
going to be considered for further validation, though with avery high
value of modal damping ratio, i.e.� i = 10%, for all the six modes of the
frame.

For the sake of representation and discussion, only selected and synop-
tic identi�cation results from the whole bulge of generatedidenti�cation
outcomes are reported and commented here, in view of deciphering global
identi�cation trends.
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Frame Mode 1 2 3 4 5 6

Two-storey
Natural frequency [Hz] 4:211 10:91

Modal damping ratio [%] 5% 5%

Three-storey
Natural frequency [Hz] 2:658 7:448 10:76

Modal damping ratio [%] 3% 3% 3%

Six-storey
Natural frequency [Hz] 1:667 4:674 7:451 9:793 11:59 13:09

Modal damping ratio [%] 2% 2% 2% 2% 2% 2%

Table 4.6: Modal properties of the adopted two-, three- and six-storey shear-type
frames (adopted also in [92]).

As said, the numerical input to be fed to the rFDD output-onlyidenti�-
cation algorithm is constituted by synthetic earthquake-induced response
signals, generated numerically prior to dynamic identi�cation. The above
presented22 + 22 = 44 Far-Field seismic records (Table 4.4) have been
adopted as base excitation instances for the structural response calcula-
tion of the considered frame structures, through standard time integration
(Newmark's average acceleration method) [27]. Then, the input channels
for the rFDD identi�cation arise from the achieved simulated structural
responses (all storey accelerations are considered as input channels).

Although the duration and sampling frequency of each seismic record
vary, the rFDD dynamic identi�cation analyses have been performed with
the same time series lengths and frequency resolutions, as reported in
Table 4.7 (see Section 3.4.2 in Chapter 3 and [92] for more details).

Table 4.7: Processing parameters for the adopted seismic response signals and con-
sidered frame structures.

Frame
Length of time Sampling Adopted frequency

seriest [s] frequency f s [Hz] resolution � f [Hz]

Two-storey 400 50� 300 0:0025
Three-storey 600 50� 300 0:00167
Six-storey 1000 50� 300 0:001

Despite for the non-stationary seismic input characteristics and the con-
current heavy damping condition (in terms of identi�cation challenge), all
structural modes have been excited enough to be consistently identi�ed
all. Fundamental support has been especially brought aboutby the devel-
oped integrated PSD matrix computation (Section 3.2.3), implementing
simultaneously both Wiener-Khinchin and Welch's modi�ed periodogram
methods, and by all the remaining rFDD procedures outlined in Chapter 3.

Detailed syntheses from all the achieved results are depicted in
Figs. 4.7-4.9, where the estimates in terms of absolute deviations of rFDD
identi�ed natural frequencies and modal damping ratios, and achieved
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Chapter 4. Re�ned FDD: main results

MAC indexes for the estimated mode shapes are reported. As referred
to above, for the sake of representation, the adopted FEMA P695 �Far
Field� set has been subdivided into two further subsets (indicated as (1/2)
and (2/2)), for each of the spatial NS and WE components of theearth-
quake recordings. In the present section, a total of(22 + 22) � 3 = 132
cases with the Far-Field FEMA P695 database (both 44 NS and WEcom-
ponents) and the three frames has been analysed.
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Figure 4.7: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes, two-storey frame,� i = 5%, Far-Field FEMA P695 database, NS
and WE components. Results from the adopted (1/2) and (2/2) subsets of the Far-
Field set are individually reported, for each of the 22 NS and 22 WE components
(Table 4.4).
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4.3. Validation with the FEMA P695 earthquake database

Estimates are reported in terms of absolute deviations of estimated
natural frequencies� f and of estimated modal damping ratios� � from
the target parameters, and of achieved MAC indexes for the estimated
mode shapes on the target ones (see Eqs. 4.1a-4.1c).
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Figure 4.8: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes, three-storey frame,� i = 3%, Far-Field FEMA P695 database,
NS and WE components. Results from the adopted (1/2) and (2/2) subsets of the
Far-Field set are individually reported, for each of the 22 NS and 22 WE components
(Table 4.4).

Maximum deviations of the estimated frequencies turn out below 10%,
5% and 10% for the �rst mode of vibration, for the two-, three-and six-
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Chapter 4. Re�ned FDD: main results

storey frames, respectively. Also for the subsequent modes, maxima of
deviations are reasonably contained, showing peaks of 13.86%, 7.9% and
16.24% for the second, second and sixth modes of vibration ofthe two-,
three- and six-storey frames. In general, the larger deviations on the last
modes arise from Landers a) (12091), Manjil (12111) and CapeMendocino
(12132) earthquakes, characterized by a lower frequency sampling of 50 Hz
(Table 4.4). Also Kocaeli b) (12082), Superstition Hills b)(12122) and
Chi-Chi a) (12141) earthquakes lead to larger deviations, with respect to
those achieved from the other seismic records. This is directly related to
the exhibited stronger non-stationarity of such earthquake signals.

However, these larger deviations appear only as isolated instances,
among the remaining ones. In fact, deviations have shown to be very
limited, by proving that these slightly higher deviations rather behave as
outliers, as compared to the values of the mean deviations. In general
terms, as it could be expected, deviations increase from the�rst to the
last modes of vibration, for all the three considered framesand selected
forty-four earthquake FEMA P695 �Far-Field� excitations. Further, at in-
creasing modal damping values, modal identi�cation becomes much chal-
lenging, giving rise to higher deviations, with respect to the identi�cation
results achieved for the cases with lower damping.

Modal damping ratio deviations show to be always less than 20%, for
all the analysed cases. In general terms, this modal parameter displays
well-distributed estimates, with respect to those achieved for the natural
frequencies, in the sense that it reveals to be less sensitive to the varia-
tion of the adopted frame and considered earthquake in the identi�cation
analysis. This is due to the achieved possibility of always identifying cor-
rectly the spectral bells, namely by selecting the correct SVs instances
with an appropriate MAC �ltering, in the surroundings of the selected
modal frequency [96].

Finally, a very good agreement between estimated and targeted mode
shapes is demonstrated by the achieved MAC indexes. MACs arealways
unitary for the �rst mode of vibration, for all the considered cases. For
the second and third modes of vibration (for the three- and six-storey
frames only), MACs show to be always higher than 0.9. For the six-storey
frame, the fourth mode displays MACs always higher than 0.8.Only the
�fth and sixth modes start to be less accurate, but anyway acceptable in
engineering terms, by referring to their mean values. The worse cases, i.e.
for the �fth and sixth modes of the six-storey frame, are related again to
Kocaeli b) (12082), Superstition Hills b) (12122) and Chi-Chi a) (12141)
earthquakes, by con�rming their critical features, as concerning to the
adoption of the present rFDD approach with seismic responseinput, at
raising structural damping.
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Figure 4.9: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes, six-storey frame,� i = 2%, Far-Field FEMA P695 database, NS
and WE components. Results from the adopted (1/2) and (2/2) subsets of the Far-
Field set are individually reported, for each of the 22 NS and 22 WE components
(Table 4.4).

Additionally, a summary of all the analysed cases is reported in
Figs. 4.11-4.14, in terms of suitably-developed dispersion diagrams, as
it was previously done in Sections 4.2.1 and 4.2.2. The estimates for the
adopted two-, three- and six-storey frames have been condensed, by dis-
playing the minimum, the mean and the maximum (absolute) deviations,
in blue, black and red coloured lines and markers, respectively. The ab-
solute deviations are represented on the y-axis, for each adopted frame,
as a function of the considered mode of vibration, which is depicted on
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Chapter 4. Re�ned FDD: main results

the x-axis. The achieved estimates are reported in three groups for each
frame, i.e. by summarizing the results from the North-South(NS), from
the West-East (WE) and from the full set of all the analysed cases (both
spatial components).

" f [%]
0 2 4 6 8 10

P
ro

ba
bi

lit
y

D
en

si
ty

Fu
nc

tio
n

[1
]

0

0.05

0.1

0.15

0.2

0.25

0.3
Gaussian- t - Frequency deviations

" f - I mode, two-storey frame
Truncated Gaussian- t

" 1 [%]
0 5 10 15 20 25 30

P
ro

ba
bi

lit
y

D
en

si
ty

Fu
nc

tio
n

[1
]

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09
Gaussian- t - Damping deviations

" 1 - I mode, three-storey frame
Truncated Gaussian- t

MAC [1]
0.9 0.92 0.94 0.96 0.98 1

P
ro

ba
bi

lit
y

D
en

si
ty

Fu
nc

tio
n

[1
]

0

20

40

60

80

100

120

140
Gaussian- t - MAC index

MAC - II mode, six-storey frame
Truncated Gaussian- t

7 = 0 :991
< = 0 :015

7 = 11:33%
< = 4 :89%

7 = 2 :87%
< = 1 :86%

Figure 4.10: Histograms and truncated Gaussian �t of frequency and damping de-
viations and of MAC indexes for three sample cases, two-, three- and six-storey
frames, Far-Field FEMA P695 database, NS and WE components. Mean value�
and standard deviation� are reported. MAC index is reported for the II mode since
estimates on the I mode do not show signi�cant dispersion fromvalue 1.

Then, the normalized truncated Gaussian Probability Density Func-
tions (PDF) related to the dispersion of the estimation results for each
mode have been depicted, jointly with an indication of the standard de-
viation � of the estimated values. The truncated Gaussian PDF is the
probability distribution of a normally-distributed varia ble whose value is
bounded either from below or above (or from both) [58]. In thepresent
case, frequency and damping ratio deviations must be strictly positive
(since absolute percentage deviations are adopted), whileMAC indexes
shall vary between 0 and 1. By taking into account these boundaries,
truncated Gaussians are �tted on the achieved estimates, for each exam-
ined case. The truncated Gaussians showed to be a good approximation
of the estimated deviations, as it can be seen in Fig. 4.10, where three
�tting examples are reported. In particular, a Gaussian �tting over the
histogram of the � f (I mode) of the � � (I mode) and of the MAC in-
dexes (II mode, since for the I mode all MACs are unitary) are reported,
for the two-storey, three-storey and six-storey frame, respectively. Also,
the advantage in using the Gaussian distribution is that thePDF exhibits
the same mean value (� ) and standard deviation (� ) of the achieved data.

These truncated Gaussians represent the probability of appearing of a
certain deviation associated to each estimate between the maximum and
the minimum value, and are centred on the mean value. As it is possible
to be appreciated, the maximum deviations are always on the Gaussian
tails, while the minimum deviations lay in the center. This con�rms the
goodness of the achieved rFDD estimates.
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Figure 4.11: Dispersion diagrams for the deviations of estimated naturalfrequen-
cies and modal damping ratios, and for the MAC indexes, two-storey frame,
� i = 5%, Far-Field FEMA P695 database, NS component (1st row), WE compo-
nent (2nd row), NS and WE components (3rd row). Minimum, mean and maximum
values, and standard deviations are indicated.

By looking in detail to Figs. 4.11-4.14, it is possible to seethat mean
values of the frequency deviation are always less than 4.5%.For the two-
storey cases, no notable di�erences may be appreciated among the NS and
WE cases. Then, as expected (and previously recorded also inFigs. 4.7-
4.9), mean deviations increase from the �rst to the last modes, for all the
cases. This is true also at increasing damping values, sinceidenti�cation
becomes more challenging, giving rise to higher deviationswith respect to
the low-damped cases. This can be especially observed from the frequency
deviations achievable from the two-storey frame, characterized by � i = 5%
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for all the modes. In fact, these become the higher deviations (especially
by looking at the mean values) which can be observed from the analysis
of the �rst two modes of vibration. By looking at the remaining frames
and analyses, the deviations gradually decrease for the three- and six-
storey frames, characterized by� i = 3% and � i = 2% for all the modes,
respectively.
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Figure 4.12: Dispersion diagrams for the deviations of estimated naturalfrequen-
cies and modal damping ratios, and for the MAC indexes, three-storey frame,
� i = 3%, Far-Field FEMA P695 database, NS component (1st row), WE compo-
nent (2nd row), NS and WE components (3rd row). Minimum, mean and maximum
values, and standard deviations are indicated.

As concerning to the achieved modal damping ratios, mean values show
to be very targeted, with deviations around 10% for all the cases. In partic-
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4.3. Validation with the FEMA P695 earthquake database

ular, the two-storey frame displays accurate results, despite for the heavy
damping for structural identi�cation ( � i = 5%). The achieved estimates
show well-distributed cases with respect to the natural frequencies, due to
the possibility of always identifying correctly the spectral bells.

Mode of vibration
1 2 3 4 5 6

M
in

,
M

ea
n,

M
ax

D
ev

ia
tio

ns
[%

]

-2

0

2

4

6

8

10

12

14

16

18
Normalized PDF of deviations

3.32% 3.22%

5.30%

10.50%

12.59%

15.86%

0.39% 0.12% 0.14% 0.08% 0.09%
0.60%

1.37% 1.26%
1.93%

2.96% 3.38%
3.99%

<=1.52% <=1.24% <=1.68% <=3.13% <=3.52% <=4.06%

Global " f , NS cases

Mode of vibration
1 2 3 4 5 6

M
in

,
M

ea
n,

M
ax

D
ev

ia
tio

ns
[%

]

0

2

4

6

8

10

12

14

16

18

20

22 Normalized PDF of deviations

19.30% 19.35% 19.19% 19.60%
19.03% 19.30%

1.99% 1.97%

0.24%

5.08%

0.98%

3.15%

9.70%

12.09%
10.88%

13.86%

9.10%

11.98%

<=5.75% <=5.58% <=5.39% <=5.93% <=5.51% <=5.29%

Global " 1, NS cases

Mode of vibration
1 2 3 4 5 6

M
in

,
M

ea
n,

M
ax

D
ev

ia
tio

ns
[%

]

-2

0

2

4

6

8

10

12

14

16

18
Normalized PDF of deviations

10.15%

5.98% 5.96%

10.75%

12.38%

16.24%

0.39% 0.12% 0.12% 0.12% 0.26% 0.12%

1.74% 1.35% 1.75%

2.87%
3.81% 4.22%

<=1.52% <=1.24% <=1.68% <=3.13% <=3.52% <=4.06%

Global " f , WE cases

Mode of vibration
1 2 3 4 5 6

M
in

,
M

ea
n,

M
ax

D
ev

ia
tio

ns
[%

]

0

2

4

6

8

10

12

14

16

18

20

22 Normalized PDF of deviations

19.94%
19.28% 18.89%

19.59%
18.52%

19.86%

0.10%

1.63%

3.68%

0.54% 0.97%

4.93%

10.94%

12.56%

10.66% 11.03%

8.01%

13.47%

<=5.75% <=5.58% <=5.39% <=5.93% <=5.51% <=5.29%

Global " 1, WE cases

Mode of vibration
1 2 3 4 5 6

M
in

,
M

ax
M

A
C

in
de

xe
s

[1
]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Normalized PDF of deviations

0.963
0.894

0.839

0.577

0.032

0.992 0.980
0.939

0.881

0.642

1.000 1.000 0.997 0.975 0.987
0.918

<=0.000 <=0.015 <=0.023 <=0.039 <=0.148 <=0.205

Global MAC indexes, NS cases

Mode of vibration
1 2 3 4 5 6

M
in

,
M

ax
M

A
C

in
de

xe
s

[1
]

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Normalized PDF of deviations

0.925 0.927

0.826

0.545

0.379

0.989 0.982
0.942

0.891

0.557

1.000 1.000 0.998 0.972 0.988

0.916

<=0.000 <=0.015 <=0.023 <=0.039 <=0.148 <=0.205

Global MAC indexes, WE cases

Figure 4.13: Dispersion diagrams for the deviations of estimated naturalfrequencies
and modal damping ratios, and for the MAC indexes, six-storey frame, � i = 2%, Far-
Field FEMA P695 database, NS component (1st column), WE component (2nd col-
umn). Minimum, mean and maximum values, and standard deviations are indi-
cated.

Finally, about the achieved MAC indexes, the combined use ofdi�erent
MAC indexes (see Section 3.4.3) also helps with the modal identi�cation,
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Chapter 4. Re�ned FDD: main results

in order to detect the correct modal peaks and to discern between physical
peaks and complex spurious peaks. In fact, MACs display the achieved
e�ective estimation of the mode shapes, especially on the �rst modes of
vibration. For the six-storey frame, only the �fth and sixth modes start to
be less accurate, but anyway acceptable in engineering terms, with mean
values that turn out to be equal to 0.886 and 0.600.
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Figure 4.14: Dispersion diagrams for the deviations of estimated naturalfrequencies
and modal damping ratios, and for the MAC indexes, six-storey frame, � i = 2%,
Far-Field FEMA P695 database, NS and WE components. Minimum,mean and
maximum values, and standard deviations are indicated.

Concerning the higher deviations (of natural frequencies and, in partic-
ular, of MAC indexes) which can be observed on the last modes of vibra-
tion (the 5th and especially the 6th mode), these do not appear critical
in engineering terms, since the e�ective modal mass associated to them is
very small. A demonstration of this statement can be found in[97].

In conclusion, all the obtained estimates con�rm the e�ectiveness of
the developed rFDD algorithm, towards detecting correct strong ground
motion modal parameters, in the linear range of dynamic response, also at
concurrent heavy damping, with modal damping ratios ranging from 2%
to 5%. Further details on this wide analysis and systematically-generated
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4.3. Validation with the FEMA P695 earthquake database

rough preliminary results on all cases, regenerated, re�ned and further
post-processed here, are available in [19,97,100]. In following Section 4.3.3,
a further inspection on the identi�cation results from the most demanding
earthquakes will be considered, by simultaneously adopting a very high
value of the modal damping ratios, namely� i = 10%.

4.3.3 Further rFDD identi�cation analyses at heavy damping

In the present section, a new further rFDD identi�cation analysis is pro-
posed, with the individuated most demanding earthquakes from the previ-
ous identi�cation campaign and for very high values of the modal damping
ratios. As revealed by the results in Section 4.3.2, the mostchallenging
earthquakes have revealed to be Landers a) (12091), Manjil (12111) and
Cape Mendocino (12132) cases, characterized by a sampling frequency of
50 Hz, and Kocaeli b) (12082), Superstition Hills b) (12122) and Chi-Chi a)
(12141) ones, characterized by higher sampling frequencies (Table 4.4) but
by stronger non-stationary features (see Time-Frequency plots in [97]).

Both NS and WE spatial components of such six earthquake signals
are now considered, for a total of 12 seismic excitations selected from the
FEMA P695 database. The adopted building is the six-storey frame (see
Tables 4.5 and 4.6), namely the MDoF frame with the higher number of
DoFs among the considered shear-type frames. The modal damping ratios
of the frame are set to� i = 10% for all the six modes of vibration. This
value of � i is to be considered very high in terms of rFDD identi�cation
challenge, since classical FDD techniques usually deal with � i in the order
of 1% only [15]. Further, the present analysis shall be considered as inno-
vative in the dedicated FDD literature, because such high values of modal
damping ratios, set �xed for all the modes and for structureswith more
than three DoFs seem to have been never considered so far, speci�cally in
the Earthquake Engineering range.

As it was previously done, estimates are again reported in terms of ab-
solute deviations of estimated natural frequencies� f and modal damping
ratios � � from the target parameters, and of achieved MAC indexes, as
it can be newly appreciated in Fig. 4.15.

The estimated natural frequencies display deviations thatare always
less than 13%, except for an isolated value of 16.73% for the �rst mode with
the earthquake of Manjil, WE component. Anyway, deviationsshow mean
values at around 4-5%, i.e. rather suitable values in engineering terms,
despite for the really challenging identi�cation analysis. Concerning the
NS components, the most demanding earthquakes turn out to beLanders
and Cape Mendocino ones, especially for the last modes of vibration.
Conversely, Manjil and Kocaeli earthquakes become the mostchallenging
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ones on the WE ground motions, especially concerning the estimation of
the �rst modes of vibration.
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Figure 4.15: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes, six-storey frame, � i = 10%, indicated selected six-earthquakes
from the FEMA P695 dataset, NS and WE components.

Modal damping ratio deviations display higher values with respect to
those from the previous cases (see Section 4.3.2), but stillalways less
than 28%, for all the examined instances. As before, the achieved modal
damping ratio estimates show to be well-distributed, with respect to the
outcomes from the natural frequencies (in terms of variability as a function
of adopted earthquake excitation), by showing mean deviations that are
always in the order of 6-7%. This is rather astonishing, considering the
challenging identi�cation scenario provided by the assumed � i = 10%.

Furthermore, a very good agreement between estimated and targeted
mode shapes is again proven by the achieved MAC indexes, despite again
for the very high value assumed for the modal damping ratios (� i = 10%).
For the �rst mode of vibration, MACs show to be always unitary. For the
second mode, MACs turn out to be always higher than 0.80. The same
happens for the third mode, with only two isolated cases where MAC
values lower down to at around 0.70. The last three modes showmean
values that come down to around 0.60-0.70, with only a few isolated cases
where MACs go to even less reliable values in engineering terms.

Finally, the achieved results are also synoptically reported in statistical
form in Fig. 4.16, through appropriateboxplots. In these representations,
each boxplot relates to the natural frequencies, modal damping ratios and
MAC values estimated from the performed analyses. In each boxplot the
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inner rectangular box represents the central 50% of the identi�ed param-
eters, while the centred line indicates their median. Then,the right and
left boundary segments depict the 25% and 75% quantiles of the related
statistical distributions. Finally, the vertical through -plot dashed green
lines mark the known targeted modal parameters for the identi�cation
procedure.
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Figure 4.16: Boxplot diagrams for estimated natural frequencies, modaldamping ra-
tios and MAC indexes, six-storey frame,� i = 10%, selected six earthquakes from the
FEMA P695 dataset (Figure 4.15), NS, WE and all (both NS and WE) components.

Presented boxplots con�rm again the goodness of the achieved results,
since the deviations of the estimated parameters show to be reasonably
well contained, for all the modes of vibration and associated modal pa-
rameters. Clearly, deviations increase by passing from the�rst to the
last mode of vibration. Concerning the natural frequencies, these are the
parameters that are subjected to less deviation, among all the achieved
estimates, especially concerning the �rst modes of vibration. Also MAC
indexes reveal very good mode shape estimates, also for the last modes of
vibration. These are obviously more dispersed, since some troubles start
to appear, especially in relation to the �fth and sixth mode shapes. Fi-
nally, modal damping ratios display again very good estimates, by showing
a rather contained dispersion, for all the modes of vibration, despite for
the heavy damping conditions set by assuming� i = 10% for all the modal
damping ratios of the considered six-storey frame.

75





Chapter 5
Further rFDD results with Soil-Structure

Interaction under earthquake-induced
structural response signals

After the rFDD analyses developed in previous Chapter 4, where the fo-
cus fell on a reference three-storey shear-type frame and a more realistic
ten-storey shear-type frame, now the attention moves to theadoption of
synthetic earthquake-induced structural response signals coming from a
�ve-storey shear-type frame under Soil-Structure Interaction conditions.
All the structures are characterized by heavy damping, and they are anal-
ysed by rFDD through the adoption of the earlier set of ten earthquake
base-excitations (Table 4.1).

5.1 Soil-Structure Interaction and structural response
modeling

The input response channels to be fed to the rFDD algorithm, i.e. storey
accelerations, are obtained from calculated structural response signals in
the linear range. These synthetic recordings are generatedby taking the
set of ten selected seismic ground motions (see Table 4.1) asbase excitation
acting on the underlying bedrock of a �ve-storey shear-typeframe with a
Sway-Rocking (SR) foundation model adapted from [28,43].

The simulated structural responses are calculated again bydirect time
integration of the equations of motion, via Newmark's (average accelera-
tion) method [27]. As adopted in previous Chapter 4, the use of simulated
signals shall ful�l a �rst, necessary condition for rFDD algorithm's e�-
ciency, since �exible- and �xed-base modal parameters are determined
via modal analysis before identi�cation, and then adopted as known tar-
gets for validation purposes. The theoretical bases of the Sway-Rocking
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Chapter 5. Re�ned FDD with Soil-Structure Interaction

Soil-Structure Interaction model are outlined in Section 5.1.1, while the
adopted numerical example is introduced in Section 5.1.2.

5.1.1 Idealization of a shear-type frame with Soil-Structu re
Interaction e�ects

An n-storey shear-type superstructure with an underlying Sway-
Rocking (SR) Soil-Structure Interaction model [28,52,70]is adopted as a
benchmark structure-foundation system for this study. Forthe present ap-
plication, a SR Soil-Structure Interaction model from the literature [52,70]
is taken, adapted and reformulated, as outlined in the following. In
Fig. 5.1, the initial geometry, the lumped-mass scheme and the displace-
ments DoFs of the SR model are sketched.

Figure 5.1: Adopted linear Sway-Rocking Soil-Structure Interaction model of a multi-
storey shear-type frame.

