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Abstract

Given a Riemannian manifold X with Riemannian measure @y and positive weights {w j};v:p we

study the conditions under which there exist points {x j}j.V:1 C X so that a cubature formula of the form

N

/ Pdux=zwj1’(xj) (D
X =
holds for all polynomials P of order less than or equal to L. The problem is studied for diffusion
polynomials (linear combinations of eigenfunctions of the Laplace—Beltrami operator) in the context of
abstract Riemannian manifolds and for algebraic polynomials in the context of algebraic manifolds in R”.
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1. Introduction

Intuitively speaking, a set of sampling points {x j}j'v=1 and positive weights {o; }j-v:1 is a
cubature of strength L if all polynomials of degree L are exactly integrated by the weighted
sums over the sampling values (a more detailed definition will be given in Section 2). Cubature
formulas have been deeply studied from both theoretical and practical points of view. Their
associated literature is extensive, we refer for example to the books [23,25] and references
therein. Not many explicit examples of cubature formulas are known, for a compilation of
cubature formulas, one can check [7]. The most studied case is the one of the so called
L-designs, where all the weights are equal, see [2,8,17].

See also [15], where one can find examples of L-designs for several values of L and different
manifolds, as well as examples of cubature formulas with non-equal weights.

Here we study the existence of cubature formulas on manifolds from a non-constructive
point of view. We know that the existence of a cubature of strength L depends on a relation
between the dimension d of the manifold, the degree L of the polynomials and the number N of
points and weights. In particular, the existence of exact cubatures with precisely as many terms
as the dimension of the space of polynomials of degree up to L (this dimension is essentially
L) is given by Tchakaloff’s theorem (see [22, Exercise 2.5.8, p. 85]). Unfortunately, this
theorem gives no information on the location of the nodes nor the magnitude of the positive
weights.

If weights are fixed a priori, then the existence of cubature points is more complicated.
Bondarenko, Radchenko and Viazovska showed in [2] that there is a constant C; such that
for every N > C,L¢ there exists an L-design in the d-dimensional sphere with exactly N
nodes. Later, Etayo, Marzo and Ortega-Cerda generalized this result in [10] to the case of
a compact connected affine algebraic manifold. Gariboldi and Gigante proved the analogous
result on a compact connected oriented Riemannian manifold, where polynomials are replaced
by the so-called diffusion polynomials, that is finite linear combinations of eigenfunctions of
the Laplace—Beltrami operator, see [13]. For the sphere, each eigenfunction of the Laplace—
Beltrami operator is the restriction of a polynomial, so that both, [10] and [13] apply. In general
though, the eigenfunctions of the Laplace—Beltrami operator on an algebraic manifold are not
necessarily polynomials, see Section 2.3.

Actual constructions of L-designs are difficult for most manifolds. A starting point of
a construction recipe could be taking a partition of the manifold and then identifying one
node within each region of the partition. The weights correspond to the regions volume
and uniform partitions lead to equal weights. For non-homogeneous manifolds, one may be
faced with non-uniform partitions (with smaller regions where the curvature is greater), so
that the weights are fixed but not uniform. From an applied point of view, cubature points,
L-designs, and arranging points on some manifold in general also relate to the problem of
optimal distribution (locations) of sensors in some large sensor network. For a fixed number
of sensors, the latter may be solved by geometric ad-hoc constructions or by numerical
optimization. It has been recognized that L-designs of minimal cardinality N look well-
distributed and satisfy asymptotical equidistribution properties. The existence of asymptotically
optimal L-designs, hence, suggests the existence of good sensor configurations at least for
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large sensor numbers. Often, information from different devices from potentially varying
manufacturers need to be combined. Therefore, varying reception ranges or sensitivities of the
sensors are a common issue that require weighted designs. The sensors now lead to prefixed
weights and the points’ locations still need to be determined. The idea of assigning weights to
the sensors is not new. Recently, complex weighted network models have been applied to the
study of wireless sensor networks, where the edge weights, and vertex degrees and strength
are taken into consideration, see [26].

In this paper we therefore study the existence of cubature points for fixed weights that are
not all equal, in the case of compact connected oriented Riemannian manifolds with diffusion
polynomials, and compact connected real algebraic manifolds with algebraic polynomials.
In order to do so, we prove the existence of weighted area partitions on manifolds and
some Marcinkiewicz—Zygmund type inequalities for gradients of polynomials and diffusion
polynomials.

1.1. Organization

We define cubature formulas on Riemannian and algebraic manifolds in Section 2. In
Section 3 we state the main result and in Section 4 we provide the proof based on an existence
result from Brouwer degree theory. The remaining part of the manuscript is dedicated to verify
that the assumptions of the Brouwer degree theorem are satisfied. In particular, in Section 5
we prove a result that may be of independent interest: the existence of a partition of any
Riemannian manifold into parts with given prefixed areas. Several differential geometry tools
are used throughout the paper, we refer the reader to [9] for a detailed study on this topic.

2. Cubature formulas on Riemannian and algebraic manifolds

2.1. Cubature formulas on Riemannian manifolds

Let M be a d-dimensional connected compact orientable Riemannian manifold without
boundary, where the Riemannian metric is normalized so that it induces a probability measure
U, wam(M) = 1. Eigenfunctions of the Laplacian on M are the key ingredient to carry an
analogue of Fourier series on manifolds. Let {¢ )2, be an orthonormal basis of eigenfunctions
of the (positive) Laplace-Beltrami operator, with eigenvalues 0 = 1§ < A} < A3 < ---,
Agp = )»%(pk and let I, (M) = span{g; : Ay < L} be the space of diffusion polynomials of
bandwidth L > 0.

Definition 1. For N points {x;};_; C M and weights {w, }?’:l C R, we say that {(x;, a)j)}y:l
is a cubature of strength L if

N
/ P)dpupm(x) = w;P(x;) forall P e I (M). )
M

j=1

Since the constant function is contained in I1; (M), (2) implies Zj.vzl w; = 1. Moreover,
by orthogonality of the eigenfunctions ¢y

/ or(X)dur(x) =0 forall k > 1,
M
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hence {(x;, a)j)}?':1 is a cubature of strength L if and only if Z?’:l w; =1 and

N
> wjP(x;)=0 forall P e II}(M),

j=1

where I1P(M) = span{g; : 0 < A < L}.
For each L > 0, we denote by N(L) the minimal number of points in a cubature of strength
L.

