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Chapter 1

Engineering context and
motivation

1.1 Structural problems addressed in the thesis

Dynamic problems involving moving objects are very common in various en-
gineering fields. Railways, roads and concrete pavements, bridges, cableways,
guideways, overhead cranes, rocket testing facilities, wood-saws, computer
discs, machine tools and ice plates (on this specific case see e.g. Schulkes and
Sneyd, 1988 [233] and Squire et al., 1996 [244]) constitute characteristic ap-
plication contexts. In transportation engineering, the need of predicting the dy-
namic response of continuous systems under moving vehicles becomes crucial
for guaranteeing vehicle stability, monitoring maintenance costs and avoiding
possible passenger discomfort (see e.g. Hadi and Bodhinayake, 2003 [118]),
specifically as a result of the continuous development of fast transportation sys-
tems throughout Europe, far East and North America, nowadays at increasingly
high vehicle velocities.

Thereby, it appears fundamental to investigate how the interaction between
the support structures and the moving mechanical system influences the ampli-
tude of the track displacements and in which manner they may depend on the
velocity of the moving vehicle and on the nature of the acting forces. In the last
few decades, numerous research works have been presented, with the majority
of them considering a “moving load” problem, i.e. that particular mechanical
problem occurring when the point of application of concentrated or distributed
loads acting on a certain structural element, usually supported by an elastic
foundation (see Kerr, 1972 [157]), changes in time, at a constant or variable
velocity. Hence, in contrast to other dynamic loading conditions, moving loads
change their position in time. This makes the moving load problem a special
topic of structural dynamics.

As it had been demonstrated theoretically, first by Timoshenko (1927) [252]

1



and then by the extended number of other research works concerning moving
load problems, which will be discussed more in detail in the following chapters
of this doctoral thesis, excessive dynamic amplification of structural vibrations
of elastically supported elements induced by moving loads may become rather
high, when the load velocity attains a certain characteristic value, named criti-
cal velocity. Such a velocity corresponds to the minimum phase velocity of the
waves propagating within the structural system. Unfortunately, little data from
the observations, analyses and validated predictions have so far been reported
in the literature, despite for the severity of the problem.

In the context of railways, the field where most research efforts have been
devoted to, the moving vehicle velocity record exceeds 500 km/h (TGV French
train). Demands on high train velocities and short travel times calls for straight
lines which make the crossing of soft soil zones unavoidable, where problems
with high-speed lines, and even with traditional tracks, reaching the critical
velocity may therefore be expected, to an increasing amount. Results from in-
strumented test runs with a high-speed train on a soft soil site in Sweden where
presented by Madshus and Kaynia (2003) [185]. Extensive measurements of
the dynamic response of the rail, embankment and soil made at a selected site
during the Autumn of 1997 showed that dynamic amplifications of displace-
ments increased drastically as the train velocity approached a critical value.
Analysis of recorded train-induced displacements revealed also that dynamic
strains in the ground and embankment for high-velocity train passages were so
high that the materials actually behave nonlinearly.

Hence, demands for safe lines, rapid construction and cost-effective design
solutions are becoming apparent. Part of the success of these scopes strongly
depends on the availability of robust and efficient analytical and computational
tools designed for the accurate and reliable numerical simulation of the dy-
namic response of structural elements under the action of moving loads. By
the analysis of the outcomes of the numerical simulations, potential practi-
cal implications in contemporary transportation engineering shall be revealed,
especially in terms of lowering down the admissible high-speed vehicle veloc-
ities, and the effectiveness of possible remediation measures for the mitigation
of system vibrations may be explored. Thus, as a main background practical
context of the analytical-numerical investigations exposed in the present doc-
toral dissertation, the appropriate description of track vibrations induced by
high-velocity vehicles, e.g. trains, looks crucial in contemporary transporta-
tion engineering.

The idea of modeling the moving vehicle as a moving load may be as-
sumed to be valid if the vehicle mass involved in the motion is not that rel-
evant, compared to that of the supporting systems; “moving mass” problems
may be further considered, when the inertial effects due to the mass of the
moving object cannot be neglected. The moving mass problem has also been
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studied by several authors; among those, noteworthy to be mentioned are the
works of Cifuentes (1989) [59], Duffy (1990) [78], Metrikine and Dieter-
man (1997) [194], Mofid and Shadnam (2000) [198], Yavari et al. (2002) [279],
Mofid et al. (2010) [199], Dyniewicz (2012) [79], Dimitrovová (2017) [71].

Finally, if the vertical constraint between the moving system and the sup-
port structure is relaxed, i.e. it is no longer assumed as infinitely rigid, “mov-
ing oscillator” models (moving spring-mass-damper system) may be taken into
account, by introducing the stiffness and damping couplings between the mov-
ing mass and the support (see e.g. Wolfert et al., 1998 [272], Metrikine and
Verichev, 2001 [195], Mazilu, 2013 [192]). In this context, the recent at-
tempt by Rodrigues et al. (2016) [229], with references quoted therein, shall
be considered, where a full FEM approach has been developed for obtaining
the numerical response of nonlinear beam-foundation systems under a moving-
oscillator.

However, the simplified moving load model is still widely used in both sci-
entific and technical fields since it is often sufficient to answer to issues arising
from problems of a practical interest. The determination of the dynamic re-
sponse induced by a high-velocity moving load constitutes a rather challenging
problem, since it involves quite sophisticated modelization and intensive com-
putation. Comprehensive literature reviews about the moving load problem
for beams and plates may be found in Frýba (1972) [105], Kerr (1981) [159],
Beskou and Theodorakopoulos (1981) [29] and Ouyang (2011) [212]. Frýba’s
monograph (1971) [105] presents many simple moving-load problems con-
cerning continuous elastic media that are amenable to an analytical treatment,
such as strings, rods, beams, plates and shells.

Although the group of problems regarding beams carrying moving loads
displays a rather long history in the literature of civil and mechanical engineer-
ing, some discrepancies exist among existing papers, and some of the results
does not appear conclusive. Hence, the present thesis is focused on moving
load problems.

In the literature, elastic beams and various types of foundation models have
been adopted to represent tracks, i.e. flexible structures that are mainly one-
dimensional in geometry. The main scope of the elastic foundation is that of
providing a simplified description of the contact between the beam and the
supporting system. The problem of modeling the mechanical behavior of the
structural elements and the underlying support, as well as the modeling of the
interaction between them, is very often encountered in civil engineering, for in-
stance in the analysis of the foundations of buildings and general geotechnical
structures, where the support usually represents the soil, but also in mechanical
and aerospace engineering.

The Winkler model, analyzed in following Chapter 2, for which the iner-
tial effects due to the mass of the supporting medium are not considered, thus
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accounting for wave propagation just within the supported structure, has been
widely used to model the support. Further, recent most accurate models could
even consider wave propagation phenomena in both beam and underlying sub-
stratum, described as a continuum, leading to an even more comprehensive
description in terms of characteristic features, have appeared in the literature
and are still now arising as potential alternatives (Dieterman and Metrikine,
1997 [67], Kaynia et al., 2000 [153], Van Dalen and Metrikine, 2008 [263],
Van Dalen et al., 2015 [265], Van Dalen and Steenbergen, 2016 [264], Dim-
itrovová, 2016, 2017 [69, 70]).

1.2 Aims and structure of the thesis

The main subject of the present doctoral dissertation is the structural dynamics
analysis of one-dimensional elements (strings, beams) on continuous elastic
support. In particular, the research focuses on the determination of the me-
chanical response of linear and nonlinear structural element-foundation sys-
tems under the action of a transverse concentrated moving load, traveling at
a high constant velocity along the structural element. The aim of the thesis
is to reveal the physical response of such interacting beam-foundation struc-
tural systems and to identify its characteristic features through the formulation
and implementation of analytical and/or numerical methodologies, specifically
conceived to handle the mathematical issues inherent to the modelization of
the mechanical problems under consideration.

The thesis is organized in two main parts: determination of the structural re-
sponse of finite beam-foundation systems, in both static and dynamic contexts
(fixed reference frame); analysis of the structural dynamic response of infinite
systems through a moving reference frame. These topics are addressed within
four chapters. Chapters 2 and 3 refer to the fist part, while Chapters 4 and 5
to the second one. Such conceptual subdivision stems from the profound dif-
ferences existing between finite and infinite structural systems, both from the
mechanical and the modelization points of view.

Within each chapter, a brief introduction on the analyzed problem is pro-
vided, which briefly describes the state of the art, by discussing the main ref-
erences of the literature on the subject under consideration. At the end of each
chapter, conclusive observations about the main results obtained within the
chapter are also reported. In the following, the main contents of the various
chapters are concisely exposed.

Chapter 2 first reviews the state of the art on the existing constitutive models
of the foundation and focuses on the well-known model with independent elas-
tic springs, originally attributed to Emil Winkler (1835–1888), characterized
by a constant stiffness coefficient (see also Appendix). Then, the analytically
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little-explored case of a space-dependent stiffness coefficient is newly consid-
ered, by determining, in closed-form, the static bending response of a finite
uniform Euler-Bernoulli elastic beam resting on a Winkler elastic foundation
with a spatially inhomogeneous stiffness coefficient. Two trends of variation
in space of the stiffness coefficient of the foundation are considered, allow-
ing for consistent analytical solutions: a linear variation and a nonlinear minus
four power variation. Different external actions and boundary conditions have
been assumed for the two distinct mechanical problems. In both cases, the
analytical solution of the governing Ordinary Differential Equation (ODE) is
derived and represented in explicit closed form. Through the derived solution,
parametric analyses are carried out, by interpreting the parametric variation of
the mechanical response of the beam-foundation system due to changes in its
mechanical properties.

The modelization and the determination of the transient dynamic response
of a finite Euler-Bernoulli beam resting on a spatially homogeneous elastic
foundation under the action of a transverse concentrated load, moving at a high
constant velocity along the beam and displaying a harmonic-varying magni-
tude in time, constitute the subject of Chapter 3. Two types of models have
been considered for describing the mechanical behavior of the elastic founda-
tion: (a) a bilinear Winkler model and (b) a cubic superlinear Winkler model.
A standard Galerkin Finite Element Method (FEM) approach coupled with
a direct integration algorithm has been developed for efficiently tracing the
nonlinear dynamic response of a simply supported beam, with focus on deter-
mining several characteristic response features, such as the so-called critical
velocities of the moving load, leading to high transverse beam deflections. For
all the considered foundation models, extensive analyses are performed, with
the following two main goals: (1) to demonstrate the reliability, consistency
and accuracy of the various implementations, specifically by the comparison
of the obtained numerical critical velocities with previously-published analyti-
cal and numerical results; (2) to investigate how the frequency of the harmonic
moving load as well as its velocity do influence the response of the whole
beam-foundation system, with or without the presence of viscous damping.

Pertaining to the bilinear foundation model, characterized by two different
stiffness coefficients in compression and in tension, extensive numerical anal-
yses have been performed to investigate how the frequency of the zero-mean
harmonic moving load amplitude and the ratio between the foundation’s mod-
uli in compression and in tension affect the critical velocities. Analytical in-
terpolating expressions have been proposed as well and fitted for the achieved
two-branch critical velocity trends.

The characterization of the effects of a harmonic moving load with non-zero
mean amplitude on the dynamic response of the beam-foundation system and
on the critical velocities has constituted the main scope of the vast numerical
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investigation performed for cubic superlinear Winkler model (b). As for bi-
linear foundation model (a), the relationship between the amplitude frequency
of the moving load and the critical velocity of the beam-foundation system is
explicitly depicted in appropriate three-branch curves, for both types of elastic
foundations.