Speci�cally, mi , ci , ki , I i and x i are the mass, damping, sti�ness, mass
moment of inertia and displacement of thei th shear-type frame �oor, re-
spectively, with i = 1; : : : ; n. The foundation displays massm0 and mass
moment of inertia I 0 = m0r 2=4, and is modeled as a rigid circular disc
footing (with radius r ) of a negligible thickness, attached to the surface
of a linear elastic halfspace, representing the underlyingsoil [28].

With respect to the reference �xed-base model with no Soil-Structure
Interaction e�ects, the Sway-Rocking model shall be described by two
additional dynamical degrees of freedom (Fig. 5.1), i.e. horizontal sway
xs = x0 (with associatedks and cs sti�ness and damping coe�cients) and
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system rocking� r = � 0 (with associated kr and cr sti�ness and damp-
ing coe�cients). Here, label 0 is meant to mark DoFs at the ground (0)
level. Then, •xg represents the horizontal acceleration related to free-�eld
ground motion displacementxg, to which the building-foundation system
is subjected to. The total horizontal displacementxtot

i along thei th trans-
lational storey DoF may be then computed asxtot

i = xg + x0 + xr;i + x i

(Fig. 5.1). Finally, hi and H i are thei th relative and absolute �oor heights,
respectively.

The n + 2 equations of motion of the so-assembled SR Soil-Structure
Interaction model may be written by the following system of second-order
ordinary di�erential equations:

8
>>>><

>>>>:

M
�

•x + r •xg + r •x0 + z•� 0

�
+ C _x + Kx = 0

r T M
�

•x + r •xg + r •x0 + z•� 0

�
+ m0 (•xg + •x0) + cs _x0 + ksx0 = 0

zT M
�

•x + r •xg + r •x0 + z•� 0

�
+ I t

•� 0 + cr
_� 0 + kr � 0 = 0

(5.1)

(5.2)

(5.3)

where M , C and K are the n � n mass, damping and sti�ness matrices
of the superstructure (shear-type frame),x is the n � 1 vector collect-
ing displacementsx i of the superstructure itself, with _x and •x their time
derivatives, namely velocities and accelerations. Then,r is a horizontal
rigid body motion vector of unitary components (n � 1), z is the vector of
absolute �oor heightsH i (n � 1), I t = I 0 +

P n
i =1 I i is the sum of the mass

moment of inertia of the foundation-superstructure system. Superscript
`T' marks transpose. Eqs. (5.2) and (5.3) represent the translational and
rotational dynamical equilibriums of the entire structure-foundation sys-
tem, respectively, that shall be written (and satis�ed at each time instant)
in order to complement the dynamic equilibrium of the systemsuperstruc-
ture, as represented by Eq. (5.1).

The system ofn+2 second-order di�erential equations may be rewritten
in simpler global matrix notation as follows:

M •x t + C_x t + K x t = f (t) = � � •xg (5.4)

whereM , C and K are the (n + 2) � (n + 2) mass, damping and sti�ness
block matrices of the foundation-structure system,x t is the (n + 2) � 1
vector collecting displacementsx i;t of the entire system, with _x t and •x t

their time derivatives, namely velocities and accelerations, and� is a mass
vector useful to represent the structural e�ect of the base excitation. These
terms may be de�ned as:
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M =

2

4
M n� n Mr n� 1 Mz n� 1

r T M 1� n r T Mr + m0 r T Mz
zT M 1� n zT Mr z T Mz + I t

3

5

| {z }
(n+2) � (n+2)

;

C =

2

4
Cn� n 0n� 1 0n� 1

01� n cs 0
01� n 0 cr

3

5

| {z }
(n+2) � (n+2)

; K =

2

4
K n� n 0n� 1 0n� 1

01� n ks 0
01� n 0 kr

3

5

| {z }
(n+2) � (n+2)

;

� =

8
<

:

Mr n� 1

r T Mr + m0

zT Mr

9
=

;
| {z }

(n+2) � 1

; x t =

8
<

:

un� 1

u0

� 0

9
=

;
| {z }

(n+2) � 1

(5.5)

Then, starting from the system of di�erential equations of motion in
Eq. (5.4), the responses of the linear structure-foundation Sway-Rocking
model may be calculated numerically, i.e. by Newmark's direct integra-
tion (average acceleration), by solving for each of then + 2 DoFs of the
dynamical system.

5.1.2 Adopted numerical models

The analytical model proposed in Section 5.1.1 is adopted for the numer-
ical analyses on a �ve-storey shear-type building with underlying Sway-
Rocking foundation. The superstructure is assumed to be laying on four
di�erent types of soil, i.e. very soft, soft, medium and dense, as repre-
sented by di�erent characteristic soil parameters. The standard �xed-
base frame (like an in�nitely-sti� soil) is considered as a basic reference,
too. The achieved structural dynamic characteristics include close modes
and heavy damping, in terms of modal identi�cation challenge (realistic
structural damping in terms of practical applications).

The inter-storey height is assumed to be equal to4 m. The �oor mass
and mass moment of inertia of each �oor are taken asmi = 3 � 105 kg and
I i = 7:5 � 106 kg m2. Inter-storey sti�ness, from the �rst to the �fth, are
assumed as7k, 5k, 3k, 2k and k, respectively, wherek = 5 � 107 N=m.

Important, as a matter of modelling the inherent structuraldamping in
a comprehensive way, two separate cases of superstructure damping have
been investigated, characterized by di�erent damping distributions over
the various modes of vibration:

� (� M ): Mass-proportional damping, with � M = 10% set for the �rst
mode;
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5.1. Soil-Structure Interaction and structural response m odeling

� (� R): Rayleigh damping (linear combination of mass and sti�ness
matrices), with � R = 2% and 2:25% set for the �rst and second
modes, respectively.

Mass-proportional damping means that sti�ness matrixC is propor-
tional to mass matrix M only, namely C = � M . In the present case,
� = 1:3970is set, in order to have� I ;M = 10% for the �rst mode of vibra-
tion. Instead, Rayleigh damping assumes thatC is a linear combination
of both mass and sti�ness matrices, i.e.C = � M + � K . Then, � = 0:1761
and � = 0:0021are set, in order to have� I ;R = 2% and � II ;R = 2:25% for
the 1st and 2nd mode, respectively. For all the damping values, related also
to the adopted soil type, the resulting modal damping ratiosare reported
later in Section 5.2.

These two damping cases bring to di�erent responses, and then to
di�erent identi�cation challenges. In fact, the energy contribution of the
higher modes with� R is much lower than those of the lower modes, a fact
that makes di�cult the estimations related to the higher modes. Mass-
proportional damping, instead, displays a light damping inthe higher
modes, bringing to less problems for their identi�cation. Identi�cation
of the �rst modes, instead, becomes more challenging, due tothe heavy
damping associated to them. The separate consideration of both damping
models brings then to such a variety of possible cases and challenges during
rFDD modal dynamic identi�cation.

Thus, �ve structure-foundation system cases with two di�erent damp-
ing distributions are considered, thus 10 structure-foundation instances,
with 10 underlying earthquake excitations, for a total of 100 analysed
modal identi�cation cases.

The circular foundation adopted to explore Soil-StructureInteraction
e�ects displays the following characteristics:r = 10 m, m0 = 5 � 105 kg
and I 0 = m0r 2=4 = 7:5 � 106 kg m2. The spring and dashpot coe�cients
for the SR model are obtained from the frequency-dependent impedance
function of the soil [81, 127], for the static case (frequency-dependence is
removed):

ks =
8 Gr
2 � �

; cs =
4:6

2 � �
� V s r 2; kr =

8 Gr 3

3 (1 � � )
; cr =

0:4
1 � �

� V s r 4

(5.6)
where G, � , � and Vs =

p
G=� are shear modulus, Poisson's ratio, mass

density and shear-wave velocity of the adopted soil.
Table 5.1 summarizes the assumed mechanical parameters of the anal-

ysed soils and the sti�ness and damping characteristics of the Sway-
Rocking model, as taken and re-elaborated from [70]. Obviously, by taking
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Chapter 5. Re�ned FDD with Soil-Structure Interaction

ks; kr ! 1 and cs; cr ! 0, the SR model is traced back to a standard
�xed-base model (no Soil-Structure Interaction e�ects).

Soil type
� G � V s ks kr cs cr

[1] [MPa] [kg=m3 ] [m=s] [N=m] [N m] [N s=m] [N s m]

Very soft 0:49 4 1600 50 2:12 � 108 2:09 � 1010 2:44 � 107 6:27 � 108

Soft 0:49 18 1800 100 9:54 � 108 9:41 � 1010 5:48 � 107 1:41 � 109

Medium 0:48 171 1900 300 9:00 � 109 8:77 � 1011 1:73 � 108 4:38 � 109

Dense 0:33 600 2400 500 2:87 � 1010 2:39 � 1012 3:31 � 108 7:16 � 109

Table 5.1: Characteristic mechanical parameters of the soil-foundation SR system for
the four adopted soil types.

As concerning the vast outcomes of simulated Soil-Structure Interaction
e�ects in the present structure-foundation modelling (100analysed cases),
sample results are presented and discussed below, in order to show typical
observed characteristic features of the recorded seismic responses in the
presence of Soil-Structure Interaction e�ects.

0 5 10 15 20 25 30 35 40

ac
c

[m
=s

2 ]

-20

-10

0

10

20
Tabas earthquake - First-storey response, Fixed-base,1R

A
ut

o-
P

S
D

0

2.5

5

7.5

10

12.5

15
-40-30-20-100

dB scale [(m=s2)2=Hz] Time [s]
0 5 10 15 20 25 30 35 40

Fr
eq

ue
nc

y
[H

z]

0

2.5

5

7.5

10

12.5

15

Time [s]
0 5 10 15 20 25 30 35 40

Frequency
[H

z]

0

2.5

5

7.5

10

12.5

15

A
uto-P

S
D

0

2.5

5

7.5

10

12.5

15
-50 -40 -30 -20 -10 0

dB scale [(m=s2)2=Hz]
0 5 10 15 20 25 30 35 40

acc
[m

=s 2]

-20

-10

0

10

20
Tabas earthquake - First-storey response, Very-soft soil,1R

0 5 10 15 20 25 30 35 40

ac
c

[m
=s

2 ]

-20

-10

0

10

20
Tabas earthquake - Sway response, Very-soft soil,1R

A
ut

o-
P

S
D

0

2.5

5

7.5

10

12.5

15
-50-40-30-20-100

dB scale [(m=s2)2=Hz] Time [s]
0 5 10 15 20 25 30 35 40

Fr
eq

ue
nc

y
[H

z]

0

2.5

5

7.5

10

12.5

15

Time [s]
0 5 10 15 20 25 30 35 40

Frequency
[H

z]

0

2.5

5

7.5

10

12.5

15

A
uto-P

S
D

0

2.5

5

7.5

10

12.5

15
-60 -45 -30 -15 0
dB scale [(rad=s2)2=Hz]

0 5 10 15 20 25 30 35 40

acc
[rad=s 2]-1

-0.5
0
0.5
1

Tabas earthquake - Rocking response, Very-soft soil,1R

Figure 5.2: Acceleration, Auto-PSD and Gabor Wavelet Transform of the structural
response to Tabas earthquake, Rayleigh damping (� R ). First row: �rst-storey re-
sponse of �xed-base and very-soft soil cases. Second row: horizontal sway and sys-
tem rocking of the very-soft soil case.

Fig. 5.2 displays an example of how Soil-Structure Interaction may af-
fect the building structural response, by examining the response of the
structure within Time, Frequency and Time-Frequency domains, under
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5.1. Soil-Structure Interaction and structural response m odeling

Tabas earthquake excitation. Speci�cally, the response related to the �rst
storey (�xed-base and very-soft cases) and to the horizontal sway and sys-
tem rocking (very-soft cases only) are reported, in terms ofacceleration
(Time), Auto-PSD (Frequency) and Gabor Wavelet Transform [11] (Time-
Frequency). Due to the presence of Soil-Structure Interaction, the �rst-
storey response for the very-soft soil case is noticeably ampli�ed. Also,
the frequency shift that Soil-Structure Interaction involves into the struc-
tural response is clearly visible, along with the appearance of structural
frequencies into the foundation motions (as well as for soil, non-structural,
frequencies, in the above structural motions).
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Figure 5.3: Acceleration, velocity and displacement structural responses to Loma Pri-
eta earthquake, Soil-Structure Interaction �exible-base cases (at di�erent soil type),
Mass-proportional damping (� M ). First row: �rst-storey responses. Second row:
top-storey responses. Third row: horizontal sway responses. Fourth row: system
rocking responses.

Further, Fig. 5.3 depicts an example of the collected structural re-
sponses, in terms of accelerations, velocities and displacements. The
simulated �rst-storey, top-storey, horizontal-sway and system-rocking re-
sponses are shown for all �exible-base cases (i.e. for all four soil types),
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Chapter 5. Re�ned FDD with Soil-Structure Interaction

for the Loma Prieta earthquake taken as base excitation and for assumed
Mass-proportional (� M ) damping. The earthquake instances of Tabas and
Loma Prieta have been selected here because the associated identi�cation
estimates reveal to be among the most challenging between all the con-
sidered seismic cases, as it will be reported and discussed in Section 5.2.
The di�erent behaviours of the structural responses are clearly visible, in
particular on the soil-foundation DoFs.

Then, the rFDD technique outlined in Chapter 3 is innovatively applied
to a shear-type building under Soil-Structure Interactione�ects. The tar-
get is the identi�cation of �exible-base modal parameters from earthquake-
induced structural response signals only, as it will be demonstrated in
Section 5.2. Originally, the rFDD method is expanded to further work
under OMAX conditions, by aiming at a quanti�cation of Soil-Structure
Interaction e�ects, i.e. at the identi�cation of underlyin g �xed-base modal
parameters, too (see later Section 5.3). There, the numerical results aris-
ing from the application of the rFDD-OMAX algorithm are presented,
focusing speci�cally on the evaluation of Soil-Structure Interaction e�ects
and on their implications on the targeted modal dynamic identi�cation.

5.2 Results from synthetic output-only modal dynamic
identi�cation under Soil-Structure Interaction

By taking the earlier set of 10 selected earthquake recordings (Table 4.1) as
base excitation, modal dynamic identi�cation has been performed with the
rFDD algorithm, in order to estimate the modal parameters under �exible-
base conditions. Constant time series lengths of400 sand 0:0025 Hzfre-
quency resolution have been adopted, by applying the methodoutlined
in [92]. In this �rst step, �exible-base modal parameters have been es-
timated by using only storey accelerations (superstructure responses, i.e.
5 channels). In forthcoming Section 5.3, instead, also sway and rocking
accelerations will be taken into account, thus by applying OMAX condi-
tions to the Soil-Structure Interaction identi�cation ( 7 channels), in order
to identify �xed-base superstructural properties too.

By considering �exible-base conditions, every soil case takes di�erent
target parameters. Reference natural frequencies of the structural system
are reported in Table 5.2. Clearly, the �rst �ve modes are related to be
modes of vibration of the superstructure, while the6th and 7th modes are
related to the additional soil SR DoFs (indicated in slantedin Table 5.2).
The 6th and 7th modes increase from the softer (very-soft) to the harder
(dense) soils, since these are directly related to the soil (sway and rocking)
sti�ness parameters. The higher they are, the more the last two modal
frequencies are detached from the structural ones. Obviously, the fact that
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5.2. Results from synthetic OMA under Soil-Structure Inter action

here soil frequencies are the last ones in the model is directly related to the
�ne balance between soil and structural parameters. With di�erent soils
and structural parameters (or structures) it is possible that soil frequencies
could be within the structural frequency range, instead that over their
upper bound limit, as in the present case.

In Tables 5.3 and 5.4, target superstructure modal damping ratios � i ,
for both Mass-proportional� M and Rayleigh� R damping modellings (Sec-
tion 5.1.2), respectively, may be found. Here, only superstructure modal
damping ratios are reported, since foundation damping parameters are
calculated apart, as indicated in Section 5.1.2.

Mode, f n [Hz] 1 2 3 4 5 6 7

Very-soft soil 0:8002 2:2035 3:3550 4:1185 5:1056 6.7280 9.2036
Soft soil 1:0169 2:4687 3:8872 5:4386 7:4337 7.8733 11.159
Medium soil 1:1004 2:5499 4:0301 5:6424 8:0882 22.393 28.124
Dense soil 1:1076 2:5578 4:0416 5:6579 8:1204 36.773 49.567

Fixed-base model 1:1115 2:5601 4:0570 5:6650 8:1345 � �

Table 5.2: Targeted natural frequencies of the �ve-storey SR frame at variable soil
properties.

Mode, � M ;n [%] 1 2 3 4 5

Very-soft soil 10:00 3:63 2:38 1:94 1:57
Soft soil 10:00 4:12 2:62 1:87 1:37
Medium soil 10:00 4:32 2:73 1:95 1:36
Dense soil 10:00 4:33 2:74 1:96 1:36

Fixed-base model 10:00 4:34 2:75 1:96 1:37

Table 5.3: Targeted modal damping ratios of the �ve-storey SR frame at variable soil
properties, Mass-proportional damping (� M ).

Mode, � R ;n [%] 1 2 3 4 5

Very-soft soil 2:00 2:25 3:00 3:55 4:28
Soft soil 2:00 2:25 3:04 4:03 5:35
Medium soil 2:00 2:25 3:04 4:02 5:58
Dense soil 2:00 2:25 3:04 4:02 5:58

Fixed-base model 2:00 2:25 3:04 4:01 5:58

Table 5.4: Targeted modal damping ratios of the �ve-storey SR frame at variable soil
properties, Rayleigh damping (� R ).

Then, target mode shapes of the structural system are depicted in
Fig. 5.4. For every mode shape, from the1st to the 7th , the di�erent soil
types are indicated with di�erent colors and markers. The distinct e�ect
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Chapter 5. Re�ned FDD with Soil-Structure Interaction

of the di�erent soil types is clearly visible, especially atincreasing mode of
vibration, in comparison to those of standard �xed-base model. In partic-
ular, the soft and very-soft soil mode shapes are truly detached from the
�xed-base case and from the most rigid soil cases. In their mode shapes
the Soil-Structure Interaction e�ect is remarkable, sinceboth superstruc-
ture and soil DoFs participate for every mode of vibration. Obviously, for
the �xed-base system the last two modes of vibration, related to the soil
DoFs, are not available.
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Figure 5.4: Targeted mode shapes of the �ve-storey Sway-Rocking frame at variable
soil properties.

An example of the achievable modal estimates is reported in Fig. 5.5,
obtained for L'Aquila earthquake excitation. The estimates in terms of
absolute deviations of the estimated natural frequencies� f and modal
damping ratios � � from the target parameters, and of the achieved MAC
indexes for the estimated mode shapes are reported (see Chapter 4 for their
calculation). In turn, the target parameters, namely natural frequencies,
modal damping ratios and mode shapes, refer to the adopted soil case.
The �xed-base case is reported too, as a fundamental (no Soil-Structure
Interaction) reference case for comparison purposes.

The rFDD estimated frequencies show deviations that are always be-
low 4%, except for the �rst modes of the� M cases, where deviations in-
crease up to7%, due to the related heavy damping (� = 10%) associated
to that mode of vibration. The estimated modal damping ratios display
suitable deviations, at around10%, for all the soil cases. Only isolated
maxima of about 20 � 25% can be detected in a few cases, which still
looks acceptable in engineering terms, especially considering the present
heavy-damping identi�cation conditions. The frequency and damping de-
viations for the �exible-base cases show to be close to thoseachieved from
the �xed-base case.

Moreover, MAC values are always higher than0:8 for the �rst three
modes, for all the soil cases. With the exception of the soft and very-soft
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5.2. Results from synthetic OMA under Soil-Structure Inter action

soil cases, the last two mode shapes turn out to be quite reliable. In fact,
only the last modes show rather inaccurate values for these cases, where
tough soil conditions (and simultaneous earthquake excitations) make it
harder for the correct mode shape detection. Generally, the�rst modes
of the � R cases show better MAC indexes, while the same happens for
the last modes of the� M instances. This is directly related to the heavy
damping reached by the �rst modes and last modes of the� M and � R cases,
respectively. This clearly a�ects the achievable rFDD estimates.
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Figure 5.5: Deviations of rFDD estimated natural frequencies (�rst row) and modal
damping ratios (second row) for the �exible-base models, MAC calculated between
rFDD estimated and target �exible-base mode shapes (third row), L'Aquila earth-
quake, Mass-proportional (� M ) with � M ;I = 10% (�rst column) and Rayleigh damp-
ing (� R ) with � R;I = 2% and � R;II = 2 :25%(second column). Corresponding targeted
modal damping ratios are reported in Tables 5.3 and 5.4, respectively.

Finally, a synthesis from all the achieved results on the total of 100
analysed cases is reported in Figs. 5.6 and 5.7. There, the estimates in
terms of absolute deviations of the rFDD identi�ed natural frequencies
and modal damping ratios from the target values, and of the achieved
MAC indexes for the rFDD estimated mode shapes are depicted.All the
rFDD estimated values for each of the adopted earthquakes and soil cases
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Chapter 5. Re�ned FDD with Soil-Structure Interaction

are reported, for both Mass-proportional (� M ) and Rayleigh damping (� R),
respectively.

By looking at these �gures, the estimated frequencies show maximum
deviations that are always below8%. On average, deviations reveal to
be around3 � 4%, for both � M and � R cases. The �rst modes of the� M

cases are a�ected by higher deviations, due to the related heavy damp-
ing reached for the �rst mode (10%). The same happens for the last two
modes of the� R cases, where again quite heavy damping occurs (' 5%).
In relation to the adopted earthquakes, the LP, NO, NZ and TA cases
(i.e. the seismic events characterized byf s = 50 Hz) show to be the most
challenging, in terms of estimated natural frequencies (and of achieved ab-
solute deviations). In particular, the LP earthquake makesit di�cult for
the correct detection of the4th and 5th modal frequencies, for all the cases.
The AQ earthquake, instead, leads to some troubles for the estimation of
the 1st natural frequency for the medium, dense and �xed-base cases, � R

damping.
The estimated modal damping ratios display deviations at around 10%,

for all the analysed cases. Isolated maxima of about20� 25%can be de-
tected in a few cases, which may still look acceptable. This since the
identi�cation of damping is very challenging, especially with FDD meth-
ods, and in the presence of Soil-Structure Interaction e�ects. Addition-
ally, the presence of heavy damping adds a further di�culty.The present
work pushes hard on that and seeks to study the limit conditions for the
present rFDD algorithm, by assuming high damping ratios, tobe targeted.
Within such a frame, even relatively high percentage deviations of about
20� 25%may be considered as a rather surprising identi�cation success.
Then, noticeable is the fact that increasing and decreasingtrends of the
achieved absolute deviations may be read from the graphs, for � M and � R,
respectively. This is related to the di�erent damping distribution imple-
mented on the two cases. In general terms, slightly-less accurate results
are obtained again for the LP, NO, NZ and TA cases.

MAC values are always higher than0:8 for the �rst three modes, except
for a few isolated cases, where they still remain greater than an acceptable
value of 0:7. Only the last modes of vibration show rather inaccurate
values for some cases, especially in relation to the very-soft soil. In general,
the � M cases show to be more accurate on the last modes, while the same
happens for the �rst modes of the� R cases. This is again related to the
di�erent behaviour and distribution of the damping assumedalong the
modes. In detail, the most challenging earthquakes revealsto be NE, NO
and NZ for the � M cases (especially for the2nd and 5th modes of vibration).
Instead, for � R damping, the most demanding seismic excitations show to
be CH, NE, NO and TA (especially for the4th and 5th modes of vibration).
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Figure 5.6: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes for the �exible-base models, complete earthquake dataset, Mass-
proportional damping (� M ) with � M ;I = 10% (corresponding targeted modal damping
ratios in Table 5.3).
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Figure 5.7: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes for the �exible-base models, complete earthquake dataset, Rayleigh
damping (� R ) with � R;I = 2% and � R;II = 2 :25% (corresponding targeted modal
damping ratios in Table 5.4).
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Notice that the estimated frequencies show deviations thatvary among
the di�erent earthquakes and from the targeted values. Thisis expected
and con�rmed also by the trends for the modal damping ratios.The MAC
indexes, instead, generally remain on high values for the �rst three to four
modes, while they decrease for the remaining ones, especially for the soft
and very-soft soil cases. This feature may be appreciated also by looking
at Fig. 5.8, where the estimated mode shapes for the soft soilcase are
reported.