Proposition 2. There exists a positive constant caq such that if {(x;, @ j)}j.vj) is a cubature
of strength L, then N(L) > cemL? for every L > 0.

Proof. Let {(x;, w j)}yz(? be a cubature of strength L and o > d. By [3, Theorem 2.12] there
exists a constant 8 > 0 such that for every function f in the Sobolev space W*!(M) one has

N(L)

fM FOUppm@) =3 0, f&p| < BLN f et -
j=1

By [3, Theorem 2.16], there exists also a constant y > 0 such that for every L there exists a
function f; € W*!(M) with

N(L)

/M F@dum@) =Y ) fr(x)] = yNE) fullyet

j=1
Therefore
N(L)
YN frllwar gy < / fr@)dppm@) = > o) fr)| < BLT N fillwa
M ,
j=1
and this gives N(L) > <E> Le.
The precise definition of the Sobolev spaces W%!(M) can be found for example in
[3, Definitions 2.2 and 2.3]. O

In fact, the condition proved in Proposition 2 can be extended to the more general setting
of quasi-metric measure spaces, and for the much larger class of approximate quadrature
measures, for which it suffices that identity (2) holds up to a small error. In particular, in
[20, Theorem 4], the author proves that the support of an approximate quadrature measure of
order L must contain at least cL? points. We emphasize that according to [20], the hypothesis
that for every x € M, ZIIV:(LL) lw; I xB,1/0)(X;) < cL= has to be required on the cubature
{xj, w;}, whereas in Proposition 2 no further hypotheses on the cubature are required (here
B(x,1/L) is the geodesic ball centered at x and with radius 1/L). In the same paper a
variational problem giving a construction of the points x; so as to achieve approximate
quadrature measures is presented.

In [13], the authors proved that if N > C (L% with C a fixed constant depending only on
M, then there exists a set of points {x j};\':l such that {(x;, 1/N )}9':1 is a cubature of strength
L. What happens if weights are fixed, but not all equal? Existence of a cubature of strength L
with the same cardinality in this case is not always guaranteed, as we show in Example 3.

4
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Example 3. This example elaborates upon the theory exposed in [3]. Let M be a d-
dimensional manifold as described in the beginning of this section. Let the weights be given
by
1 1
wo=1-——, wj=— 12
TN+ DWIN -1

Assume that {(x;, j)}?’:l is a cubature of strength L on M. Let f be a function such that f
is supported on a ball of radius cN ="/ around xi, f(x)) =1, [, f(x)dpur(x) = N~' and

<J=N.

d+de _
I £ lyyasaenng < N4

1 — CNE,
where ¢ is a small positive number and f is a function as in the proof of Theorem 2.16 in [3].
By [3, Theorem 2.12], we have

N(L)

f F@dppm@) = Y w; f(x))| < CL™| fllyarasa -
M -

j=1

Since

N(L)

/M @ dppm@) =Y o) fx))

j=1

1 1 1 1
=‘N—<1—N—+1>f(x1)+0(Nm)‘=1+0<N>

and
Li(d+d5)||f||wd+ds,l(M) S L*(d+d5)N&"
one has
d+de
N>CL =

Therefore {(x;, j)}jy=1 cannot be a cubature of strength L with the above choice of weights
under the only hypothesis N > CL¢.

In fact, it has been recently proved, see [4], that the following estimate holds
N
1>CmL") o)
j=1

for all real weights {a)j}jvz1 such that Zjvzl w; =1.
2.2. Cubature formulas on algebraic manifolds

Let V C R” be a smooth, connected and compact affine algebraic manifold of dimension d
V={xeR" : pi(x)=-- = p(x)=0},

where py, ..., p, € R[X] are polynomials with real coefficients and the normal space at x € V
is of dimension n — d. V carries a Riemannian structure with measure @y inherited from the
Riemannian metric induced by the embedding of V in R". We normalize this measure so that
uy (V) = 1. Hence, the definitions and statements of the previous section do apply in principle
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(provided that V is orientable). Here, however, we replace the diffusion polynomials by the
algebraic polynomials on R” restricted to } and denoted by

I (V) ={Py: PeRlz,...,z,]: total degree of P is < L}.

For an algebraic manifold and in analogy to Definition 1, we now define the concept of
algebraic cubatures.

Definition 4. For N points {x;})_; C V and weights {w;}}_; C R, we say that {(x;, w/)})_,
is an algebraic cubature of strength L if

N
/ P(x)duy(x) =Y w;P(x;) forall P € II.(V).
v =

Let 11, B(V) denote the orthogonal complement of the constant function within 7y (V). As
before, since Z;V:l w; =1, then {(x;, a)j)}f’:l is an algebraic cubature of strength L if and
only if

N
ijp(xj) =0 forall P e II’(V).
j=1

The analogue of Proposition 2 also holds for an algebraic manifold, i.e., there exists a
positive constant ¢y such that if {(x;, a)j)}?’:1 is an algebraic cubature of strength L, then
N > ¢y L? for every L > 0, the proof of [10, Proposition 2.1] for L-designs can be extended
to this case step by step.

Notice that given a Riemannian algebraic manifold, we have two different definitions for a
cubature of strength L, the one given in Definition 1 and the one given in Definition 4. Observe
though that the first definition is intrinsic, whereas the second is extrinsic and depends on the
specific embedding of the manifold in the Euclidean space R”.

2.3. On the relation between polynomials and diffusion polynomials

The relation between polynomials and diffusion polynomials on an algebraic manifold has
not been deeply understood. Nevertheless, we know this relation for some particular manifolds.
In the case of the sphere S¢, the eigenfunctions of the Laplacian are polynomials in the ambient
space RY*! restricted to the sphere. The Grassmannian manifold Gy ,,, consisting of the k-
dimensional subspaces of R™, can be isometrically embedded into R by seeing it as the
set of symmetric m x m matrices which are projection operators and have trace equal to k
(see [6, Section 1.3.2.]). Any diffusion polynomial on the Grassmannian manifold is then the
restriction of a polynomial in the ambient space Rmz, see [5]. In general, though, eigenfunctions
of the Laplacian on an algebraic manifold V are not necessarily restrictions of polynomials.
In the following example we show that there are diffusion polynomials on the ellipse that are
not restrictions of polynomials in the ambient space. Notice that the circle and the ellipse are
different algebraic manifolds, but they coincide as Riemannian manifolds.

