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Abstract Casimir energy is always indicated as a potential ~ producing also a pressure

source to generate a traversable wormhole. It is also used to

prove the existence of negative energy which can be built in F (a) hem?

the laboratory. However, in the scientific literature there is no P(a) = S = 72044 3)

trace of the consequences on the traversable wormhole itself.
In this work, we would like to consider such a source to see
if and which kind of traversable wormhole can be produced.
In a further analysis, we examine also the consequences
of quantum weak energy conditions on the traversability of
the wormhole. We find agreement with the original Casimir
traversable wormhole. Nevertheless, despite the traversabil-
ity result, one finds once again that the traversability is only
in principle but not in practice.

1 Introduction

The Casimir effect appears between two plane parallel,
closely spaced, uncharged, metallic plates in vacuum. It was
predicted theoretically in 1948 [1] and experimentally con-
firmed in the Philips laboratories [2—4]. However, only in
recent years further reliable experimental investigations have
confirmed such a phenomenon [5,6]. The interesting fea-
ture of this effect is that an attractive force appears which
is generated by negative energy. Indeed the attractive force
arises because the renormalized energy assumes the follow-
ing form:
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where S is the surface of the plates and a is the separation
between them. The force can be obtained with the computa-
tion of
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Itis immediate to recognize that the energy density is nothing
but

hem?
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720a* @
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suggesting the existence of a relation between the pressure
P and the energy density p described by an equation of state
(EoS) of the form P = wp with @ = 3. The nature of this
effect is connected with the zero point energy (ZPE) of the
quantum electrodynamics vacuum distorted by the plates. It
is important to observe that this effect shows a strong depen-
dence on the geometry of the boundaries. Indeed, Boyer [7]
proved the positivity of the Casimir effect for a conduct-
ing spherical shell of radius r. The same positivity has been
proved also in Ref. [8], by means of heat kernel and zeta
regularization techniques. To the best of our knowledge, the
Casimir energy represents the only artificial source of exotic
matter realizable in a laboratory.! Exotic matter violates the
null energy condition (NEC), namely for any null vector k*,
we have T, k"k” > 0. Violation of the NEC is related to the
existence of a bizarre but amazing object predicted by Gen-
eral Relativity: a traversable wormhole. Traversable worm-
holes (TWs) are solutions of the Einstein’s field equations
(EFEs) powered by classical sources [10,11]. However, given
the quantum nature of the Casimir effect, the EFE must be
replaced with the semiclassical EFE, namely
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1 Actually, there exists also the possibility of taking into consideration
a squeezed vacuum. See for example Ref. [9].
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where (7, < ,w> ReM qescribes the renormalized quantum contri-
bution of some matter fields: in this specific case, the elec-
tromagnetic field. To establish a connection between exotic
matter and a TW, we introduce the following spacetime met-
ric:

ds®> = —e** ar” + +r2d?, 6)

1—-b@)/r

representing a spherically symmetric and static wormhole.
d$2* = dO?+sin® Od¢? is the line element of the unit sphere.
¢ (r) and b(r) are arbitrary functions of the radial coordinate
r € [ro, +00), denoted as the redshift function, and the shape
function, respectively [10,11]. A fundamental property of a
wormhole is that a flaring out condition of the throat, given by
(b—b'r)/b* > 0, must be satisfied as well as the requirement
that 1 — b(r)/r > 0. Furthermore, at the throat b(rg) = ro,
and the condition b'(rg) < 1 is imposed to have wormhole
solutions. It is also fundamental that there are no horizons
present, which are identified as the surfaces with e — 0,
so that ¢ (r) must be finite everywhere. With the help of the
line element (6), we can write the EFE in an orthonormal
reference frame, leading to the following set of equations:

b/
(zr)—/c ), @
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b(r) 7
[(-22) -]
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in which p (r) is the energy density,> p, (r) is the radial
pressure, and p; (r) is the lateral pressure. We can complete
the EFE with the expression of the conservation of the stress-
energy tensor, which can be written in the same orthonormal
reference frame

pr(m) = (p(r)+pr ()¢ ().
(10)