-1 0 1

D
eg

re
e

of
Fr

ee
do

m

0

1

2

3

4

5
I Mode Shape

-1 0 1
0

1

2

3

4

5
II Mode Shape

-1 0 1
0

1

2

3

4

5
III Mode Shape

-1 0 1
0

1

2

3

4

5
IV Mode Shape

-1 0 1

D
eg

re
e

of
Fr

ee
do

m

0

1

2

3

4

5
V Mode Shape

(AQ) L'Aquila (CH) Maule (EC) El Centro (IV) Imperial Valley (LP) Loma Prieta (NE) Katmandu (NO) Northridge (NZ) Christchurch (TA) Tabas (TO) Tohoku Target mode shape

MAC index
(AQ) 0.461
(CH) 0.385
(EC) 0.486
(IV) 0.483
(LP) 0.484
(NE) 0.353
(NO) 0.398
(NZ) 0.284
(TA) 0.538
(TO) 0.388

MAC index
(AQ) 0.872
(CH) 0.983
(EC) 0.960
(IV) 0.954
(LP) 0.906
(NE) 0.979
(NO) 0.934
(NZ) 0.995
(TA) 0.964
(TO) 0.991

MAC index
(AQ) 0.998
(CH) 0.999
(EC) 1.000
(IV) 0.983
(LP) 0.989
(NE) 1.000
(NO) 0.997
(NZ) 0.984
(TA) 0.993
(TO) 0.982

MAC index
(AQ) 0.961
(CH) 0.979
(EC) 0.932
(IV) 0.963
(LP) 0.961
(NE) 0.893
(NO) 0.882
(NZ) 0.713
(TA) 0.981
(TO) 0.897

MAC index
(AQ) 0.884
(CH) 0.746
(EC) 0.929
(IV) 0.972
(LP) 0.934
(NE) 0.673
(NO) 0.701
(NZ) 0.846
(TA) 0.909
(TO) 0.882

Soft soil, all earthquakes, Mode Shapes,1M
1

-1 0 1

D
eg

re
e

of
Fr

ee
do

m

0

1

2

3

4

5
I Mode Shape

-1 0 1
0

1

2

3

4

5
II Mode Shape

-1 0 1
0

1

2

3

4

5
III Mode Shape

-1 0 1
0

1

2

3

4

5
IV Mode Shape

-1 0 1

D
eg

re
e

of
Fr

ee
do

m

0

1

2

3

4

5
V Mode Shape

(AQ) L'Aquila (CH) Maule (EC) El Centro (IV) Imperial Valley (LP) Loma Prieta (NE) Katmandu (NO) Northridge (NZ) Christchurch (TA) Tabas (TO) Tohoku Target mode shape

MAC index
(AQ) 0.998
(CH) 0.998
(EC) 0.998
(IV) 0.998
(LP) 0.998
(NE) 0.998
(NO) 0.999
(NZ) 0.998
(TA) 0.999
(TO) 0.998

MAC index
(AQ) 0.930
(CH) 0.957
(EC) 0.959
(IV) 0.958
(LP) 0.921
(NE) 0.938
(NO) 0.943
(NZ) 0.987
(TA) 0.921
(TO) 0.933

MAC index
(AQ) 0.821
(CH) 0.978
(EC) 0.972
(IV) 0.865
(LP) 0.964
(NE) 0.961
(NO) 0.892
(NZ) 0.835
(TA) 0.982
(TO) 0.894

MAC index
(AQ) 0.722
(CH) 0.680
(EC) 0.924
(IV) 0.598
(LP) 0.598
(NE) 0.544
(NO) 0.318
(NZ) 0.654
(TA) 0.864
(TO) 0.708

MAC index
(AQ) 0.461
(CH) 0.968
(EC) 0.759
(IV) 0.436
(LP) 0.864
(NE) 0.586
(NO) 0.720
(NZ) 0.805
(TA) 0.926
(TO) 0.868

Soft soil, all earthquakes, Mode Shapes,1R
1

Figure 5.8: Estimated mode shapes for the soft soil case, complete earthquake dataset,
Mass-proportional (� M ) with � M ;I = 10% (�rst row) and Rayleigh damping ( � R ) with
� R;I = 2% and � R;II = 2 :25%(second row). Corresponding targeted mode shapes and
calculated MAC indexes are reported, too (see also Fig. 5.4).

Here, the complete earthquake dataset is considered, with both Mass-
proportional (� M ) and Rayleigh damping (� R) cases. In the achieved rep-
resentation, the corresponding targeted mode shapes and the calculated
MAC indexes for every mode and earthquake instance are also reported
(see Fig. 5.4). By observing this �gure in detail, it is clearthat mode
shape estimates remain very e�ective, especially for the �rst three to four
modes. Independently from the adopted earthquake, mode shapes are
caught with accuracy, by tracing the target ones with a very good approx-
imation. Also for the �fth mode, despite for the lower MAC indexes, the
targeted mode shape is more or less caught, in its form. This is again
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a con�rmation of the goodness of the MAC as a global validation index,
as well as of the e�cacy of the present rFDD algorithm in detecting also
mode shapes in the present such challenging framework with heavy damp-
ing and Soil-Structure Interaction e�ects, under earthquake excitation.

In conclusion, all the obtained results con�rm the e�ectiveness of the
developed rFDD algorithm for the detection of Soil-Structure Interac-
tion �exible-base structural modal parameters, by adopting earthquake-
induced structural response signals and heavy structural damping (in
terms of identi�cation challenge).

5.3 OMAX evaluation of Soil-Structure Interaction e�ects

The evaluation of Soil-Structure Interaction e�ects now operates through
an expansion of the rFDD algorithm within an OMAX environment [48],
as earlier described in Section 5.1. At this stage, the foundation (Sway
and Rocking) recordings (2 signals) and the output-only superstrucure
responses of the �oors (5 signals) are simultaneously processed by the
present rFDD-OMAX algorithm. The tools adopted for Soil-Structure
Interaction detection, which are embedded into the rFDD approach, are
taken and adapted from works [107,108]. These tools rely on two di�erent
approaches, as detailed in the following two subsections. Reference �xed-
base modal properties can then be estimated.

5.3.1 Identi�cation of Soil-Structure Interaction condit ions

Speci�cally, from the recordings of the foundation sway andof the upper-
storey acceleration, a �rst immediate procedure may refer to the extraction
of the natural frequencies of the �xed-base building and of the foundation.
This is possible since the ratio of the Fourier amplitude spectra between
storey and foundation accelerations allows for the identi�cation of �xed-
base building natural frequencies, as demonstrated in [108], for a simpli�ed
SDoF system (while here a MDoF superstructure is originallyconsidered).

This is obtained by starting from the following relation [108]:

jRj =
jH b;i j
jH f;k j

=
jF f •xb;ig j
jF f •xf;k g j

(5.7)

where jRj is the absolute value (or amplitude) of the ratio of the system
Transfer Functions (TF), jH b;ij and jH f;k j are the building and founda-
tion TF amplitudes (referred to the selectedxb;i and xf;k building and
foundation DoFs), F represents Fourier Transform and•xb;i , •xf;k are the
accelerations of the selected DoFs. In the present work, implications of
study [108] are thus extended to MDoF systems. The selected DoFs from
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5.3. OMAX evaluation of Soil-Structure Interaction e�ects

which acceleration data are considered are the top-storey displacement
and the foundation sway.

In Fig. 5.9 a clear representation of the Fourier transform and of the TF
modulus can be appreciated, by taking Mass-proportional damping (� M ),
for the very-soft soil and for the �xed-base cases. It has been demon-
strated [108] that jRj is not in�uenced by the dynamic characteristics of
the foundation, and it always displays a peak at or near the fundamental
frequency of the �xed-base building. Thus,jRj describes the characteris-
tics of the �xed-base building, and always peaks at or near the �xed-base
building frequencies, for structures characterized by lowdamping.
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Figure 5.9: Fourier amplitude spectra of top-storey and foundation-sway accelerations
and their Ratio jRj for the very-soft soil and for the �xed-base cases, El Centro
earthquake (EC), � M and � R dampings.

Instead, the coupling between building and foundation is present in
the true TF, which is a complex-valued quantity and incorporates both
building and foundation properties. Then, such coupling alters the phase
of the TF, but not its amplitude. That is the reason because the cou-
pling can be detected on the true TF, but not on its amplitude.This is
feasible by observing the curves represented under normalized log scale
in Fig. 5.9, where the El Centro earthquake is considered forthe Mass-
proportional (� M ) and Rayleigh (� R) damping cases, respectively.

For the �xed-base model, the two Fourier amplitudes and the modulus
of the TF are overlapped. Also, they clearly mark the same frequency,
that is the fundamental frequency of this case (�rst mode of vibration,
at around 1:1 Hz). For the very-soft soil model, instead, the fundamen-
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Chapter 5. Re�ned FDD with Soil-Structure Interaction

tal frequencies of the three curves are clearly decoupled, suggesting the
presence of Soil-Structure Interaction e�ects. Also, the modulus of the
Transfer Function (in red color) indicates some frequency peaks for the
�xed-base model. In particular, a unitary amplitude may be detected in
correspondence to the fundamental mode of vibration (�rst mode) of the
�xed-base model.

This feature is also con�rmed by the results achieved for allthe re-
maining �exible-base models and earthquakes, which are notreported
here, proving the e�ectiveness of the present rFDD-OMAX identi�cation
methodology in handling �xed-base conditions too.

5.3.2 Empirical method for the estimation of Soil-Structur e
Interaction e�ects

A second rFDD-OMAX approach belongs to a simpli�ed empirical method
for assessing seismic Soil-Structure Interaction e�ects on shear-type build-
ings, proposed by Renzi et al. [107]. They performed a parametric study
in the linear range of seismic Soil-Structure Interaction e�ects on a large
number of numerical shear-type buildings, by making comparisons with
the related �xed-base conditions. The analysed structureswere �rst mod-
eled as an equivalent single degree of freedom (SDoF) systemand dynamic
analyses were then performed. The outcomes of the numericalanalyses
were used as a base, in order to obtain a simple analytical non-dimensional
relationship, to be applied for each mode to estimate seismic Soil-Structure
Interaction e�ects, in terms of modi�ed period (and attached natural fre-
quency) [107].

From this method, the statistical model describing the relationship be-
tween �xed-base (unknown) and �exible-base (known, estimated) periods,
Ti and ~Ti , respectively, for the i th mode of vibration, may be deduced
as [107]:

yi =
~Ti

Ti
= 1 + 0 :7698

�
heq;i

Ti Vs

� 1:663 �
r

Hdep

� � 0:1359 �
heq;i

r

� 0:8443

(5.8)

where heq;i = ( H T M � i )=(r T M � i ) is the equivalent height of the SDoF
system for thei th mode [27], being� i the i th mode shape,Vs the shear-
wave velocity, r the radius of the foundation andHdep the depth assumed
for the bedrock.

Anyhow, as it could be seen from Eq. (5.8), periodTi of the �xed-
base system appears on both sides of the equality, which makes it di�cult
for the use of this formulation towards estimation purposes. For the ap-
plication of the method to the outcomes of the present rFDD algorithm
(�exible-base parameters), a speci�c procedure has been developed here,
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5.3. OMAX evaluation of Soil-Structure Interaction e�ects

in order to obtain the related rFDD-OMAX �xed-base parameters. This
procedure shall be performed for each estimated �exible-base frequencyf i .

Through the rFDD-OMAX algorithm, the determination of the � xed-
base frequencies can be achieved by the following computational steps:

1. From the previous application of the rFDD algorithm, �exible-base
natural frequency estimates~f i (and consequently periods~Ti and mode
shapes~� i ) can be achieved, for the estimatedi th mode of vibration.

2. The equivalent SDoF system height, for thei th mode, is computed
as:

heq;i =
H T M ~� i

r T M ~� i

(5.9)

where ~� i is the i th mode shape estimate, coming from rFDD identi-
�cation above.

3. Some parameters about the soil characteristics need to beknown, or
at least estimated, i.e. shear-wave velocityVs and bedrock depthHdep;
in the present work, they have been taken asVs = Vs;k , where k is
the adopted soil case (see data in Table 5.1), whileHdep has been
assumed asHdep = 50 m, a value which was selected, after several
assessments, as the physical parameter that was able to ensure the
best �xed-base estimates.

4. Estimation of �xed-base periodTi , via recursive solution of the fol-
lowing equation, derived from Eq. (5.8):

Ti =
~Ti

yi
=

= ~Ti

"

1 + 0:7698
�

heq;i

Ti Vs

� 1:663 �
r

Hdep

� � 0:1359 �
heq;i

r

� 0:8443
#� 1

(5.10)

This model provides a frequency correction, to be applied tothe
original rFDD �exible-base period ~Ti , in order to get the underlying
�xed-base one. The latter equation needs to be solved recursively,
since sought �xed-base periodTi appears in both equality terms. In
this study, a valueT0

i = ~T0
i has been taken as a starting point for the

recursions, until convergence of the solution has been reached. This
means that the residual" = j(T j

i � T j � 1
i )=Tj � 1

i j < �" , at j th iteration,
becomes lower than a given tolerance�" . For the present analyses
convergence tolerance�" has been taken as�" = 10� 4.
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Chapter 5. Re�ned FDD with Soil-Structure Interaction

The estimation of original �xed-base frequenciesf i may be directly
related to ambient vibration conditions, which, jointly with the �exible-
base features (seismic Soil-Structure Interaction e�ects) of the analysed
structures, aims at a complete determination of their dynamic behaviour.

Fig. 5.10 presents an example of the estimated (�exible-base) and of
the corrected (�xed-base) frequency deviations, with respect to the target
frequencies of the �xed-base model. The El Centro earthquake is taken
as a sample, for both Mass-proportional (� M ) and Rayleigh (� R) damping.
As it is clearly visible, the deviations, especially for the�rst modes, take
signi�cant bene�t from the application of this OMAX correct ion. In fact,
the deviation on the 1st �xed-base frequency estimate is brought to less
than 15%, starting from an initial value of 25%. This certainly aims at
a closer representation of the �xed-base conditions and also of the Soil-
Structure Interaction e�ects read on the superstructure.
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Figure 5.10: Deviations of rFDD-OMAX estimated �exible-base and �xed-base natu-
ral frequencies with respect to the targets computed for the�xed-base model.

5.4 Remarks and conclusions for the rFDD algorithm in the
presence of Soil-Structure Interaction

The present Chapter 5 has outlined several informative results towards
the use of a rFDD(-OMAX) identi�cation algorithm for the det ermina-
tion of �exible- and �xed-base modal properties of linear frame build-
ings under earthquake excitation with Soil-Structure Interaction e�ects.
Real seismic input and heavy-damping cases (in terms of identi�cation
challenge, though very realistic in practical cases) have been considered,
getting closer to real earthquake engineering applicationscenarios. A �ve-
storey shear-type frame with a Sway-Rocking foundation model has been
analysed, by taking a set of ten earthquake excitations at bedrock's base
and two types of superstructural damping models (Mass-proportional and
Rayleigh damping), for a total of 100 analysed cases.

The e�ectiveness of the achieved results demonstrates the validity of
the present identi�cation methodology, standing from the goodness of the
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5.4. Remarks and conclusions with Soil-Structure Interact ion

estimated natural frequencies, modal damping ratios and mode shapes,
for both �exible- and �xed-base conditions. This proves that the rFDD(-
OMAX) technique can be used for up-to-date detection of building modal
properties in the earthquake engineering range, considering Soil-Structure
Interaction e�ects, within a linear context.

Summarizing main outcomes and results of the present study,the fol-
lowing salient issues may be brie�y outlined:

� The rFDD algorithm proves to be a reliable identi�cation method to-
wards the estimation of Soil-Structure Interaction �exible-base modal
parameters, i.e. natural frequencies, mode shapes and modal damp-
ing ratios under pure output-only conditions, with seismicresponse
input and simultaneous heavy damping in terms of identi�cation chal-
lenge. This kind of modal dynamic identi�cation shall be innovative
in the present dedicated literature.

� Flexible-base modal parameter estimates show to be accurate, despite
for the presence of Soil-Structure Interaction e�ects. Thecomputa-
tional steps of the rFDD algorithm demonstrated to be very e�ective
under these tough identi�cation conditions.

� The rFDD-OMAX condition belongs to the joint use of output-only
response signals and foundation recordings (and/or free-�eld/
downhole acquisitions), towards estimating also �xed-base frequen-
cies.

� The detection of Soil-Structure Interaction e�ects, by adapting
method [108] (conceived for a SDoF system) to the present condi-
tions (MDoF system, Section 5.3.1), results to be quite reliable in
engineering terms.

� The quanti�cation of Soil-Structure Interaction e�ects, by improving
method [107], shows to be rather e�ective towards the estimation
of �xed-base modal frequencies, i.e. for the explicit quanti�cation of
Soil-Structure Interaction e�ects.
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Chapter 6
Data-Driven Stochastic Subspace
Identi�cation: theory and results

6.1 Fundamentals of the Data-Driven Stochastic Subspace
Identi�cation technique

Data-Driven Stochastic Subspace methods are parametric Time Domain
approaches for system identi�cation, which start from the use of discrete
time state-space models. That without the need of covariance sequencies,
thus relying just on the available data histories. OMA subspace methods,
in particular, are based on obtaining the Kalman Filter (KF) states from
the given output-only data, by using linear algebra tools and geometric
concepts only [121]. So, once KF states are known, the identi�cation
problem becomes a linear least squares problem in the unknown system
matrices. Typical underlying hypotheses of SSI-DATA methods are: (sta-
tionary) white noise input (so that process noisewk and measurement
noisevk are not identically zero) and adequately long structural response
signals (so that the number of measurements goes to in�nityj ! 1 ).
Light damping (modal damping ratios in the order of1 � 2%) generally
leads to better and less noisy estimates [106,121].

The present SSI-DATA implementation attempts to clear these issues,
when dealing with challenging earthquake-induced structural response sig-
nals. In the present section, all crucial steps of the theoretical framework
of the SSI-DATA algorithm are exposed, basically relying ontheoretical
work [84, 85, 121] (Section 6.1.1). Then, the main work�ow and novel-
ties of the present SSI-DATA algorithm are introduced and explained in
Section 6.1.3.

99



Chapter 6. SSI-DATA: theory and results

6.1.1 Main theoretical background of the SSI-DATA algorith m

A classical system ofm second-order di�erential equations of motion of a
linear dynamical structural system may be written as (spatial model):

M •u(t) + C _u(t) + Ku (t) = �Bf 0(t) (6.1)

whereM , C and K 2 R m� m are the mass, damping and sti�ness matrices,
matrix �B 2 R m� m de�nes the location of the input channels,f 0(t) 2 R m� 1

is the input force vector and•u(t), _u(t) and u(t) 2 R m� 1 are the vectors
of acceleration, velocity and displacement structural responses.

By switching to State-Spaceform, the m second-order di�erential equa-
tions of motion in Eq. (6.1) can be rewritten into2m �rst-order di�erential
equations as [121]:

(
_x(t) = A cx(t) + B cf 0(t)
y (t) = Ccx(t) + D cf 0(t)

(6.2)

being the �rst equation the state equation, in terms of state vector of
responsesx(t) 2 R 2m� 1, x(t) = f u(t) _u(t)gT and its time derivative
_x(t) = f _u(t) •u(t)gT , and the second equation theobserver equation, in
terms of observer vectorof responsesy(t) 2 R m� 1 (either displacements,
velocities and/or, typically, accelerations). From Eq. (6.2), state matrix
A c 2 R 2m� 2m , input matrix B c 2 R 2m� m , output matrix Cc 2 R m� 2m and
feed-through matrixD c 2 R m� m are de�ned as follows, where subscriptc
denotes continuous time [121]:

A c =
�

0n� n I n� n

� M � 1K � M � 1C

�
; B c =

�
0n� n

M � 1 �B

�

Cc =
�
� M � 1K � M � 1C

�
; D c = M � 1 �B

(6.3)

Here, the structures of matricesCc and D c refer to the adoption of accel-
eration responses for the observer vector, namelyy(t) = •u(t).

In the OMA context, structures are excited by unmeasurable input
excitations; this means that the information from excitation f 0(t) is not
available. Also, experimental tests yield measurements taken at discrete
time instants, while Eqs. (6.1)-(6.3) are actually expressed in continuous
time. For a given sampling time interval � t, continuous-time equations
can be discretized and solved at discrete time instantstk = k� t; k =
1; : : : ; N , with N being the total number of sampling points of the signal.

By taking into account the kth time instant and assuming unknown/un-
measured input (treated as white noise), classical SSI-DATA theory takes
as a typical starting point of the identi�cation process thefollowing OMA
Stochastic State-Space model in discrete-time notation [121]:
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6.1. Fundamentals of the SSI-DATA technique

(
xk+1 = Ax k + wk

yk = Cx k + vk
(6.4)

beingxk = f uk uk+1 gT the state vectorof responses and its time derivative
xk+1 = f uk+1 uk+2 gT , and yk the observer vectorof responses (either dis-
placements, velocities and/or, typically, accelerations, as considered here).
Notation uk+1 , uk+1 and uk+1 refers to the discrete-time counterparts of
continuous-time vectors of displacementu(t), velocity _u(t) and accelera-
tion •u(t) responses, respectively. There,A and C are discrete-time coun-
terparts of the A c and Cc matrices, while vectorswk and vk 2 R 2m� 1

are zero mean, stationary white noise stochastic processes, representing
process noise and measurement noise, respectively [121]. Thesewk and
vk stochastic processes become necessary and shall be included, in order
to describe real measurement data, which are also driven by uncertainty
and noise.

Then, the salient mathematical and computational steps described in
the following summarize the main work�ow of the present SSI-DATA al-
gorithm.

The �rst step of classical SSI-DATA identi�cation algorith ms is the
computation of the so-calledblock Hankel matrix H 0j2i � 1 2 R 2mi � j of
responses, which is directly calculated from the measurement data [121],
i.e. system structural responsesyk (in the present case, accelerations), as:

H 0j2i � 1 =
1

p
j

2

6
6
6
6
6
6
6
4

y0 � � � y j � 1
...

. . .
...

y i � 1 � � � y i + j � 2

y i � � � y i + j � 1
...

. . .
...

y2i � 1 � � � y2i + j � 2

3

7
7
7
7
7
7
7
5

=
�

Y0ji � 1

Yi j2i � 1

�
=

�
Yp

Yf

�
(6.5)

where the two partition sub-matrices refer to pastYp = H 0ji � 1 and future
Yf = H i j2i � 1 output channel matrices, where subscripts on the lefthand
and righthand sides of delimiterj denote the �rst and the last element of
the �rst column, respectively, of block Hankel matrixH 0j2i � 1. So, matrices
Yp and Yf are de�ned by splitting matrix H 0j2i � 1 in two equal parts of i
block rows, where number of block rowsi shall be determined in agreement
with condition m � i � n [83], beingm the number of output (acquisition)
channels andn the so-calledsystem order(i.e. the dimension of square
matrix A in the identi�cation process, i.e. the rank of diagonal matrix � 1

de�ned below). Number of columnsj of block Hankel matrix H 0j2i � 1 is
usually taken asj = N � 2i + 1, which implies that all recorded data
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Chapter 6. SSI-DATA: theory and results

samples are used [121]. Thus, all following quantities showing subscript i
refer to the assumed number of block rows. By observing Eq. (6.5), it is
clear that the block Hankel matrix consists of the repetition of the same
element in each anti-diagonal term.

The second computational step is based on the calculation ofprojection
matrix P i 2 R mi � mi , i.e. the orthogonal projection of the row space of
future output channelsYf into the row space of past output channelsYp,
which can be expressed as [121]:

P i = Yf =Yp = Yf Y T
p (YpY T

p )yYp = O i Ŝi (6.6)

where symboly indicates Moore-Penrose pseudo-inverse, whilst the fac-
torization of projection matrix P i into the product of observability matrix
O i 2 R mi � n and Kalman �lter state sequenceŜi 2 R n� mi de�nes a main
theorem of SSI-DATA [106,121], wheren is the selected system order, as
detailed in the following.

Then, observability matrix O i and Kalman �lter state sequenceŜi may
be de�ned as follows [106,121]:

O i =

2

6
6
4

C
CA

...
CA i � 1

3

7
7
5 ; Ŝi =

�
ŝi ŝi +1 � � � ŝi + j � 1

�
(6.7)

where (q + 1) th column ŝi + q of matrix Ŝi represents the state estimate
based oni output values yq; : : : ; y i + q� 1 [121].

Furthermore, through the application of speci�c weightingmatricesW 1

and W 2 to projection matrix P i , a SVD may be derived, by holding non-
zero singular values only [106,121], as:

W 1P i W 2 = [ U 1U 2]
�
� 1 0
0 0

� �
V T

1
V T

2

�
= U 1� 1V T

1 (6.8)

whereU k and V k 2 R mi � n , k = 1; 2 are the singular vector matrices, and
� 1 2 R n� n is the diagonal matrix holding the non-zero singular values
(which allows to estimate the rank of matrix P i ). The selection of the
dimension (n) of square diagonal matrix� 1 �xes system ordern of the
State-Space model, which is adopted for the subsequent computational
steps.