The (positive) Laplacian Agjs,7z on R/2nZ is simply —8,2 acting on 2mxZ periodic
real-valued functions on R. Its eigenvalues are k2, for k € N, with associated eigenfunctions

t +— cos(kt), t +— sin(kt).
So we have two eigenfunctions associated to each eigenvalue k.

6



M. Ehler, U. Etayo, B. Gariboldi et al. Journal of Approximation Theory 271 (2021) 105632

Definition 5. For fixed A, B > 0, we consider the ellipse

x2 y2
EA,Bz{(x,y)eRz:ijE:l},

which is parametrized by
upap:R/2xZ — Esp, t+— (Acos(t), Bsin(t)).
The circle is a particular case of the ellipse, for which the relations of Laplacian eigenfunc-

tions and polynomials are well-studied.

Example 6 (Circle S'). For A = B = 1, the mapping u;; is an arc-length parametrization of
S!, hence, an isometry, so that

Agl f = (AR/znz(foul,l))oul_,ll ©

holds for every f € C™(S'). In particular, the eigenvalues of Ag are k* with associated
eigenfunctions

fi :S' =R, gr: S > R,
(x, y) > cos(kuy | (x, y)), (x, y) > sin(ku | (x, y)).
Hence, we observe, for t € R/2n7Z,
fx(cos(?), sin(t)) = cos(kt),
gr(cos(t), sin(t)) = sin(kt).

All eigenfunctions of Ag: are restrictions of algebraic polynomials in R?, which can be derived
from the Chebycheff-polynomials of first and second type, Ty and Uy, via

R*5 (x,y) ~ Ti(x), Ti(cos(t)) = cos(kt),
R? 5 x,y) = Ur_1(x)y, Ui_1(cos(t)) sin(¢t) = sin(kt), ¢ € R.
We now state that the situation is very different for A # B.
Proposition 7. If A # B, then each nonzero eigenvalue of the Laplacian on E4 p has

an eigenfunction that is not the restriction of any algebraic polynomial on R* with complex
coefficients.

Proof. Let us consider the parametrization of the ellipse u4 p given in Definition 5. For

A # B, u4 p is not an isometry. To compute the arc-length parametrization of E4 p, we define
T .

Cap =" it p(®)llds and

t
hap:[0,27] = [0, €a gl tr / a5 ()llds. @)
0

We now identify h4 p with its periodic extension hy p : R/2nZ — R/€4 pZ. The arc-length
parametrization of E4 p is

Vap :R/ABZ — Eap, tr>uap(hy'p) = (Acos(hy's(1)), Bsin(hy'5(1)).
7
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We deduce that two linearly independent eigenfunctions on E 4 p with respect to the eigenvalue
k2, for 0 < k € N, are

fi i Eap — R, g : Eap— R,
2 1 . 2 1
('x7 J’)'_) Ccos _kwA,B(-x7 y) ) (xv Y)'_> sm _kwA,B(-x7 y) .
la.B la.B

They span the eigenspace associated to k*. Since Y4 p, ua g, and hu p are bijections, this
implies, for r € R/277Z,

fx(A cos(t), Bsin(t)) = cos <2—ﬂkhA,B(t)> , @)
LaB

gu(A cos(r), B sin(t)) = sin <2—”khA,B(z)) . ©)
W

To prove our claim, we now assume that both, f; and g, are restrictions of algebraic
polynomials on R2, i.e., for x, y € Eap,

fk(xa y) = Z O5m,nxmyny

m,neN

gk(X, )’) = Z ﬂm.nxmyn’

m,neN

with finitely many nonzero coefficients &, », Bn.n € C. Thus, (5) and (6) imply, for t € R/27Z,

2 .

cos (—khA,B(r)> = Z U A cos” (1) B" sin’ (1), @)
KA’B m,neN

. 2 .

sin| ——khap(t)) = D BunA" cos™(t)B" sin"(1). )
EA’B m,neN ’

Trigonometric identities, in particular power reduction formulae and product to sum identities,
imply that both, (7) and (8), are trigonometric polynomials, i.e., finite linear combination of
cos(/t) and sin(mt), [, m € N. Therefore, their derivatives

. 21 2r
t> —sin| ——khy p(t) | —khy z(2), ©)]
a8 bag
2r 2r .,
t > cos | ——kha 5(t) ) ——ki', 5(1), (10)
W] Lo 7

are also trigonometric polynomials. The obvious identity
2 . 2 ,
H, 5(t) = cos® <—khA,B(z)> B, 5(t) + sin® (—khA,B(r)> NG
’ laB ’ TW: ’

implies that h/A’ g 18 a trigonometric polynomial due to (7), (8), and (9), (10) being trigonometric
polynomials and the latter being an algebra. Hence, the definition of A4 p(f) in (4) yields that

Ry (1) = llia g0l = \/A2 sin®(¢) + B2 cos(r) = v/ A% + B2 + (B2 — A2)cos(21)

is a trigonometric polynomial. The infinite Taylor expansion of the square root implies that
the above right-hand-side has an infinite Fourier series if and only if B> — A% # 0. More
elementary, since h;x. 5(?) is an even function, it must be a finite linear combination of cos(/?),
[ € N. Since the square of h;\’B(t) coincides with A2 + B% + (B%> — A%)cos(2t), the largest [

8
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that can occur with nonzero coefficient in /) 5 is [ = 1 due to product to sum identities for
the cosine. Since there is no cos(¢) term in the square of /’ B(t) we deduce A% = B2, which
contradicts the assumption of the proposition. [

Remark 8. Note that in Proposition 7 we prove a result stronger than needed, since we
allow the polynomials to have complex coefficients meanwhile II;()) is a vector space of
polynomials with real coefficients.

2.4. Notation

We use the notation = meaning the right-hand side is less than or equal to the left-hand
side up to a positive constant factor that is only allowed to depend on M or V and hence on
d. The symbol < is used analogously.

For a more compact notation, we make the convention that X either denotes M or V as
defined in Section 2. Then ux will denote respectively paq or py, and II; (X) and I7, S(X) will
denote the diffusion polynomials I7; (M) and 1], B (M) or the algebraic polynomials 7, (V) and
V).