, 2
pr(r)=—(p:(r) =

The purpose of this paper is to establish if the Casimir energy
can be really considered as a source fora TW. In Ref. [12], this
proposal was examined concluding that the plate separation
should be smaller than the electron Compton wavelength;
this means that the physical apparatus cannot be realized.
Later Visser in his book [11] proposed a realistic model for
the total stress-energy tensor (SET) represented by

2 However, if p (r) represents the mass density, then we have to replace
p (r) with p (r) .
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where 7 is a unit time-like vector, z# is a normal vector to
the plates and o is the mass density of the plates. He con-
cluded that the mass of the plates compensates sufficiently
much for the negative energy density, forbidding therefore
the creation of a TW. Nonetheless, in Refs. [11-13], noth-
ing has been said as regards the possible form of the shape
function b (r) and the related redshift function ¢ (r). Since
an EoS is implicitly working, namely p, (r) = wp (), with
w = 3, one is tempted to impose the simplest choice on the
redshift function, namely ¢’ (r) = 0. This assumption yields
the following form for the metric:

ds®’=—dt* + + r2dQ? (12)

=)

leading to the following SET:

Wl
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which, for @ = 3, does not have any connection with the
original Casimir SET. Thus it becomes important to explore
other possibilities which can lead to the best correspondence
between a TW and the Casimir SET. For instance, one can
examine the consequences of the constraint imposed by a
quantum weak energy condition (QWEC),

P+ pr(r) = —F(r) F(r)>0 Vrelro,+00). (14)
The QWEC has been introduced for the first time in Ref.
[18] and subsequently was used in cosmology in Ref. [17].

To the best of our knowledge, in the context of traversable
wormholes the first appearance of the QWEC (14) is in Ref.
[19], with

f @) =Aro/r), (15)
where A is an appropriate constant introduced to describe
an energy density. Note that the condition (14) has a direct
connection with the volume integral quantifier, which pro-
vides information about the total amount of averaged null

energy condition (ANEC) violating matter in the spacetime
[21]. This is defined by

Iy = / () + pr (DI, (16)
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and for the line element (6), one can write

! 200\
Iy = — / (r —b(r)) |:ln <—b(r)>:| dr, a7
K 1-— -

where the measure dV has been changed into r2dr. For
example, the calculation of Iy for the traversable wormhole
[10],

dr 2
ds* = —dt* + ——— +r2d 2>, (18)

1 —ro/r

leads to

=——/(r—r0) 1——)]/dr

=D (N — —o0. (19)
K

This expression is diverging when r — oo, indicating that
an infinite amount of exotic matter is required to maintain
the wormhole. We may conclude that this result prohibits
the existence of zero radial tides, namely ¢ (r) = 0 and
zero density wormholes, namely b (r) = constant, implying
p(r) = 0. The interesting feature of the QWEC (14) is that
b (r) can be determined exactly, not only for the form intro-
duced in Ref. [19], but even for a generic f (r). Indeed, with
the help of Eqs. (7) and (8), we can write

+ [2<1 ”(”)¢> ) — w} — rf () (0)

and, following Ref. [19], we introduce the auxiliary function
u(ry=1->b(r)/r,leading to

b (r)

r

u' (r) =2u(r) ¢’ (r) = —krf (r). 2

This equation can easily be integrated and the form of the
solution is

b= 1o on [ o2 0) 1 ()]
0 (22)

where the integration constant was fixed taking into account
the throat condition. Therefore fixing the form of ¢ (r), one
can determine b (r). As an example, we briefly report the
constant case examined in Ref. [19]. We find

b(ry=r |:1 —Kkexp (e (1) A /r exp (—2¢ (r')) r/dr/:|

0

_, (1 “2“‘ (- rg)) 23)

where we have set f (r) = A and ¢ (r) = 0. This last condi-
tion is also known as the zero tidal force (ZTF) condition. It is
immediate to recognize that the previous shape function does
not represent a traversable wormhole [19]. It is also possible
to apply the reverse procedure, namely we fix the form of the
shape function and we compute the redshift function and we
obtain

¢ (r) = ¢ (ro)
1 (rThR) Y E
et
N -1
x (1 _ bi_r)) dF. (24)

The rest of the paper is structured as follows. In Sect. 2 we
continue the investigation to determine if the Casimir energy
density (4) can be considered as a source for a traversable
wormhole. In Sect. 3 we explore some of the properties of
the solution found previously; in Sect. 4 we use the QWEC
to determine which kind of shape function we can obtain. In
Sect. 5 we determine under which condition the QWEC will
produce a traversable wormhole. We summarize and con-
clude in Sect. 6. Units in which z = ¢ = k = 1 are used
throughout the paper.