As concerning weighting matricesW 1 2 R mi � mi and W 2 2 R mi � mi ,
they may be de�ned according to di�erent weighting proposals [121],
namely Principal Component (PC), Unweighted Principal Compo-
nent (UPC) and Canonical Variate Analysis (CVA). Accordingly, the cor-
responding weighting matrices can be de�ned as follows [121]:
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� for the Principal Component (PC) weighting:

W 1 = I ; W 2 = Y T
p

�
1
j

YpY T
p

� �
1
2

Yp; (6.9)

� for the Unweighted Principal Component (UPC) weighting:

W 1 = I ; W 2 = I ; (6.10)

� for the Canonical Variate Analysis weighting (CVA) (of a main use
in the following):

W 1 =
�

1
j

Yf Y T
f

� �
1
2

; W 2 = I : (6.11)

where j is again the number of columns of block Hankel matrixH 0j2i � 1

(taken asj = N � 2i +1 in the present case, i.e. all recorded data samples
are used) [121]).

As a practical rule, literature references suggest that theUPC SSI-
DATA should be used in the presence of modes of equal strengthand data
with a good signal-to-noise ratio. On the contrary, CVA SSI-DATA should
be used in the presence of noisy data and modes characterizedby widely
di�erent strengths. Finally, the PC SSI-DATA variant may be considered
as a compromise between the chioce of UPC and CVA algorithms [106,
121].

Then, starting from Eq. (6.8), observability matrix O i and Kalman
�lter state sequenceŜi may be computed as:

O i = U 1� 1=2
1 T ; Ŝi = Oy

i P i (6.12)

whereT 2 R n� n is a further possible weighting matrix, generally taken as
an identity matrix, T = I (as done here). By taking into account Eqs. (6.6)
and (6.12), Kalman �lter state sequenceŜi +1 and output sequenceYi j i

may be calculated as shown in [121]. Especially,Yi j i comes directly from
a di�erent partition of block Hankel matrix H 0j2i � 1:

H 0j2i � 1 =

2

4
Y0ji � 1

Yi j i

Yi +1 j2i � 1

3

5 =
�

Y0ji

Yi +1 j2i � 1

�
=

�
Y +

p
Y �

f

�
(6.13)

where superscript symbols+ and � stay for addition and for subtraction
of one block row to the originalYp and Yf matrices. Then, from projection
matrix P i � 1 it is possible to obtain:
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P i � 1 = Y �
f =Y +

p = Y �
f Y +

p
T (Y +

p Y +
p

T )yY +
p = O i � 1Ŝi +1 (6.14)

where observability matrix O i � 1 may be directly obtained from O i by
deleting the last m rows, while Kalman �lter state sequenceŜi +1 can be
determined as:

Ŝi +1 = Oy
i � 1P i � 1 (6.15)

At this stage, discrete-time State-Space matricesA and C may be com-
puted through an asymptotically-unbiased least squares estimate as [121]:

�
A
C

�
=

�
Ŝi +1

Yi j i

�
Ŝy

i (6.16)

Then, the eigenvalue decomposition of discrete-time statematrix A
allows for the estimation of the modal parameters, by passing through an
eigenvalue decomposition and a conversion from discrete- to continuous-
time of the eigenvalues themselves.

6.1.2 Implemented SSI-DATA algorithm: computational step s

Block Hankel matrix H 0j2i � 1 may be further processed via LQ factoriza-
tion [45], in order to e�ciently compute several contributes of the main
SSI-DATA work�ow:

H 0j2i � 1 = LQ (6.17)

so that the Hankel matrix H 0j2i � 1 may be expressed as the product of
a lower triangular matrix L 2 R 2mi � 2mi and an orthonormal matrix
Q 2 R 2mi � j :

L =

2

4
L 11 0 0
L 21 L 22 0
L 31 L 32 L 33

3

5 ; Q =

2

4
QT

1
QT

2
QT

3

3

5 (6.18)

That in order to obtain the projection matricesP i and P i � 1 of the row
space of future output channels into the row space of past output channels
directly from the LQ decomposition terms [106]:

P i = Yf =Yp =
�
L 21

L 31

�
QT

1 (6.19)

P i � 1 = Y �
f =Y +

p =
�
L 31 L 32

�
�
QT

1
QT

2

�
(6.20)
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Moreover, output sequenceYi j i , instead than from a partition of block
Hankel matrix H 0j2i � 1, may be expressed as:

Yi j i =
�
L 21 L 22

�
�
QT

1
QT

2

�
(6.21)

So, Kalman �lter state sequencesŜi and Ŝi +1 , by substituting
Eqs. (6.19) and (6.20) into Eqs. (6.12) and (6.15), can be calculated as:

Ŝi =
�

U 1� 1=2
1 T

� y
�
L 21

L 31

�
QT

1 (6.22)

Ŝi +1 =
�

U 1�
1=2
1 T

� "y �
L 31 L 32

�
�
QT

1
QT

2

�
(6.23)

where apex symbol" denotes that the lastm rows have been deleted from
the U 1�

1=2
1 T matrix product.

Then, the State-Space matrices can be generally derived according to
three di�erent approaches, as outlined in detail in [121]. They di�er for
the capability to ensure the positive realness of covariance sequences.

For the present SSI-DATA algorithm, the �rst approach is adopted. It
directly uses the state sequences to estimate the State-Space matrices. In
fact, once the Kalman �lter state sequenceŝSi and Ŝi +1 have been esti-
mated according to Eqs. (6.22) and (6.23), while output sequenceYi j i has
been calculated from Eq. (6.21), state matricesA and C may be com-
puted from the following overdetermined set of linear equations, obtained
by stacking the State-Space models for the time instants from i up to
i + j � 1:

�
Ŝi +1

Yi j i

�
=

�
A
C

�
Ŝi +

�
� w

� v

�
(6.24)

where Kalman �lter residuals � w and � v (also named innovations) are un-
correlated with Kalman �lter state sequencesŜi . Thus, this set of equa-
tions can be solved in a least squares sense. In fact, by taking into account
that the least squares residuals are orthogonal and, therefore, uncorrelated
with regressorsŜi . In this way, an asymptotically-unbiased least squares
estimate ofA and C may be obtained from previously exposed Eq. (6.16):

�
A
C

�
=

" �
U 1� 1=2

1 T
� "y �

L 31 L 32
�

�
L 21 L 22

�

# � �
U 1� 1=2

1 T
� y

�
L 21

L 31

�� y

(6.25)

where all quantities on the right hand side of Eq. (6.25) may be expressed
in terms of the LQ factors [106]. As a result of their orthonormality, the
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Q factors wipe out from Eq. (6.25), leading to a signi�cant data reduction
coming from the adoption of theL factors only.

Once matricesA and C have been determined, modal parameters may
be obtained from the eigenvalue decomposition of discrete-time state ma-
trix A :

A = 	 M 	 � 1 (6.26)

where matrices	 andM hold the discrete-time eigenvectors r and eigen-
values� r , respectively.

Thus, the r th mode shape estimate of the system may be obtained as:

� r = C r (6.27)

Afterwards, discrete-time eigenvalues� r are converted to continuous
time eigenvalues� r (or system poles) as:

� r = e� r � t ) � r =
ln(� r )

� t
(6.28)

Finally natural frequency, damped modal frequency and modal damp-
ing ratio of r th mode may be computed as [106]:

f r =
j� r j
2�

; f r;d =
Im(� r )

2�
; � r = �

Re(� r )
j� r j

(6.29)

6.1.3 Novelties of the present SSI-DATA algorithm

Main assumptions of classical SSI-DATA methods consist of (stationary)
white noise input (so that process noisewk and measurement noisevk are
not identically zero) and adequately long structural response signals (so
that the number of measurements goes to in�nityj ! 1 ), to achieve
a suitable stabilization of the estimated poles. Light damping (modal
damping ratios in the order of1 � 2%) leads to better estimates, too,
since it may reduce the occurrence of noise poles or of mathematical poles
(e.g. false stable poles characterized by a positive real part and a negative
damping ratio) [106,121].

The present SSI-DATA algorithm, whose original theoretical
background comes from the general formulation in [83,121],as outlined in
earlier Section 6.1.1, may be intended as a �rst implementation attempt,
for SSI-DATA algorithms, to deal with earthquake-induced structural re-
sponse signals, at concurrent heavy structural damping in terms of modal
identi�cation challenge.

Therefore, the following paragraphs summarize the main steps and is-
sues related to the present SSI-DATA implementation.
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6.1.3.1 De�nition of the weighting matrices

A �rst issue is to appropriately de�ne weighting matricesW 1 and W 2 that
pre- and post-multiply projection matrix P i . After �rst extensive simu-
lations performed in [82], under white noise input or seismic excitation,
it was shown that the Canonical Variate Analysis weighting (CVA) [121],
with weighting matrices W 1 and W 2 as given in Eq. (6.11), turns out to
be the most stable and performing weighting option towards achieving re-
liable estimates at seismic response input and concurrent heavy damping.
This feature was demonstrated also in [94, 98], where both synthetic and
real earthquake-induced structural response signals wereadopted towards
identi�cation purposes, also with simultaneous heavy damping, in terms
of identi�cation challenge.

The Canonical Variate Analysis weighting (CVA) weighting,as opposed
to widely-used Principal Component (PC) (Eq. (6.9)) and Unweighted
Principal Component (UPC) (Eq. (6.10)) weightings, returns even less
noise or mathematical poles and looks mostly able to separate true phys-
ical modes from possible spurious earthquake harmonics.

Then, jointly with the selection of the CVA weighting, several features
help in returning much reliable modal parameter estimates under seismic
response input. Among those, Butterworth low-pass �ltering, generally
set with order 8 and cutting frequency25 Hz, without decimation of the
signals. Then, the Block Hankel matrix is generally set withnumber of
block rows equal toi = 50 (usually adopted as variable in the range
30 � i � 80) and number of columnsj = N � 2i + 1.

6.1.3.2 Speci�cally-developed stabilization diagrams

For the correct selection of system ordern and for the determination of
the stable poles (i.e. the poles where frequency, mode shapeand modal
damping ratio estimates show to be stable and not deriving from noise
or mathematical poles), astabilization diagrammay be constructed from
the SSI-DATA identi�cation outcomes [18, 84]. It displays the poles that
are obtained according to di�erent considered system orders, as a func-
tion of the estimated frequency lines. The Singular Value (SV) curves
extracted from SVD of SSI-DATA output spectral matrix G yy(! ) may be
reported too, within the same stabilization diagram. This matrix may
be typically calculated from the estimated SSI model as outlined in [83],
by adopting the estimatednext state-output covariance matrixand the
output covariance matrix [106] as:

G yy (z) = C(zI � A )� 1G + R o + GT (z� 1I � A T )� 1CT jz= ei ! � t : (6.30)

whereG is the next state-output covariance matrix, which corresponds to
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the last m columns of the reversed controllability matrix� i [121]:

� i = Oy
i
1
j

Yf Y T
p (6.31)

and R o is the output covariance matrix, de�ned as [106]:

R 0 =
1
j

Yi j i Y T
i ji (6.32)

The expression in Eq. (6.30) can be evaluated for any number of the
unit circle z = ei ! � t , where! can be any frequency of interest [83].

As an original alternative of the present work, a novel integrated ar-
rangement considers instead the use of SV curves, which are computed
from the SVD of direct output spectral matrix G yy (! ). This is calculated
through a routine of the previous rFDD algorithm, by adopting Welch's
modi�ed periodogram [93], here reported for added clarity:

G yy (! ) '
1 � r

K

K= (1� r )X

k=1

�
L � 1P

t=0
yk(t)W( t)e� i ! t

L

� �
L � 1P

t=0
yT

k (t)W( t)e� i ! t
L

�

�
L � 1P

t=0
W(t)2

�

(6.33)
whereK is the number of segments of lengthL and overlappingr (r = 2=3
in the present work) in which initial signal y(t) has been divided,yk(t) is
the kth segment of the original signal andW(t) is the considered windowing
function (a Hanning window in the present work [9]).

Such proposed integration of SSI and FDD information demonstrates to
provide a reliable tool to support the individuation of the stable SSI poles
within the stabilization diagram, especially when dealingwith earthquake-
induced structural response signals and at concurrent heavy damping, as
handled here.

Further, the generally adopted stabilization diagram parameters are a
maximum order n = 150 (in general, adopted asn = m � i , as a func-
tion of number of response channelsm and number of block rowsi ),
while the detection of stable poles is set with tolerance levels equal to
� f k = jf k � f k+1 j=f k < 0:01, � � k = j� k � � k+1 j=�k < 0:075and �MAC k =
1 � MAC( � k ; � k+1 ) < 0:02 for frequencies, modal damping ratios and
MACs, respectively, beingk the current model order. Than, the stabi-
lization diagram SVs are computed through SVD of the PSD matrix as
estimated via Welch's Modi�ed Periodogram (Eq. (6.33), setwith 2048-
points Hanning smoothing windows and 66.7% overlapping.
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6.1.3.3 System order selection and modal dynamic identi�ca tion

Anyway, the most severe issue in the present SSI identi�cation keeps lying
in the fact that seismic response signals are characterizedby rather short
durations (speci�cally with respect to ambient vibration recordings), while
as a basilar assumption the method requiresj ! 1 . This directly a�ects
the achievable estimates, since the poles intrinsically display a harder sta-
bilization.

So, the maximum system order employed in the analysis shall be incre-
mented, jointly with a careful setting of the adopted numberof block rows
in the Hankel matrix. This has been speci�cally pursued in the present im-
plementation (see also preliminary investigation resultsin [82,98]). In this
way, better natural frequency and mode shape estimates may be achieved.
As regarding to the modal damping ratios, they appear to be the most
challenging parameters to be detected by the present SSI identi�cation,
especially in relation to the cited very short durations of the seismic re-
sponse signals.

Finally, a sample of the outcomes from the SSI-DATA algorithm is
compared with the rFDD outcomes in Fig. 6.1, operating here at seismic
response input and concurrent heavy damping. In this representation,
the Singular Value Decomposition with peak-picking of the modes of vi-
bration (left) and the Global stabilization diagramwith the �rst rFDD
Singular Value, representing rFDD and SSI-DATA all together (right) are
respectively depicted. The Global stabilization diagram displays the sta-
ble poles, at increasing system ordern, concerning frequency, damping
ratio and mode shape. Stable poles are selected as poles witha stable fre-
quency, damping ratio and mode shape, between two consecutive system
orders (they are marked with blue circles in Fig. 6.1).
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Figure 6.1: Singular Value Decomposition and peak-picking of the modesof vibration
by rFDD (left) and Global Stabilization Diagram with 1st rFDD SV by SSI-DATA
(right), three-storey frame, synthetic response signals, earthquake of Maule (CH).
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Then, a sample of the outcomes from the SSI-DATA algorithm iscom-
pared to the rFDD outcomes in Fig. 6.2 , by adopting real earthquake-
induced structural response data coming from the local LomaPrieta earth-
quake excitation on the San Bruno six-storey o�ce building (see Chap-
ter 8 for more details). In this �gure, the Singular Value Decomposition
with modal peak-picking and the Global Stabilization Diagram with the
�rst rFDD Singular Value, for the NS response component, aredepicted.
Despite for the real seismic-induced responses, the �rst three modes of
vibration can still be detected from the graphs.
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Figure 6.2: Singular Value Decomposition and peak-picking of the modesof vibration
by rFDD (left) and Global Stabilization Diagram with 1st rFDD SV by SSI-DATA
(right), San Bruno six-storey o�ce building, real response signals, earthquake of
Loma Prieta (LP), NS component.

6.2 Results from synthetic output-only modal dynamic
identi�cation

In the present section, selected analyses and results are going to be pre-
sented, taken from the whole bulge of cases that have been analysed [82,
94,98].

As seen in Chapter 4, the focus falls again on two di�erent structures,
namely a reference three-storey shear-type frame (Table 4.2) and a more
realistic ten-storey shear-type frame (Table 4.3), both characterized by
heavy damping. As before, these structures are analysed through the
adoption of a set of ten earthquake base-excitations (Table4.1). Since
these structures and earthquakes are adopted for all the three proposed
methods, namely rFDD (Chapter 4), SSI-DATA (present Chapter 6) and
FDCIM (Chapter 7), a detailed comparison among these algorithms in
the Earthquake Engineering range is gradually approached.
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6.2.1 Analyses and results with a reference three-storey
frame

By taking as base excitation the single instances from the set of ten se-
lected earthquake recordings presented in Section 4.1 (Table 4.1), modal
dynamic identi�cation analyses have been performed with the present SSI-
DATA algorithm, in order to identify all strong ground motio n modal
parameters.

As concerning to the present SSI-DATA algorithm, the performed anal-
yses adopted the following settings:

� Butterworth low-pass �ltering, order 8, cutting frequency 25 Hz, no
decimation of the signals (earthquake-induced structuralresponse sig-
nals � input channels for the SSI-DATA algorithm);

� Block Hankel matrix parameters: number of block rows set toi = 50
(in general, adopted as variable in the range30 � i � 80), number
of columnsj = N � 2i + 1, for all the analysed cases;

� Stabilization diagram parameters: maximum ordern = 150 (in gen-
eral, adopted asn = m � i , as a function of number of response
channelsm and number of block rowsi ), detection of stable poles
with tolerance levels set to� f k = jf k � f k+1 j=f k < 0:01, � � k =
j� k � � k+1 j=�k < 0:075and �MAC k = 1 � MAC( � k ; � k+1 ) < 0:02 for
frequencies, modal damping ratios and MACs, respectively,being k
the current model order;

� Stabilization diagram SVs computed through SVD of the PSD ma-
trix, as estimated via Welch's Modi�ed Periodogram, set with 2048-
points Hanning smoothing windows and 66.7% overlapping.

Regarding SSI-DATA outcomes, the achieved Global Stabilization Di-
agrams, coupled with the representation of the1st rFDD SV (see Sec-
tion 6.1.3), shows three clear lines of stabilization of thepoles. These
lines may be discerned from the remaining poles, which are spurious poles
coming from earthquake harmonics or from numerical or mathematical
poles. The use of the rFDD SV considerably helps in the selection of
the correct stable poles, since it provides a better indication with respect
to classically adopted PSDs within the stabilization diagrams. See the
extensive analysis and details reported in [82,98].

Thus, by the strategies and settings reported above, complete synthetic
output-only analyses with the SSI-DATA method have been performed.
A synopsis from all the achieved results is reported in Fig. 6.3, where the
estimates in terms of absolute deviations of SSI-DATA identi�ed natural
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frequencies� f and modal damping ratios� � and achieved MAC indexes
for the estimated mode shapes are depicted (see Eqs. 4.1a-4.1c).

The SSI-DATA estimated frequencies show quite scattered deviations,
with deviations up to 14%, higher than the maximum deviation of5%
registered for the rFDD algorithm. The estimated modal damping ratios
display higher deviations with respect to those from the previous rFDD
outcomes, with modal damping ratios discrepancies raisingup to 70%.
By this method, the order of magnitude is more or less caught,but de-
viations look much higher and often rather unacceptable in engineering
terms. However, it should be recalled that really tough heavy-damping
identi�cation conditions have been considered here. Generally, the fre-
quency and damping estimates from the rFDD cases show to be much
closer to the target values than from the SSI-DATA ones. In this sense,
Frequency Domain rFDD appears superior to Time Domain SSI-DATA,
within the considered seismic engineering scenario at simultaneous heavy
damping, according to the present implementation and achieved level of
re�nement.
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Figure 6.3: Deviations of estimated natural frequencies and modal damping ratios, and
MAC indexes, three-storey frame, synthetic response signals, SSI-DATA algorithm,
complete considered earthquake dataset.

MAC indexes perform slightly less well with the present SSI-DATA al-
gorithm, than with the rFDD method. For the �rst two modes, MA C
values are always higher than0:75, with acceptable values in engineer-
ing terms. The third modes, instead, show to display some problems,
especially with the IV, NO and NZ cases (Table 4.1), which return quite
unreliable mode shapes. Thus, also in terms of mode shape estimates,
rFDD performs better than SSI-DATA, in the present seismic and heavy
damping context.

Then, global results on the achieved modal estimates are further sum-
marized in Fig. 6.4, where the absolute deviations of the estimated natural
frequencies and the modal damping ratios, and the MAC indexes are repre-
sented, in terms of suitably-designed dispersion diagrams[97], as adopted
earlier in Chapter 4.

112



6.2. Results from synthetic output-only modal identi�cati on

Mode of vibration
1 2 3

M
in

,
M

ea
n,

M
ax

D
ev

ia
tio

ns
[%

]

0

2

4

6

8

10

12

14

16 Normalized PDF of deviations

7.54% 7.45%

13.78%

0.08% 0.21% 0.50%

3.04% 3.11%

6.01%

<=2.31% <=2.40% <=4.57%

Global " f , SSI-DATA, all earthquakes

Mode of vibration
1 2 3

M
in

,
M

ea
n,

M
ax

D
ev

ia
tio

ns
[%

]

0

10

20

30

40

50

60

70

80 Normalized PDF of deviations

62.00% 62.86%

69.71%

0.43% 1.29%

11.43%

26.06%

36.76% 37.47%

<=27.16% <=24.75% <=16.37%

Global " 1, SSI-DATA, all earthquakes

Mode of vibration
1 2 3

M
in

,
M

ea
n,

M
ax

M
A

C
in

de
xe

s
[1

]

0.4

0.5

0.6

0.7

0.8

0.9

1

Normalized PDF of deviations

0.763

0.425

0.921

0.628

1.000 0.999

0.862

<=0.000 <=0.079 <=0.146

Global MAC indexes, SSI-DATA, all earthquakes

Figure 6.4: Dispersion diagrams for the deviations of estimated naturalfrequencies
and modal damping ratios, and for the MAC indexes, three-storey frame, synthetic
response signals, SSI-DATA algorithm, complete considered earthquake dataset.
Minimum, mean and maximum values, and standard deviations are indicated.

As before, these truncated Gaussians represent the probability of ap-
pearance of a certain deviation, as associated to each estimate, between
the minimum and the maximum value, and are centred on the meanvalue.
Again, maximum deviations are always on the Gaussian tails,while the
minimum deviations lay in the Gaussian center. This con�rmsthe good-
ness of the achieved SSI-DATA modal identi�cation estimates, too.
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Figure 6.5: Boxplot diagrams for estimated natural frequencies, modaldamping ra-
tios and MAC indexes, three-storey frame, synthetic response signals, SSI-DATA
algorithm, complete considered earthquake dataset.

Finally, the achieved results are also synoptically reported in statistical
form in Fig. 6.5, by making use of appropriate boxplots, as previously
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adopted in Chapter 4. The presented boxplots con�rm also thegoodness
of the achieved SSI-DATA estimates. Natural frequency estimates show to
substantially catch the expected target values. Also MAC indexes reveal
reliable mode shape estimates, including for the last modesof vibration,
although SSI-DATA returns less accurate results than rFDD,though still
acceptable in engineering terms. Finally, concerning the modal damping
ratio estimates with the SSI-DATA, some troubles appear, especially on
the second and third modes of vibration.

6.2.2 Further synthetic identi�cation analyses with a real istic
ten-storey frame

In the present section, as seen in Section 4.2.2, the focus goes again to
the analyses and results that can be achieved by adopting therealistic
ten-storey RC frame adopted in Section 4.1 (Table 4.3). The settings for
the SSI-DATA identi�cation procedure are the same as those employed
before, except than for the Butterworth low-pass �ltering,whose cutting
frequency has been now taken equal to12:5 Hz.

Thus, by adopting the present realistic ten-storey frame, synthetic
output-only analyses with the present SSI-DATA algorithm have been
performed. One may notice that, out of the achieved SSI results within
the present case, in general a low number of block rowsi in the Hankel
matrix ( 30 � i � 50) allows to achieve better stabilization diagrams, and
consequently better identi�cation estimates.

As it was previously done in Section 6.2.1, a synopsis from all the
achieved results is depicted in Fig. 6.6. Again, the absolute deviations of
SSI-DATA identi�ed natural frequencies and modal damping ratios and
the achieved MAC indexes are reported in the subsequent representations.

Estimated SSI-DATA frequencies, show slightly higher deviations with
respect to rFDD outcomes, with a maximum of11:04%for the third mode
of the LP case. The most challenging earthquakes reveal to bethe KO,
IV, LP and NO cases, especially as concerning to the estimates of the �rst
modes of vibration.

As concerning the modal damping ratios, deviations for the SSI-DATA
algorithm grow up to 96%, with discrepancies that become at around
50% as a mean. The order of magnitude of the damping ratios is more
or less caught, but deviations look rather high in most cases. However,
it should be recalled that really demanding heavy-damping identi�cation
conditions have been challenged here, with� i up to 13%. As it was seen
with the previous 3-DoF case, rFDD frequency and damping estimates for
the present 10-DOF case show to be much closer to the target values than
for SSI ones.
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Figure 6.6: Deviations of estimated natural frequencies and modal damping ratios, and
MAC indexes, ten-storey frame, synthetic response signals, SSI-DATA algorithm,
complete considered earthquake dataset.