Chapter 4 deals with the numerical solution of the steady-state response
of a uniform infinite taut string on a Winkler elastic support, subjected to a
concentrated transverse moving load. By describing the response in a moving
reference frame attached to the position of the load, the stationary solution is
obtained similarly to solving a static problem. By recasting the second-order
differential equation as a first-order system in a convected coordinate system, a
local Discontinuous Least-Squares Finite Element Method (DLSFEM) formu-
lation is developed within a complex-valued function space, to overcome the
numerical instabilities for high-velocity loads and to properly handle far-field
conditions through a Perfectly Matched Layer (PML) technique. The discon-
tinuous formulation takes care of the jump conditions arising at the interface
where the moving load is acting.

Coercivity and uniform error estimates are established for the finite element
approximation for both L2- and H1-norms. Numerical examples are presented
to illustrate the feasibility of the method and its accuracy in reproducing the
trends expected for the a priori error estimates. In fact, before attacking more
complicated problems, it looks essential to validate the new techniques de-
veloped here by applying them to a simple class of problems that would still
highlight all the basic numerical phenomena involved, and would provide a
good evaluation of the method performance.

In Chapter 5, the steady-state response of a uniform infinite Euler-Bernoulli
elastic beam resting on a Pasternak elastic foundation and subjected to a con-
centrated load moving at a constant velocity along the beam is investigated,
both analytically and numerically. In the first part of the chapter a universal
closed-form analytical solution is derived through a Fourier transform, apt to
represent the response for all possible beam-foundation parameters. A rigorous
mathematical procedure is formulated, for classifying the parametric behavior
of the solution, including for viscous damping. Depending on such a classifica-
tion, different types of bending wave shapes are shown to propagate within the
beam, ahead and behind the moving load position, and crucial physical char-
acteristics, such as critical velocity and critical damping, are reinterpreted into
a wholly exact and complete mathematical framework. Mechanical features of
the solution are revealed for the steady-state response in terms of normalized
deflection, cross-section rotation, bending moment and shear force.

Then, the second part of Chapter 5 concerns a computational implementa-
tion for solving the same moving load physical problem, by a numerical ap-
proach with discretization over a finite domain, thus implying possible spu-
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rious reflections of non-evanescent waves. The whole is efficiently solved
by: (a) analytically formulating a wholly new, true, Perfectly Matched Layer
(PML) approach for the underlying fourth-order differential problem with far-
field boundary conditions, without any additional special boundary conditions;
(b) outlining a local Discontinuous Least-Squares FEM (DLSFEM) formula-
tion, apt to provide a general and robust numerical approach for the present
non self-adjoint problem and to conveniently handle the jump condition in the
shear force at the moving load position. Consistent numerical outcomes are
illustrated and compared to an available analytical representation, showing a
perfect match, with complete removal of spurious boundary effects and proof
of theoretical a priori error estimates. Further, it is shown that the present
DLSFEM-PML formulation is effectively apt to numerically solve a steady-
state moving load problem on an infinite beam, setting up a new convenient
computational tool of a rather general validity in such a challenging mechani-
cal vibration context.

Finally, main conclusions, pertaining to the global achievements of the
present doctoral dissertation, the interrelation between the results derived in
each chapter and the outline of possible future developments of the present
work are reported in closing Chapter 6.

By virtue of the effectiveness of all the derived analytical-numerical solu-
tions and of the resulting extensive parametric analyses attached to the vari-
ous features revealed from the physical response, the thesis sheds light on the
study of the considered moving load problems, thus allowing to truly describe
and interpret the characteristic features of the considered interacting beam-
foundation structural systems, pointing out to outcomes that are amenable to
practical context of engineering application and design.

1.3 Adopted notation

This concise summary briefly exposes the notation adopted in the thesis, for
denoting the basic mathematical symbols, the operations and the conventions
employed in the discussion.

The sets of real and complex numbers are denoted by R and C, respectively.
Rn (Cn) is the n-dimensional vector space of the n-uples of real (complex)
numbers. Given a complex number z, zR=ℜ z and zI=ℑ z will denote its real
and imaginary parts, respectively. The imaginary unit will be denoted by i,
while italic letter i will be sometimes used as a subindex.

Vector quantities will be denoted by bold-face lowercase or uppercase sym-
bols, while matrices will be marked by bold uppercase roman letters. Partial
of total derivatives of an arbitrary function f with respect to variable ξ, will be
expressed as f (k)

ξ , where index k represents the order of the derivative.
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Regarding standard notations and definitions of functional analysis, (·, ·)m,Ω

and ∥ · ∥m,Ω will connote the inner product and norm on classical Sobolev
space Hm(Ω), defined on open domain Ω, of all square integrable real- (or
complex-) valued functions with square integrable distributional derivatives up
to order m. If m=0, usual Hilbert space L2(Ω)=H

0(Ω) of square integrable
functions is indicated.

In order to ease the understanding of the reader among the large number of
physical quantities involved in the definition of the analyzed problems, units
will be specified within the text, each time a physical quantity is introduced for
the first time. Units will be labeled according to the International System of
Units and will be pointed out among square brackets, e.g. F [N] means that
variable F displays the dimensions of a force and that it may be measured in
Newton.

8



Chapter 2

Modelization of the elastic support

2.1 Elastic foundation models

From the second half of the nineteenth century to present, several research
studies have dealt with the structural analysis of beams lying on elastic foun-
dations, within various fields of engineering applications, involving for the de-
sign and assessment of ballasted railway tracks, beam trusses, pipelines, piles
subjected to horizontal loads, shallow foundations, buried structures, floating
structures, etc. (see e.g. Hetényi, 1966 [127]). In such applications, it is well
known that the interaction of the structure with the foundation, named also sup-
port or substratum, still represents a non-trivial problem and plays a key role
in the determination of the structural response to given operating loads (Kerr,
1964 [156]), both in the static and in the dynamic response ranges. Therefore,
it is of main interest to accurately analyze the response of structures lying on
elastic supports, especially under spatial variations and/or a nonlinear character
of the elastic support behavior.

In the literature, as far as the underlying support is assumed to be homo-
geneous, isotropic and to display an elastic behavior, the interaction with the
structure is tackled by considering two major categories of foundation models
(see Hetényi, 1946 [125]): (a) continuous medium models and (b) so-called
“mechanical” models. The former are constituted by full-scale approaches that
consider the support as a semi-infinite elastic continuum; the latter take off
the substratum from the analysis and reduce the problem to adjust the differ-
ential equation of the beam by including the contribution from the foundation
reaction; this latter case is especially adopted when the response of the beam
is of a main interest, with respect to the assessment of the stresses, strains
and displacements in the substratum. It is worth noting that, while the con-
tinuous approach usually becomes unsuitable since the analysis turns-out ex-
cessively cumbersome, the second approach may be characterized by over-
simplified assumptions, which sometimes may not be fully representative of
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real cases. Nevertheless, there appears a large class of practical cases where
the structure-substratum interaction may be described by the latter approach.
Thus, the problem reduces to finding a relatively simple mathematical expres-
sion which should describe the response of the foundation at the contact area
with a reasonable degree of accuracy (Kerr, 1964 [156]).

2.1.1 Linear elastic foundation models

In the attempt to develop a theoretical, physically-reliable and, at the same
time, mathematically-simple representation of the elastic support, various types
of foundation models and computational tools for structures supported along
their longitudinal axis have been proposed in the literature, such as those of
Winkler (1867) [271], Filonenko-Borodich (1940) [93], Hetényi (1950) [126],
Pasternak (1954) [213], Reissner (1958) [227], Kerr (1965) [157], Vlasov and
Leontiev (1966) [267]. Among these, the well-known Winkler model has been
usually selected by engineers and researchers, by virtue of its widespread diffu-
sion in several practical applications due to its simplicity and its mathematical
clarity, particularly in the design practice of continuous foundations (see e.g.
Bowles, 1974 [42] and Selvadurai, 1979 [235]). Even though, according to
Timoshenko (1953) [253], Winkler main contribution to Strength of Materials
was his theory of bending of curved bars, such as hooks, rings, chains and links,
nowadays the name of Winkler is inextricably linked to the bending analysis of
structural elements resting on a continuous support.

A few years after the practical bending theory of Navier (1785–1836) was
presented (1826) and the expansion of the trussed framework theory of Cul-
mann (1821–1881) into graphical statics (1864–1866) (see Kurrer, 2008
[169]), Winkler1 [1835–1888] first implemented Hooke’s law for the occur-
ring need of predicting the bending of railroad rails with longitudinal sleep-
ers (a system which afterward was soon abandoned) in his book entitled Die
Lehre von der Elastizität und Festigkeit (1867) [271] (Theory of Elasticity and
Strength). In fact, just as the railway networks started to spread, thus placing
higher demands on the building of large bridges, the economic policy to raise
the intended construction with a minimum of material led designers to carry
out all stability investigations and all determinations on the forces acting on
the individual constructions (see Kurrer, 2008 [169]).

In more detail, Winkler assumed the railway track as an infinite beam ly-
ing on an elastic support consisting of a continuous array of vertical, closely-
spaced, mutually-independent, linear elastic springs, with symmetric behav-
ior for both tension and compression (bilateral support). According to such a
purely mechanical model, the relation between continuously distributed trans-
verse reaction force r(x) [N/m] acting on the beam, provided by the elastic

1A short historical sketch of the life of Emil Winkler is reported in Appendix on behalf of the interested reader.
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support, and deflection of the beam w(x) [m], as a function of longitudinal
spatial coordinate x [m] is the following:

r(x) = −k(x)w(x), k(x) > 0; (2.1)

where k(x) [N/m2] is the support elastic stiffness coefficient or modulus of
subgrade reaction or Winkler foundation modulus, i.e. the elastic stiffness per
unit length of the distributed foundation springs; such coefficient was originally
assumed as constant, i.e. k(x)=k (one may think about the foundation as being
equivalent to an ideal fluid, viewing k(x) as its specific weight, as underlined
by Kerr, 1964 [156]). The problem of the estimation of this coefficient, usually
taken as constant, particularly in the context of Soil-Structure Interaction (SSI),
has been widely treated in the dedicated technical and practical literature (see
for instance Terzaghi, 1955 [249], Selvadurai, 1979 [235], Jones 1997 [147],
Kerr, 2000 [160]).

Despite its simplifying assumptions, Winkler model appeared in all subse-
quent writings and, progressively, spread over its application to a wide set of
engineering problems. The studies which appear to constitute the most im-
portant research investigations pursuing the analysis of beams on an elastic
Winkler foundation with constant elastic modulus are listed below.

Schwedler (1882) [234] solved the problem of a beam of infinite length on
elastic supports with concentrated loading, by means of Eq. (2.1), apparently
without mentioning Winkler’s name (such solution was already known to Win-
kler, see Kurrer, 2008 [169]) and used such derivation to calculate the railway
track for loads of any magnitude acting at any relative spacing. Schwedler pre-
sented his solution and its experimental safeguards at the Institution of Civil
Engineers in London in the same year, and helped to validate and establish the
Winkler model, in particular owing to the agreement between theory and mea-
surements. Two years later, Hertz (1884) [124] adopted Winkler assumptions
by solving a floating infinite elastic plate subjected to a concentrated load.