3. Main result

Our main result holds for the Riemannian manifold M with diffusion polynomials and for
the algebraic manifold V' with algebraic polynomials.

Theorem 9 (Main Result). Let h = 1 if X = M, and h = d if X = V. There exists a constant
C = Cx such that for all b > 1, if

N > Cb2h+2Ld
and if the weights {a)]} _, are such that

N b
Za)jzlandOijf—,
j=1 N

then there exists {x j}j-vzl C X such that {(x;, a)j)}j.v=1 is a cubature/algebraic cubature of
strength L.

This result is a direct consequence of the following weaker version, where a lower bound
on the weights is imposed.

Theorem 10. Leth =1if X =M, and h = d if X = V. There exists a constant C = Cx
such that for all0 <a <1 <b, if

b 2h
N > Cb (-) L4
a

and if the weights {a)j}?]:l are such that

N
a b
Za)jzland—fa)j_—,
° N N
j=1
then there exists {x j} _1 C X such that {(x j,a)J)} _, 1s a cubature/algebraic cubature of
strength L.
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The proof of Theorem 10 is presented in the subsequent section. Here, we show how
Theorem 9 follows from Theorem 10.

Proof of Theorem 9. Assume all weights are in increasing order, w; < w; < --- < wy.
Let us organize the set of weights in blocks with total mass at least 1/N. Thus let j; be such

that Z‘,’L‘;' w; < 1/N but Wy = >/ w; > 1/N. Let j be such that Y27 w; < 1/N but
W, = Z§2=j1+1 w; > 1/N, and so on, up until j,, = N in such a way that Zﬁy;j}’HH w;j <1/N
but W, = Zjvz im_i+1@j = 1/N. Notice that the construction ends correctly since wy = 1/N.
By construction, for alli =1, ..., m,
N m
1 b+1 b+ 1
NSVViST, 1=§wj=;W'SmT,

sothat m > N/(b+1) = (b + 1)*"*'L4. We can therefore apply Theorem 10 to the weights
{W;}", and we conclude that there are points {x;}!", such that {(x;, W;)}_, is a cubature of
strength L. By repeating the point x; for all the weights w; with j;_; +1 < j < j; we obtain
the desired cubature {(x;, a),-)}fv= - g

Remark 11. By Proposition 2, Theorem 9 is sharp, in the sense that the exponent d in the
condition N > Cbh*"*2L? is best possible. On the other hand, we do not know if any of the
other constants there, say C or the exponent 2/ + 2, are sharp.

Remark 12. We do not know if one can show the existence of algebraic cubatures of strength
L with N ~ L¢ points, if the manifold is not contained in the zero set of a collection
of polynomials. It is known however that one such cubature in the equal weight case in a
non algebraic d-dimensional manifold should be rather pathological. Indeed, for example, by
[1, Theorem 3], the nodes of the cubature should be non uniformly separated. Also, by
[16, Theorem 5.1], for all L there should be a point xy such that replacing any node of the
cubature with x, the error in the corresponding cubature should be greater than

1
— sup | P
N Mpl |

for at least one polynomial P of degree not exceeding (2d + 2)N/@+D,

4. Proof of Theorem 10

As in [2,10,13], the proof is based on a result from the Brouwer degree theory.

Lemma 13 (/2/, Theorem 1.2.9]). Let H be a finite dimensional Hilbert space with inner
product {-,-). Let f : H — H be a continuous mapping and {2 an open bounded subset with
boundary 92 such that 0 € 2 C H. If (x, f (x)) > O for all x € 312, then there exists x € {2

satisfying f (x) = 0.

The following result is the main tool to define a mapping with the properties stated in
Lemma 13.

Lemma 14. Leth=1ifX=Mand h =d if X =V. There exists a constant C = Cx > 0
such that the following holds: for all 0 < a <1 < b, for all N > Cb(Z)ZhLd and for all

10
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weights {a)j};\’:l such that

al a b
ijzlandﬁfwj_ﬁ,

j=1
there exists a continuous mapping
F:I(X) — XN
P+ (x1(P),...,xn(P)),
such that for all P € HB(X) with fX IVPxX)|dux(x) =1,

N
> w;P(x;(P)) > 0.

j=1

We postpone the proof of Lemma 14 and now verify our main result.

Proof of Theorem 10. Fix L and define
2= {P e I(X): / |V P(x)|ldux(x) < 1} , (1
X

which is clearly an open subset of I77(X) such that 0 € £2 C II)(X). Since [ ||V P(x)|ldux(x)
is a norm in the finite dimensional space I7, B(X), it is equivalent to the L? norm in IT B(X), SO
2 is also bounded in HB(X) C L*(X). Take C = Cx as in Lemma 14, let N > Cb(g)ZhLd
and let x;(P) be the points defined by the map F in Lemma 14 for P € 9{2.

By the Riesz Representation Theorem, for each point x € X there exists a unique polynomial
G,ell S(X) such that

(Gy, P) = P(x)
for all P € II)(X). Then a set of points {xj}y:1 C X together with a set of weights
{a),-}j-v=1 C R} is a cubature formula of strength L if and only if

N
> w;G,, =0.
i=1

Now let U : XV — HB(X) be the continuous map defined by U(xy, ..., xy) = Z,N=1 w;Gy;
and let us consider the composition

f=UoF:IIX) — II)X).
Then, by Lemma 14, for every P € 9{2 we have

N
(P, f(P)) =) w;P(x;(P)) > 0.
j=1
We conclude with Lemma 13, stating that there exists Q € {2 such that U(F(Q)) = 0, that is,
such that Z?’:l w;jGyi0) = 0, which implies that {(x;(Q), j)};\’=1 is a cubature formula of
strength L. [

In order to complete the above proof, we must verify Lemma 14. We define the application
F through a gradient flow with initial points that are taken from a partition of the manifold

11
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into regions with areas corresponding to the weights. To verify suitable properties of the
flow, Marcinkiewicz—Zygmund inequalities for the gradient of diffusion polynomials and
algebraic polynomials are required. These are the topics of the subsequent sections. We start
with weighted area partitions, where the result holds for both scenarios and then we prove
Marcinkiewicz—Zygmund inequalities separately for polynomials and diffusion polynomials.