MAC indexes with SSI-DATA perform once again slightly less well than
with rFDD. For the �rst three modes, MAC values are always higher than
0:70, except for the IV and NO cases, where they go down to0:527 and
0:525, respectively. From the fourth modes, some problems in the correct
mode shape identi�cation start to appear. From the sixth mode, mode
shapes start to be badly identi�ed.

Thus, in terms of strong ground motion modal parameters at heavy
damping, rFDD show again to be superior than SSI-DATA, for the present
MDoF realistic case, at the present stage of development andimplemen-
tation.

As before, Fig. 6.7 summarizes the global results on the achieved modal
estimates for the ten-storey frame, where the absolute deviations of the
estimated natural frequencies and modal damping ratios, and the MAC
indexes are represented in terms of appropriate dispersiondiagrams. The
truncated Gaussian distributions show once again that maximum devi-
ations lay always on the Gaussian tails, while minimum deviations are
located near the Gaussian centres. This con�rms the reliability of the
achieved SSI-DATA modal identi�cation estimates too, despite for the
rather challenging scenario. SSI-DATA Gaussians are less narrower than
previous rFDD ones, especially as concerning to the naturalfrequencies
and the modal damping ratios. This is again an indication of the superior
rFDD performance with respect to SSI-DATA in the present context and
implementation.

Finally, the results achieved from the realistic ten-storey frame are also
synoptically reported in Fig. 6.8, in terms of statistical boxplots. Here,
natural frequencies, modal damping ratios and MAC values estimated
from the performed synthetic analyses are represented.

The proposed boxplots con�rm also the goodness of the SSI-DATA
estimates. Despite for the very high modal damping ratios considered in
the present case, in terms of SSI-DATA identi�cation challenge, modal
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parameter estimates show to be close to the target values. Again, natural
frequency estimates show to be very close to the expected target values.
Also MAC indexes reveal very good mode shape estimates untilthe �fth
mode of vibration, i.e. a more than adequate number of modes,in order
to describe the dynamical behaviour of the structure, speci�cally under
seismic excitation. Finally, modal damping ratios displayless accurate
estimates, where much problems appear, especially as concerning to the
last modes of vibration.
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Figure 6.7: Dispersion diagrams for the deviations of estimated naturalfrequencies
and modal damping ratios, and for the MAC indexes, ten-storey frame, synthetic re-
sponse signals, SSI-DATA algorithm, complete considered earthquake dataset. Min-
imum, mean and maximum values, and standard deviations are indicated.
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Figure 6.8: Boxplot diagrams for estimated natural frequencies, modaldamping ratios
and MAC indexes, ten-storey frame, synthetic response signals, SSI-DATA algo-
rithm, complete considered earthquake dataset.
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Chapter 7
Full Dynamic Compound Inverse Method:

theory and results

7.1 Fundamentals of the Full Dynamic Compound Inverse
Method

The present innovative method, hereafter namedFull Dynamic Compound
Inverse Method (FDCIM), extending the terminology DCIM �rst intro-
duced by Chen et al. [24] inComputational Mechanics, is a complete
element-level system identi�cation and input estimation algorithm.

This is speci�cally developed here to operate with earthquake-induced
response signals, collected from seismically-excited MDoF shear-type
frames. The identi�cation method releases strong assumptions implied
by earlier techniques, especially the required knowledge of the full mass
matrix (or at least of its speci�c elements), to provide an e�ective iden-
ti�cation of the modal parameters of the system, i.e. natural frequencies,
mode shapes and modal damping ratios, of the excitation input and of
realizations of the state matrices. In fact, the present FDCIM algorithm
requires the knowledge of structural response signals only, while mass,
damping and sti�ness matrices, and the exciting earthquakeinput, may
be completely unknown.

Accurate estimations of the input ground motion time history and of
the states at the element-level are provided through a two-stage iterative
algorithm. This method works jointly with a Statistical Average technique,
a modi�cation process and a parameter projection strategy,which are
adopted at each iteration to provide correct and stronger constraints for
the estimates, allowing for faster and much reliable convergence.

Moreover, the proposed FDCIM method (as opposed to other meth-
ods operating within the stochastic framework) appears to be completely
deterministic and it is fully developed inState-Space form. It does not
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Chapter 7. FDCIM: theory and results

require transformations from continuous-time to discrete-time and it does
not depend on the adopted initial conditions or on the state estimation,
in order to identify the modal parameters and the input ground motion.
Further, all structural features as element-level mass, damping and sti�-
ness matrices, may be accurately identi�ed by knowing merely any single
component of one of these matrices, or even by relying on an estimate
of a global structural parameter, like for instance the total mass of the
building. Then, the adopted formulation is suitable for integration or
support to other common output-only methods working with State-Space
parametric Time Domain frameworks.

Main assumptions of the present FDCIM implementation are: shear-
type frame structures (or, generally, structures compatible with a diago-
nal mass matrix and a tridiagonal symmetric sti�ness matrix), excited by
ground motion excitation at the base (it could be an earthquake-induced
excitation, or any other input, even though applied as base excitation to
the considered structures). The simultaneous knowledge ofacceleration,
velocity and displacement structural responses may be useful, though the
missing recordings may be directly calculated from the available responses
(e.g. if only acceleration responses are available, velocities and displace-
ments may be obtained from integration of the accelerationsthemselves).

In Section 7.1.1, the basic mathematical model underlying the FD-
CIM method is described, while the associated two-stage identi�cation
algorithm and the element-level identi�cation procedure are presented in
Sections 7.1.2 and 7.1.3. Finally, the adoption of General or Rayleigh
damping is addressed in Section 7.2, where the modi�ed basicmathe-
matical model, the upgraded two-stage identi�cation algorithm and the
procedure for the Rayleigh damping coe�cients estimation are outlined,
in Sections 7.2.1, 7.2.2 and 7.2.3, respectively.

7.1.1 Basic mathematical model of the FDCIM algorithm

The response of a linear MDoF shear-type building subjectedto earth-
quake base excitation, characterized by ground acceleration •ug(t), is gov-
erned by the following classical set of second-order time-di�erential equa-
tions:

M •u(t) + C _u(t) + Ku (t) = f (t) = � M •ug(t) = � Mr •ug(t) (7.1)

where M , C and K 2 R n� n are the mass, damping and sti�ness ma-
trices of the structural system, respectively, with the following classical
de�nitions:
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M =

2

6
6
6
6
4

m1 0 0 : : : 0
0 m2 0 : : : 0
0 0 m3 : : : 0
...

...
...

. . .
...

0 0 0 : : : mn

3

7
7
7
7
5

[kg];

C =

2

6
6
6
6
4

c1 + c2 � c2 0 : : : 0
� c2 c2 + c3 � c3 : : : 0

0 � c3 c3 + c4 : : : 0
...

...
...

. . .
...

0 0 0 : : : cn

3

7
7
7
7
5

[Ns=m];

K =

2

6
6
6
6
4

k1 + k2 � k2 0 : : : 0
� k2 k2 + k3 � k3 : : : 0

0 � k3 k3 + k4 : : : 0
...

...
...

. . .
...

0 0 0 : : : kn

3

7
7
7
7
5

[N=m]

(7.2)

where n is the number of �oors, mi are the �oor masses,ci and ki

(i = 1; : : : ; n) are the lateral column damping and sti�ness coe�cients,
respectively, between thei th and the (i � 1)th �oor. Matrix M is diago-
nal and matricesC, K share a tridiagonal (symmetric) structure. Vector
u = [ u1 u2 u3 : : : un ]T 2 R n� 1 gathers the absolute (relative to the
ground) displacements of each �oor. Consistently, vectors_u and •u repre-
sent absolute (relative to the ground) velocities and accelerations. Finally,
the input force vectorf (t) 2 R n� 1 is the vector containing the acting exci-
tation input, here coming from the ground acceleration•ug. It is de�ned as
f (t) = � M •ug = � Mr •ug, wherer = [1 1 1 : : : 1]T 2 R n� 1 is the in�uence
coe�cient (rigid body motion) vector for the analysed case and •ug = r •ug

is the ground acceleration vector. Fig. 7.1 sketches the initial geometry,
the lumped-mass scheme and the displacements of the adoptedshear-type
model, wherehi represent the relative �oor heights.

By switching to State-Space form, then second-order di�erential equa-
tions of motion in Eq. (7.1) can be rewritten into2n �rst-order di�erential
equations, in terms ofstate equation _x(t) and observer equationy(t), by
sticking to classical literature de�nitions (see e.g. [34]):

(
_x(t) = Ax (t) + Bf (t)
y (t) = Cox(t) + Df (t)

(7.3)

wherex(t) = [ u(t) _u(t)]T 2 R 2n� 1 is the state vectorand _x(t) its deriva-
tive, while y(t) 2 R n� 1 is the output vector. Moreover,A 2 R 2n� 2n is the
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state matrix, B 2 R 2n� n the input matrix, Co 2 R n� 2n the output matrix
and D 2 R n� n the feed-through matrix, which can be de�ned as follows:

A =
�

0n� n I n� n

� M � 1K � M � 1C

�
; B =

�
0n� n

M � 1

�

Co =
�
� M � 1K � M � 1C

�
; D = M � 1

(7.4)

Matrix terms 0n� n and I n� n 2 R n� n indicate zero and identity matrices
of the speci�ed dimensions, respectively.

Figure 7.1: Lumped mass structural model of the adopted shear-type frame subjected
to ground motion base excitation•ug.

In the present identi�cation implementation, the known quantities are
only the dynamic responses, i.e.x(t) and _x(t) state vectors, while state
matrices (i.e. A , B , Co and D matrices) and input vector f (t) are the
unknown variables to be identi�ed. Accordingly, by switching back to
physical space, the parameters which will be estimated are the modal
characteristics, the seismic ground acceleration and the mass, damping
and sti�ness matrices (i.e. their coe�cients).

Thus, while typically Eqs. (7.1) or (7.3) are conceived to beformed and
solved for the unknown structural responses, in the presentidenti�cation
process the role of given information and unknown variablesis reversed
and e�ective algebraic rewriting of the equations of motion, leading to
appropriate identi�cation equations, is sought, in view ofexpressing the
new role of the unknown variables (the identi�cation variables). This is
pursued next.

It can be noticed that the estimation problem, by taking intoaccount
the desired unknowns, turns out to be undetermined, in the sense that it
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7.1. Fundamentals of the FDCIM technique

is going to be revealed in the following. In order to handle this issue, from
Eq. (7.1) it is possible to write the two following concatenated relations,
namely the two basic equations on which the present recursive algorithm
is built:

C _u(t) + Ku (t) = � M
�

•u(t) + •ug(t)
�

(7.5)

M � 1
�

C _u(t) + Ku (t)
�

= � •u(t) � •ug(t) (7.6)

where Eq. (7.6) may be derived directly from Eq. (7.5), by aM � 1 pre-
multiplication. Notice that mass matrix M can always be inverted, since
it is taken as a diagonal, non-singular matrix. The switching of Eqs. (7.5)
and (7.6) to State-Space representation is immediate, and leads to the
following formulations:

G ckx(t) = N ck _x(t) + L ckf (t) = N ck _x(t) � L ckM •ug(t) (7.7)
Gm x(t) = � _x(t) � L m •ug(t) (7.8)

where G ck 2 R 2n� 2n , N ck 2 R 2n� 2n , L ck 2 R 2n� n , Gm 2 R 2n� 2n and
L m 2 R 2n� n are matrices to be speci�cally assembled, de�ned as follows:

G ck =
�
0n� n I n� n

K C

�
; N ck =

�
I n� n 0n� n

0n� n � M

�
; L ck =

�
0n� n

I n� n

�
(7.9a)

Gm =
�

0n� n � I n� n

M � 1K M � 1C

�
; L m =

�
0n� n

I n� n

�
(7.9b)

Then, Eq. (7.7) can be rewritten, with the purpose of a �rst stage
identi�cation (described in subsequent Section 7.1.2), inthe following form
(see [67]):

H ck(t)� ck = P ck(t) )
�
H 1

ck(t) 0n� 2n

0n� n H 2
ck(t)

�

| {z }
2n� 3n

�
� 1

ck
� 2

ck

�

| {z }
3n� 1

=
�

P1
ck(t)

P2
ck(t)

�

| {z }
2n� 1

(7.10)

Last Eq. (7.10) is de�ned for every time instantt = t i , i = 1; : : : ; L,
being L the total number of points of the acquired input signals, i.e. the
length of the signal. By collecting together all the sampling time instants,
the subsequent formulation can be reached:

H ck|{z}
(L � 2n)� 3n

� ck|{z}
3n� 1

= P ck|{z}
(L � 2n)� 1

(7.11)
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where:

H ck = [ H ck(t1) H ck(t2) : : : H ck(tL )]T (7.12a)

� ck = f 1 1 1 : : : 1| {z }
1� n

; c1 c2 c3 : : : ci : : : cn| {z }
1� n

; k1 k2 k3 : : : ki : : : kn| {z }
1� n

gT

(7.12b)

P ck = f P ck(t1) P ck(t2) : : : P ck(tL )gT (7.12c)

Then, H ck(t) is a matrix containing the (known) velocity and displacement
responses,� ck is a vector containing all the (unknown, to be identi�ed)
damping and sti�ness parameters andP ck(t) is a vector related to the
(unknown) mass terms, containing both (known) acceleration responses
and (unknown) input ground motion excitation. Their elements can be
computed, at the generic time instantt i , as:

H 1
ck(t i ) =

2

6
6
6
6
4

_u1 0 0 � � � 0
0 _u2 0 � � � 0
0 0 _u3 � � � 0
...

...
...

. . .
...

0 0 0 � � � _un

3

7
7
7
7
5

| {z }
n� n

; � 1
ck =

8
>>>><

>>>>:

1
1
1
...
1

9
>>>>=

>>>>;

| {z }
n� 1

; P1
ck(t i ) =

8
>>>><

>>>>:

_u1

_u2

_u3
...
_un

9
>>>>=

>>>>;

| {z }
n� 1

(7.13)

H 2
ck(t i ) =

2

6
4

_u1 _u1 � _u2 0 ��� 0 u1 u1 � u2 0 ��� 0
0 _u2 � _u1 _u2 � _u3 ��� 0 0 u2 � u1 u2 � u3 ��� 0
0 0 _u3 � _u2 ��� 0 0 0 u3 � u2 ��� 0
...

...
...

...
...

...
...

...
...

...
0 0 0 ��� _un � _un � 1 0 0 0 ��� un � un � 1

3

7
5

| {z }
n� 2n

(7.14a)

� 2
ck = f c1 c2 c3 : : : ci : : : cn ; k1 k2 k3 : : : ki : : : kn| {z }

1� 2n

gT (7.14b)

P2
ck(t i ) =

8
>>>><

>>>>:

� m1(•u1 + •ug)
� m2(•u2 + •ug)
� m3(•u3 + •ug)

...
� mn (•un + •ug)

9
>>>>=

>>>>;

| {z }
n� 1

(7.14c)

Finally, the � ck parameters may be estimated by applying a Least-
Squares technique on previous Eq. (7.11):

� ck = H y
ckP ck =

� �
H T

ckH ck

� � 1
H T

ck

�
P ck (7.15)
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where superscript symboly indicates the Moore-Penrose pseudo-inverse.

Similarly, for a second identi�cation stage (see Section 7.1.2), Eq. (7.8)
can be rewritten, for every time instantt = t i , i = 1; : : : ; L, as:

H m (t)� m = Pm (t) )
�
H 1

m (t) 0n� n

0n� n H 2
m (t)

�

| {z }
2n� 2n

�
� 1

m
� 2

m

�

| {z }
2n� 1

=
�

P1
m (t)

P2
m (t)

�

| {z }
2n� 1

(7.16)

By collecting the sampling time instants all together one has:

H m|{z}
(L � 2n)� 2n

� m|{z}
2n� 1

= Pm|{z}
(L � 2n)� 1

(7.17)

where:

H m = [ H m (t1) H m (t2) : : : H m (tL )]T (7.18a)

� m = f 1 1 1 : : : 1| {z }
1� n

; 1=m1 1=m2 1=m3 : : : 1=mi : : : 1=mn| {z }
1� n

gT (7.18b)

Pm = f Pm (t1) Pm (t2) : : : Pm (tL )gT (7.18c)

So,H m (t) is again a matrix containing the (known) velocity and displace-
ment responses,� m is a vector containing all the inverse of the (unknown,
to be identi�ed) mass parameters andPm (t) is a vector collecting the
(known) acceleration responses and the (unknown) input ground motion
excitation. By considering a generic time instantt i , each of their elements
can be calculated as:

H 1
m (t i ) = �

2

6
6
6
6
4

_u1 0 0 � � � 0
0 _u2 0 � � � 0
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7
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>>>><

>>>>:
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>>>>=

>>>>;
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; P1
ck(t i ) = �
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>>>><

>>>>:
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_u3
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9
>>>>=

>>>>;
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(7.19)
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� 2
m = f 1=m1 1=m2 1=m3 : : : 1=mi : : : 1=mn| {z }

1� n

gT (7.20b)

P2
m (t i ) =
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| {z }
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As seen in Eq. (7.15), the mass parameters collected in� m can be
estimated by applying a Least-Squares technique on Eq. (7.17):

� m = H y
mPm =

� �
H T

m H m
� � 1

H T
m

�
Pm (7.21)

Notice that, as commented earlier right after Eq. (7.4), theachieved
algebraic representations in Eqs. (7.11) and (7.17) invertthe role of un-
known parameters and given quantities, as in Eqs. (7.1) and (7.3), so as
to allow for solving the identi�cation process in the unknown quantities
to be identi�ed, for a total number of 3n unknown structural parameters
and unknown input ground motion signal.

By summarizing the introduced problem and its formulation so far, it
can be noted that it does not look one of a simple solution, since un-
known quantities are collected insideP ck and H m . Then, a two-stage
iterative solution provided by the present Full Dynamic Compound In-
verse Method (FDCIM) is innovatively developed below, to deal with the
present identi�cation inverse problem, as it is presented in the next sec-
tion.

7.1.2 Two-stage identi�cation algorithm

The developed Full Dynamic Compound Inverse Method (FDCIM)is an
algorithm that, by working with a State-Space representation, allows for
the estimation, in series, of modal parameters, input ground motion and
structural characteristics at the element-level. This is possible through a
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7.1. Fundamentals of the FDCIM technique

two-stage iterative algorithm, which consists of a Least-Squares (LS) op-
timization technique for parameter identi�cation [62], and of a Statistical
Average (SA) method [24], which make the estimated input excitation to
comply with the dynamic equilibrium of the considered frame, at each
time instant, and rely on a modi�cation process, allowing for faster con-
vergence.

The only known quantities are the time histories acquired from the
building responses; especially, only acceleration responses may be known,
since velocities and displacements may be integrated numerically from ac-
celerations, see [30]. Then, the development of the FDCIM algorithm,
divided in two subsequent stages, may be summarized in the computa-
tional steps outlined below.

� First stage (realization of sti�ness and damping parameter s):

1.1 For the �rst iteration, since both � ck, � m and •ug are unknown quan-
tities, each parameter vector must be assigned to an arbitrary initial
value, for example0� ck = f 1 1 1 : : : 1gT , 0� m = f 1 1 1 : : : 1gT ,
where left apex symbol0 stays for initial starting value. For the sub-
sequent recursions, a similar left apexi denotes the current iteration.
Notice that the performance of the method is not sensitive tothese
initial values, which may be whatever between, say,10� 6 and 106.
Then, initial matrices 0M , 0C, 0K (through Eqs. (7.2)) and 0H ck

(through Eq. (7.12a)) can be computed.

1.2 An estimate of vectorP ck can be calculated by using the terms of
Step 1, from Eq. (7.11), getting0 ~P ck = 0H ck

0� ck. Overmarking sym-
bol � stays here for estimated value.

1.3 By using0 ~P ck, matrix G ck can be estimated from the following Least-
Squares expression:

0 ~G ck = 0 ~P ckX y = 0 ~P ck

� �
X T X

� � 1
X T

�
(7.22)

whereX = f x(t1) x(t2) : : : x(tL )gT 2 R (L � 2n)� 1 is the global state
matrix, accounting for all L time instants.

1.4 Knowing 0� m , 0 ~N ck can be reconstructed from Eq. (7.9a).

1.5 Starting from Eq. (7.7), an estimate of the input ground motion vec-
tor 0•ug;k(t) can be obtained:

0~•ug;ck(t) = �
�

L ck
0M

� y�
0 ~G ckx(t) � 0 ~N ck _x(t)

�
(7.23)
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where 0~•ug;ck(t) = f 0~•u(1)
g;ck(t)

0~•u(2)
g;ck(t) : : : 0~•u(i )

g;ck(t) : : : 0~•u(n)
g;ck(t)g

T

contains the estimate of the input ground motion relative toeach
storey i = 1; : : : ; n and for every time instant t = t j , j = 1; : : : ; L.

1.6 Then, a Statistical Average (SA) process is introduced in the algo-
rithm, since the nth ground accelerations0~•u(i )

g;ck(t) obtained from pre-
vious Eq. (7.23) should be the same for every storey, at each time
instant t = t j . Actually, this is not true because of the di�erence be-
tween the assumed initial values0� ck, 0� m and their true values. So,
the SA method can be applied as follows, by computing the average
(mean value)0 �•ug;ck(t j ) between then di�erent 0~•u(i )

g;ck(t j ), at each time
instant t = t j :

0 �•ug;ck(t j ) =
1
n

nX

i =1

0~•u(i )
g;ck(t j ); j = 1; : : : ; L (7.24)

1.7 After the computation of the average ground motion0 �•ug;ck(t), a mod-
i�ed version of vector P ck(t) may be reconstructed, by using the fol-
lowing modi�cation procedure:

0P̂ ck(t) = 0 ~N ck _x(t) � L ck
0Mr 0 �•ug;ck(t) (7.25)

where superscript̂ means modi�ed value.

1.8 Finally, an improved estimation of the� ck parameters can be com-
puted by the use of the modi�ed0P̂ ck vector, leading to estimates of
damping and sti�ness parameters at iteration1 as follows:

1� ck = 0H y
ck

0 ~P ck =
� �

0H T
ck

0H ck

� � 1 0H T
ck

�
0 ~P ck (7.26)

1.9 On the latter Least-Squares formulation, a parameter projection tech-
nique is adopted, in order to arrive at strictly-positive estimates of�

1� ck

�
ij

parameters, i.e. ofci and ki terms, wheni = j (i.e. for the
diagonal terms of the damping and sti�ness matrices), without the
need of solving constrained LS problems:

�
1� ck

�
ij

= sgn
h�

1� ck

�
ij

i �
1� ck

�
ij

; 8i; j = 1; : : : ; n (7.27)

where sgn[: : : ] represents the sign function, that is the odd math-
ematical function which extracts the sign of the real numberin its
argument.
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Then, from the estimate of1� ck, updated estimates1C and 1K of the
damping and sti�ness matrices can be computed.

� Second stage (realization of mass parameters):
Similarly to what seen for the �rst stage, the second stage will be outlined
by the following computational steps.

2.1 The �rst iteration of the second identi�cation stage starts from the
achieved estimates of1� ck, 1C and 1K , aiming at the computation of
the 0H m matrix, through Eq. (7.18a).

2.2 Vector Pm can be estimated by using the terms of Step 2.1, from
Eq. (7.17) to 0 ~Pm = 0H m

0� m , where 0� m was de�ned in previous
Step 1.1.

2.3 Matrix Gm can be estimated, through the estimated value of0 ~Pm ,
from the Least-Squares problem:

0 ~Gm = 0 ~Pmxy = 0 ~Pm

� �
xT x

� � 1
xT

�
(7.28)

Notice that from matrix Gm , an estimate of state matrixA can be
directly computed, leading to0~A (see Eq. (7.9b) for more details).

2.4 The input ground motion vector0•ug;c(t) can be again estimated, by
taking into account previous Eq. (7.8), as:

0~•ug;m(t) = � L y
m

�
0 ~Gmx(t) � _x(t)

�
(7.29)

where, again, vector0~•ug;m(t) holds the input ground motion estimates
for each storeyi = 1; : : : ; n and for every time instant t = t j , j =
1; : : : ; L.