2 The Casimir traversable wormhole

In this section we assume that our exotic matter will be repre-
sented by the Casimir energy density (4). Following Ref. [12],
we promote the constant plates separation a to a radial coor-
dinate r. Even if the authors of Ref. [12] assume a Casimir
device made by spherical plates, we have to say that the SET
form they use is the same as obtained with the flat plate
assumption. Therefore the curvature of the plates introduces
some modification which, in this first approximation, will be
neglected. We have also to observe that the replacement of a
with » could make the stress-energy tensor (11), witho = 0,
potentially not conserved, as expected. Our strategy begins
with the examination of Eq. (7) leading to the following form
of the shape function:

b 73 (hG T dr’ 7'63112, n3112,
(r)_r°_9_o(c3 )/,0 2 =050 T 000
r2 r2 3[2
1 1 2 p
S WS W S 25
T ()

where the throat condition b(r¢) = ro has been imposed. To
see if the Casimir energy really generates a TW, we need to
study the redshift function which obeys Eq. (8). Plugging the
shape function (25) into the radial pressure (8), we find
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2 ro 2 2
—(1———%——1——12 @' (r)
r r ror r

o rl2 (1 —a))rl2

ror

where we have used the EoS p, (r) = wp (r) and Eq.(7).
The solution for a generic w is

_ 1 ) 5 In (ror —i—rlz)
¢(r) = ) [(wro _rl>W+(l —w)In(r)

1 _ 2
+(wr? - 13) %] +o0). @D

Since we have some freedom in fixing w and rg, we observe
that when wrlz — rg > 0, we find a black hole. Basically, this

is due to the presence of the term In(r — rp). When we fix?

2
r
wrf —r =0 = w:a)o:—g, (28)
r
1

we obtain a TW. Assuming the last choice, we can write

1 r(w+1)
¢ (r)= E(w— 1) In (—) + @ (ro) , (29
wr + ro
and for r — o0,
1 w+1
¢(r)—>§(w—1)ln< >+¢(ro), (30)

therefore, in order to obtain the appropriate asymptotic flat
limit, it is convenient to fix*

1 w+1
¢ (ro) = —3 (w—1)In <—) . (32)
w

Then the redshift function reduces to

ro ) (33)

wr +ro

qb(r):%(w—l)ln(

and the shape function becomes

( 1) rg
bry=(1——)ro+—. (34)
w

wr

3 When wrl2 - rg < 0, we obtain a singularity. See Appendix A for
details.

4 By imposing ¢ (rg) = 0, the redshift function should be

_ 1 rw+1)
¢(r)_5(w—l)ln<(wr+r0)>. 3D

@ Springer

The last component of the SET we have to compute is p;.
With the help of Eq. (9), we find

2

pi(r) = w; (r) ( % 4> = o (1) p(r), (35)

Kwr

where we have introduced an inhomogeneous EoS on the
transverse pressure with

w? (4r —ro) +ro (4w + 1)

= , 36
w; (1) 4(@r +ro) (36)
and the final form of the SET is
2
To = —0_[diag (=1, -, 1, 1)
j2ax Kw }"4 k] ) E}
+ (w (r) — 1)diag (0,0, 1, 1)]. (37

The conservation of the SET is satisfied but a comparison
with the Casimir SET shows that there is an extra contribution
on the transverse pressure: this is the consequence of having
a function of the radial coordinate in front of the SET instead
of a constant. It is interesting to observe that the first tensor
is the Casimir SET iff w = 3. Moreover, when