A few years later Zimmermann (1888) [286] in his notable book asserted
that the application of Eq. (2.1) was certainly admissible for small deforma-
tions and made further progress towards the subject by preparing tables for
simplifying Winkler analysis, as reported also by Timoshenko (1953) [253].
Zimmermann further applied the theory in calculating the deflection of ties
and developed a method for calculating the infinite bar with point loads at any
position. According to Hetényi (1966) [127] and Kurrer (2008) [169], Zimmer-
mann’s work eliminated misconceptions and contradictions that had existed up
to that time, leading to a coherent and relatively simple railway theory and
spread over Winkler’s ideas in the 20th century.

The subsequent development of foundation engineering theory in the 1920s
brought with it the first signs of a specific theory of elastic supports for beam
and slab structures, a development that was completed in the wake of the estab-

11



lishment of reinforced concrete foundations. For instance, it was in 1921 that
Japanese structural engineer Hayashi published a monograph on the use of the
theory of the beam on elastic supports for problems in foundation engineering
(Hayashi, 1921 [122]).

Thereafter, the study of beams resting on elastic Winkler foundations had
received considerable attention for over a century, most of all limited to pris-
matic beams on homogeneous foundations. Timoshenko (1927) [252] devel-
oped analytical calculations for the lateral deflection and twisting of rails under
the action of a static load using Winkler model; he also showed that Eq. (2.1)
can be used for transverse as well as for longitudinal sleepers. Comparisons
between the results obtained by considering the elastic continuous approach
on one hand and the Winkler model on the other hand have been reported by
Biot (1937) [34]. A classical treatise about Winkler model is provided by the
book of Hetényi (1946) [125], which illustrates a comprehensive analysis of
beams of infinite and finite length lying on a continuous elastic foundation.

Efforts have also been produced for solving the problem through approx-
imate evaluation methods. Levinton’s investigations (1949) [176] were con-
cerned with the method of redundant reactions, in which the problem is reduced
to the solution of a set of simultaneous equations by means of an approximate
pressure distribution. Popov (1951) [220] obtained solutions through a pro-
cedure based on successive graphical approximations; Gazis (1958) [108] and
Penzien (1960) [215] used iterative methods for the solution of this problem,
similar to the well-known Cross method for the analysis of continuous beams
and frames. Malter (1958) [187] employed the Newmark method and Finite
Differences (FD), based on the moment-area method. Lee et al. (1961) [173]
analyzed continuous beam-columns deriving the slope-deflection equations.
Barden (1962) [16] computed the contact pressure distribution based on the
displacement compatibility between beam and soil, assuming a stepped varia-
tion of the contact pressure. Pipes (1946) [216] and later Iwinski (1967) [134]
demonstrated the application of integral transform techniques to the finite beam
problem.

Miranda and Nair (1966) [196] have applied the method of initial parame-
ters for the treatment of the finite beam problem, reducing the boundary value
problem to the solution of a simple two by two linear system of equations.
Szuladzinski (1975) [248] solved the problem constructing a discrete model,
in which the beam was substituted by a chain of rigid links interlocked with
pins and the flexural stiffness was lumped into rotational springs, placed in
correspondence of each pin.

Beaufait (1977) [23] gained a complete numerical solution and an approxi-
mate value of the critical axial load by using the midpoint difference method.
Later, Ting (1982) [254] improved an integral approach for studying finite
uniform beams on a Winkler foundation with elastic restraints on deflection
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and slope, placed at the ends. Hosur and Bhavikatti (1996) [131] developed
a FD scheme assuming a parabolic variation of the contact pressure distribu-
tion, obtaining the influence lines of the bending moments. Borák and Mar-
cián (2014) [41] applied modified Betti’s theorem for developing an alternative
analytical solution of beams on an elastic foundation.

Influence lines for the deflection, bending moment and shear force of a fi-
nite beam were deduced analytically by Hetényi (1946) [125] and numerically
by Ray (1958) [224], who presented a set of ready-made tables for design pur-
poses, by using a FD approach. The employment of non-dimensional influence
functions was shown by Dodge (1964) [76].

Also matrix methods have been heavily applied. Fraser (1968) [96] ob-
tained a matrix formulation by means of a FD technique and the conjugate
beam analogy. In Bowles’s textbook, both FD and FEM solutions have been
employed (see Bowles, 1974 [42]), and, in particular, a stiffness matrix using
a conventional beam element supported on discrete soil springs at the ends of
the element was formulated. Miyahara and Ergatoudis (1976) [197] and later
Eisenberger and Yankelevsky (1985) [84] formulated exact stiffness matrices
for both a beam and a beam-column element on a Winkler foundation, suitable
for a finite element implementation of the problem. Aydogan (1995) [11] con-
sidered also shear effects in the beam differential-equation and consequently
derived a formulation of the finite element stiffness matrix accounting also for
shear effects.

A fundamental limitation of the elastic Winkler foundation model is that of
neglecting the interactions between adjacent foundation springs, thus overlook-
ing for the cohesive and frictional bonds between medium particles. This may
lead to unrealistic results (Limkatanyu et al., 2015 [178]). To narrow down
the gap between the real behavior of continuous media and elastic Winkler
foundation models, several researchers have enriched the Winkler model by
introducing a coupling effect between continuous Winkler springs and differ-
ent embedded structural elements, thus accounting for the effect of the adjacent
supporting medium.

Among these models, the Pasternak (1954) [213] one accounts for the ex-
istence of a shear interaction between the spring elements, by connecting the
top end of each spring to an incompressible layer, which deforms under trans-
verse shear only and whose shear elastic modulus dictates the amount of shear
coupling between neighboring springs (Selvadurai, 1979 [235]), as follows:

r(x) = −k(x)w(x) +
(
GP (x)w

(1)
x (x)

)(1)
x
, k(x) > 0; (2.2)

where stiffness coefficient k(x) is the first stiffness parameter of the Pasternak
elastic foundation (as in the Winkler model) and GP (x) [N] is the Pasternak
shear modulus of the interconnecting shear layer, namely the second stiffness
parameter of the Pasternak elastic foundation (in Eq. (2.2) recall that w(1)

x (x)
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marks the first-order derivative of deflection w(x) with respect to x, see no-
tation Section 1.3). For this reason, this model is often classified as a “two-
parameter” foundation model, where the first parameter represents the vertical
stiffness of the foundation springs, like in a classical Winkler model, while
the second parameter accounts for their shear coupling. The Pasternak shear
modulus is usually assumed as constant as well, GP (x)=GP .

The simplified continuum analysis by Vlasov and Leontiev (1966) [267]
showed that the mechanical behavior of an elastic continuum can be simulated
by using springs with such a shear-type interaction. Because of the lack of
appropriate laboratory tests or in situ measurement methodologies (Selvadu-
rai, 1979 [235]), the problem of specifying realistic values of the soil param-
eters involved in two-parameter foundation models has been analytically ad-
dressed by Vlasov and Leontiev (1966) [267] and by Vallabhan and Das (1988,
1991a,b) [260–262], which is founded on a quite different formulation of the
equations of the two-parameter Vlasov model (modified Vlasov model).

Zhaohua and Cook (1983) [283] developed two kinds of finite elements
for an Euler-Benoulli elastic beam on a two-parameter elastic foundations, one
based on the displacement functions of the exact analytical solution of the prob-
lem and the other based on usual cubic displacement functions. Eisenberger
and Clastornik (1987) [83] derived the element stiffness, geometric and mass
matrix by considering a variable two-parameter foundation model by assuming
that all variable quantities in the problem can be represented as a polynomial
series. Razaqpur and Shah (1991) [225] derived the stiffness matrix and nodal
load vector of the beam element on two-parameter elastic foundation using
polynomial displacement shape functions.

On behalf of the interested reader, “three-parameter” foundation models
have also been formulated in the literature, such as those of Hetényi (1950)
[126], Reissner (1958) [227] and Kerr (1965) [157]. The basic features of
three-parameter models is the flexibility and convenience that they offer in the
determination of the level of “continuity” of the vertical displacements at the
boundaries between the loaded and the unloaded surfaces of the soil (Hetényi,
1950 [126]). In fact, three-parameter models allow to take into account the
following factors: (a) consideration of the influence of soil on either side of
the frames; (b) consideration of the shear stresses developing in the soil and
(c) consideration of the local deformations under the loaded surface of the soil.

Among all three-parameter models, the Kerr model is of a particular in-
terest, due to a series of solutions and applications which are available in
the literature. This model consists of two linear elastic spring layers of con-
stants k1(x)>0 and k2(x)>0 [N/m2], respectively, interconnected by a unit
thickness shear layer of uniform G(x) [N]. Therefore, the support reaction-
displacement relation for a Kerr foundation model, derived from the general
constitutive relations of the various support layers of the Kerr model, may be
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expressed as:1+ k2(x)
k1(x)

+

(
k1(x)G(x)k

(1)
1x(x)

)(1)
x
−3G(x)k

(1)
1x(x)

2

k31(x)

r(x)−G(x)

k2(x)
r(2)x (x)

−k2(x)
(
G(x)

k21(x)

)(1)

x

r(1)x (x)=−k2(x)w(x)+
(
G(x)w(1)

x (x)
)(1)
x
;

(2.3)

which, for constant support elastic coefficients, reduces to the formula reported
by Kerr (1965) [157]:(

1 +
k2
k1

)
r(x)− G

k1
r(2)x (x) = −k w(x) +Gw(2)

x (x). (2.4)

It may be noted that the derivatives of support reaction r(x) also appears in the
constitutive law in Eqs. (2.3)-(2.4), as opposed to Eqs. (2.1)-(2.2).

Avramidis and Morfidis (2006) [10] formulated and solved the static prob-
lem of a Timoshenko beam resting on Kerr-type elastic foundation within the
context of first-order theory, while Morfidis (2010) [203] studied the dynamics
of this model within the context of second-order theory. Although these two
studies showed the superiority of the Kerr-type foundation model, compared to
one or two-parameter models, to approximate a FEM-based reference solution
of the corresponding two-dimensional continuum model, the application of this
model appears to be rather cumbersome, since it requires the solution of a sys-
tem of two sixth-order linear differential equations. For this reason, hereinafter
only one (Winkler) or two (Pasternak)-parameter models will be employed for
studying the mechanical response of beams on elastic foundation.

2.1.2 Nonlinear elastic foundation models

According to the Winkler model introduced in the previous section, a linear
elastic constitutive law between foundation reaction and beam displacement is
assumed, as shown in Fig. 2.1a. As seen in the previous section, many authors
successfully addressed Soil-Structure Interaction (SSI) problems concerning
static loads by employing linear elastic foundation models. However, in prac-
tice, very often the support structure shows a highly nonlinear behavior, which,
if ignored by assuming a linear behavior, may lead to considerable errors in the
ensuing analysis (see e.g. the case of soil, Selvadurai, 1979 [235]).

It results very challenging to develop static and dynamic analyses and so-
lutions of systems that include nonlinear underlying supports and are able to
predict their behavior over a wide range of loading conditions. Studies per-
taining to the static response of nonlinear beam-foundation systems are shortly
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(a) Linear (b) Bilinear (c) Cubic superlinear

Figure 2.1: Considered behaviors of the elastic Winkler foundation: linear law (a), bilinear
law (b), cubic superlinear law (c).

reviewed below, while dynamic investigations will be discussed in the follow-
ing chapters.