2.5 As in previous Step 1.6, the Statistical Average method is applied, at
each time instant t = t j , to the n di�erent 0~•u(i )

g;m(t j ) ground motion
accelerations:

0 �•ug;m(t j ) =
1
n

nX

i =1

0~•u(i )
g;m(t j ); j = 1; : : : ; L (7.30)

2.6 Through the following modi�cation procedure, the modi�ed version
of vector Pm (t) can be reconstructed as:

0P̂m (t) = � _x(t) � L ckr 0 �•ug;c(t) (7.31)
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2.7 Then, through the use of modi�ed vector0P̂m , the improved esti-
mation of � m can be computed, by giving rise to iteration1 for the
second identi�cation stage:

1� m = 0H y
m

0 ~Pm =
� �

0H T
m

0H m
� � 1 0H T

m

�
Pm (7.32)

2.8 As before, on previous Eq. (7.32) the parameter projection technique
is implemented, towards getting strictly-positive estimations of the�

1� m
�

ij
parameters8i; j = 1; : : : ; n (since mass matrix elements must

be all strictly-positive), without the use of constrained LS problems:

�
1� m

�
ij

= sgn
h�

1� m

�
ij

i �
1� m

�
ij

8i; j = 1; : : : ; n (7.33)

Then, from the 1� m estimate, the updated estimate of mass matrix
1M can be computed.

2.9 In the end, 0M , 0C, 0K , 0� ck and 0� m can be replaced by updated
parameters1M , 1C, 1K , 1� ck and 1� m in Step 1.1.

The two-stage recursive algorithm iterates then from Step 1.2 to
Step 2.8, until the following convergence criteria are met:

max

�
�
�
�

i � ck(p) � i � 1� ck(p)
i � ck(p)

�
�
�
� < " � ; max

�
�
�
�

i � m (q) � i � 1� m (q)
i � m (q)

�
�
�
� < " �

(7.34a)
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i �•ug;ck(t j )
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i ~•u(r )
g;m(t j ) � i �•ug;m(t j )

i �•ug;m(t j )












< " g

(7.34b)

where left superscripti indicates the current iteration step (andi �
1 the previous one), andp and q are the pth and qth elements of
vectors � ck and � m , respectively. Superscriptr is the r th DOF of the
estimated ground motion, whilej indicates the j th time instant of
interest. Finally, " � and "g represent the selected tolerances, which
generally can be chosen to be between10� 4 and 10� 6. Of course," �

refers to a convergence criterion on the structural parameters, while
"g refers to a convergence criterion on the estimated input ground
motion.

For the analyses presented here, convergence tolerances have been gen-
erally set to " � = 10� 6 and "g = 10� 4. For the ground motion, a lower
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7.1. Fundamentals of the FDCIM technique

convergence level is selected, since the estimation error is �diluted� over a
considerable greater amount of values, with respect to thatfor the vector
parameters. A stopping criterion is set if after2000iterations the conver-
gence criteria have not reached at least" � = 10� 4 and "g = 10� 2. Then,
the algorithm de�nitively stops if after 5000 iterations convergence has
not been reached, or if any of the� i identi�ed parameters goes to zero or
to in�nity.

Once the iterations made on the two stages of the algorithm goto
convergence, the �nal� ck and � m render realizations of the �nal mass,
damping and sti�ness matrices, jointly with realizations of state matrix A
and output matrix C0, which can be directly derived fromGm . At a
glance, a realization of the State-Space model can be reconstructed from
these matrices. Then, the average value�•ug;m(t) obtained from Step 2.5
represents the estimated time history of the ground motion.

7.1.3 Element-level identi�cation procedure

As previously explained, from the FDCIM, estimates of the modal param-
eters, of the input ground motion excitation and of the structural (mass,
damping and sti�ness) matrices at the element-level can be achieved.
These matrices, as well as the identi�ed State-Space matrices (A , B , C0

and D ), represent a realization of the system under investigation, i.e. a
possible combination of matrices which is able to reconstruct the acquired
structural responsesu(t), _u(t) and •u(t), known the input ground motion
excitation •ug(t). The latter can be estimated from Step 2.5, as exposed
earlier.

Then, from the estimated realization of state and output matrices (A
and C0) or, equivalently, of mass, damping and sti�ness matrices,the
modal properties (natural frequencies, mode shapes and modal damping
ratios) can be obtained in a straight-forward manner [27,31].

The last issue concerns the accurate identi�cation of theelement-level
values, since by this iterative procedure matricesM , C and K are identi-
�ed correctly, unless for a real positive multiplying parameter � , hereafter
called Fixing Factor. This means that the proper orders of magnitude
between each element are preserved, and only a multiplying parameter �
is required to restore the real amount of each mass, damping and sti�ness
element. In other words, di�erent realizations of matrix M , C and K
di�er only for an unknown proportionality factor.

The Fixing Factor � can be computed through the knowledge (or at
least, the evaluation) of a single structural parameter, allowing then for
rescaling the realizations. For instance, the total mass ofthe building
under exam may be known or estimated, or any other single parameter of
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one of three matricesM , C and K (namely any single parameter among
mi , ci and ki ). Basically, one of these comparison valuesP comes from its
knowledge (or estimation) from the real building (Preal ), while the other
is taken from the estimated model (Pest). So, the Fixing Factor can be
simply computed as the ratio between them:

� =
Preal

Pest
; beingP = mtot ; mi ; ci or ki (7.35)

Then, by multiplying the estimated mass, damping and sti�ness ma-
trices by the Fixing Factor, the real value of the element-level identi�ed
parameters is achieved. In the present work and in [96, 99], the element-
level estimates achieved from the analysed cases adopt always P = mtot as
rescaling parameter (a parameter that may be judged in practical cases,
based on several types of information that may be known for the building).

7.2 Full Dynamic Compound Inverse Method with General
and Rayleigh damping

7.2.1 FDCIM mathematical model with General and Rayleigh
damping

With viscous damping, as treated in previous Section 7.1, damping ma-
trix C shares the same tridiagonal symmetric structure as for matrix K
(see Eq. 7.2), withn damping coe�cients ci , leading to a matrix where
damping coe�cients cij are coupled to each other. This damping matrix
de�nition is not able to describe more general damping behaviours, where
the damping characteristics are spread all over the structure, and do not
depend only on the lateral column dissipative coe�cients between �oor i
and (i � 1). A particular case of the General damping behaviour above
is well-known Rayleigh damping, where damping matrixC is made by a
linear combination of sti�ness and mass matricesC = � M + � K .

So, this modi�cation of the FDCIM algorithm is implemented to deal
with the attached implementation issues, in order to achieve an e�ective
element-level system identi�cation and input estimation procedure. In
the following of the present section, fundamental changes in the FDCIM
equations are highlighted. The �rst expedient to bypass thecoupling of
the damping coe�cients cij comes from a di�erent writing of damping
matrix C, with an augmented number of damping coe�cients:
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7.2. FDCIM technique with general and Rayleigh damping

C =

2
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c1 + c2 � c2 0 : : : 0
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6
6
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. . .
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0 0 0 : : : cnn
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7
7
7
7
5

| {z }
2n� 1 parameters cij = cji

[Ns=m]

(7.36)

In this way, the tridiagonal symmetric structure of matrix C with n
coe�cients ci (i = 1; : : : ; n), which is in common with sti�ness matrix K ,
may be neglected, on behalf of a more general (still symmetric) tridiagonal
structure, where2n+1 coe�cients cij (i; j = 1; : : : ; n) are generic damping
parameters, decoupled from each other and thanks to the symmetry of the
C matrix, decrease to2n � 1 di�erent coe�cients. Thus, this is the �rst
step when dealing with General or Rayleigh damping (or when hypotheses
on damping behaviour cannot be made).

The adoption of Rayleigh damping, as a particular case of General
damping, is actually very interesting and rather challenging from the in-
verse analysis point of view, since it brings to a set of non-linear iden-
ti�cation equations in terms of the unknown sti�ness and mass parame-
ters. Thus, it is brought to light below how the C matrix formulation of
Eq. (7.36) can be the adopted to address such an identi�cation issue for
Rayleigh damping.

By adopting Rayleigh dampingC = � M + � K , the n equations of
motion (Eq. (7.1)) may be rewritten as:

M [•u(t) + � _u(t)] + K [� _u(t) + u(t)] = � M •ug(t) (7.37)

Previous Eqs. (7.1) and (7.37) can be rewritten in State-Space (SS)
form, by switching their n second-order di�erential equations of motion
into 2n �rst-order di�erential equations [31], in terms of state equation
and observer equation(see Eqs. (7.3) and (7.4)).

With the purpose of FDCIM system identi�cation, structural dynamic
responsesu(t), _u(t) and •u(t) are the only known quantities. MassM ,
damping C (with Rayleigh damping coe�cients � and � ) and sti�ness K
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matrices and seismic ground acceleration•ug(t) are the unknown variables
to be identi�ed.

Thus, by following the theoretical background of FDCIM (Section 7.1.1
and [97]), the two basic identi�cation equations for the present Rayleigh
damping case may be written from Eq. (7.37) as:

(� M + � K ) _u(t) + Ku (t) = � M
�

•u(t) + •ug(t)
�

(7.38)

M � 1
h

(� M + � K ) _u(t) + Ku (t)
i

= � •u(t) � •ug(t) (7.39)

From Eqs. (7.38) and (7.39) it is possible to see that they constitute a
set of non-linear identi�cation equations in terms of the unknown struc-
tural parameters, since unknown coe�cients� and � are strictly coupled
to the unknown sti�ness and mass terms in matricesK and M , respec-
tively. Thus, the identi�cation problem based on Eqs. (7.38) and (7.39)
is quite di�cult to be handled by FDCIM (and, in general, by DC IM
methods). Then, the general formulation below is adopted. In this way,
Rayleigh damping may be treated as a special case of a more general for-
mulation, with Rayleigh damping coe�cients that may be estimated as
outlined later in Section 7.2.3.

Thus, the expedient to bypass the set of non-linear identi�cation equa-
tions comes exactly from the di�erent writing of damping matrix C ex-
posed in Eq. (7.36). The derivation goes back to that from nowon.

Accordingly, Eqs. (7.38) and (7.39) may be brought back to the de�ni-
tions made in Eqs. (7.5) and (7.6), which constitute the basic concatenated
relations on which the present recursive FDCIM method is built.

By following the treatment developed in Section 7.1.1, subsequent steps
may be adapted and modi�ed in order to arrive at the equationsof the
two identi�cation stages in case of General damping or Rayleigh damping.
Then, Eq. (7.5) � the origin of the �rst stage of the FDCIM identi�cation
method � may be rewritten from Eq. (7.10):

H ck(t)� ck = P ck(t) )
�
H 1

ck(t) 0n� (3n� 1)

0n� n H 2
ck(t)

�

| {z }
2n� (4n� 1)

�
� 1

ck
� 2

ck

�

| {z }
(4n� 1)� 1

=
�

P1
ck(t)

P2
ck(t)

�

| {z }
2n� 1

(7.40)
where zero matrices have dimensions as suggested by the related sub-
scripts. In earlier Eq. (7.40), matrix H ck(t) contains the velocity and
displacement responses (known quantities, input for the identi�cation al-
gorithm), vector � ck contains all cij damping andki sti�ness parameters
(unknowns, to be identi�ed) and vector P ck(t) is related to the mi mass
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7.2. FDCIM technique with general and Rayleigh damping

terms (unknowns, to be identi�ed), containing both velocity and accel-
eration responses (known quantities) and input ground motion excita-
tion •ug(t) (unknown, to be identi�ed). At a generic time instant t = t i ,
i = 1; : : : ; L, being L the length of the recorded input signal,H 1

ck(t i ), � 1
ck,

P1
ck(t i ) and P2

ck(t i ) elements can be expressed as reported by Eqs. (7.13)
and (7.14c), whileH 2

ck(t i ) and � 2
ck takes a di�erent expression, which may

be computed as:

H 2
ck(t i ) =

2
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0 0 0 _u2 _u3 ��� 0 0 0 u3 � u2 ��� 0
...

...
...

...
...

...
...

...
...

...
...

...
0 0 0 0 0 ��� _un 0 0 0 ��� un� un � 1

3

7
5

| {z }
n� (3n� 1)

(7.41a)

� 2
ck = f c11 c12 c22 : : : cij : : : cnn ; k1 k2 k3 : : : ki : : : kn| {z }

1� (3n� 1)

gT (7.41b)

The de�nitions of terms contained in Eq. (7.40) may be expressed also
by gathering the sampling time instants all together as:

H ck|{z}
(L � 2n)� (4n� 1)

� ck|{z}
(4n� 1)� 1

= P ck|{z}
(L � 2n)� 1

(7.42)

where the full matrix components take the subsequent de�nitions:

H ck = [ H ck(t1) H ck(t2) : : : H ck(tL )]T (7.43a)

� ck = f 1 1 1 : : : 1| {z }
1� n

; c11 c12 c22 : : : cij : : : cnn| {z }
1� (2n� 1)

; k1 k2 k3 : : : ki : : : kn| {z }
1� n

gT

(7.43b)

P ck = f P ck(t1) P ck(t2) : : : P ck(tL )gT (7.43c)

In the end, the unknown parameters of vector� ck may be estimated
via Least-Squares, on the full matrix de�nitions of Eqs. (7.43a)-(7.43c),
by adopting the formulation of previous Eq. (7.15).

In a similar way, the second identi�cation stage (Section 7.2.2) can
be deduced from Eq. (7.6), by retracing all the steps, de�nitions and
equations starting from Eq. (7.16) to Eq. (7.21).

The so-formulated identi�cation problem is not one of a simple solution,
since the unknown parameters are contained not only into the� ck and � m

vectors, but also into theP ck, H m and Pm matrices. Obviously, the price
to be paid for the possibility of identifying also Generally-damped and
Rayleigh-damped systems is the increase of the number of unknowns from
3n to 4n � 1 and 4n + 1, respectively. Besides, convergence is guaranteed
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and results turn out to be very e�ective, as presented in [99]. Then, the
4n � 1 unknown structural parameters (which becomes4n + 1 in case of
Rayleigh damping, with the additional � and � Rayleigh damping coe�-
cients, i.e. two unknowns more) and the unknown input groundmotion
signal may be identi�ed by this modi�cation of the two-stageiterative al-
gorithm of the Full Dynamic Compound Inverse Method (FDCIM). This
is treated in the next section.

7.2.2 FDCIM two-stage identi�cation algorithm with Genera l
and Rayleigh damping

Through a modi�cation of the two-stage iterative Least-Squares (LS) al-
gorithm seen in Section 7.1.2, the FDCIM technique aims at estimat-
ing modal parameters, structural features at the element-level, Rayleigh
damping coe�cients and input ground motion excitation, when General
or Rayleigh damping occur.

Then, the FDCIM algorithm with General or Rayleigh damping can
be developed through the same two subsequent stages outlined in Sec-
tion 7.1.2, where some new steps are necessary in the formulation and are
then highlighted from the main work�ow of the original FDCIM.

As it concerns to the�rst stage of identi�cation , which allows for the
realization of sti�ness and damping parameters, the FDCIM novelty is
the adopted parameter projection technique, which is necessary after the
estimation of damping and sti�ness parameters at iteration1. This step
is di�erent from that in Step 1.9 of Section 7.1.2, and it is necessary
in order to achieve strictly-positive estimations of some selected

�
1� ck

�
ij

parameters, without the need of solving constrained LS problems. This
because the diagonalcij terms and all the kij terms need to be positive,
while non-diagonal termscij can be free to assume their own signs and
values:
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(7.44)
wheresgn[: : : ] is again the sign function, i.e. the odd function which aims
at extracting the sign of its argument.

Then, as it concerns to thesecond stage of identi�cation, which allows
for the realization of the mass parameters, computational steps do not
require variations from the original version of FDCIM (see Section 7.1.2).
Again, normalized convergence tolerances are representedby " � and "g,
which are generally selected between10� 4 and 10� 6.
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7.2. FDCIM technique with general and Rayleigh damping

For the present cases, normalized convergence tolerances for the struc-
tural parameters and the input ground motion have been generally set to
" � = 10� 6 and "g = 10� 4. After 2000iterations, a stopping criteria is set
to block the algorithm if convergence criterion do not satisfy at least val-
ues" � = 10� 4 and "g = 10� 2. After 5000iterations without convergence,
or if any of the � i identi�ed parameters goes to zero or to in�nity, the
algorithm stops.

Once convergence is reached, the �nal� ck and � m estimates return a
realization of state matrix A and output matrix C0 (see Eq. (7.4)), to-
gether with a realization of �nal mass, damping and sti�nessmatrices.
The averaged input vector�•ug;m(t) obtained from Step 2.5 of Section 7.1.2,
represents the estimated time history of the ground motion excitation. Fi-
nally, Rayleigh damping coe�cients � and � may be estimated as outlined
in following Section 7.2.3, while the element-level identi�cation procedure
follows exactly the same steps previously outlined in Section 7.1.3.

7.2.3 Estimation of Rayleigh damping coe�cients

After the computation of the �nal � ck and � m vectors, i.e. of the �-
nal mass, damping and sti�ness matrices, it is possible to estimate the
Rayleigh damping coe�cients via the following procedure. The subse-
quent important comments apply:

� The present procedure may be applied not only to speci�c Rayleigh-
damped systems, as a particular case of General damping, butalso
to systems characterized by General damping itself, as discussed in
Section 7.2.1.

� Thus, in case of the broader case of General damping, the present pro-
cedure will return the best possible estimate of the� and � Rayleigh
damping coe�cients related to the estimated modal and structural
properties of the system under investigation.

First, starting from the realizations of massM , dampingC and sti�ness
K matrices, it is possible to calculate the modal properties,i.e. natural
frequenciesf i , mode shapes� i and modal damping ratios� i , as usually
done in classical modal anaysis [31], i.e. through the solution of the eigen-
value problem, or by operating with State-Space matricesA and C0.

By knowing eigenvector matrix� , gathering all i = 1; : : : ; n eigenvec-
tors � i as columns, modal massM , modal dampingC and modal sti�ness
K matrices can be classically calculated as:

M = � T M� ; C = � T C� ; K = � T K� (7.45)

135



Chapter 7. FDCIM: theory and results

where M = diag[mi ], C = diag[ci ] and K = diag[ki ] are the diagonal
modal matrices related to the estimated system.

So, by starting from the de�nition of Rayleigh damping coe�cients �
and � in modal coordinates, i.e.C = � M + � K, the following relations
may be obtained:

z i;j =
�
� i;j

� i;j

�
=

�
mi ki

mj kj

� � 1

�
�

ci

cj

�
; 8 i; j = 1; : : : ; n

) Z =
�
z1;2 z1;3 z2;2 : : : z i;j : : : zn;n

�
(7.46)

where the solutions of the previous linear system, made by the calculated
modal mass, damping and sti�ness as known terms, are the unknown
Rayleigh coe�cients, for every possible combination ofi and j indexes.
Then, matrix Z 2 R 2� r collects each of ther z i;j , being r the number of
possible combinations without repetitions of indexesi and j , which can
be calculated as:

r = Cn;2 =
n!

2!(n � 2)!
(7.47)

Finally, the estimation of the � and � coe�cients may be evaluated as
the mean value of suchr collected parameters:

� =
1
r

rX

i;j =1

� i;j ; � =
1
r

rX

i;j =1

� i;j (7.48)

With reference to the analysed case, this type of estimationof the
Rayleigh damping coe�cients demonstrated to be very e�ective, as it was
also shown in the results produced in [99].

7.3 Results from synthetic output-only modal dynamic
identi�cation

In the present section, the same cases adopted in previous Chapters 4
and 6 are going to be addressed, namely a reference three-storey shear-
type frame (Table 4.2) and a more realistic ten-storey shear-type frame
(Table 4.3), both characterized by heavy damping. As before, these
structures are analysed through the adoption of a set of ten earthquake
base-excitations (Table 4.1). Since these structures and earthquakes are
adopted for all the three proposed methods, namely rFDD (Chapter 4),
SSI-DATA (present Chapter 6) and present FDCIM (Chapter 7),a conclu-
sive comparison among these algorithms in the Earthquake Engineering
range may be �nally pursued.
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Further, representative and exhaustive results, also withvariable
adopted number of signal points and with added noise to the response
signals, are reported in [96,99].

7.3.1 Analyses and results with a reference three-storey
frame

By taking as base excitation the single instances from the set of ten se-
lected earthquake recordings presented in Section 4.1 (Table 4.1), modal
dynamic identi�cation analyses have been performed here with the present
FDCIM algorithm, in order to identify all strong ground motion modal
parameters.

In order to make the FDCIM modal dynamic identi�cation even more
challenging, Rayleigh damping (C = � M + � K ) is adopted at this stage,
with modal damping ratios set to� 1 = 7%, � 2 = 7% and � 3 = 8:73% for
the three modes of vibration, respectively.

As concerning to the present FDCIM algorithm, the performedanalysis
adopted the following settings:

� Butterworth low-pass �ltering, order 8, cutting frequency 20 Hz, no
decimation of the signals (earthquake-induced structuralresponse sig-
nals � input channels for the FDCIM algorithm);

� Adopted number of points set to the entire response signals,for all
the earthquake instances;

� Initial values of the iterating vectors set to0� ck = f 1 1 1 : : : 1gT and
0� m = f 1 1 1 : : : 1gT ;

� Convergence tolerances set both to" � = 10� 6 and "g = 10� 6, in order
to achieve the best estimates as possible, despite for the possible
increase of the total number of iterations;

� Stopping criterion set after30000iterations, if the convergence crite-
ria have not reached at least" � = 10� 4 and "g = 10� 2;

� Stop after 100000iterations if convergence has not been reached, or
if any of the � i identi�ed parameters goes to zero or to in�nity;

� Fixing Factor � computed through the total mass of the building
under exammtot , namely � = Preal =Pest = mtot;real =mtot;est .

In the present context, the analysed cases represent very challenging
instances for the present FDCIM algorithm, since all themi and ki struc-
tural parameters turn out to be equal one each other, respectively (i.e.
m1 = m2 = m3 and k1 = k2 = k3), by representing the worst case for a good
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and fast convergence of the algorithm. In addition, also Rayleigh damping
is taken into account. Then, this leads to a necessary enlargement of the
required number of iterations, and consequently of the stopping criterion,
in order to respect the set convergence tolerances. Despitethose issues,
estimate results turn out the be very e�ective, as outlined in the following.

Thus, by adopting the present FDCIM algorithm, with the settings
reported above, complete synthetic output-only analyses have been per-
formed. A synopsis from all the achieved modal parameter estimates is
reported in Fig. 7.2, where the estimates in terms of absolute deviations of
FDCIM identi�ed natural frequencies � f and modal damping ratios� �
and achieved MAC indexes for the estimated mode shapes are depicted
(see Eqs. 4.1a-4.1c).

The FDCIM estimated frequencies show to be very e�ective, with max-
imum deviations equal to0:0611%, 0:0063%and 0:0197%for the three
natural frequencies, respectively. These deviations are all related to the
earthquake of Kobe (KO), the worst case to be analysed with the present
three-storey shear-type frame with the FDCIM algorithm. Jointly with
the Kobe earthquake, the most challenging seismic cases arerelated to the
earthquakes of Christchurch (NZ) and Northridge (NO). Modal damping
ratios display a bit higher deviations with respect to thosefor the natu-
ral frequencies, but they are estimated again in a very e�ective way. In
fact, maximum deviations are equal to1:2923%, 0:0530%and 0:4445%,
for the three modal damping ratios, respectively. These deviations are all
related to the Imperial Valley (IV) seismic event, which represents a chal-
lenging case for the modal damping ratio identi�cation, together with the
earthquakes of Kobe (KO) and Northridge (NO). Finally, modeshapes
are estimated in an extremely e�ective way, by showing always unitary
MAC indexes.
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Figure 7.2: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes, three-storey frame, synthetic response signals, FDCIM algorithm,
Rayleigh damping, complete considered earthquake dataset.

With the present FDCIM algorithm is then possible to achievevery
accurate modal parameter estimates, for all the cases. In terms of all the
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achieved estimates, FDCIM performs better than rFDD and SSI-DATA,
in the present seismic and heavy damping context, by showingthe closest
estimates to the target values. In this sense, the two-stageiterative Time
Domain FDCIM algorithm appears superior to the non-parametric Fre-
quency Domain rFDD and to the parametric Time Domain Data-Driven
SSI. The hypotheses made on the matrix structural behaviourand the
totally deterministic framework display to be the key features in order to
achieve these very e�ective modal parameter estimates.

Then, global results on the achieved modal estimates are further sum-
marized in Fig. 7.3, where the absolute deviations of estimated natural
frequencies and modal damping ratios, and the MAC indexes are repre-
sented, in terms of suitably-designed dispersion diagrams[97], as adopted
before in Chapters 4 and 6.
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Figure 7.3: Dispersion diagrams for the deviations of estimated naturalfrequencies
and modal damping ratios, and for the MAC indexes, three-storey frame, synthetic
response signals, FDCIM algorithm, Rayleigh damping, complete considered earth-
quake dataset. Minimum, mean and maximum values, and standard deviations are
indicated.