5. Weighted area partitions

Here we generalize the results in [14] for the case of equal weight partitions to the case of
not all equal weights.

Definition 15. Let0 <a <1 <b and 0 < ¢3 < c4. We say that a collection of subsets of X,
R ={R j}j.\’=1 is a partition of X with constants a, b, c¢3 and ¢4 if the following hold:

° U;VZIRj =Xand ux(R;NR;)=0forall 1 <i < j <N,

o a/N < ux(R,) <b/N for j=1,...,N,

e cach R; is contained in a geodesic ball X ; of radius c4b'/* N~'/ and contains a geodesic
ball ¥; of radius c5 (a?/b)"/* N=1/.

We denote by P(a, b, c3, c4) the collection of all such partitions.

Proposition 16. There exist two constants 0 < c3 < ¢4 such that for all constants a and b with
0<a<1<b, for every N > 1 and for every choice of weights {wj}?;l with Z?/:l w; =1
and a/N < w;j < b/N, there is a partition of X, R = {Rj};V:1 € Pla, b, c3, cy) such that
ux(Rj)=wj forall j=1,...,N.

The proof of Proposition 16 is based on the following lemma on non-atomic measures not
having gaps in their range:

Lemma 17 ([/4, Corollary 3]). Let S be a measurable subset of X. Then, for any 0 < r <
ux(8), there is I' C S such that ux(I') =r.

Note that this lemma holds for more general spaces X than the ones we consider in the
present manuscript, see [14] for a brief discussion.

Corollary 18. Given positive weights {w; 9':1 CR let Sand Qy, ..., Oy C S be measurable
subsets of X. If {Qj}j.V:1 are pairwise disjoint with ux(Q;) < w; and pux(S) > Zj'v:] wj,
then there are pairwise disjoint Ry, ..., Ry C S, such that Q; C R; and ux(R;) = wj,
j=1,...,N.

Proof of Corollary 18. We start with S; := S\ U?’:l Q;. Since

N N
ux($1) = px(S) = ux(U_0) = Y 0 — > ux(Q)) = o1 — ux(Q).
j=1 j=1
there is I C ) such that ux(l}) = w; — ux(Q1). We set R; := Q; U I'l. Next, we define
S> = 81\ R;. There is I, C S, such that ux(I%) = wr — ux(Q»). Let Ry := Q, U I and so
on. [

12
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Our assumptions on X imply that there are constants 0 < ¢; < ¢y < oo such that
cir? < ux(B(x,r) < cr?, forallx € X, 0 < r < diam(X), (12)

where B(x, r) denotes the ball of radius r centered at x. The proof of Proposition 16 proceeds
as in the equal weight case in [14], with a few technical modifications. As in [14], we know
that there is a family of §-adic cubes in X i.e., forany 0 < § < 1 there exist 0 < u; < up < 00,
a collection of open subsets {Q’; ke Z, a € I} in X, where each I; is a finite index set,
and points {z’; ck €Z, a € I} with

() pxXN\ Uyey, O8) =0, for all k € Z,

(i) for [ > k and « € I;, there is By € I; such that
* Qfl c ng’
o 0, N Q% =0, forall B I with B # By

(i) B(zX, u18%) c Q% € B(Zk, up8), for all k € Z, o € Iy.

Assume first
2b

>
~ 184 diam(X)4
Choose k € Z such that

2 b 1/d
u 8! < (--) < u; 8%, (14)
C1 N

(13)

so that we obtain the estimates
b
1x(QY) = ux(B(zh, u18) > cufs* > 25 (15)

Here, we have used (12), so that we still need to ensure #,8¢ < diam(X). Indeed, using (13)
we derive

=S X
u15k=”‘5 < 1’; < diam(X).

Thus, (15) is a valid estimate.
Similarly, we derive an upper bound

c_2<u2>d2 b c_z(u2>d2 ba
sdaN’

ux(0F) < pux(B(ZE, ux8%)) < couds < (= =
1 1

d
With C = 9(”—2)
C1 \Uq

5_dﬁ_6‘1 ui

2 b
— 34—, we have checked
847 a

) b < 1x(0F) < Ca
N =M% =50y
For the cube generation k, we now build a graph with vertices I;. For «, 8 € I}, we put an
edge («, B) if and only if B(z’(;, u18k)ﬂB(z’l§, u18) # . This graph is connected, see [14, Proof
of Theorem 2], so that we can extract a spanning tree with leaf nodes, intermediate nodes, and
one root node. We create the directed tree 7 by directing the edges from the root towards the
leaves, so that («, 8) € T is the directed edge between « and its child 8.
The triangular inequality yields

otulJ 0F < B 3ush,
(. BT

(16)

13
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cf. [14, Corollary 2]. Hence, we obtain the volume estimate

ux(Q5U | 0F) < nx(BGY, 3u28") < c2Buzsty’ < c%. (17)
(.P)eT

We now aim to take a younger generation of §-adic cubes, say / = k 4+ m, such that all cubes

of generation / have measure smaller than é% Indeed, let m be the positive integer such that

§m < 3C7H4 < sl (18)

Notice that 3C~%/¢ < 1, so that this choice is possible. Thus, for all & € I;, we get from (18)
and (14)

x(Ql) < pux(B(z), u2d")) < (cous**)s™
< (Czudgkd)3dc -2
- Ca Ca qipa 1 a
~ 3N ~CN’
We now construct the partition by running through the directed tree 7 and using the above

estimates, which are overkill for the leaves but are more appropriate for the remaining nodes.
Let us denote the weights by 2 = {w;};.

Leaves

Start with a leaf node « € ;. Take a maximal set of weights from {2 such that their sum is
not bigger than Mx(Qk) Denote this maximal set with (2, and its cardinality with N,. Each
cube of generation / has measure at most so that the volume of N, cubes of generation
[ is bounded by

CN’

Nog = cnx@h) = tux [ QU U 0| =%
CN ™= CH/X 15 o W Bl =N

where we have used (17). According to (16), Q’; has sufficient volume that we can choose N,
cubes of generation / inside of Q’;. Let us denote them by Qfgl, ceey Q%Na. By Corollary 18,
we enlarge each of such cubes within Q’(;, so that their measure matches the weights in (2,,
so that we obtain {Rﬂi}?]:"l. The remainder in Q’;, ie., Wy = Q'; \ vaz"1 Rg, has volume less
than b/N, because we took the maximal number of weights.