Beaufait and Hoadley (1980) [24] iteratively applied the midpoint differ-
ence method for solving the problem of an elastic beam supported by a tension-
less nonlinear elastic foundation under arbitrary loads. The nonlinear behavior
of the support was approximated by a piecewise linear curve, as in Yankelevsky
et al. (1988) [277]. Soldatos and Selvadurai (1985) [242] presented the appli-
cations of a perturbation technique for the solution of the nonlinear equation
governing the static bending of an Euler-Bernoulli beam resting on a Winkler
foundation of the hyperbolic type and subjected to an arbitrary external load-
ing; by using this technique, the initially nonlinear problem was reduced to
the solution of a set of linearized equations. It must be pointed out that, the
hyperbolic law describing the foundation behavior may not be so realistic, par-
ticularly within dynamic contexts, since an unbounded reaction force may be
predicted within the admissible range of beam displacements.

Ayoub (2001, 2003) [12, 13] developed a finite element mixed formulation
capable of capturing the nonlinear elastic behavior of both the beam and the
foundation elements, without sacrificing the computational efficiency.

Up to this point, research studies were pertaining to beams lying on founda-
tions with symmetric mechanical behavior, i.e. displaying the same compres-
sion and tension stiffnesses. The extensive use of such supposition was more
motivated by the need of the simplifying assumptions toward the mathemati-
cal model than by the consistency with physical reality. On the contrary, more
realistic models must sometimes be characterized by a foundation producing a
reaction which depends not only on the amount of beam displacement, but also
on its sign, i.e. if it is upward or downward, even under small deformations.

In the literature, the word “bimodulus” is often used for referring to a ma-
terial whose stress-strain law is piecewise linear, namely when the material is

16



characterized by different material parameters in compression and in tension
(see e.g. Curnier et al. (1995) [63], in the realm of mechanics of solids). In
the context of structural mechanics this type of foundation is defined as bilin-
ear. Thus, by assuming an asymmetric but linear behavior of the foundation,
reaction force r(w) supplied by a bilinear elastic support may be defined as
follows:

r(w)= r (w)= k+H(w)w + k−H(−w)w, 0≤k+≤k−; (2.5)

where H(·) is the Heaviside function, k+ [N/m2] is the tension stiffness
and k− [N/m2] is the compression stiffness of the bilinear Winkler foundation,
as shown in Fig. 2.1b.

The discrepancy in the beam analysis incurred from ignoring the effect of a
bilinear behavior of the foundation may be relevant, because the reduced over-
all stiffness of the system may cause a consistent increase of the beam displace-
ments (Castro et al., 2015 [49]). However, this aspect comes to complicate the
analysis and makes it highly non-linear, since the location and extent of the
regions of compression and tension is not known in advance. As a result, only
a limited number of studies dealing with a bilinear foundation appear to have
been explored in the literature, mostly based on numerical methods.

In the earliest work reported in the literature on this class of problems, the
static behaviour of infinite beams resting on tensionless elastic foundations (re-
acting in compression only, k+=0), subjected to a concentrated load and to a
uniform distributed weight, was studied by Weitsman (1970) [270]. The em-
ployed approach was not very rigorous since the response of the beam placed
below the load was directly described by means of the analytical solution of
the linear foundation case, thus neglecting the interaction existing along the
entire beam length between the segments of the system in compression and in
tension.

Pavlović and Tsikkos (1982) [214] developed a simple analytical method
for obtaining the static deflection of a beam on a bilinear Winkler foundation
based on an a priori guess of the beam deflection shape. As stated by the au-
thors, their method becomes unsuitable when the number of different regions
into which the beam deflection changes sign is not small, e.g. long beams
subjected to complex loading conditions. To overcome such limitation, Adin
et al. (1985) [3], devised an iterative technique to determine the beam ten-
sion/compression transition points by using the exact stiffness matrix of finite
beams on a linear elastic foundation. Ma et al. (2009) [182] generalized such
an approach for obtaining the static response of an infinite beam supported
on a tensionless elastic foundation and subjected to arbitrary complex loading,
including self-weight.

Zhang and Murphy (2004) [282] developed a simple analytical solution for
the static response of a finite beam resting on a tensionless elastic foundation
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subjected to a lateral point load of arbitrary position, by assuming that only one
contact region may exist along the beam length. Silveira et al. (2008) [238] de-
veloped a nonlinear modal solution procedure, based on the Ritz method, capa-
ble of solving equilibrium and stability problems of uni-dimensional structural
elements (beams, columns and arches) with tensionless Winkler foundation.
The limitation of these two studies was an imposed restriction on the type or
number of loads or on the number of contact regions, thus adapting a case-by-
case resolution according to the most likely deflection shape, which is clearly
possible only for simple structural configurations.

Using a FEM approach together with a Newton-Raphson method Kaschiev
and Mikhajlov (1995) [152] developed a general method for the calculation of
the deflection of a straight beam resting on a tensionless Winkler foundation
for different loading conditions. Mullapudi and Ayoub (2010) [205] adopted
the mixed formulation of Ayoub (2001,2003) [12, 13] for developing a new el-
ement for the nonlinear analysis of inelastic beams resting on two-parameter
tensionless foundations. The latter issue was also tackled by Limkatanyu et
al. (2015) [179], differing in that a displacement-based formulation was man-
tained and the displacement shape functions were analytically derived based
on the homogeneous solution of the linear beam-foundation system, resulting
in an accurate beam-foundation model.

The nonlinear elastic Winkler foundation model with linear plus cubic con-
stitutive law has also been widely recognized as one of the most reliable, par-
ticularly in the context of dynamic analyses of railway tracks (Castro et al.,
2015 [50]). According to such a model, the reaction-displacement relation of
the foundation may be described by the following polynomial cubic law:

r(w) = kl w(x) + knl w(x)
3; (2.6)

where kl [N/m2] is a classical linear Winkler coefficient and knl [N/m4] de-
scribes an additional nonlinear stiffness coefficient attached to the cubic term.
A graphical representation of this model is shown in Fig. 2.1c.

The cubic superlinear model above was employed by Jang and his co-
workers (2011, 2012, 2014) [138–140] for validating the method they devel-
oped for analyzing the general nonlinear static deflection of an infinite beam
resting on a non-linear elastic foundation. By recasting the differential equa-
tion into an integral equation using the Green’s function of the linear beam-
foundation system, the solution was obtained by an iterative technique, based
on the Banach contraction mapping theorem. Bhattiprolu et al. (2013) [32]
studied the static (and also dynamic) response of a simply-supported beam
on both cubic superlinear and tensionless elastic foundation subjected to ax-
ial load and arbitrary transverse loads, by the mode superposition method,
where each modal amplitude equations were solved by using a Newton-Raph-
son technique and lift-off points were obtained from the mode shape predicted
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at each stage of the iteration. Further studies pertaining to the context of mov-
ing load dynamic problem are discussed in Chapter 3.

2.1.3 Spatial variation of stiffness foundation coefficient k(x)

Although in the literature numerous investigations pertaining to the complete
solution (deflection, pressure, slope, bending moment and shear force) of a
beam resting on a Winkler foundation have been reported, to the best of the
author’s knowledge, very few of them have treated the case of a variable foun-
dation coefficient, k=k(x), specifically within a full analytic context, as briefly
discussed below. There might arise circumstances in which the spatial varia-
tion of the elastic stiffness coefficient could play a considerable role and thus
may not be neglected.

Hayashi (1921) [122] firstly considered a uniform beam on elastic support
whose stiffness coefficient varies linearly along the beam’s axis and solved the
problem by means of a Taylor series expansion; a similar solution technique
was also considered by Hetényi (1946) [125]. Hendry’s method (1958) [123]
constitutes a valuable contribution to the general case of a non-prismatic beam
on a non-homogeneous foundation, based on a weighted average of the variable
flexural stiffness of the beam and of foundation coefficient k(x) with respect
to some appropriate “basic functions”. Iyengar and Anantharamu (1963) [135]
suggested solutions in the form of series of characteristic functions represent-
ing the normal modes of transverse vibration of a beam on a Winkler foun-
dation with uniform stiffness coefficient; at a later stage, they also proved the
method to be suitable for the construction of tables for the influence lines (see
Iyengar and Anantharamu (1965) [136]). The same year Klepikov (1965) [165]
proposed a numerical method to determine the static response for a general
space variation of k(x). Snitko (1968) [241] determined the static response
of a beam embedded in a Winkler support under axial and transverse loading,
with a subgrade coefficient having a parabolic variation k(x)=k x2.

Another solution approach, based on the generalized Laplace transform and
on an asymptotic analysis (see e.g. Bleistein and Handelsman, 1986 [35]),
was later proposed by Franklin and Scott (1979) [95]. The authors presented
an integral-form solution for a uniform beam on an elastic foundation, whose
coefficient varies linearly with axis coordinate x, by using contour integrals.
In addition, they developed a numerical method applied to semi-infinite beams
for a foundation coefficient going as a general power law, i.e. k(x)=k xp. Also,
Lentini (1979) [174] numerically solved the same problem by applying a FD
scheme. Further, Clastornik et al. (1986) [60] proposed a power series ap-
proximation of the solution and a method to assemble the structural stiffness
matrix for finite beams with support coefficient represented by a general poly-
nomial of x. By developing a Green’s function formulation, Guo and Weits-
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man (2002) [117] derived the beam static response for a non-uniform elastic
support.

Boundary integral equation methods may be found in the work of Hori-
be (1996) [130]. Chen (1998) [52] developed a numerical approach, the Dif-
ferential Quadrature Element Method (DQEM), for solving the static response
of a beam resting on an elastic foundation. Guo and Weitsman (2002) [117]
evaluated the static response of beams on a non-uniform elastic foundation by
employing a Green’s function formulation, which resulted in a system of non-
singular integral equations, solved numerically by a Gauss–Legendre quadra-
ture scheme. Frydrýšek (2012) [106] derived an approximate solution in the
form of polynomial functions and used it for a probabilistic analysis (SBRA:
Simulation-Based Reliability Assessment method)

Liang et al. (2014) [177] developed a simplified approximate analytical so-
lution for laterally loaded long piles, embedded in a soil with a stiffness lin-
early increasing with depth, based on a Fourier-Laplace integral approach, to-
gether with a power series solution for small depths and a Wentzel-Kramers-
Brillouin (WKB) asymptotic expansion for large depths. On the other hand, it
appears that there are no works in the literature pertaining to the closed-form
analytical solution for the static deformed configuration of a beam lying on a
Winkler foundation with a linear variation of the elastic support coefficient.

Fully numerical techniques, such as Finite Differences schemes (FD) and
the Finite Element Method (FEM), have also become very popular and have
been successfully applied for solving problems based on Winkler-like or even
more complicated nonlinear models of the support, such as uniform beams
on nonlinear elastic foundation (Yankelevsky et al., 1989 [278], Filipich and
Rosales, 2002 [92], Ebrahimi and Barati, 2016 [81]) or non-uniform beams on
nonlinear elastic foundation (Tsiatas, 2010 [256], Jang, 2014 [138]).

Although such widespread diffusion of numerical techniques, analytical and
semi-analytical methods are still needed and constitute an essential part of the
theoretical background. This not only in view of a parametric interpretation of
the static and dynamic response of the structural system, but also because ana-
lytical solutions appear to be more suitable than FEM-based or numerical mod-
elizations, towards final design and identification purposes (see e.g. Prasad,
1981 [221] and Froio et al., 2017 [102], for moving load problems; Joodaky
and Joodaky, 2015 [148], for plate-foundation interaction; Jang, 2013 [137], in
the framework of large deflection analysis of infinite beams; Khajeansari et al.,
2012 [161], in the context of nanostructures).