As before, these truncated Gaussians represent the probability of ap-
pearance of a certain deviation, as associated to each estimate, between
the minimum and the maximum value, and are centred on the meanvalue.
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Gaussians show to be very narrow, especially for the MAC indexes, and
maximum deviations are always on the Gaussian tails, while the minimum
deviations lay in the Gaussian center. This con�rms again the accuracy
of the achieved FDCIM modal identi�cation estimates.

Finally, the achieved results are also synoptically reported in statisti-
cal form in Fig. 7.4, by making use of appropriate boxplots, as previously
adopted in Chapters 4 and 6. Presented boxplots con�rm againthe ac-
curacy of the achieved FDCIM estimates. All modal parameters, namely
natural frequencies, modal damping ratios and MAC indexes,display to
catch exactly the target values.
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Figure 7.4: Boxplot diagrams for estimated natural frequencies, modaldamping ratios
and MAC indexes, three-storey frame, synthetic response signals, FDCIM algorithm,
Rayleigh damping, complete considered earthquake dataset.

7.3.1.1 Element-level identi�cation estimates for a three -storey frame

Additionally to the estimation of the modal parameters, theFDCIM
method is able to identify also the structural parameters atthe element-
level, the Rayleigh damping coe�cients and the seismic ground motion
base-excitation.

The structural features of the frame are reported in Chapter4 (see
Table 4.2), where the frame is revised here to take into account Rayleigh
damping. This is implemented by setting the �rst two modal damping
ratios equal to � 1 = � 2 = 7%, resulting in a third modal damping ra-
tio � 3 = 8:73%. The corresponding Rayleigh damping coe�cients are
� = 1:723328and � = 0:002205.

For all the analysed cases, absolute percentage deviationsof the es-
timated mass mi , damping cij and sti�ness ki element-level parameters
are reported in Fig. 7.5 (calculated for eachPar parameter as�Par =
jPari;id � Pari;targ j=Pari;targ �100, as seen in Eqs. (4.1a)-(4.1b) forf i and � i ).

As it concerns the estimated element-level parameters, maximum de-
viations are equal to0:1281%, 0:0366%and 0:1648%for the mass param-
eters (all related to the Kobe (KO) earthquake),0:1563%(IV), 1:0897%,
0:2364%, 0:7842%(KO) and 0:1865%(IV) for the damping coe�cients
and 0:0990%, 0:0359%and 0:0645%(KO) for the sti�ness coe�cients.
As before, the most challenging earthquakes are the Kobe (KO), Christ-
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church (NZ) and Northridge (NO) seismic events. Then, also the element-
level structural parameters are estimated always in an extremely e�ective
way, by showing very limited deviations.
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Figure 7.5: Deviations of identi�ed mass mi , damping ci and sti�ness ki parameters,
three-storey frame, synthetic response signals, FDCIM algorithm, Rayleigh damping,
complete considered earthquake dataset.

Furthermore, in Fig. 7.6 the achieved absolute deviations of the results
for the Rayleigh damping coe�cients and for the earthquake input ex-
citation are represented, for each considered seismic excitation. For the
Rayleigh damping coe�cients, maximum deviations are2:4114%(IV) and
0:8607%(IV) for the � and � parameters, respectively. In general, param-
eter � performs slightly better than parameter� . Then, for the estimated
earthquake input base excitation, the maximum deviations show to be
0:0984%(IV) for the Peak Ground Acceleration (PGA) and0:1330%(IV)
for the Root Mean Square (RMS). Anyway, they perform more or less
equally. Again, as demonstrated also with the other estimates, all the
identi�ed results for the Rayleigh coe�cients and the input ground mo-
tion excitation prove the reliability and e�ectiveness of the present FDCIM
algorithm.
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Figure 7.6: Deviations of identi�ed � and � Rayleigh damping coe�cients and es-
timated input ground motion excitation in terms of PGA and RMS, three-storey
frame, synthetic response signals, FDCIM algorithm, Rayleigh damping, complete
considered earthquake dataset.

Then, global results on the achieved element-level parameters are fur-

141



Chapter 7. FDCIM: theory and results

ther summarized in Fig. 7.7, where the absolute deviations of estimated
element-level mass, damping and sti�ness structural parameters are rep-
resented, in terms of suitably-designed dispersion diagrams [97].
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Figure 7.7: Dispersion diagrams for the deviations of identi�ed massmi , damping ci

and sti�ness ki parameters, three-storey frame, synthetic response signals, FDCIM
algorithm, Rayleigh damping, complete considered earthquake dataset. Minimum,
mean and maximum values, and standard deviations are indicated.

As it was expected, sti�ness parameters are the most accurate, while
deviations increase a little bit for mass and damping parameters, in the
order of increasing deviations.
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Figure 7.8: Boxplot diagrams for identi�ed mass mi , damping ci and sti�ness
ki parameters, three-storey frame, synthetic response signals, FDCIM algorithm,
Rayleigh damping, complete considered earthquake dataset.

Finally, the achieved element-level parameters are also synoptically re-
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ported in statistical form in Fig. 7.8, by making use of appropriate box-
plots, as previously adopted in Chapters 4 and 6. Presented boxplots con-
�rm again the accuracy of the achieved FDCIM estimates. All structural
parameters, namely element-level mass, damping and sti�ness features,
catch exactly the target values.

7.3.2 Further synthetic identi�cation analyses with a real istic
ten-storey frame

In the present section, as seen in Sections 4.2.2 and 6.2.2, the focus goes
again to the analyses and results that can be achieved by adopting the
realistic ten-storey RC frame adopted before (Table 4.3). The settings
for the FDCIM identi�cation procedure are the same as those employed
earlier, except than for the following points:

� Butterworth low-pass �ltering, order 8, cutting frequency 10 Hz, no
decimation of the signals (earthquake-induced structuralresponse sig-
nals � input channels for the FDCIM algorithm);

� Stopping criterion set after 2000 iterations, if convergence criteria
have not reached at least" � = 10� 4 and "g = 10� 2;

� Stop after 5000iterations if convergence has not been reached, or if
any of the � i identi�ed parameters goes to zero or to in�nity.

As it was previously done in Section 7.3.1, a synopsis from all the
achieved results is depicted in Fig. 7.9. The absolute deviations of FDCIM
identi�ed natural frequencies and modal damping ratios andthe achieved
MAC indexes are reported in this representations.

As before, the FDCIM estimated frequencies show to be very e�ective,
with a maximum deviation equal to 0:0034%, related to the 7th natu-
ral frequency with the NZ earthquake. This time, the most challenging
seismic cases are related to the Christchurch (NZ) and Loma Prieta (LP)
earthquakes. Modal damping ratios display a bit higher deviations with
respect to natural frequencies, but they are estimated again in a very ef-
fective way. In fact, the maximum deviation is equal to0:0074%, related
to the 1st modal damping ratio with the TO earthquake. This time, the
higher deviations are related to the Christchurch (NZ) and to the To-
hoku (TO) seismic events. Finally, mode shapes are again estimated in
an extremely e�ective way, by showing always unitary MAC indexes.

As seen with the three-storey frame, with the present FDCIM algorithm
is then possible to achieve very accurate modal parameter estimates, for
all the cases. Rather, the adoption of ten input (response) channels allows
for a better and faster convergence of the two-stage iterative algorithm.
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Figure 7.9: Deviations of estimated natural frequencies and modal damping ratios,
and MAC indexes, ten-storey frame, synthetic response signals, FDCIM algorithm,
Rayleigh damping, complete considered earthquake dataset.

Then, FDCIM performs even much better than rFDD and SSI-DATA, in
the present seismic and heavy damping context, by showing the closest
estimates to the target values.
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Figure 7.10: Dispersion diagrams for the deviations of estimated naturalfrequencies
and modal damping ratios, and for the MAC indexes, ten-storey frame, synthetic
response signals, FDCIM algorithm, Rayleigh damping, complete considered earth-
quake dataset. Minimum, mean and maximum values, and standard deviations are
indicated.

Then, as before, Fig. 7.10 summarizes the global results on the achieved
modal estimates for the ten-storey frame, where the absolute deviations
of the estimated natural frequencies and modal damping ratios, and the
MAC indexes are represented in terms of appropriate dispersion diagrams.
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The truncated Gaussian distributions show once again that maximum
deviations lay always on the Gaussian tails, while minimum deviations are
located near the Gaussian centres. This con�rms once again the reliability
of the achieved FDCIM modal identi�cation estimates.

Finally, the results achieved from the realistic ten-storey frame are also
synoptically reported in Fig. 7.11, in terms of statisticalboxplots. Here,
natural frequencies, modal damping ratios and MAC values estimated
from the performed synthetic analyses are represented. Theproposed box-
plots con�rm again the e�ectiveness of the FDCIM estimates,by showing
that estimated instances are very close to the target modal parameters.
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Figure 7.11: Boxplot diagrams for estimated natural frequencies, modaldamping
ratios and MAC indexes, ten-storey frame, synthetic response signals, FDCIM al-
gorithm, Rayleigh damping, complete considered earthquake dataset.

7.3.2.1 Element-level identi�cation estimates for a ten-s torey frame

As previously done with the three-storey frame, structuralparameters
at the element-level, the Rayleigh damping coe�cients and the seismic
ground motion base-excitation estimates are now addressedalso for the
ten-storey frame.

The structural features of the ten-storey frame are reported in Chap-
ter 4 (see Table 4.3). The Rayleigh damping coe�cients corresponding to
those parameters are� = 0:086478and � = 0:007155.

For all the analysed cases, absolute percentage deviationsof the esti-
mated massmi , damping cij and sti�ness ki element-level parameters are
reported in Fig. 7.9.

For the estimated element-level parameters, maximum deviations are
equal to0:0250%for the mass parameters (9th mass parameter for the NZ
earthquake), 0:0202%(last damping parameter for the NZ earthquake)
and 0:0222%(last sti�ness parameter for the NZ earthquake) for the sti�-
ness coe�cients. The most challenging earthquakes revealsto be the Loma
Prieta (LP), Christchurch (NZ) and Tohoku (TO) seismic events. Again,
the element-level structural parameters are estimated always in an ex-
tremely e�ective way, by showing very limited deviations. They take ad-
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vantage of the increased number of input (response) channels, as seen
previously for the modal parameters.
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Figure 7.12: Deviations of identi�ed mass mi , damping ci and sti�ness ki parameters,
ten-storey frame, synthetic response signals, FDCIM algorithm, Rayleigh damping,
complete considered earthquake dataset.

Then, in Fig. 7.13 the achieved absolute deviations of the results for
the Rayleigh damping coe�cients and for the earthquake input excitation
are represented, for each considered seismic excitation. For the Rayleigh
damping coe�cients, maximum deviations are0:0804%and 0:0013%for
the � and � parameters, respectively, for the NZ earthquake. As before,
parameter � performs slightly better than parameter � . Then, for the
estimated earthquake input base excitation, the maximum deviations show
to be 0:00010%for the PGA and 0:00029%for the RMS, both for the LP
earthquake. Again, they perform more or less equally.
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Figure 7.13: Deviations of identi�ed � and � Rayleigh damping coe�cients and
estimated input ground motion excitation in terms of PGA and RMS, ten-storey
frame, synthetic response signals, FDCIM algorithm, Rayleigh damping, complete
considered earthquake dataset.

Additionally, global results on the achieved element-level parameters
are summarized in Fig. 7.14, where the absolute deviations of estimated
element-level mass, damping and sti�ness structural parameters are rep-
resented, in terms of suitably-designed dispersion diagrams [97].

Notice that for the last element-level parameters there is an increase
of the deviations, for all the cases. Nevertheless, deviations remain very
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limited, in the order of 0:025%.
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Figure 7.14: Dispersion diagrams for the deviations of identi�ed massmi , damping ci

and sti�ness ki parameters, ten-storey frame, synthetic response signals,FDCIM
algorithm, Rayleigh damping, complete considered earthquake dataset. Minimum,
mean and maximum values, and standard deviations are indicated.

Finally, the achieved element-level parameters are synoptically reported
in statistical form in Fig. 7.11. Presented boxplots con�rmagain the
accuracy of the achieved FDCIM estimates. All element-level structural
parameters, namely massmi , damping cij and sti�ness ki coe�cients,
catch exactly the target values. This is again the con�rmation of the
exceptional e�ectiveness of the present FDCIM algorithm with synthetic
earthquake-induced response signals.
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Figure 7.15: Boxplot diagrams for identi�ed mass mi , damping ci and sti�ness ki pa-
rameters, ten-storey frame, synthetic response signals, FDCIM algorithm, Rayleigh
damping, complete considered earthquake dataset.
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Chapter 8
Analysis and comparison between the three

investigated OMA techniques

In the present synoptic chapter, a detailed comparison between the three
developed OMA identi�cation methods, namely a Frequency Domain re-
�ned Frequency Domain Decomposition (rFDD) technique, a Time Do-
main Data-Driven Stochastic Subspace Identi�cation (SSI-DATA) proce-
dure and a Time Domain Full Dynamic Compound Inverse Method (FD-
CIM) is developed (Section 8.1). In particular, after the separate analy-
ses with synthetic earthquake-induced structural response signals already
addressed in Chapters 4, 6 and 7, the focus moves now on the further
challenging use of real seismic responses, for all the threeOMA methods.
Some preliminary results with the adoption of real seismic response signals
were selectively given in [93,98].

8.1 rFDD, SSI-DATA and FDCIM analyses with real
earthquake-induced structural response signals

8.1.1 Real case study description

Next to the numerical analyses earlier reported in Chapters4, 6 and 7,
where synthetic earthquake-induced structural response signals have been
�rst adopted, as a necessary validation condition, the present rFDD, SSI-
DATA and FDCIM OMA approaches are now applied to real earthquake-
induced structural response data. The selected structuralsystem is the
San Bruno six-storey o�ce building (in short SBOB), California (Fig. 8.1).

Data are taken from the Center of Engineering Strong Motion
Data (CESMD) online database [22], and represent a well-documented
case, already studied in the dedicated EMA literature [20,76] (notice that
here more challenging OMA is attempted).
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Chapter 8. Analysis and comparison between the three OMA tec hniques

Figure 8.1: External view of the San Bruno six-storey o�ce building (SBOB), Cal-
ifornia, and three-dimensional sensor layout (adapted from[76]). Input data are
taken from the CESMD database (storey acceleration responses).

This six-storey building is constituted by RC moment resisting frames,
located in the city of San Bruno, in the metropolitan area of San Francisco.
The design was made in 1978 and displays a plan of60:96 m� 27:43 m,
and a height of 23:77 m. In particular, this building contains precast,
post-tensioned �oor beams acting integrally with the �oor slabs, while the
perimeter columns are cast in cavities formed by the precastwall panels.
A heavily reinforced WE interior frame is located4:88 m South of the
geometric center of the building. This eccentricity introduces a twisting
component to the WE response. The foundation consists of individual
spread footings located just below the ground �oor, which isa slab on
grade. More information on the building, its history and characteristics
may be found in [20,76].

Thanks to the California Strong Motion Instrumentation Program, the
building was instrumented in 1985 (CSMIP Station n. 58490) [22]. The
recording system consisted of 13 accelerometers, on four levels of the build-
ing: four channels were devoted to the NS direction, eight channels were
devised to the WE direction and one channel was setup for the UP direc-
tion. Fig. 8.1 brie�y represents the overall building dimensions and the
instrumentation layout.

In this work, the adopted SBOB seismic response data refer tothe lo-
cal earthquake excitation of Loma Prieta (1989), already considered in the
previous synthetic analyses (see Table 4.1), now with main local character-
istics as recorded at the building site and reported in Table8.1. Recorded
data belong to the seven WE channels and to the three NS channels (the
channels at the ground �oor have not been considered, both for the OMA
purposes of the present analysis and for their low signal-to-noise ratio).
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8.1. Analysis with real earthquake response signals

Peak Ground Acceleration (PGA) and Peak Structural Acceleration (PSA)
refer to the ground level and to the roof plan, respectively.

Adopted earthquake Date Dur. [s] f s [Hz] M Dist. [km] Comp. PGA [g] PSA [g]

Loma Prieta (LP) 17=10=1989 60 50 7:0 81:0
NS 0:14 0:25
WE 0:11 0:32

Table 8.1: Main local characteristics and properties of the Loma Prieta earthquake
(CESMD database [22]).

8.1.2 Performed analyses and results

The developed rFDD, SSI-DATA and FDCIM algorithms have been
adopted to analyse the real earthquake-induced structuralresponse data
coming from the local Loma Prieta earthquake excitation. Inthe follow-
ing, the parameters adopted for the developed analyses are summarized,
for each method.

For the rFDD method:

� Butterworth low-pass �ltering, order 8, cutting frequency 10 Hz, no
decimation of the response signals;

� Integrated PSD matrix computation through both Welch's Modi-
�ed Periodogram, set with 1024-points Hanning smoothing windows
and 66.7% overlapping, and Wiener-Khinchin method, set with a de-
trended biased correlation matrix.

For the SSI-DATA algorithm:

� Butterworth low-pass �ltering, order 8, cutting frequency 15 Hz, no
decimation of the response signals;

� Block Hankel matrix parameters: number of block rows set toi = 50,
number of columnsj = N � 2i + 1;

� Stabilization diagram parameters: maximum ordern = 150, detec-
tion of stable poles with tolerance levels for frequencies,modal damp-
ing ratios and MACs, respectively, set to� f k = jf k � f k+1 j=f k < 0:01,
� � k = j� k � � k+1 j=�k < 0:075 and �MAC k = 1 � MAC( � k ; � k+1 ) <
0:02, being k the current model order;

� Stabilization diagram SVs computed through SVD of the PSD matrix
as estimated via Welch's Modi�ed Periodogram, set with 1024-points
Hanning smoothing windows and 66.7% overlapping.
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For the FDCIM algorithm:

� Butterworth low-pass �ltering, order 8, cutting frequency 15 Hz, no
decimation of the response signals;

� Adopted number of points corresponding to the entire response sig-
nals;

� Initial values of the iteration vectors set to0� ck = f 1 1 1 : : : 1gT and
0� m = f 1 1 1 : : : 1gT ;

� Convergence tolerances" � and "g set both to 10� 3;

� Fixing Factor � computed through the total mass of the building
under exammtot , namely � = Preal =Pest = mtot;real =mtot;est .

Then, main results, in terms of estimated natural frequencies and modal
damping ratios, are reported in Tables 8.2 and 8.3. The analyses and the
resulting modal parameter estimates have been subdivided into the two
horizontal spatial components of the excitation, namely the NS and the
WE responses. The �rst three modes of vibration can be identi�ed as
well, and deviations between the three methods are reported, as � f =
[(f Me;I � f Me;II )=fMe;II ]% and � � = [( � Me;I � � Me;II )=�Me;II ]%, where Me; I
and Me; II are the two methods under comparison, i.e. rFDD, SSI-DATA
and FDCIM, in turn.

These deviations show to be suitable concerning the naturalfrequen-
cies, with a maximum of 29:2% on the third natural frequency (SSI-
FDCIM) for the NS case and of29:2% on the second natural frequency
(SSI-FDCIM) for the WE case. Despite that, the higher deviations are
related to the last modes of vibration, while for the �rst one, the most
important, deviations are more contained.

Then, concerning the modal damping ratios, deviations showto be
contained between rFDD and SSI, with a maximum of about30% for
the �rst mode of the NS cases. The only exceptions are relatedto the
second modes of vibration, where deviations increase, for both NS and
WE components. In these cases, SSI-DATA shows much higher modal
damping ratios than for rFDD; this is probably due to the presence of two
very close modes of vibration, i.e. the �rst and the second, which may
negatively a�ects the damping estimates.

Rather, for the FDCIM algorithm, modal damping ratio deviations
show to be far higher, with di�erent values with respect to rFDD and
FDCIM in most cases. This is directly related to the representation of
the damping behaviour that is assumed inside the FDCIM algorithm. In
simple terms, the matrix behaviour selected for the dampingmatrix (and
in general for the mass and sti�ness matrices, too) a�ects the achievable
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estimates, i.e. the identi�ed values are the best values that may result
from a representation of the structure via the adopted matrix entities.

Mode
Identi�ed - Loma Prieta (NS) Percentage deviations �

rFDD SSI FDCIM rFDD-SSI rFDD-FDCIM SSI-FDCIM

f i [Hz] 1 1:185 1:187 1:048 � 0:133% � 11:5% � 11:7%
2 1:386 1:348 1:590 2:73% 14:8% 18:0%
3 1:873 1:720 2:222 8:14% 18:7% 29:2%

� i [%] 1 6:38% 8:37% 3:27% � 31:2% � 48:7% � 60:9%
2 2:54% 7:83% 3:90% � 208% 53:2% � 50:2%
3 4:55% 5:50% 1:56% � 20:9% � 65:6% � 71:6%

Table 8.2: Identi�ed natural frequencies f i , modal damping ratios � i and related de-
viations, computed among rFDD, SSI-DATA and FDCIM estimates, San Bruno
six-storey o�ce building, real response signals, earthquake of Loma Prieta (LP),
NS component (Table 8.1).

Mode
Identi�ed - Loma Prieta (WE) Percentage deviations �

rFDD SSI FDCIM rFDD-SSI rFDD-FDCIM SSI-FDCIM

f i [Hz] 1 0:9957 0:9872 1:063 0:851% 7:13% 8:05%
2 1:286 1:267 1:626 1:52% 27:2% 29:2%
3 2:302 2:231 2:527 3:11% 9:85% 13:4%

� i [%] 1 3:99% 3:51% 9:33% 12:2% 104% 132%
2 4:96% 11:2% 11:4% � 125% 130% 2:34%
3 6:06% 5:00% 2:35% 17:5% � 30:3% � 15:6%

Table 8.3: Identi�ed natural frequencies f i , modal damping ratios � i and related de-
viations, computed among rFDD, SSI-DATA and FDCIM estimates, San Bruno
six-storey o�ce building, real response signals, earthquake of Loma Prieta (LP),
WE component (Table 8.1).

Mode shapes, instead, are reported in terms of MAC indexes inFig. 8.2.
These are calculated among the three OMA methods outcomes, i.e.
MAC( � Me;I ; � Me;II ) = j� H

Me;I � Me;II j
2=(j� H

Me;I � Me;I j j �
H
Me;II � Me;II j), where

Me; I and Me; II are the two methods under comparison, i.e. rFDD, SSI-
DATA and FDCIM, in turn. Here, 3D MAC barplots are made by combin-
ing rFDD vs. SSI, rFDD vs. FDCIM and SSI vs. FDCIM mode shapes,
for each mode of vibration. For the rFDD vs. SSI mode shapes, on the
diagonal terms, where the same modes are combined, MAC values turn
out very close to one, as expected (since the �rst rFDD mode shape is
combined with the �rst SSI mode shapes, and so on), while o�-diagonal
terms shall be close to zero, as e�ectively detected (since di�erent modes
are combined to each other, resulting to be orthogonal amongthem). For
the remaining comparison, rFDD vs. FDCIM and SSI vs. FDCIM, the
�rst mode shape display to be estimated with a reasonable accuracy, while
some problems remain on the second and third mode shapes, that are not
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very well detected. In fact, some issues remain on all the estimates con-
cerning the second and third modes of vibration, for both theNS and WE
components.
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Figure 8.2: MAC indexes for the estimated mode shapes, computed betweenrFDD vs.
SSI-DATA (1st row), rFDD vs. FDCIM (2nd row) and SSI vs. FDCIM (3rd row)
eigenvector estimates, San Bruno six-storey o�ce building, real response signals,
earthquake of Loma Prieta (LP), NS and WE components (Table 8.1).

Notice that the direct comparison with the di�erent OMA methods
(with respect to natural frequencies, modal damping ratiosand mode
shapes), after the numerical analyses with synthetic response signals made
in Chapters 4, 6 and 7, helps with the validation of the achieved strong
ground motion modal parameters with real signals. In fact, by adopting
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8.1. Analysis with real earthquake response signals

the validated method, it is possible to arrive at a set of rFDD, SSI-DATA
and FDCIM modal parameters, which can be �self-compared�, in order to
reach �nal identi�cation outcomes when structural features are unknown.

Finally, the barplots proposed in Fig. 8.3 represent the achieved nat-
ural frequencies and modal damping ratios, computed with the rFDD,
SSI-DATA and FDCIM methods for the LP earthquake responses,NS
and WE components. In particular, jointly with the estimated parame-
ters, also the target ones are proposed, towards further comparison pur-
poses. Target modal parameters are taken from [20, 76]. For the NS
case, the �rst three natural frequencies and the �rst modal damping ra-
tio are available, while for the WE case the �rst two natural frequencies
and the �rst modal damping ratio are provided. These target parameters
are marked in grey in Fig. 8.3, and deviations are calculatedon them as
� f = [( f ID � f TARGET )=fTARGET ]% and � � = [( � ID � � TARGET )=�TARGET ]%.
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Figure 8.3: Natural frequency and modal damping ratio barplots for rFDD, SSI-DATA
and FDCIM, San Bruno six-storey o�ce building, real response signals, earthquake
of Loma Prieta (LP), NS and WE components (Table 8.1). Percentage deviations
from the target values (where available) are indicated.