We repeat the above steps for each leaf node but only allow weights in {2 that have not
been chosen previously. After having finished all leaves, we have remainders W, C Q. for
each « € [ that corresponds to a leaf.

Intermediate nodes

For each o € I}, that is neither a leaf nor the root, start with X, = Qf; U U(a‘ BT Wg, that
is we add all the remainders coming from the children of «. Note that we can proceed with
the intermediate nodes in an ordering such that the remainders Wg with (o, 8) have indeed
all been already computed. Note also that we can assume Wy C Q’I;, for all (&, B) € T (take
this as an induction hypothesis. It is clearly true if g is a leaf node, and will follow at the end
of this paragraph for the intermediate nodes). Now repeat the same argument as before with
X, in place of Q¥. Take a maximal set of the remaining weights from (2 such that their sum
is not bigger than ux(X*). Again, denote this maximal set with (2, and its cardinality with
N,. As we saw before, the entire volume of N, cubes of generation / is at most a/N, so that
they can be chosen within Q%. Let us denote these cubes by Qf , ..., Q’ﬂNa. The volume of

14
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k N 0L ) is still at least b/N. According to Lemma 17, there is W, C 0X Na ol
o i=1 = p; g o i=1 =p;
with volume

px(We) = ux(Xo) = ) @ <b/N.

w€e Ny

By Corollary 18, we extend the cubes fo,], o Qlﬂ;v within X, \ W,, so that the volumes

match the weights in (2,, yielding subsets {Rﬂi}fvzal. By comparing volumes, the union of the
extensions now covers the neighboring remainders Wy (at least up to a set of measure zero),
and the new remainder W, is indeed contained in Q.

We proceed with the remaining weights for each of the intermediate nodes in a suitable
order.

Root

We do the same as for intermediate nodes but comparing volumes yields that the remainder
of the root node must have measure zero.

After having treated each node in 7, we have collected a partition {R;}
obtain, with a suitable reordering, ux(R;) = wj, for j =1,..., N.

Since each R; contains a cube of generation /, it contains a ball of radius u18'. A short
calculation yields &' > (%)l/dN ~1/4_On the other hand, each R; is contained in a ball of
radius 3uy8¢ < bVINTVE,

Assume now that

N

i=1> SO that we

2b
I<sN<———.
— 7 18 diam(X)4

Let k be now the unique integer such that
(8" < % < cp(updt Y.

This implies that all the cubes of generation k have measure smaller than all the values w;.
Then take any N distinct cubes of generation k and extend them by means of Corollary 18 to
disjoint sets {R j}j.\’z1 with measures w;, respectively. Each R; contains its corresponding cube
of generation k and therefore a ball with radius

On the other hand, every R; is trivially contained in a (any) ball with radius
21/d bl/d
diamX) < ————.
C:/d s N1/
This concludes the proof of Proposition 16.

Remark 19. Proposition 16 and its proof hold for any complete, connected metric measure
spaces that satisfy (12), cf. [14] for further details.

6. Marcinkiewicz-Zygmund inequalities

6.1. MZ-inequalities on Riemannian manifolds

The Marcinkiewicz—Zygmund inequality for diffusion polynomials on manifolds has been
proved by Maggioni, Mhaskar and Filbir throughout the papers [11,12,19]. For our proof

15
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we need the Marcinkiewicz—Zygmund inequality for the gradient of diffusion polynomials.
Note that when M is the d-dimensional sphere, then the gradient of a polynomial is again a
polynomial. In the case of a general Riemannian manifold, this fails (see [13]). Here we prove
a Marcinkiewicz—Zygmund inequality for gradients of diffusion polynomials in the case of a
Riemannian manifold and with prefixed weights. Throughout this section, let M, paq, II1,(M)
and IT)(M) be as defined in Section 2.1.

Proposition 20. Let M be as in Section 2.1 and let 0 < c3 < c4. Then, there exists a constant
C = Cpq(c3, cq) = 1 such that for all 0 < a <1 < b, for all integers N > Cb(fl—’)zLd, for all
partitions R = {R,-};V=1 € P(a, b, c3,cy4), for all x; € R}, for all P € HS(M) it holds

- 1
| / IVP@ldat = Y o IVPEpI| < 5 f IV PO lld (). (19)
M = M
where w; = upm(Rj), forall j=1,...,N.

Proof. This proof follows the sketch of the proof of [13, Theorem 5]. Fix ¢ > 0 and let
Ve : [0, +00] — R be a C* function such that

u ifu=>c¢
ve(u) = {3/2 if u<e/d 20)

and v,(u) > u forall u > 0. Let P € HB(M) and let T and S be the vector fields defined as
VP(x) VT P(x)

Tx) = ———, Sx) = ——.
ve (VP ve (IVT P(x))
Therefore,
TP (x) <VP( PELAC)) > 1)
x) = x), ——————
ve (IVP ()
STP (x) <VTP( ), VTP > (22)
x) = x), ————— ).
ve (IVT P () 1)
We define also for every L > 0 the kernel W, as
1 Mk
Wi, y)= ) pPid (I) P )Pe(y), (23)
re>0
where H is a C* even function such that
1 if —1,1
Hu) = 1 uel-1,1]
0 if |u| = 2.
Let ¥ (x, y) be a reproducing kernel for I7, g(/\/l) defined as
A
UL (x,y) =AW,y =Y H (f) @ (X) @i (¥) - (24)

O<Xig

Here and in the following formulas, the index y or x of the operators A, V, etc. specifies which
variable the operator is acting on.
It has been proved in [13, proof of Theorem 5] that there exists a constant « > 0 such that

IV, S T Wr(x, I < kLT (1 + Lix — yp =971, (25)
16
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Notice that

2
TP(X)=<VP(X) VP (x) >_ IVP @)l

’ = <|VP
VP D] =~ wavewp =Wl

and therefore

/M VP 0l diint (0 — 3 o3 [VP (57

j=1

- /M(”VP(X)”—TP(X))CZMM | +

/TP(x)d,uM(x) Za)JTP (x))

j=1

+ [T (P () = 197 1)

N
<2e+ /M TP (x)dupa (x) — ijTP (xj) .
j=1

Let § be the maximum diameter of the balls X; as in Definition 15, so § < 2e4bVINTE,
Hence,

N
/TP(x)d,uM(x) Zw,TP x;j) SZ/R |TP (x) = TP (x;)|dpr (x)
j=1"%j

j=1

M=

wj sup |TP (x)—TP(z)

1 X,ZER;

~.
Il

<Y w; sup  sup VTP @) |x —zl.