However, it appears that there are no works available in the literature per-
taining to the analytical solution for the static deformed configuration when
the elastic support coefficient varies analytically along the beam axis, with
trends other than linear (treated in Franklin and Scott, 1979 [95]). For the
just-mentioned reasons, in the following, the exact closed-form analytical so-
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lutions of a finite beam embedded within an elastic Winkler foundation whose
coefficient varies in space according to two different specific trends are derived.

According to Ince (1978) [133], apart from equations with constant coef-
ficients, and such equations which, by a change of variables, can be brought
back to the latter case, there is no known general method for the full and ex-
plicit integration in terms of “elementary functions” of Ordinary Differential
Equations of a general order n, even if linear. Sometimes, equations which
arise out of problems of applied mathematics and which are not reducible to
equations with constant coefficients, generate as their solutions new “transcen-
dental functions”. Both these two occurrences are treated in this chapter, as
outlined next.

In Section 2.2, the analytical static bending response of a uniform free-free
Euler-Bernoulli elastic beam resting on an elastic Winkler foundation with lin-
early varying foundation coefficient is derived by employing generalized hy-
pergeometric functions. On the other hand, by a change of variable, the ana-
lytical solution of the static deflection of a simply-supported Euler-Bernoulli
elastic beam lying on an elastic Winkler foundation endowed with a nonlinear,
minus four power spatial variation of the stiffness coefficient k(x) is sought
in terms of elementary functions in Section 2.3. Then, by the achieved an-
alytical solutions, parametric studies are carried out to accurately investigate
the influence of the beam-foundation mechanical parameters on the result-
ing elastic bending structural response. A discussion on the two solutions
has been reported by Froio and Rizzi (2017) [99] for the linear case and by
Froio and Rizzi (2016) [98] for the nonlinear case.

2.2 Analytical bending solution for linear k(x)=k0+k1x

2.2.1 Problem formulation

Consider now a uniform free-free elastic beam lying on a Winkler foundation,
whose schematic representation is depicted in Fig. 2.2a, under the action of
a horizontal force F [N] and a moment W [Nm] applied at its top-end. A
right-handed Cartesian coordinate system (x,y,z) is assumed, with the origin
at the centroid of the top-end beam cross-section (point A); the x-axis is taken
downward, while the y- and z-axes are taken along the principal axes of the
beam cross-section (positive y direction is taken horizontally leftward). Pos-
itive cross-section rotations are taken according to a right-handed screw rule.
Positive bending moment M [Nm] marks tensile stresses in the left beam edge
and positive shear S [N] corresponds to the top beam side moving rightward.

Within this reference, the well-known Ordinary Differential Equation (ODE)
governing the transverse static deflection of a slender uniform Euler-Bernoulli
elastic beam resting on an elastic Winkler foundation in the infinitesimal strain
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framework is the following (e.g. Hetényi, 1946 [125]):(
E(x)J(x)w(2)

x (x)
)(2)
x

+k(x)w(x) = p(x); 0 ≤ x ≤ L, k(x) > 0; (2.7)

where E(x) [N/m2] is the elastic modulus of the material, J(x) [m4] is the
moment of inertia of the beam cross-section around the z-axis and L is the
beam length; beam deflection has been labeled by w(x) [m] (positive along
the y direction), as represented in Fig. 2.12, meanwhile p(x) [N/m] and k(x)
denote the externally-applied distributed vertical forces acting on the beam and
the stiffness coefficient of the elastic support, respectively, the latter with the
meaning exposed in Section 2.1. It is straightforward to note that differential
operator

L( · ) =
(
E(x)J(x)( · )(2)x

)(2)
x

+ k(x)( · ); (2.8)

acting on w(x) is linear, since it is made of a linear combination of derivatives,
which are themselves linear operators. Then, since unknown function w(x) is
derived four times in spatial variable x, Eq. (2.7) is a non-homogeneous linear
fourth–order ODE in unknown function w(x).

Further, consider the case where elastic stiffness coefficient k(x) may be
expressed as a linear function of spatial position x=ξL, as follows:

k(x) = k0 +
kL − k0
L

x = k0 + k1x = k0(1 + β ξ);

k1 =
kL − k0
L

; β =
k1L

k0
=
kL
k0

− 1;
(2.9)

where k0 and kL [N/m2] are the point-wise values of the spring stiffness at the
top and bottom ends of the beam, respectively, k1 [N/m3] is the slope of k(x),
while β is a non-dimensional parameter describing the relative difference be-
tween kL and k0; both the latter parameters represent the steepness of k(x).

In such a frame, the transverse static deflection of a geometrically-linear
uniform Euler-Bernoulli elastic beam lying on an elastic Winkler support is
governed by Eq. (2.7). By neglecting now the presence of external distributed
horizontal forces (p(x)= 0), the mechanical problem in Fig. 2.2a is described
through the following two-point BVP:

EJw(4)
x (x) + (k0 + k1x)w(x) = 0, 0 < x < L; (2.10a)

w(2)
x (0) = −W/EJ ; (2.10b)

w(3)
x (0) = −F/EJ ; (2.10c)

w(2)
x (L)= 0; (2.10d)

w(3)
x (L)= 0; (2.10e)

where Eqs. (2.10b)-(2.10e) represent the boundary conditions.
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Figure 2.2: Finite free-free Euler-Bernoulli elastic beam on elastic Winkler support with
linearly-varying stiffness coefficient k(x) (a), trends of stiffness coefficient k(x) (b)
and of its reciprocal compliance coefficient η(x) (c) vs. non-dimensional space coordi-
nate ξ=x/L, for various values of β=k1/(k0/L)=kL/k0 − 1.

This type of problem may resemble practical situations encountered in foun-
dation engineering, for instance when dealing with piles embedded in cohe-
sionless soils (Madhav et al., 1971 [183]), subjected to horizontal loads, and
with shallow foundations, where the stiffness of the foundation medium may
be modeled as a linear function of depth (Randolph, 1981 [222]).

In order to fulfill physical condition k(x)≤0 in the interval [0, L], parame-
ters k0, kL and k1 must satisfy the following restrictions:

k0 > 0, kL > 0 and k1 ≥ −k0
L
; (2.11)

or, equivalently, parameter β≥−1, due to the third condition in Eq. (2.11). A
representation of the trends of stiffness k(x) ensuing from Eq. (2.9) is given in
Fig. 2.2b, for various values of parameter β≥−1. In Fig. 2.2c, its reciprocal
compliance η(x) [L]2/[F] is represented as well.

The solution of Eq. (2.10a) may be derived by employing generalized hy-
pergeometric functions (see Erdélyi, 1953 [87]), as outlined in the next section.
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2.2.2 Solution of the homogeneous equation

For solving BVP (2.10) with a linear k(x) as given in Eq. (2.9), it is convenient
to change independent variable x to a new nondimensional variable s, defined
as

s =
k(x)

γ
; γ = 5

√
EJk41 > 0

[F]
[L]2

;
k0
γ
< s <

kL
γ
; (2.12)

and, consequently, the derivative of s with respect to x is

s(1)x =
kL − k0
γL

=
k1
γ
. (2.13)

Such a change of variable leads to the following new BVP problem:

w(4)
s (s) + sw(s) = 0; k0/γ < s < kL/γ; (2.14a)

w(2)
s (k0/γ) = w(2)

s

(
α

1
5 β− 4

5

)
= −(αβ)−

2
5 WL2/EJ ; (2.14b)

w(3)
s (k0/γ) = w(3)

s

(
α

1
5 β− 4

5

)
= −(αβ)−

3
5 FL3/EJ ; (2.14c)

w(2)
s (kL/γ) = w(2)

s

(
α

1
5 β− 4

5 (1 + β)
)
= 0; (2.14d)

w(3)
s (kL/γ) = w(3)

s

(
α

1
5 β− 4

5 (1 + β)
)
= 0; (2.14e)

where non-dimensional parameter α is defined as follows:

α = 4(λ0L)
4 > 0; λ0 =

4

√
k0

4EJ
; (2.15)

and λ0 1/[L] is the so-called wave number of the static solution in case of a clas-
sical elastic Winkler foundation with constant coefficient k(x)=k0, namely 2π
times the inverse of the wavelength of the resulting static displacement function
(Hetényi, 1946 [125]).

Notice that such reformulation of BVP (2.10) is possible by a limitation on
the admissible values of k1, due to existence condition γ ̸=0 ensuing from the
definition of s in Eq. (2.12). Condition k1=0 (γ=0, β=0), corresponding to a
constant elastic stiffness coefficient k(x)=k0 (classical Winkler model), repre-
sents a singular case in the following derivation, meaning that the solution of
such a case cannot be directly obtained from the solution that is going to be
determined in the next section. The solution for k(x)=k0, whose general inte-
gral is available from many classical sources (e.g. Hetényi, 1946 [125]), is also
derived later (Section 2.2.4), for the specific boundary conditions considered
in Eqs. (2.10).

Both real, non-dimensional parameters α>0 and β≥−1, as defined in
Eqs. (2.15) and (2.9), respectively, represent the influence of the character-
istic features of both the beam and the substratum on the global behavior of
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the beam-foundation system. In particular, α is a parameter describing the rel-
ative flexibility of the beam-foundation system evaluated at the top end of the
beam (x=0), while β is a ratio representing the steepness of the elastic stiffness
coefficient variation along the beam axis with respect to its starting value k0.

Since Eq. (2.14a) is a homogeneous linear ODE, it is well-known that its
general integralwH(s), also called complementary function, if it exists, is given
by a linear combination of four linearly independent functions wHi

(s) with
complex coefficients Ci (Ince, 1978 [133]), each satisfying Eq. (2.14a):

w(s) =
4∑

i=1

CiwHi
(s); (2.16)

where four constants Ci have to be determined by imposing boundary condi-
tions (2.14b)-(2.14e) on the obtained expression of w(s).

It may be noticed that, as a results of the substitution provided by Eq. (2.12),
characteristic parameters α and β appear only in the boundary conditions of
BVP (2.14), i.e. none of them appears in differential Eq. (2.14a). Therefore, the
fundamental set of solutions wHi

(s) is invariant with respect to parameters α
and β, which influence only four constants Ci.

For the purpose of the forthcoming analytical developments, at this stage
it is worthwhile to introduce the generalized hypergeometric function, which,
as reported by Erdélyi (1953) [87], is a high-transcendental function endowed
with the following form:

pFq (a;b; t) = pFq (a1, . . . , ap; b1, . . . , bq; t) = 1 +
∞∑
n=1

p∏
j=1

(aj)n

q∏
j=1

(bj)n

tn

n!
; (2.17)

where p numbers aj are called numerator-parameters, q numbers bj are referred
to as denominator-parameters and (c)n is the Pochhammer symbol, defined as
follows:

(c)n = c(c+ 1) . . . (c+ n− 1) =
Γ(c+ n)

Γ(c)
; (2.18)

and Γ(·) is the Gamma function (see e.g. Bleistein and Handelsman,1986 [35]).
In case of null indexes p, q the corresponding finite products are assumed to
be equal to one. The derivation of the fundamental set of solutions wHi

(s)
(i=1, . . . , 4) of Eq. (2.14a) and the complete determination of the analytical
solution of BVP (2.14) are carried out in the following section.