(38)

ko  « 82G90\ 3 )T 720

rg rl2 ol <hG> ficr?
the identification is complete. However, this is true only for
the expressions of p, (r) and p (r). The extra contribution on
p: (r) tells us that the real source is a variant of the Casimir
SET. Combining the redshift function (33) with the shape
function (34), we can write the line element (6) in the fol-
lowing way:

ro o=l
ds* = - ——— dt?
s ((wr + ro))

dr?
2
1= Hn+ i)

and for the special value w = 3, we find

+ + r2dQ? (39)

3r 2ro rg
d b = — + —, 40
3r + r0> an (r) 3 + 3r (40)

q)(r):ln(

whose line element is

_ 2o _ Ty
3r 32

3r 2 dr?
ds* = — d dr* + ;2 +r2d?,
3r +ro 1

(41)
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describing a TW of Planckian size.’> The corresponding SET
(37) becomes

2
Ty = 3—0 [dzag( 1,-3,1,1)
6r
+<3 >dlag ,0,1, 1)] (42)
_—

Note that the inhomogeneous function (36) is such that

5
r €lro,+00) = w;(r) € [—5, —3> (43)
and the transverse pressure on the throat becomes

pi (ro) = (44)

\‘
Sro

It is interesting also to observe that if @ = 1, we obtain the
Ellis—Bronnikov (EB) wormhole of sub-Planckian size® [30,
31]. Even in this case, the SET is conserved, but to establish
a connection with the Casimir SET, we need to write the SET
of (37) in the following way’:

2
T,w=—4[dzag( 1,—1,1, D]
2
Z—O[dlag( 1,

=3,1,1) +diag (—1,1,1, 1)].
(45)
To complete the discussion is also useful to include the form

for the Kretschmann scalar, which, for @ = 1, assumes the
form

Rapys RV = 1?;3 (46)
while, for w = 3, it becomes
r2
Ropys R? = 9 (6r + ro)? ((;r + rro)? r8
x [9720r6 + 14256757
+18252r*r¢ + 8856r°r;
F20120% + 24805 + 12:§] . (4)

The general expression for a generic w is quite lengthy and
it is not particularly illuminating. In the next section, we are
going to explore some of the features of the line element (41).

5> We have ro = +/3r; >~ 1.016 6l p.
6 ro =/ Z31, = 0.586951,.

7 The SET is represented in an orthonormal frame.

3 Properties of the Casimir wormhole

In Sect. 2, we have introduced the shape function (41)
obtained by the Casimir energy. Here we want to discuss
some of its properties, even if the wormhole has Planckian
size. The first quantity we are going to analyze is the proper
radial distance which is related to the shape function by

r dr’ r dr’
T 4 s
</}:() /1_#’;/) \/}"() (1_%_?’:_02/2
_ V3B Er0) =)
3
+%01n (3r —ro+~3JBr +ro) (r

2rg

1(r) =+

—0) ) . (48)

+(r—ro/3(1=InG3r/ro)) + 0 (1)) r — oo

"= L=+ o (- i)

r—ro’

(49)

where the“+” depends on the wormhole side we are. The
proper radial distance is an essential tool to estimate the pos-
sible time trip in going from one station located in the lower
universe, say at/ = —I[, and ending up in the upper universe
station, say at [ = [;. Following Ref. [10], we shall locate
[; and [, at a value of the radius such that /| >~ [, >~ 104r0
that it means 1 — b (r) /r =~ 1. Assume that the traveler has
aradial velocity v (r), as measured by a static observer posi-
tioned at 7. One may relate the proper distance traveled dI,
the radius traveled dr, the coordinate time lapse d¢, and the
proper time lapse as measured by the observer dt, by the
following relationships:

_1
v = eﬂp(r)ﬂ =e (1 - by =dr (50)
dt r dt
and
di b(r)\ 2 dr
vy = — = - —
4 dt r T
1
v () ?
y = (1 i ) ; (51

respectively. If the traveler journeys with constant speed v,
then the total time is given by

e~ gy 1
At = / ! ,/9r2 6ror — 3r§
/1 b(r’)

3 ,/91’2 — 6rro —3r02 1
—3 (52)
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4 70 + 0 - mP, (56)
2G
3 where M is the total mass M and M" is the proper mass,
respectively. Even in this case, the “+” depends on the worm-
5 hole side we are. In particular
o
M= | A4rp (<) rPdr’ + %
it / o 2G
2r0 n 2 n
26\ 3 3r 2G
1 [ 2rg 2 ro
=— >~ 57
2G(3 +3r)r—>003G (57)
and
" 4m r?
mP = p(r )