1 x,z€R; t€l0,|x—z|]

M=

~.
Il

where o is a normalized geodesic joining x and z. Since R; is contained in the ball X, the
geodesic « is contained in the ball 2X; with the same center as X ; and radius twice the radius
of X ;. It follows that

N
f TP (x)dppm (x) — Za)]TP )| < ij sup IVTP (x)] .

j=1
From Eq. (22) one has that
_ IvVTPW)I?
STP(x) = ———F—— = [VTP ()
ve([IVT P(x)1])

and therefore

SZa), sup |[VT P (x)]|

j=1 xX€2X

17
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N N
552wj sup |||VTP(x)||—STP(x)|+6Za)j sup |STP (x)]
j=1 XEZXJ' j=1 XEZXI‘
N
558+52w, sup |STP (x)].
j:1 X62Xj

Hence we have obtained

N N
/M IVP ()| dpg (x)—Za)j VP (x))] 5(2+5)e+52w, sup |STP (x)].

j=1 j:1 )CEZXj

We need to estimate the sum above. Notice that by Green’s formula we have
P(x) = /M P (y) ¥ (x, y)dpupa (y) = /M P (y) AyWL (x,y)dpa ()

= /M (VyP (), Vy Wi (v, ) diad (),

where W, is defined in (23) and ¥, in (24). Therefore by (25) we have

N
8 w; sup |STP (x)|
j=1 xX€2X
N
=32wj sup / (VyP (), Vy ST Wy (x, y)) dpaq ()
=1 XGZXJ' M
N
<6y w; S‘;gf 1V PO | VySe T WL (e, 9) | dien ()
— Xe i

J

IA

j=1
N

k8 w; sup / Ve P )| L4 A+ Lix = )™ dpad ()
= xeax;Im

N

s [ e p ol [ L e swp (o Liv =) dus ).
M =1 x€2X;

We reduce to estimate the sum in the integral. To do this, for any fixed y, let J =
{j :dist(2X;,y) = 28} and J' its complement. We start considering j € J. If we call ¢;
the point in 2X; closest to y, and p; the point in 2X; farthest from y, then

L L
L+ 2 lpi =yl =1+ 5 (jay =y +28) =1+ Lg; -]
and therefore for the sum over J, we have

ZLd+1wj sup (14 L|x —y))~!

jGJ X€2Xj
—d-1 L -

=Y L™w; (1+L|g; —y|) <Y Lo, <1 +3 lp; — y|>

jeJ jeJ

L —d—1

:Z/ L <1+E|p,~—y|> dpr (x)

- R:

jelJ J

18
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d—1
< Z/ L4+ (1 + = |x - y|> dpp (x)

jeJ

I —d—1
< [z (1 - y|) dpp ()
M 2
400 L —d—1
< 5Lt / (1 + —s) s ds
0 2
1/L 2 d+1 +o00
< C5Ld+1 / s lds + <—) / s72ds
0 L 1/L

<@ "+ 24N,

Now we consider J'. We have that its cardinality is bounded above by the number of inner
balls Y; that are contained in the ball B(y, 46), and this number is bounded above by the ratio

Hm(B(y, 48)  _ 8%cycdb?

. — d .
min;—; v um(Y;) T c1c§a?
Thus, since % <w; < % and assuming N > b3a2LA,
89c,cdb? LAt 8de,cd
Y LM sup (14 Ljx —yh™ 7 < Y Lty < =2 <22
2 N ccd
el xe2X; el cicza 1C3

We have obtained

/HVP(x)nduM(x) Zw, |VP (x))]

j=1

d+1 8'c 264
<Q+8e+w (@ +2es + —=L)SL | IVPWMIdurm ).
16‘3 M
If we take
84
<(d 29 )¢5 4 C2C4>8L
C1€3
= vP d ,
‘ — /M IVP ()l s ()
we obtain

N
/M IVP @)l dpac (0) = 3wy [P ()| = CoY LN/ /M IVP ()l diiat ()
=1

where
" 8d d
C = deyk ((d1 + 29 Y es Lﬁ“) . (26)
Ci1C3

Assuming now N > 24C4pL4 one obtains (19). The Proposition now follows with C =
max{1,2¢C%}). O

19
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6.2. MZ-inequalities on algebraic manifolds

For an algebraic manifold with fixed weights, the Marcinkiewicz—Zygmund inequality does
not follow from [11,12,19] as in Section 6.1 since we are not dealing with diffusion polynomials
but with algebraic polynomials. Instead, one can apply arguments that use complexification of
the variety V as in [10]. Throughout this section, let V, uy, II; (V) and HB(V) be as defined
in Section 2.2. The following proposition states the Marcinkiewicz—Zygmund inequality for
algebraic polynomials and their gradients.

Proposition 21. Let V be as in Section 2.2 and let 0 < ¢3 < c4. Then, there exists a constant
C = Cy(c3, cq4) = 1 such that for all 0 < a <1 < b, for all integers N > Cb(g)Zde, for all
partitions {Rj}iy=1 € P(a, b, c3, c4), for all x; € R, for all P € HLO(V) it holds

J 1
| [ 1P = 1Pl < 5 [ 1Pwidine. e
j=1
J . 1
| vp@idin = Yo 1vpel| = 5 [ 19Pwdme. 28)
j=1

where w; = py(Rj) forall j =1,...,N.