In order to determine a fundamental set of solutions wHi
(s), the differential

equation may be multiplied by s4 yielding:

s4w(4)
s (s) + s5w(s) = 0; k0/γ < s < kL/γ; (2.19)
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and by further introducing a new independent, always negative, non-dimensio-
nal variable t for w(t), defined as follows:

t = −s
5

54
, w(1)

s = −5
1
5 t

4
5w

(1)
t ,

w(4)
s = 5

4
5 t

16
5 w(4) +

24

5
1
5

t
11
5 w

(3)
t +

96

5
6
5

t
6
5w

(2)
t +

24

5
11
5

t
1
5w

(1)
t ;

(2.20)

Eq. (2.19) becomes

t4w
(4)
t +

24

5
t3w

(3)
t +

96

25
t2w

(2)
t +

24

125
tw

(1)
t − tw = 0;

− k50
54γ5

< t < − k5L
54γ5

.
(2.21)

Upon denoting δ differential operator t( · )(1)t , which gives the general relation

ti( · )(i)t = δ(δ − 1)(δ − 2) · · · (δ − i+ 1); (2.22)

Eq. (2.21) may be finally written in the form

δ

(
δ − 1

5

)(
δ − 2

5

)(
δ − 3

5

)
w − tw = 0. (2.23)

The general integral of Eq. (2.23) may be expressed as a linear combination
of independent generalized hypergeometric functions (see Erdélyi, 1953 [87]),
as follows:

w(t) =
4∑

i=1

CiwHi
(t) =

=C1 0F3

(
- ;

2

5
,
3

5
,
4

5
; t

)
+ C2 t

1
5 0F3

(
- ;

3

5
,
4

5
,
6

5
; t

)
+

C3 t
2
5 0F3

(
- ;

4

5
,
6

5
,
7

5
; t

)
+ C4 t

3
5 0F3

(
- ;

6

5
,
7

5
,
8

5
; t

)
;

(2.24)

where, for instance, the first solution in the linear combination above takes the
form

0F3

(
- ;

2

5
,
3

5
,
4

5
; t

)
=1 +

∞∑
n=1

1(
2
5

)
n

(
3
5

)
n

(
4
5

)
n

tn

n!
=

=1 +
∞∑
n=1

Γ
(
2
5

)
Γ
(
3
5

)
Γ
(
4
5

)
Γ
(
2
5
+ n
)
Γ
(
3
5
+ n
)
Γ
(
4
5
+ n
) tn
n!
;

(2.25)

obtained by setting p=0 and q=3 in the definition provided in Eq. (2.17). As
a consequence, according to Erdélyi (1953) [87], pFq (a;b; t) converges for
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all finite t when p≤q, the point at infinity being the only singularity of the
differential equation, as displayed in Fig. 2.3.

Hence, the general integral of Eq. (2.19) is obtained by substituting the
definition of t provided in Eq. (2.20) into Eq. (2.26), as follows:

w(s)= C1 0F3

(
- ;

2

5
,
3

5
,
4

5
;−s

5

54

)
+ C2 0F3

(
- ;

3

5
,
4

5
,
6

5
;−s

5

54

)
s+

C3 0F3

(
- ;

4

5
,
6

5
,
7

5
;−s

5

54

)
s2 + C4 0F3

(
- ;

6

5
,
7

5
,
8

5
;−s

5

54

)
s3;

(2.26)

with Ci already introduced in Eq. (2.16). A necessary and sufficient condition
for functions wHi

(s) in Eq. (2.31) being linearly independent, i.e. to form a
fundamental set of solutions of Eq. (2.21) is that (see Ince, 1978 [133]):

W(wH1 , . . . , wH4)(s) ̸= 0; (2.27)

where, by defining fundamental matrix ΦH(s) as follows:

ΦH(s) =


wH1(s) wH2(s) wH3(s) wH4(s)

w
(1)

H1
(s) w

(1)
H2

(s) w
(1)

H3
(s) w

(1)
H4

(s)

w
(2)

H1
(s) w

(2)
H2

(s) w
(2)

H3
(s) w

(2)
H4

(s)

w
(3)

H1
(s) w

(3)
H2

(s) w
(3)

H3
(s) w

(3)
H4

(s)

 ; (2.28)

Wronskian W(wH1 , . . . , wH4)(s)=det ΦH(s) is its determinant.
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Figure 2.3: Fundamental set of solutions of differential Eq. (2.21).

By virtue of Abel identity (Ince, 1978 [133]), it suffices to verify non-zero
property W(s0)̸=0 for an arbitrary point s0, to demonstrate condition W(s)̸=0
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for all s. Then, by fixing s0=0 one gets

W(wH1 , . . . , wH4)(0) = det ΦH(0) =

∣∣∣∣∣∣∣∣∣∣
1 0 0 0

0 1 0 0

0 0 2 0

0 0 0 6

∣∣∣∣∣∣∣∣∣∣
= 12; (2.29)

where the following identity has been applied for derivatives

0F3

(
- ; b1, . . . , bq; g(t)

)(1)
t
=
g
(1)
t (t)
q∏

j=1

bj

0F3

(
- ; b1 + 1, . . . , bq + 1; g(t)

)
. (2.30)

Hence, wHi
(s) in Eq. (2.24) indeed form a fundamental set of solutions of

Eq. (2.21).

2.2.3 Solution of the boundary value problem

The imposition of boundary conditions (2.14b)-(2.14e) to the general integral
in Eq. (2.31) leads to the following linear system:

w
(2)

H1

(
k0
γ

)
w

(2)
H2

(
k0
γ

)
w

(2)
H3

(
k0
γ

)
w

(2)
H4

(
k0
γ

)
w

(3)
H1

(
k0
γ

)
w

(3)
H2

(
k0
γ

)
w

(3)
H3

(
k0
γ

)
w

(3)
H4

(
k0
γ

)
w

(2)
H1

(
kL
γ

)
w

(2)
H2

(
kL
γ

)
w

(2)
H3

(
kL
γ

)
w

(2)
H4

(
kL
γ

)
w

(3)
H1

(
kL
γ

)
w

(3)
H2

(
kL
γ

)
w

(3)
H3

(
kL
γ

)
w

(3)
H4

(
kL
γ

)


︸ ︷︷ ︸

B


C1

C2

C3

C4


︸ ︷︷ ︸

C

=


0

F̂

0

0


︸ ︷︷ ︸
fF

+


M̂

0

0

0


︸ ︷︷ ︸
fW

(2.31)

where

F̂ = − FL3

(αβ)
3
5 EJ

, M̂ = − WL2

(αβ)
2
5 EJ

; (2.32)

which in compact form may be written as

BC = fF + fW ,
4∑

j=1

BijCj = fFi
+ fWi

, i = 1, 2, 3, 4; (2.33)

with corresponding meaning of symbols.
In order to provide a complete understanding of the behavior of the beam-

foundation system, by taking advantage of the linearity of Eq. (2.10a), the
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superposition principle may be applied to decompose the response into two
contributions, each one relative only to the action either of force F or of mo-
ment W , respectively, as follows:

w(ξ) = wF (ξ) + wW (ξ). (2.34)

Therefore, it is possible to split the linear system in Eq. (2.31) into two subsys-
tems, the first with F ̸=0, W=0 and the second with F=0, W ̸=0:

BCF = fF ; (2.35a)
BCW = fW . (2.35b)

Then, the expressions of coefficients Ci of Eq. (2.26) such that w(s) is the
solution of boundary value problem (2.14) may be written as

Ci = CFi
+ CWi

=
(
cFi

FL+ cWi
W (αβ)

1
5

) (αβ)−
3
5 L2

D(α, β)EJ
; (2.36)

provided that denominator term D(α, β), which is the determinant of ma-
trix B in Eqs. (2.31)-(2.33), is different from zero. The expression of deter-
minant D(α, β) is rather lengthy; then, it is not reported here. Coefficients cFi

and cWi
represent the unknown non-dimensional counterparts of CFi

and CWi
,

respectively, as defined in Eq. (2.36). Since the wHi
(s) form a fundamental set

of solutions, it is possible to check that D(α, β)=det(B) is a non-zero quan-
tity provided that k0 ̸=kL, that is except for the limit cases when k1=0 (β=0)
(see the following section). Hence, coefficients Ci are always well-defined for
every value of parameters α>0 and β ∈ [− 1, 0) ∪ (0,∞).

Coefficients cWi
and cFi

are listed in Table 2.1 and Table 2.2. All calcula-
tions have been developed within Mathematica [274]. Once the existence of a
solution of BVP (2.10) has been proven, its uniqueness is straightforward, by
virtue of the linearity of Eq. (2.10a).

From the expressions of coefficients Ci in Eq. (2.36), the solution is propor-
tional to both external actions F andW , as it was expected from the linearity of
the differential equation. The representation and interpretation of the achieved
analytical solution is presented and discussed in following Section 2.2.5, but,
first, the particular case of a constant foundation coefficient (β=0, classical
Winkler foundation) is commented below. The achieved analytical representa-
tion is finally resumed in synoptic form in the sketch provided in Fig. 2.4.

2.2.4 Singular case

In the previous section it has been noticed that functions wHi
(s) are improper

to represent the solution of Eq. (2.10a) when β=γ=k1=0. In fact, for β=0 the
linear system in Eq. (2.31) is not invertible, hence, not leading to a definition of
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SYNOPSIS OF THE ANALYTICAL SOLUTION
Governing differential equation and boundary conditions
• EJw(4)(x) + k(x)w(x) = 0; 0 < x < L, k(x) = k0 + k1x ≥ 0;

• w(2)(0) = −W/EJ ; w(3)(0) = −F/EJ ; w(2)(L) = 0; w(3)(L) = 0;

Definitions
• ξ =

x

L
; λ0 =

4

√
k0
4EJ

; α = 4(λ0L)
4; β =

k1 L

k0
.

General solution

• w(ξ) =

4∑
i=1

CiwHi(ξ); 0 < ξ < 1;

• wHi(ξ)=0F3

(
- ;
{ ιij

5

}
;−s5(ξ)

54

)
si−1(ξ); i=1, 2, 3, 4; j=1, 2, 3; ι =

 2 3 4
3 4 6
4 6 7
6 7 8

;
• 0F3 (- ; {ιij}; t) = 1 +

∞∑
n=1

Γ (ιi1) Γ (ιi2) Γ (ιi3)

Γ (ιi1 + n) Γ (ιi2 + n) Γ (ιi3 + n)

tn

n!
;

• s(ξ) = α
1
5 β− 4

5 (1 + β ξ);

• Ci =
(
cFi FL+ cWi W (αβ)

1
5

) (αβ)−
3
5 L2

D(α, β)EJ
;

• D(α, β) = det
(
B(α, β)

)
; Bij(α, β) = w

(
5+(−1)i

2

)
Hj

(
kκ
γ

)
; κ =

{
0 i = 1, 2

L i = 3, 4
;

• cFi → Table 2.1; cWi → Table 2.2.

Figure 2.4: Summary of the main steps of the analytical solution.

cF1 : B12 (B33B44 −B34B43) +B13 (B34B42 −B32B44) +B14 (B32B43 −B33B42)

cF2 : B11 (B34B43 −B33B44) +B13 (B31B44 −B34B41) +B14 (B33B41 −B31B43)

cF3 : B11 (B32B44 −B34B42) +B12 (B34B41 −B31B44) +B14 (B31B42 −B32B41)

cF4 : B11 (B33B42 −B32B43) +B12 (B31B43 −B33B41) +B13 (B32B41 −B31B42)

Table 2.1: Expressions of coefficients cFi of CFi .

cW1 : B22 (B34B43 −B33B44) +B23 (B32B44 −B34B42) +B24 (B33B42 −B32B43)

cW2 : B21 (B33B44 −B34B43) +B23 (B34B41 −B31B44) +B24 (B31B43 −B33B41)

cW3 : B21 (B34B42 −B32B44) +B22 (B31B44 −B34B41) +B24 (B32B41 −B31B42)

cW4 : B21 (B32B43 −B33B42) +B22 (B33B41 −B31B43) +B23 (B31B42 −B32B41)

Table 2.2: Expressions of coefficients cWi
of CWi

.

four constants Ci. For these specific value of β, the solution has to be derived
independently from Eq. (2.26).
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Figure 2.5: Normalized shape of elastic deflection wF (ξ) for various values of λ0L when the
elastic stiffness coefficient of the foundation is constant, k(x)=k (F ̸=0, W=0 (a); F=0,
W ̸=0 (b)).