Fig. 1 Representation of the embedding diagram

while the proper total time is

" dr’ 1
At = T —/9r%2 — 6rro — 3rg
b(r') 3v

/9,2 2
7o 37 9r=—o6rro—3r; 1
—In| — —=1. (&3
+3v Zr() + 2r() 2 ( )

As we can see At >~ At. On the same ground, we can com-
pute the embedded surface, which is defined by (Fig. 1)

r dr’
ﬂ:/ _ (54)
r0 b)) 1
r/

and, in the present case, we find

() = \/ﬁ V2 F rodr’
o /(" —10) (r +710/3)
_ = 1
9 |:F<\/§ r0+3r’3>
+8n<f 0+3r 1%)} (55)

where F (¢, k) is the elliptic integral of the first kind and
IT (¢, n, k) is the elliptic integral of the third kind. To further
investigate the properties of the shape function (41), we con-
sider the computation of the total gravitational energy for a
wormbhole [33], defined as

— ' ; l 1.2
E(;(r)_/;0 |:1— ll_b(r/)/r,]p(r)drr

@ Springer

z(r) =

/ 3,/2

6ror’ — rg
\/364”0 ro+r
TG T — 2 arctan
3r2 — 2rgr — rg
- «/§nc4ro 53
roeo T18G (58)

An important traversability condition is that the acceleration
felt by the traveler should not exceed Earth’s gravity, gg =~
980 cm /s> In an orthonormal basis of the traveler’s proper
reference frame, we can find

|a|:‘ [ b® s (yew))’ -
yi-—

If we assume a constant speed and y =~ 1, then we can write

go (59)

2
1_@_r_0r—0 Sgﬁ. (60)
3rr (3r +rp) 2

We can see that, in proximity of the throat, the traveler has
no acceleration. Always following Ref. [10], we can estimate
the tidal forces by imposing an upper bound represented by
8- The radial tidal constraint,

b
(1 m) [z//’( )+ (¢ (1)

_b/ r)r—>b(r) & ) 2
2r (r — b (r))
constrains the redshift function, and the lateral tidal con-
straint,

2 [v (r)<b/() b(f))
r 2 r

"] < g, (61)
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+2r (r=b ()¢ (r)” ¥ = ga. (62)

constrains thf, veloci}y with which observers traverse the
wormbhole. 771/ and 772/ represent the size of the traveler. In
Ref. [10], they are fixed approximately at equal values, at the
symbolic value of 2 m. Close to the throat, the radial tidal

constraint (61) becomes®
b(r)—"b -2
'[ (r) - (V)r¢/ (r)] < 8o (108m>
r 2 ‘,71’)
—  10%m <. (63)

For the lateral tidal constraint, we find

2

Al 3
%ﬁ“r+mwf‘§&azi vSTo %?
- v <2.7rgm/s. (64)

If the observer has a vanishing v, then the tidal forces are null.
We can use these last estimates to complete the evaluation of
the crossing time which approximately is

3
At~ 2 % 104% ~ 5 x 10%, (65)
v

which is in agreement with the estimates found in Ref. [10].
The last property we are going to discuss is the “total amount”
of ANEC violating matter in the spacetime [21] which is
described by Eq. (17). For the metric (41), one obtains

1 [ d4rg 4
T V)
K Jy 3r 3k

(66)
Differently from what we have computed in Eq.(19), this
time the result is finite everywhere. Therefore we can con-
clude that, in proximity of the throat, the ANEC can be arbi-
trarily small. In the next section, we will explore the conse-
quences of assuming a QWEC to see its relationship with the
Casimir energy and its connection with the formation of a
TW.