Proof of Proposition 21. We follow the equal weight case in [10] with minor technical
modifications. We start with (27). Triangle and reverse triangle inequalities lead to

N N N
| [ 1pldnneo = Y opipepl = |3 [ 1Peolduveo -3 [ 1paplduveo
v j=1 j=1 Rj j=1 Rj

N
< Z/R 1P| = [ P(x)l|dpy(x)
j=1Y"%

N
=3 [ [P = Pespldpvi
=178

There are x}. €2X;,j=1,...,N, such that ||VP(x})|| > [[VP@)|, for all x € 2X;. Since
diam(X ;) < 2c4bVVANTVE,

N N
)/ |P(0)ldpy(x) — Zw,-|P<x,->|\ <Y w;diam2X)[|VP(x})|
v j=1 j=1

N
< 2c4b NN 0 |V P(.
j=1
Let Y denote the complexification of V, which consists of the complex zeros of the ideal
defining V. Assume N > Sdcbed, so that 2X; C B(x}, L~Y). From [1, Section 2.4], see
also [10], we know that since P € II()),

VPG| < L / |P@)ldpy(2),
By(x},L’l)

20
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where By(x}, L~!) denotes the ball in Y of radius L~' centered at x;. and py denotes the
measure on the complexification.
If 7 is any permutation of {1, ..., N}, for which

m

ﬂ BY(X;,(,')a Lil) # 0,
i=1
then, as in [10], for a constant 8 > 1 depending only on V,

() B BL™ # 0.

Let z, be a point in this intersection. A volume comparison implies
py(B(zr. 2BL7"Y)  _ 2'crp'bN
T mini—y,_w{y(Yr@)} T cicda?L?

Therefore, we derive
N

29¢,84DN
> |P@ldpy(z) < ——=— |P()ldpy(z)
= b ercfaLe .m0
According to [10, Lemma 3.1], this leads to
N

29¢,8% N
> /B PR EECE Zapy N / o),

j=1
so that we obtain

ﬁd 2
Za)jHVP(x < < Zobr f |P()ldpy(x).

j=1
Putting all this together, we derive

24¢, D2

cic§ e

N
| /v |P@)ldpn() = Y ) PG| S 20N / | POl (x)
j=1

- 24+ ¢y flp2H1A

clcglaz

1
= [ POl ()
\

LN~Y4 fv | P(x)|d py(x)

as long as one adjusts the constant in the assumption N 2 b(2)*/ L9,
The inequality (28) follows from (27) as in [10]. We omit the details. [J

7. Gradient flow
We now apply Propositions 20 and 21 to verify Lemma 14.
Proof of Lemma 14. Here we follow closely the proof from [2, Section 4]. According

to Proposition 16 there exists a partition of X in P(a, b, c3,¢1), R = {R; W =1 such that
um(R;) = wj forall j =1,...,N. Recall that h = 1if X = Mandh_dle=V.

21
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Let now N > Cxl(cs, 1364)b(b/a)2hLd, where Cx(-,-) is as in Propositions 20 and 21. We
start choosing an arbitrary x; € R; for all 1 < j < N and consider the map U : I1)(X)
— X(X)

VP(y)
ve (IVPID

where X (X) is the space of differentiable vector fields on X and v, is as in Eq. (20). For each
I<j<Nlety;: ITY(X) x [0, +00) — X be the map satisfying the differential equation

U(P)(y) =

d
{Eyj(P, 1) = U(P)(y;(P. 1))
yj(P, 0) =X;

for each P € HB(X). For every P € HB(X) and for every j, the map t — y;(P,t) is defined
and smooth on the whole real line (see [24, Theorem 6, p. 147]). Furthermore, U(P)(y) is
Lipschitz continuous with respect to P. It follows that for each j the map P — y;(P,-) is
continuous in P (see [18, Corollary 1.6, p. 68]). Now set

F(P)= 1P, ... xw(P) = (n (P, 12eabd N7H) .y (P 12eabd N7 ) )

By the above considerations, we have that F is continuous on /1, B(X). Let us take P € II ,E’(X)
such that

/XIIVP(X)IIde(X) =1,

which means P € d{2, where {2 is defined as (11). Then we can split

éw,P(xj(P)) = Jéw,P (y, (P, 12c4b$N—%))

1 1
12¢pdN"d 4

N N
:ijP(xj)—i—/ 7 ijp(yj (P, 1)) | dr.

=1 0 j=1

Observe first that
N N N
Y wiPGp| =D / (P(xj) — PC)dpx(x)| < Y / |P(x)) — P(x)| dpux(x)
j=1 j=1"Rj j=1"Rj

N 1N
2c4bd
< ;diam(R ;) max ||[VP < ANVPEHI,
_;w,, (R) max IVPG)I < =7 ;w_]u @l

where z; is the point that realizes the maximum and X; is the geodesic ball described in
Definition 15. We consider now the partition R' = {R], ..., Ry} € Pla, b, c3,2cs) where
R;. = R; U {z;}. Notice that this is a partition of X and /LM(R}) =owj; forall j =1,...,N.
Therefore, by Propositions 20 and 21 applied to P € 942 and the partition R’, we have

N 26‘4b$ N
ijp(xj) < —lzwi”VP(Zj)”
j=1 Nda o
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1 N
2c4bd
< 290N IV PG - / IV P@ldux)| +
Nd =1
3cb 3cb
< b / IV P@dus(z) = 2
Nd Nd

Furthermore, for ¢ € [0, 1204b$N _5], we have

N N
P(y, _N, VPGP o)l
;“”P(y’ " f= jz“” ve(IV P(y; (P, 0)II)

=1

N
> > wiIVPO(P.) = ) w)IVP(y; (P.1)] — e
JAIVPQ;(P.1)ll=e J=1
Since |y; (P,t) — x| < t, the partition R” = {R{,..., Ry} € Pla,b, c3,13cs) where
R}/ = R; U{y; (P, 1)} is a partition of X and MX(R}’) = w; forall j =1,...,N. We can
therefore now apply Propositions 20 and 21 to P and the new partition R”:

Zw,P(y, (P,1) | = Zw, IVP(y; (P,0)] — €

j=1

N
> /X IV PO = | [ 19Pdis() = a1V PGy Pl

j=1

1 1
> = VP(y)|d —e=-—¢,
>3 /X IVPO)lldpx(y) =€ = 5 —¢

for every P € 92 and for every ¢ € [0, 1264b$N _5]. In conclusion we obtain
1

N N 2epdN"d 4 f N
ijP(XJ(P)):Za)jP(XJ)-F/O' E ijp(yj(P,t))
j=1 j=1 j=1

l

1
12e4b7 (1 3e4bi b
C_“1<——e> 92 _3-12o S0, O

Na \2 N Ni
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