If β=0, that is k1=0, the problem is brought back to that of a free-free beam
lying on an elastic Winkler foundation with constant modulus (k(x)=k0). The
solution, derived according to the theory of linear ODE with constant coeffi-
cients, is the following:

w(ξ)β=0 =
(
wF (ξ) + wW (ξ)

)
β=0

=
4F

λ0EJ d
hF (ξ) +

W

EJ d
hW (ξ); (2.37a)

d = 4λ20

(
cos(2λ0L) + cosh(2λ0L)− 2

)
; (2.37b)

hF (ξ)=sin(λ0L) cosh(λ0Lξ) cos
(
λ0L (1− ξ)

)
+

− sinh(λ0L) cos(λ0Lξ) cosh
(
λ0L (1− ξ)

)
;

(2.37c)

hW (ξ)=−2

(
cos(λ0Lξ) cosh

(
λ0L(ξ − 2)

)
+

−cos
(
λ0L(ξ−2)

)
cosh(λ0Lξ)+sin

(
λ0L(ξ−2)

)
sinh(λ0Lξ)+

+ sin(λ0Lξ)
(
sinh

(
λ0L(ξ − 2)

)
− 2 sinh

(
λ0Lξ

)))
;

(2.37d)

where λ0= 4
√
k0/(4EJ), already introduced in Eq. (2.15), is the characteristic

parameter of the system (Hetényi, 1946 [125]).
A representation of the normalized solution provided by Eqs. (2.37) is de-

picted in Figs. 2.5a–2.5b for various values of λ0L, between 1 and 6, a realistic
range given in Selvadurai (1979) [235]. In these figures, the normalized deflec-
tions are defined as

wF (ξ) =
wF (ξ)

wmax
F

; wW (ξ) =
wW (ξ)

wmax
W

; (2.38)
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where wmax
F and wmax

W are the maximum beam transverse deflections induced
by force F or moment W , respectively, which always appear at their point of
application (top end), as expected and as it may be observed in Figs. 2.5a–2.5b.

Even though the solution of this particular case cannot be obtained directly
from Eq. (2.26), it can be approached by a limit process taking values of β
tending to 0, as it could be inspected by the representations presented next.

2.2.5 Results and discussion

From the general integral in Eq. (2.26) it is revealed that the beam elastic
bending response non-proportionally depends on two real characteristic non-
dimensional parameters α and β, as introduced in Section 2.2.1. In this section,
a parametric investigation is carried out to inspect the effect of α and β on the
analytical solution. As noticed in Section 2.2.1, α is a positive parameter and
here it has been taken in terms of a realistic range of λ0L, the same considered
for the case of the constant foundation coefficient in the previous section.

About parameter β, it must be greater than or equal to −1, due to the third
condition in Eq. (2.11); nevertheless, it is expected that too high values of β,
for instance beyond 8, would entail a very stiff foundation almost everywhere
in [0, L]. Then, the assumed ranges of values of two non-dimensional param-
eters α and β have been taken as follows:

α =
[
4 · 14, 4 · 64

]
= [4, 5184] ; β = [− 1, 0) ∪ (0, 8 ] ; (2.39)

In the following, the effect of both characteristic parameters α and β on
the solution patterns, namely static deflection, bending moment and shear is
firstly analyzed for the case of a free-free beam subjected to a force F on its
top end; then, the same type of analysis is performed by replacing force F with
moment W .

Effect of external force

The shape of elastic deflection wF , normalized as in Eq. (2.38), versus non-
dimensional spatial coordinate ξ, for various values of parameter α is displayed
in the sequence of Figs. 2.6a–2.6f, each one for a fixed value of β.

The influence of parameter α, which is representative of the ratio between
the stiffness of the foundation, evaluated at the top end of the beam, and the
beam bending stiffness, is clearly seen from each graph shown in Figs. 2.6a–
2.6f. In particular, for relatively small values of α, a situation occurring in case
of either a stiff beam or a soft foundation, the tendency of the beam deflection
is that of approaching a linear shape. This reveals the fact that the solution con-
sistently approaches the final configuration of a free-free rigid rod embedded
within a linearly varying elastic Winkler foundation.
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Figure 2.6: Normalized shape of elastic deflection wF (ξ) for various values of α (β=−1 (a);
β→0 (b); β=1 (c); β=2 (d); β=4 (e); β=8 (f)).

On the other hand, as α approaches relatively high values, the beam longitu-
dinal axis starts deforming more, displaying an asymmetric evolution that de-
cays very rapidly moving away from the point of application of the load (ξ=0).
As expected, the maximum displacements are always in correspondence of the
point of application of force F .

The effect of the variable elastic foundation, attached to β, i.e. the parame-
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ter representing the steepness of the elastic stiffness coefficient variation along
the beam axis, on the normalized shape of the deflection is less pronounced. It
may be noticed that for negative values of β the displacements are large even
in the lower part of the beam, due to a decreasing stiffness of the elastic springs
(Fig. 2.6a); further, if α is also small, the displacements appear nearly symmet-
ric with respect to the midspan of the beam. Positive values of β, correspond-
ing to an increasing stiffness of the foundation along the beam axis, produce
a reduction of the beam displacements towards zero, in the second half of the
beam, even though this reduction is accompanied by a non-significant change
of the deflection profile (Figs. 2.6c–2.6f).

From Fig. 2.6b it is evident that the results obtained for β approaching zero
agree well with the analytical solution in Eqs. (2.37), displayed in Fig. 2.5a,
and, hence, the singular case β=0 can be recovered in a limit process as β→0.

Figs. 2.7a–2.7f show the normalized bending moment versus non-dimen-
sional spatial coordinate ξ, and its shape variation with the same parameters
considered for the deflection. Normalized bending moment MF in Figs. 2.7a–
2.7f is introduced as:

MF (ξ) =
MF (ξ)

Mmax
F

; MF (ξ) = −EJ
L2

w
(2)
F (ξ); (2.40)

where Mmax
F is the maximum bending moment recorded along the beam.

All the normalized bending moments vanish at the edges of the beam, as
imposed by the free-free boundary conditions, and always display a positive
maximum peak value in the first half of the beam. Such peak moves towards
the beam’s top ends (ξ=0), for either increasing values of α or decreasing
values of β, which is equivalent to increasing the stiffness of the foundation in
the upper zone of the beam with respect to the lower zone.

Small negative values of the bending moment can also be observed in the
second half of the beam, in particular for large values of α and β. The max-
imum negative bending moment remains in any case less than ten percent of
the maximum positive value. Accordingly, the deflection profile may be char-
acterized by a change in concavity sign, from its initial sign determined by the
direction of applied force F .

As mentioned earlier, for a reduced-stiffness foundation (small values of α)
the response curves, independently from β, tend to approach a quartic polyno-
mial, e.g. the evolution of the bending moment of a rigid beam, while larger
values of α yield more winding trends.

The plots further depicted in Figs. 2.8a–2.8b show the effect of α and β on
the maximum displacement and bending moment, respectively. As previously
exposed, the maximum shear is equal to applied force F , independently from
parameters α and β. The amplitude of the maximum displacement, always
located at the point of application of external force F , decreases of several
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(f): β= 8
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Figure 2.7: Normalized shape of bending moment MF (ξ) for various values of α (β=−1 (a);
β→0 (b); β=1 (c); β=2 (d); β=4 (e); β=8 (f)).

order of magnitudes by increasing α, bringing the need of a representation in
logarithmic scale on the ordinate axis in Fig. 2.8a.

The effect of parameter β results effective on the displacement amplitudes,
by contrast with its relatively small action on the shape of the deflection curves.
As β increases, the curves of the maximum displacements always decrease
for each α, exponentially decaying towards zero when α is large and even
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Figure 2.8: Variation of maximum displacement wmax
F in logplot (a) and maximum bending

moment Mmax
F (b) vs. β, for six values of α.

more than exponentially when α is small. However, it is noted that the case
of an everywhere rigid substrate, corresponding to an everywhere zero dis-
placement, cannot be completely achieved only by letting β going to infinity,
because near ξ=0 the coefficient of subgrade reaction remains always finite.
To achieve a good approximation of such a limit case, it suffices to increase pa-
rameter α, since its effect on reducing the displacements is made more drastic
with respect to that of β, meaning that the initial value of the elastic foundation
coefficient is more decisive than its relative increment along the beam on the
static response of the beam-foundation system.

Regarding the maximum bending moment, it increases with β according to a
sublinear fashion for small values of α, whereas it results quite insensitive with
respect to parameter β for high values of α (flexible-beam/rigid-foundation
system).

Effect of the external moment

In this section the effect of applied moment W on the beam-foundation re-
sponse is discussed. Normalized shape of elastic deflection wW in Eq. (2.38)
versus non-dimensional spatial coordinate ξ for various values of parameter α
is displayed in the succession of Figs. 2.9a–2.9f, each one for a fixed value
of β, as before.

The influence of parameter αmay be resumed as follows. For modest values
of α the behavior of the beam is again that of approaching a linear deflection
profile, consistently with the configurations displayed in the previous section.
Besides, as α increases, the deformation of the beam becomes evident with
a trend which decays moving away from the point of application of the mo-
ment (ξ=0). Such a decay is faster, with respect to the case of applied force,
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(f): β= 8
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Figure 2.9: Normalized shape of elastic deflection wW (ξ) for various values of α (β=−1 (a);
β→0 (b); β=1 (c); β=2 (d); β=4 (e); β=8 (f)).

in the initial part of the beam (small values of ξ), while it appears slower in
the reaming part of the beam. Curvatures, if compared with the case of applied
force, are always more prominent and maintain almost the same sign.

The effect of β on the normalized shape of the deflection results quite neg-
ligible in the first quarter of the beam, while it appears more effective in the
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Figure 2.10: Normalized shape of bending moment MW (ξ) for various values of α
(β=−1 (a); β→0 (b); β=1 (c); β=2 (d); β=4 (e); β=8 (f)).

remaining part of it, where positive values of β produce a reduction of the
beam displacements towards zero. Thus, the effect of β on the displacements
seems analogous to what recorded for the case of the applied force. Except
for small values of α and negative values of β, the maximum displacements
are always in correspondence to the point of application of moment W (ξ=0).
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From Fig. 2.9b it is evident that results obtained for β approaching zero agree
well with the analytical solution in Eqs. (2.37) represented in Fig. 2.5b, and,
again singular case β=0 can be reached by a limit process as β→0.

The parametric variation of the normalized bending moment (with respect
toMmax

W ) versus non-dimensional spatial coordinate ξ is shown in Figs. 2.10a–
2.10f. All the normalized curves start from a unitary value and vanish at the
other extremity of the beam (ξ=1), meaning that the applied moment always
represents the maximum bending moment along the beam, i.e. Mmax

W = W .
Such curves exhibit a sigmoid shape characterized by a faster decay at increas-
ing α. In this latter case, the number of inflection points become two instead
of one (double change of concavity), thus displaying a very small peak in the
fourth quarter of the beam.