4 Global monopoles from QWEC

As pointed out in [18], the Casimir energy and the QWEC
have a strong connection. Therefore, it appears interesting
which kind of shape function we can extract by imposing such
a profile on the relationship leading to Eq. (22). By assuming

8 Note that if we put the Planckian value in rg obtained in (40), then
one finds ‘nl, < 1.057 3 x 1078 m. This means that with a Planckian
wormhole nothing can traverse it.

a vanishing redshift function, we can write

b(ry=r

1—« /r f (r/) r’dr/:| (67)

L ro

and with the help of (15) one gets

o r dr/
1 — Kk Ary T
L ro r/Ol—
[ | kArgy 1 n
=r —_
| o —2 r8£72
while, for &« = 2, one finds

rd i
b(r)=r|:1—KAr§/ —';:|=r|:1—KArgln<L>:|.
ro T ro

(69)

b(ry=r

kArgy 1
a—2re2 1’ o« 72
(68)

The shape functions (68) and (69) have been analyzed in
Ref. [19] and we know that they will produce a global
monopole [20]. Nevertheless, an interesting shape function
can be obtained if one plugs the redshift function (40) into
Eq.(22). Indeed, one finds

b(ry=r

. kr?A (2 (8a® — 12a + 1) rg — ¢ (r) (ro/r)*)
) Gr+r)a@—1)(a—2) ’

(70)
where
() =@r+r)?a@=1) =2 (3 +3rm)a+23.
(71)

When r — oo, we have the following asymptotic behavior
fora > 2:

2 (g2
b~ r (1  2Akrg (807 — 120 + 1)) | )

9a (¢ — 1) (¢ — 2)

which implies that, even in this case, we have a global
monopole. Indeed, plugging the shape function (51) into the
original metric (6), we can write

4 2
ds? = — ( 4 ) dr
3r +ro

Gr+ro)a(e—1)(a—2)dr?
Kr2A (2 (8a? — 12a + 1) g — ¢ (r) (ro/r)*)

+r2dR?
16 9 -2
~ a2l g“ V@ =2 20,200
rso0 9 2Akr; (80[2 — 12a+1)
16
= ~ ——di’ +di* + AFPdR2?, (73)
r—00 9
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where we have rescaled the radial coordinate and where we
have defined

A 2AK7‘3 (80(2 — 12« + 1)
T 9q (=1 (@—2)

(74)

If A > 0 we have an excess of the solid angle and this
happens when

o > 2; 0<a<<3—«/7>/4; 1<a<(3+«/7>/4.
(75)

On the other hand when

o < 0; (3—ﬁ)/4<a<1; <3+ﬁ>/4<a<2
(76)

we have a deficit of the solid angle, namely A < 0. The
authors of Ref. [19] interpret the metric (68) as a wormhole
carrying a global monopole: the same interpretation can be
applied to the metric (73). For completeness, we can compute
the SET components like the energy density,

) — L{l Ak (p' (r) (ro/1)* + p* (r))
PRI = 9 (o — 1) (@ —2) 3r + r9)?

}, (77)
where
ol (r) = [61'2 (¢ —2)a(6r +a —4)rry
~9r? (@ +6r —5) (@ —Da
—(6r+a—3)(a—1)(a—2)r§], (78)
P (r) = 62r — 1) (8a2 — 120+ 1) 2. (79)
The radial pressure is simply

() =—"[1- € (80)
Prin =" GBr +r9)?a (02 — 30 +2)

and finally the transverse pressure is

9k A [pl (N+p2 (r) + p3 (r) +4r (802 — 12a + 1) /3]
2(@=1) (@ —2)a Br4ro)*

pr(r) =

(81)

where we have defined

ptl (r) =6(x — 2)ar0r<<2a9_ 8)r§
2
+ (rro + rH) (@ — 1))(r+0) (82)

;
200 — 10
p,2 (r) = 9ar? << ¢ 5 ) rg
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+ (rro + r2> (o — 2)) (¢—1) (l;_o)"‘ ’ (83)

o
p? (r) = (—|—a rro + ar? (r_())
r
tarm+ar?) (2). (84)
r
On the throat we find
1-— AKrg 2
pro)=—>F—>0 < 1> Akrg,
Kry
1 5A
pr(ro) = ———=5 <0, pi(ro) = — >0. (85)
Kry 8

Once again, for the special case @ = 4, one gets

(—3AKV§ + 4) rt— A/cra1

= 86
pr) dicr? (86)
3KI"2A}’§ — 2AKI"8V — Akrg — 472
pr(r) = s (87)
4kr?
Or + rg) A
pi(r) = 0 (88)