The limited deviations, especially those related to the natural frequen-
cies, between the estimated and the target values con�rm once again the
reliability of the proposed OMA techniques in detecting strong ground mo-
tion modal parameters with real earthquake-induced structural response
signals. Notice that the FDCIM presents the higher deviations, especially
for the modal damping ratio estimates. This may be expected,since the
FDCIM method imposes, as a starting point of the present implementa-

155



Chapter 8. Analysis and comparison between the three OMA tec hniques

tion, a speci�c matrix behaviour for mass, damping and sti�ness matrices,
which may be not be strictly pertinent for the analysed building. Then,
as a consequence, the available estimates re�ect the best possible approx-
imation that is possible to be achieved, for the structure under analysis,
with such assumed structural behaviours. Accordingly, theapproximation
improves, the more the supposed structural matrix behaviour becomes ad-
herent to that of the real structure.

8.1.2.1 Element-level identi�cation and input estimation via FDCIM

The FDCIM, further to the modal dynamic identi�cation, allo ws also for
the estimation of the element-level structural parametersand for the iden-
ti�cation of the input ground motion excitation. Additiona lly, also the
estimation of the Rayleigh damping parameters is possible.As described
before, the total mass of the building is adopted as Fixing Factor pa-
rameter for the element-level identi�cation, and is supposed here to be
equal tomtot = 900� 103 kg, as a �rst possible approximation based on the
characteristics and information on the building.

In Table 8.4, identi�ed values are presented for massmi , damping cij

and sti�ness ki element-level structural features,� and � Rayleigh damp-
ing coe�cients, and Peak Ground Acceleration (PGA) and RootMean
Square (RMS) of the identi�ed seismic base excitation. BothNS and WE
components are considered.

Parameter
Estimated Estimated

Parameter
Estimated Estimated

LP (NS) LP (WE) LP (NS) LP (WE)

Mass parameters (� 103 [kg]) Sti�ness parameters (� 102 [kN=m])

m1 676:80 622:20 k1 754:06 716:53
m2 172:30 206:90 k2 187:74 294:67
m3 50:90 70:90 k3 35:34 50:75

Damping parameters (� 104 [N s=m]) Rayleigh damping coe�cients ([1])

c11 1451:74 3852:07 � 6:768792 15:39820
c12 � 198:07 � 843:33 � 0:105504 0:286194

c22 351:98 1307:15 Estimated input ground motion ([m=s2 ])

c23 � 37:28 � 145:23 PGA 3:16 (0:32g) 5:58 (0:57g)
c33 71:73 254:40 RMS 0:69 (0:07g) 1:56 (0:16g)

Table 8.4: FDCIM identi�ed mass mi , damping ci and sti�ness ki parameters,
Rayleigh damping coe�cients � and � , PGA and RMS three-storey frame, real
response signals, earthquake of Loma Prieta (LP), NS and WE components (Ta-
ble 8.1).

As discussed before, the previous element-level identi�cation and input
estimation shall be taken as the best possible approximation for the real
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data under analysis, on the basis of the supposed matrix structural be-
haviour. Then, some peculiar values at the element-level, as well as for the
modal analysis, may appear from the FDCIM application. In addition,
the present element-level structural features are representative of a 2D
three-storey shear-type frame approximation of the original 3D six-storey
real building. Than, in order to take into account more DoFs,as a fu-
ture development issue, it would be possible to pass througha stochastic
framework, with the adoption of a Kalman Filter based procedure.

8.2 Main conclusions on the performed OMA analyses

Earlier Chapters 4, 6 and 7 summarized the synthetic analyses performed
with the three developed OMA methods, namely rFDD, SSI-DATAand
FDCIM, under strong ground motion synthetic structural response sig-
nals and heavy damping. Linear frame structures were adopted. Starting
from a reference three-storey frame, a ten-storey frame wasthen adopted,
towards approaching even more realistic cases. That by considering base-
excitation instances from a selected earthquake dataset often seismic sig-
nals. These earthquake recordings have been chosen also among ones that
were expected to possibly lead to particular identi�cationtroubles, due to
their intrinsic characteristic signal features and non-stationary.

Furthermore, in Chapter 4 an additional inspection with the
FEMA P695 earthquake database was performed for the rFDD algorithm,
by adopting all the 22� 2 seismic recordings on three di�erent shear-type
frames (namely, a two-, a three- and a six-storey frame), fora total of 132
analysed cases. Also, in Chapter 5 a �ve-storey shear-type frame with an
underlying Sway-Rocking Soil-Structure Interaction model was considered
for studying �xed- and �exible-base conditions with the rFDD method.

Notice that, di�erently from rFDD and SSI-DATA, FDCIM is als o
able to extract element-level structural features (according to a pre-set
structural model), Rayleigh damping parameters and input ground motion
excitation, and the two adopted synthetic frames were adopted towards
an inspection of these features, too.

Finally, present Chapter 8 proposed a comparison between the results
achievable from the adoption of the three OMA techniques with real
earthquake-induced structural response signals, coming from a real in-
strumented six-storey RC building in California. This in order to further
investigate possible realistic Earthquake Engineering applications of the
present output-only methods.

Thus, both synthetic and real earthquake-induced structural response
signals have been adopted and consistently analysed in the present work,
by adopting the three developed OMA methods. As concerning the syn-
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thetic analyses, for all the examined cases the estimates are strongly con-
sistent with the target values, in particular for the natural frequency iden-
ti�cation. In the order, the best estimates come from FDCIM,then from
rFDD and from SSI-DATA, although they are all characterizedby very
limited deviations from the targeted natural frequencies.

The other modal parameters are also estimated with quite limited er-
rors, and this holds true as well for the heavy-damped cases,especially
for the ten-storey frame. Mode shapes are always estimated with unitary
MACs for FDCIM, while MACs slightly decrease for rFDD on the last
modes. For SSI-DATA, instead, the last modes of vibration are charac-
terized by lower MAC indexes; anyway, SSI-DATA also con�rmsa good
agreement with the target values, proving its e�cacy.

As concerning to the modal damping ratio estimations, FDCIMcon-
�rms its e�cacy on all the adopted cases. Then, also rFDD is able to
detect damping characteristics with very good accuracy. Just the SSI-
DATA method reveals some problems with the damping estimation, and
this may be the target of future inspections. Thus, the achieved outcomes
have shown the present rFDD, SSI-DATA and FDCIM methodologies to
turn out rather robust in terms of global modal identi�cation capability,
within the considered seismic engineering range, by allowing for objective
and readable estimates of all the modal parameters.

Good results from synthetic seismic response signals have been then
corroborated and validated by consistent outcomes from real seismic re-
sponse recordings, especially for the adoption of rFDD and SSI-DATA.
SSI-DATA, in the present form, needs to be further enhanced and re�ned,
especially for the modal damping ratio estimates, while FDCIM needs to
release the fully deterministic framework, towards a stochastic framework
that may be able to reconstruct the missing channels, i.e. the unmoni-
tored �oors, of the buildings under analysis. That in order to getting even
closer to the real structural behaviour of the buildings themselves.

That observation comes from the necessary consideration that the FD-
CIM method a-priori imposes a speci�c matrix structure for mass, damp-
ing and sti�ness matrices, as a given starting point of the analysis. As
a direct consequence, the available estimates re�ect the best possible ap-
proximation that is possible to be achieved, for the structure under anal-
ysis, with such assumed ideal behaviours. Accordingly, thecloser the
FDCIM approximation is near to the representation of the real structure
itself, the more the supposed structural matrix behaviour becomes closer
to that of the real structure.

Then, as a speci�c identi�cation outcome, within the considered and
analysed cases, rFDD overall looks superior to SSI-DATA, both with syn-
thetic and real structural recordings. Concerning synthetic data only, FD-
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CIM reveals to be the better method among all, by allowing also for the
element-level structural parameter and input estimations, but still su�ers
from some troubles when dealing with real earthquake-induced structural
response signals.

Thus, these three OMA methodologies, within the present enhanced
implementations, may be e�ectively used, either separately or all together,
for the stated challenging identi�cation purposes. The achieved results
help in the understanding of the behaviour of the developed OMA algo-
rithms, by varying the earthquake excitations and by takingas �xed the
remaining structural parameters.

In following Chapter 9, main conclusions from the whole doctoral dis-
sertation are summarized, jointly with the main outcomes, results and
issues on the formulation and application of the present OMAidenti�ca-
tion approaches within the seismic engineering range.
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Chapter 9
Conclusions

The present doctoral dissertation has outlined the outcomes of a research
investigation attempted towards the characterization of Operational
Modal Analysis (OMA) techniques within the Earthquake Engineering
and Structural Health Monitoring range. In particular, the aim was that of
adopting output-only techniques to characterize dynamical systems with
the adoption of earthquake-induced structural response signals, also at
simultaneous heavy damping (in terms of identi�cation challenge). This
since within the Earthquake Engineering �eld, the purpose will be not
only that of knowing the modal dynamic characteristics of the systems
under analysis at the pre- and post-earthquake stages (as usually done
within classical OMA ambient vibration), but also that of inspecting cur-
rent structural characteristics, along the development ofmain earthquake
sequences and histories.

This may open up the way to a possible structural characterization
and assessment during the earthquake sequences themselves, where mod-
i�cations of the structures (i.e. damages, anomalous structural responses,
Soil-Structure Interaction) may occur, too. Additionally, only structural
response signals shall be used, in the assumption of unknown(seismic) in-
put acting at the base of the structure, as it may be in most real practical
cases (they may be available, in some cases, as foundation recordings, but
possibly characterized by a low signal-to-noise ratio).

In Chapter 2, a brief literature review about Operational Modal Anal-
ysis techniques under strong ground motion structural response signals
has been presented, to introduce the framework and motivations of the
present analysis. In particular, the focus went to the main contributions
and researches that have mostly inspired the development ofthe present
implementations.

In theoretical Chapter 3, the novel re�ned Frequency DomainDecom-
position (rFDD) algorithm, a main original subject of the present research
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investigation, has been introduced and revealed in all its characteristic
features. By starting from its main theoretical background, the attention
has moved to the detail of all the computational steps and theadopted ar-
rangements. This rFDD algorithm is a non-parametric Frequency Domain
method, originally developed and implemented within MATLAB.

Then, Chapter 4 summarized the synthetic analyses performed with the
rFDD algorithm, under strong ground motion structural response signals
and at heavy damping conditions. Linear frame structures were adopted,
for all the analyses. Starting from a reference three-storey frame, a realistic
ten-storey frame was then adopted, towards approaching even more real-
istic cases. That by considering base-excitation instances from a selected
earthquake dataset of ten seismic signals. These earthquake recordings
have been chosen also among ones that were expected to possibly lead
to considerable identi�cation troubles, due to their intrinsic characteristic
signal features and non-stationary. Furthermore, an additional inspection
with the FEMA P695 earthquake database was explored by the rFDD
processing, by adopting all the22� 2 seismic recordings, on three di�er-
ent shear-type frames (namely, a two-, a three- and a six-storey frame),
for a total of 132analysed cases.

Further analyses with the rFDD algorithm have been reportedin Chap-
ter 5, where a �ve-storey shear-type frame with underlying Sway-Rocking
Soil-Structure Interaction was considered. After the explanation of the
adopted model, the focus moved onto the analysed cases, where the se-
lected earthquake dataset of ten seismic signals was adopted as base exci-
tation for the �ve-storey building, and �ve di�erent underl ying soil condi-
tions have been modelled. In this case, the purpose was that of detecting
both �exible- and �xed-base modal parameters with the rFDD algorithm
and with some preliminary arrangements attached to it.

In Chapter 6, a Data-Driven Stochastic Subspace Identi�cation (SSI-
DATA) implementation has been introduced and explained in detail in
all its computational steps, as speci�cally arranged here to work with
earthquake-induced structural response signals and heavydamping con-
ditions. This is a parametric Data-Driven Time Domain method, again
developed and implemented within MATLAB. Then, synthetic analyses
with the same reference three-storey frame and realistic ten-storey frame
adopted for rFDD were proposed, with comparisons between the outcomes
from the two methods.

In Chapter 7, the third developed output-only algorithm hasbeen pre-
sented, namely the innovative Full Dynamic Compound Inverse
Method (FDCIM). Starting from its theoretical background, both for Gen-
eral and Rayleigh damping, the focus went to its main computational
steps, all addressed in large detail. This is a parametric deterministic
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two-stage iterative algorithm in the Time Domain, originally developed
and implemented within MATLAB. Synthetic analyses with thesame ref-
erence three-storey frame and realistic ten-storey frame adopted for the
rFDD and SSI-DATA techniques have been proposed and made thesub-
ject of consistent comparisons. Further, such FDCIM is ableto extract
also element-level structural features, Rayleigh dampingparameters and
input ground motion excitation; the two synthetic frames were adopted
towards an inspection of these features, too.

Finally, Chapter 8 proposed a comparison between the results achiev-
able from the adoption of the three OMA techniques with real earthquake-
induced structural response signals, coming from a real instrumented six-
storey RC building in California with data taken from a seismic database
(CESMD). This in order to explore possible real Earthquake Engineering
applications of the present output-only methods.

Thus, both synthetic and real earthquake-induced structural response
signals have been adopted and consistently analysed in the present work,
by using the three implemented OMA methods. As concerning the syn-
thetic analyses, for all the adopted cases, the estimates turned out strongly
consistent with the target values, in particular for the natural frequency
identi�cation. Also the other modal parameters were estimated with quite
limited errors, and this holds true for the heavy-damped cases as well,
especially for the ten-storey frame. Just the SSI-DATA method revealed
some problems with the damping estimation, and this may be the target of
future investigations. Thus, the achieved outcomes have shown that the
present rFDD, SSI-DATA and FDCIM OMA methodologies turned out
rather robust in terms of global modal identi�cation capability, within
the considered seismic engineering range, by allowing for objective and
readable estimates of all the modal parameters.

Good results from synthetic seismic response signals have been also
corroborated and validated by consistent outcomes from real seismic re-
sponse recordings, especially for the rFDD and SSI-DATA techniques.
The rFDD algorithm, a main subject of the present work, looksthe riper
modal identi�cation tool among the adopted methods, withinthe present
implementation. SSI-DATA may need to be further enhanced and re�ned,
especially for the modal damping ratio estimates, while FDCIM needs to
release the present fully-deterministic framework, towards introducing a
stochastic framework that may be able to reconstruct the missing channels,
i.e. the unmonitored �oors, of the buildings under analysis. That in order
to getting even closer to the real structural behaviour of the buildings
themselves. As a speci�c identi�cation outcome, within theconsidered
and analysed cases, rFDD looks overall superior to SSI-DATA, both with
synthetic and real structural recordings. Concerning synthetic data only,
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FDCIM comes out as the better method among all investigated ones, by
allowing also for element-level structural parameters andinput estima-
tion, though it still su�ers from some intrinsic modelization limitations
when dealing with real earthquake-induced structural response signals on
a speci�c structure.

Thus, these three OMA methodologies, within the present enhanced
implementations, may be e�ectively used, either separately or all together,
for the stated challenging identi�cation purposes within the seismic engi-
neering range. The achieved results help in the understanding of the
behaviour of the adopted OMA algorithms, by varying the earthquake
excitations and by taking as �xed the remaining structural parameters.

In the following, speci�c outcomes, results and issues on the formu-
lation and application of the present three OMA approaches developed
in the thesis are summarized below in itemized form, for eachconsidered
output-only identi�cation method.

Re�ned Frequency Domain Decomposition (rFDD):

� The devised time-frequency signal analysis (Section 3.2.1) drives the
selection of the correct frequency range that shall be adopted in the
subsequent computational steps, as well as for the set-up ofthe pa-
rameters of the procedure. Time-frequency Gabor Wavelet Trans-
forms and a speci�c data �ltering applied before identi�cation are
adopted in the rFDD procedure.

� The processing of the auto- and cross-correlation matrix
(Section 3.2.2) acts as a sort of �regularization process�,by help-
ing in removing possible troubles and noises related to the use of
non-stationary seismic data. This procedure results into clearer and
well-de�ned SVs.

� The integrated approach for the PSD matrix computation
(Section 3.2.3), combining both Weiner-Khinchin and Welch's meth-
ods, leads to fundamental support in the case of strong ground mo-
tion input and simultaneous heavy damping, especially whenreal
earthquake-induced response signals are taken into account as input
channels. This directly re�ects into a better detection of the modal
peaks and of all the modal identi�cation outcomes.

� The estimation of the modal damping ratios takes advantage of the
iterative optimization algorithm, which is able to detect the damp-
ing decay associated to each SDoF spectral bell, i.e. to eachmode
of vibration, with more e�cacy. This procedure allows for better
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modal damping ratio estimates, also with heavy structural damping,
in terms of identi�cation challenge (Section 3.3.2).

� The strategy for the enhancement of the modal parameter estimates
via coupled Chebyshev Type II �lters (Section 3.3.3) takes partic-
ular bene�t when the adopted earthquakes exhibit stronger non-
stationary and �borderline features� for the rFDD approach. The
procedure aims at isolating each single modal contribution, i.e. each
SDoF spectral bell, from the remaining spectra, and then on the
SVs after the SVD computation. This results into even bettermodal
parameter estimates, especially as concerning the modal damping ra-
tios.

� The estimation of the modal parameters has been performed byop-
erating on di�erent SVs (and on their composition), leadingto well-
de�ned spectral bells, without the need of so-called Blind Source
Separation methods (Section 3.4.1).

� The enhancement of the frequency resolution (Section 3.4.2) appears
to be a fundamental step towards achieving reliable modal parameter
estimates, especially with low frequency sampling acquisitions and/or
very short durations.

� The combined use of di�erent Modal Assurance Criterion (MAC)
indexes (Section 3.4.3), i.e. MAC, Auto-MAC and Auto-MPC, helps
for modal identi�cation and validation, especially when dealing with
seismic input and heavy damping and when no target parameters are
available.

� The e�ectiveness of the rFDD technique has been de�nitely proven,
by adopting the complete Far-Field set from the FEMA P695 seismic
database (44 earthquake records), with simultaneous heavy damping
conditions (Section 4.3). Modal damping ratios ranged from� i = 2%
to � i = 5%, and then until values of� i = 10%, for the last analyses,
which focussed on the earthquake excitation instances thathave lead
to the most demanding rFDD identi�cation conditions.

� The synthetic analysis reported in Chapter 5 demonstrates that the
present rFDD approach can deal also with Soil-Structure Interac-
tion e�ects. Soil-Structure modal parameters, in terms of �xed-
and �exible-base estimates, have been e�ectively identi�ed within
the adopted output-only conditions.
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Data-Driven Stochastic Subspace Identi�cation (SSI-DATA ):

� The speci�c �ltering applied before the identi�cation procedure helps
in reaching better stabilization diagrams, while the decimation of the
signals does not allow for the improvement of the achievableesti-
mates.

� The LQ factorization and implementation outlined in Section 6.1.2
demonstrate to work very well also with rather short seismicstruc-
tural response signals and heavy damping, in terms of identi�cation
challenge.

� The adoption of the Canonical Variate Analysis (CVA) weighting
(Sections 6.1.1 and 6.1.3) turns out to be the most stable andperform-
ing option towards achieving reliable estimates at seismicresponse
input and heavy damping, since it returns also clear and well-de�ned
stabilization diagrams.

� The speci�cally developed stabilization diagrams originate from a
sort of �fusion� of rFDD and SSI-DATA information. These dia-
grams combine classical stabilization graphs (from SSI-DATA) with
the simultaneous use of SV curves, which are computed from the
SVD of the direct output spectral matrix, through a routine of the
rFDD algorithm (Section 6.1.3). The so-developed originalprocedure
provides a reliable tool to support the individuation of thestable SSI
poles within the stabilization diagrams, which most of times are very
di�cult to be read, speci�cally once earthquake-induced structural
response signals are adopted.

� Within the stabilization diagrams, tolerance levels for the stable poles
need to be revised for this speci�c �eld. Speci�cally, they are set to
� f k = jf k � f k+1 j=f k < 0:01, � � k = j� k � � k+1 j=�k < 0:075 and
�MAC k = 1 � MAC( � k ; � k+1 ) < 0:02 for frequencies, modal damp-
ing ratios and MACs, respectively, beingk the current system order.

� The selection of the correct system order, towards modal dynamic
characterization, results to be a critical issue with seismic response
signals, due to their intrinsic short duration. Then, the Block Hankel
matrix shall be set with the maximum number of columns
(j = N � 2i + 1) and with a limited number of block rows (vari-
able in the range30 � i � 80), in order to make it possible for the
adoption of higher system orders (n = m � i , as a function of number
of response channelsm and number of block rowsi ), required for a
better readability of the stabilization diagrams.
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� The combined use of di�erent Modal Assurance Criterion (MAC) in-
dexes, as seen with the rFDD algorithm (Section 3.4.3), results to be
necessary also with SSI-DATA, towards e�ective modal identi�cation
and validation.

Full Dynamic Compound Inverse Method (FDCIM):

� The theoretical framework of the new FDCIM technique has been
innovatively developed and presented in Sections 7.1 and 7.2, starting
from the underlying mathematical model and the basic governing
equations (Section 7.1.1), by aiming at a complete and exhaustive
description of the identi�cation method.

� The proposed FDCIM technique works in a completely-deterministic
way, it is fully developed in State-Space form and does not require
continuous- to discrete-time transformations. Further, it does not
depend on computational initialization conditions or on the state
estimation.

� The developed FDCIM approach releases strong assumptions of ear-
lier known element-level techniques, especially for the required knowl-
edge of the mass matrix, which is considered here as unknown and
thus to be identi�ed. That towards the simultaneous identi�cation of
modal parameters, input ground motion excitation and mass,damp-
ing and sti�ness matrices at the element-level, through an innovative
two-stage iterative algorithm (Section 7.1.2). The �rst stage provides
an estimation of the sti�ness and damping realizations, while the sec-
ond stage renders an estimation of the mass realizations andof the
input ground motion excitation.

� A Statistical Average technique, a modi�cation process anda pa-
rameter projection strategy have been developed within theiterative
FDCIM algorithm (Sections 7.1.2 and 7.2.2) and adopted to provide
correct constraints and to achieve stronger and faster convergence on
the identi�cation estimates.

� The element-level identi�cation procedure (Section 7.1.3), by start-
ing from the estimated realizations of state and output matrices or,
equivalently, of mass, damping and sti�ness matrices, is able to re-
store the real amount of each mass, damping and sti�ness element
by knowing (or estimating) Fixing Factor � , i.e. a single multiplying
scalar parameter allowing to bring the realizations to trueelement-
level estimations.

� The FDCIM technique is able to work not only with the speci�c form
of viscous damping conceived in Section 7.1.1, but also withwider
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General or Rayleigh damping behaviours (Section 7.2.1), byadopting
speci�c modi�cations on the original formulation. To deal with these
more general types of damping, the parameter projection strategy
has been totally rescheduled (Section 7.2.2).

� The estimation of Rayleigh damping coe�cients � and � is possi-
ble through an innovative, speci�cally-developed procedure, working
with the solution of a pre-determined set of linear systems and of an
average technique (Section 7.2.3), bypassing the di�cult problem of
non-linear identi�cation, known but basically unsolved inthe previ-
ous literature.

The on-going research on the three OMA methods may range overdif-
ferent perspectives. For all the considered OMA methods, the �rst issue
may concern the adoption of arti�cial earthquake excitations, instead of
real recorded ones, in order to make it possible for a complete control (and
variability) of the seismic excitations acting then as shaking input on the
considered structural systems. Then, also the adoption of nonlinear struc-
tural models and the consideration of damage scenarios, in that context,
may be the target of future investigations.

As concerning rFDD, further research may include the study of alterna-
tive methods for the Power Spectral Density calculation andthe Singular
Value Decomposition, in order to possibly deal with even better handling
of non-stationary earthquake-induced structural response signals.

On the SSI-DATA implementation, further studies and re�nements on
the present methodology would be necessary to improve the performance
of the algorithm, especially concerning the challenging modal damping
ratio estimates. One possible way may be that of creating an iterative
SSI-DATA algorithm, which may be able to recalibrate the estimates at
each step, by getting closer and closer to the target values.Then, for
the FDCIM technique, further on-going research may concern�rst some
attempts with even more complex embedded structural modelizations.

Then, the possible integration or support by FDCIM to other common
output-only methods working with State-Space parametric Time Domain
frameworks may be addressed, jointly with additional theoretical investi-
gations towards the transposition of the method into a widerstochastic
framework. That in order to deal also with monitoring conditions where
not all the DoFs are recorded, by getting even closer to real earthquake-
induced structural response signals, where additional work shall be per-
formed in order to improve even more the performance of the new FDCIM
technique.
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