4r* Br +rg)

5 The return of the traversable wormhole and the
disappearance of the global monopole

The throat condition constrains the shape function to have
a fixed point, but not its value. Thanks to this freedom, we
can reexamine the shape functions obtained previously and
we show that, for appropriate choices of the parameters, a
TW without a monopole can appear. For this purpose, let us
begin from Eq.(68) and by observing that nothing forbids
the following identification:

kArg 1 0 a—2 (89)
— = <:> ro = .
a—2r8 -2 0 KA
and one obtains the following relationship:
rot—2
b(ry=-2—, «a#2. (90)
ro—3

Note that the assumption (89) is not possible when o = 2.
Since the shape function (90) has been obtained imposing
ZTF, the computation of the SET is immediate and we get

r(‘;‘*z r8‘72
pr)=—(@=3)——, pr(r)=——"7,
Kr Kr
roz—2
pi(r) = (@ —2) 2?cra‘ 1)

For the particular case of « = 4, we recover the EB wormhole
and a direct comparison with the Casimir SET allows one to
fix also the constant A. Indeed, one finds



Eur. Phys. J. C (2019) 79:951 Page 9of 11 951

rg hiem? ") n2he ") 3m2hc

== r)=———m, V) == ———

PN =103 = 750 p 72004 P 7207

372 2
»_Tlp _ whe (9r +ro 9
— VO = 90 pt(r) 720}"4 31" + 70 ) ( )
45hc

= A= ) 14113 4 ©2) " where we have fine-tuned the parameters in such a way as to

However, it is immediate to recognize that the energy den-
sity A is so huge that it cannot have a physical meaning.
Moreover, we can also impose

Az e o 93)
=— a=0.7lp,
720a% d

where a is the fixed plate distance. This further constraint is
even worse than that found in Ref. [12]. Nevertheless if we
constrain only the relationship (89),

a—2  a% [90(a —2)
= =/ —, 94
"0 \/ KA lp 477,’3 ( )

and we consider a standard Casimir separation with a =~
1 wm and o = 4, we find an opposite huge result

ro~3.7273 x 102 m. (95)

We need to reach a plate separation of the order of the fm,
to have a throat of the order of 10°m. One could be tempted
to use the arbitrariness of «. However, @« > 3, otherwise
the energy density becomes positive. The other case where
the TW returns and the global monopole disappears is repre-
sented by the shape function (51), whose asymptotic behavior
is represented by Eq. (72). With the assumption

9a (¢—2) (¢ — 1)

= , 96
2krg (82 — 120 + 1) 0

one finds the TW shape function Voo > 2

b(r):r(l—

9r2 (2 (8a® — 120 + 1) 13 —  (r) (ro/r)“)
2r3 (82 — 120 + 1) 3r + r9)* '

o7
In particular for &« = 4, one finds
ro 2
b(r)y= —— | @r+ro) Br +r
)= o @ Gr o7
2ro rg
=40 98
3 + 3r ©8)

in agreement with the shape function described in (40). The
SET coincides with the one described by (42). In particular
one finds

produce the correct values of the Casimir energy density and
pressure. As one can see, the disagreement with the trans-
verse pressure persists. If we put in the physical numbers we
have used for the (90) case, we find no substantial difference
with that case.

6 Conclusions

In this paper, we have extended the study began by Morris,
Thorne and Yurtsever in Ref. [12] and subsequently explored
by Visser [11] on the Casimir effect as a possible source for
a TW. By imposing an EoS, we have discovered a solution
depending on the ratio between the throat radius and 1 which
is directly connected with the Planck length. As shown in
Eq.(28) if @ > wyp, we have a black hole, while if ® = wy,
we have a TW. Note also that, for w < wg, we have a singular-
ity as shown in Appendix A. For the TW case, one finds that,
for the special value w = 3, the size of the TW is Planckian
and therefore it is traversable in principle but not in prac-
tice. The TW (39) reproduces the original Casimir energy
density (4) and pressure (3), but the transverse pressure is
in disagreement with the one associated with the TW (39).
This is a consequence of us having assumed a variable sepa-
ration between the plates instead of a constant separation like
for the original Casimir effect. Therefore the correspondence
between the original Casimir SET and the one computed by
means of the line element (39) is not one to one. Neverthe-
less, it is remarkable that a solution connecting the Casimir
energy and a TW has been found because, to the best of our
knowledge, in the literature nothing is said about this point.
It is also remarkable that the same EoS with w = 1 is able to
reproduce the EB wormhole, but even in this case the corre-
spondence with the Casimir SET is not one to one. For this
reason we have explored the possibility of supporting the TW
(39) with other forms of constraint. An interesting condition
comes from the QWEC which, in general, produces a global
monopole. However, even in this case it is always possible
to use the arbitrariness of the throat and eliminate the global
monopole in favor of an appearing TW. Unfortunately, even if
the QWEC corroborates the results obtained in Sect. 2, when
one puts numbers inside the parameters, the expectations are
too far out to be momentarily interesting. A comment about
the EoS with w = 3 is in order. Since it is the NEC that
must be violated, many proposals to keep p (r) > 0 have
been made [22-24]. However, even if the results are encour-
aging, we have to say that there is no knowledge on how to
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build “phantom energy” in practice. I recall that the phantom
energy obeys the following relationship:

pr(r) = wo(r), = pr(r)+pr)<0

= (I+w)p@) <0, (100)
which implies
p(r)>0, = w<-—1. (101)

On this ground the Casimir effect offers a viable interest-
ing realizable model of exotic matter which, however, can
contribute only at the Planck scale. Always on the side
of phantom energy we proposed the idea of self-sustained
traversable wormholes, namely TW sustained by their own
quantum fluctuations [25-29]. Even in this case, because the
quantum fluctuation carried by the graviton behaves like the
ordinary Casimir effect, we found there to be no need for
a phantom contribution. In this context, in a next paper we
will explore how a system behaves formed by the Casimir
TW, here analyzed, and the corresponding self-sustained TW
version.
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A A particular case: transforming a singularity into a TW

As a sub-case of the solution (25), we consider the following
assumption on the throat radius:
ro =r (102)
representing the EB wormhole shape function. Plugging
b(r) = r3/r and Eq.(3) into Eq.(8), we find the follow-
ing form for the redshift function:

2

1 ry
¢p(r)y=—sIn{1—-=)+¢ (o), (103)
2 r

with the usual replacement of @ with . We find that forr = rg
we have neither a black hole nor a traversable wormhole, but
we have a singularity described by the following line element:
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dr? dr?
ds? = - + T 1,20’ (104)
EERRE

The metric (104) has been obtained also in Ref. [14] with
a = —1 and w = 3, out of the phantom region. Because of
(33), ps(r) is divergent when r — ro; indeed from the line
element (104), we find [15]

B i)

— 1
A=) w

pe(r) =

The presence of a singularity for the metric (104) is also
confirmed by the calculation of the Kretschmann scalar,

4 4 2.2 4
RABYS _ 8r0 (7r —8rry + 3r0)

(r=r0)* (r +r0)*r®

Ragys (106)

Nevertheless, instead of discarding the metric (104), we can
use the strategy adopted in Refs. [11,34] and we slightly
modify the line element (104) in the following way:

dr? dr?

ds? = ———— + = +7242% ael0 1. (107)
-2 -4
r r

Of course, we could have adopted the following distortion of
the metric (104):

dr® dr?
ds? = — 5 + d 5 —|—r2d522,

I F,
-%4x 1-3

(108)

like in Refs. [11,34]. However, the line element (107) has the
advantage of interpolating between the singularity, when A =
1, and the EB wormhole when A = 0, while the line element
(108) does not have this property. This simple modification
produces the following effects on the SET:

Ty =diag (p (r), py(r), p{(r), p} (), (109)
where
i
p(r)=——7, (110)
Kr
2 .2 2
rg r<2r+1) — 3Aar,
prr) =—=% ——1, (111)
Kr r —Aro
e 7o @A DI A (= 5) 7 4 rgh? o
pr(r)=— 2 . (112)
Kr (V2 _ )‘VO)
In proximity of the throat, we find
1
p(r) —> ——, (113)
=T K
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