For high values of α, small negative values of bending moments can also
be detected in the second half of the beam, the maximum of which remains
always less than ten percent of the applied moment. On the other side, an
increase of parameter β causes the decrease of the bending moment for all the
considered α, except for the case α=4 (red curves), i.e. a foundation with
reduced stiffness, where the opposite effect is produced.

The plots finally presented in Figs. 2.11a–2.11b show the effect of parame-
ters α and β on the maximum displacement and maximum shear, respectively.
In this case the maximum bending moment remains the same and equal to ap-
plied moment W . The amplitudes of the maximum displacements are higher
with respect to the case of the applied force, but displaying a qualitatively sim-
ilar evolution with both parameters α and β. Further, by observing Figs. 2.11b,
the maximum shear increases for an increasing slope of the foundation stiff-
ness (β), and even more as the foundation initial stiffness increases (α).
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Figure 2.11: Variation of maximum displacement wmax
W in logplot (a) and maximum

shear Smax
W (b) vs. β, for six values of α.
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2.3 Analytical bending solution for nonlinear k(x)=(c0+
c1x)

−4

2.3.1 Problem formulation

Consider a beam of a finite length L, briefly sketched in Fig. 2.12, endowed
with a right-handed system of rectangular coordinates (x,y,z), with the origin
at the centroid of the left-end cross-section of the beam; the x-axis is taken
along the axis of the beam while the y- and z-axes are taken along the principal
axes of the cross-section, the positive direction of the y-axis being vertically
downward. The positive direction for measuring slopes is in conformity with
universal usage, i.e. according to the right-handed screw rule. Positive bending
moment indicates tensile stresses in the bottom of the beam and positive shear
indicates that the left sides of the beam tends to rise.

Figure 2.12: Simply-supported beam resting on a Winkler foundation with variable stiffness
coefficient k(x).

A uniform (E(x)J(x)=EJ) simply-supported elastic beam lying on a Win-
kler-type foundation is described through the subsequent two-point boundary
value problem (BVP):

EJw(4)
x (x) + k(x)w(x) = p(x); 0 ≤ x ≤ L, k(x) > 0; (2.41a)

w(0) = 0; (2.41b)
w(L) = 0; (2.41c)

w(2)
x (0) = 0; (2.41d)

w(2)
x (L) = 0; (2.41e)

where both k(x) and p(x) are real-valued continuous functions in the interval of
interest [0, L]. Eqs. (2.41b)-(2.41e) are called boundary or end point conditions
of the problem.

A preliminary phase in the solution of two-point BVP (2.41) concerns the
discussion about its well-posedness. The existence and uniqueness of the solu-
tion of differential problem (2.41) is guaranteed by the work of Usmani (1979)

40



[258]. In fact, he proved that a solution of boundary value problem (2.41) ex-
ists if k(x) and p(x) are continuous functions on [0, L]. Also, the solution is
unique provided that

inf
x
k(x) > −π4. (2.42)

Since function k(x), which represents point-wisely the stiffness of each in-
finitesimal spring, makes physical sense only if it is greater than zero, the
validity of the above condition is straightforward. Hence, the mathematical
feature which guarantees the existence and uniqueness of the solution of (2.41)
is the positiveness of the foundation coefficient, k(x) > 0.

Consider the situation in which the variable support elastic stiffness coeffi-
cient may be described by the following nonlinear expression

k(x) = (c0 + c1x)
−4 =

1

(c0 + c1x)4
; (2.43)

where c0 and c1 are constant parameters, with restrictions defined as discussed
below.

In the expression of Eq. (2.43), the required positivity of k(x) at any x is
guaranteed by the exponent four in its definition, meanwhile its fractional form
assures k(x) to be never null in the interval [0, L]. In addition, the continu-
ity of k(x), required for satisfying the hypotheses of the existence theorem
(Usmani, 1979 [258]), constrains quantity c0 + c1x to be non-zero in the inter-
val [0, L]. So, it is assumed that c0 and c1 may be any real numbers provided
that

c0 > 0 and c1 > −c0
L
. (2.44)

Actually, it may be enough having c0 ̸=0 for ensuring k(x) not becoming un-
bounded when x is equal to zero, but, since the exponent four in Eq. (2.43)
makes k(x) independent from the sign of c0+ c1x, c0 will be considered just as
a positive quantity (c0>0). Further, the second condition guarantees the con-
tinuity of k(x) for all x belonging to (0, L]. A representation of the trends of
stiffness k(x) ensuing from Eq. (2.43) is given in Fig. 2.13a. In Fig. 2.13b, its
reciprocal, compliance η(x)=1/k(x) is also represented.

For the purposes of the analytical developments and of further discussion it
is convenient to introduce the following non-dimensional variables and param-
eters:

ξ =
x

L
; α =

4
√
EJ

c0
L
; β =

c1
c0/L

= 4

√
k(0)

k(L)
− 1; (2.45)

where ξ is the non-dimensional spatial coordinate, α is a ratio representing
the relative flexibility of the beam-soil system evaluated at the left extreme
of the beam (x=0) and β is a parameter describing how rapidly the elastic
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Figure 2.13: Trends of support elastic stiffness coefficient k(x) (a), and of its reciprocal,
support elastic compliance η(x) (b) vs. non-dimensional space coordinate ξ=x/L, for
different values of β=c1/(c0/L).

stiffness coefficient changes along the beam axis with respect to its starting
value k(0)=c−4

0 .
It is well-known that the general integral of non-homogeneous linear dif-

ferential equation (2.41a) is given by the sum of any of its particular solu-
tions wP (x) and general solution wH(x) of the corresponding associated linear
homogeneous equation

EJw(4)
x (x) + k(x)w(x) = 0; 0 ≤ x ≤ L, k(x) > 0; (2.46)

obtained from Eq. (2.41a) by setting p(x)=0. General integral wH(x) of
Eq. (2.46), also called complementary function (Murphy, 1960 [206]), is given
by a linear combination with complex coefficients of four linear independent
functions wHi

(x), each satisfying Eq. (2.46).
A necessary and sufficient condition for wHi

(x) being linearly independent
is that (see Coddington and Levinson, 1955 [61])

W(wH1 , . . . , wH4)(x) ̸= 0; 0 ≤ x ≤ L; (2.47)

where quantity W(wH1 , . . . , wH4)(x)=det ΦH(x), called Wronskian, is the
determinant of fundamental matrix ΦH(x), defined as

ΦH(x) =


wH1(x) wH2(x) wH3(x) wH4(x)

w
(1)

H1
(x) w

(1)
H2

(x) w
(1)

H3
(x) w

(1)
H4

(x)

w
(2)

H1
(x) w

(2)
H2

(x) w
(2)

H3
(x) w

(2)
H4

(x)

w
(3)

H1
(x) w

(3)
H2

(x) w
(3)

H3
(x) w

(3)
H4

(x)

 . (2.48)

If condition (2.47) is satisfied, functions wHi
(x) are said to form a fundamental

set of solutions of Eq. (2.46). If a fundamental set of solutions of Eq. (2.46) is
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known, a particular integral wP (x) is always obtainable by using the Variation
of Parameters formula (see e.g. Coddington and Levinson, 1955 [61]):

wP (x) =
4∑

i=1

wHi
(x)

∫ x

0

Wi(wH1 , . . . , wH4)(s)

W (wH1 , . . . , wH4)(s)
p(s) ds; (2.49)

whereWi(wH1 , . . . , wH4)(x) is the determinant of the fundamental matrix abo-
ve with the i-th column replaced by (0, 0, 0, 1)T . Once wP (x) is determined,
the general integral of the solution of Eq. (2.41a) may be written as

w(x) =
4∑

i=1

CiwHi
(x) + wP (x); (2.50)

where four constants Ci have to be determined from the boundary conditions,
Eqs. (2.41b)-(2.41e). Therefore, the analytical solution of Eq. (2.41a) is ob-
tainable if a fundamental set of solutions wHi

(x) of Eq. (2.46) is known. Un-
fortunately, this represents the hardest point of the solution, since closed-form
expressions for the exact solutions of Eq. (2.46) have not been found yet in
many cases of interest, except for the linear case already derived in Section 2.2.
A solution is developed in the following for the minus four power variation of
the stiffness coefficient k(x) stated in Eq. (2.43).

2.3.2 Solution of the homogeneous equation

When k(x) is described by Eq. (2.43), homogeneous equation (2.46) is known
as the Euler equation (Coddington and Levinson,1955 [61]), which is straight-
forward to be solved in closed-form by using elementary functions. In fact, by
virtue of substitution:

η(ξ) = ln(β ξ + 1); (2.51)

Eq. (2.46) may be transformed into the following linear equation with constant
coefficients:

e−4η

(
v
(4)
H (η)− 6v

(3)
H (η) + 11v

(2)
H (η)− 6v

(1)
H (η) +

vH(η)

(αβ)4

)
= 0. (2.52)

The solution of Eq. (2.52) is readily obtained by determining the four distinct
roots of the characteristic equation (Coddington and Levinson, 1955 [61])

r(r − 1)(r − 2)(r − 3) + γ4 = 0, γ =
1

αβ
=

1

c1
4
√
EJ

; (2.53)

which may be written as

r1 =
3− a2

2
; r2 =

3 + a2
2

; r3 =
3− a3

2
; r4 =

3 + a3
2

; (2.54)
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Figure 2.14: Absolute value (a) and argument (b) of the four roots ri as a function of γ.

where a1=4
√
1− γ4, a2=

√
5− a1 and a3=

√
5 + a1. Then, the general inte-

gral of Eq. (2.52) is

wH(η) = C1e
r1η + C2e

r2η + C3e
r3η + C4e

r4η; (2.55)

where the Ci are four constants, which shall be linked later to boundary condi-
tions (2.41b)-(2.41e).

Each of four solutions wHi
(η)=eriη of Eq. (2.52) may be real or complex-

valued, depending on the value of γ, as shown in Fig. 2.14. In particular, if
the roots are real, that is for |γ|≤1 (|c1|≥1/ 4

√
EJ), i.e. −1≤γ≤1, accordingly

functions wHi
(ξ) are real-valued; on the contrary, if ri are complex numbers,

that is for |γ|>1 (|c1|<1/ 4
√
EJ), then wHi

(ξ) are complex-valued. Substituting
back the expressions in Eq. (2.51) into Eq. (2.55), the final form of the solution
of homogeneous Eq. (2.46) becomes

vH(ξ) =
4∑

i=1

CivHi
(ξ) =

4∑
i=1

Ci (1 + βξ)ri . (2.56)

2.3.3 Solution of the boundary value problem

A downward uniform distributed external load p(x)=p of constant magnitude p
is considered now. The particular integral of Eq. (2.41a) may be obtained di-
rectly from formula (2.49), leading to the following general integral:

w(ξ) =wH(ξ) + wP (x) =

=
4∑

i=1

Ci (1 + βξ)ri + P

4∑
i=1

ai+3

(
(1 + βξ)4 − (1 + βξ)ri

)
;

(2.57)

where

P =
pL4

β4EJ
; (2.58)
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and

a4 =− 8

a2(a2 + 5)(a22 − a23)
; a5 = − 8

a2(a2 − 5)(a22 − a23)
;

a6 =− 8

a3(a3 + 5)(a22 − a23)
; a7 = − 8

a3(a3 − 5)(a22 − a23)
.

(2.59)

It is worthwhile to mention that factors a2, a3, a2 ± 5, a3 ± 5 in the denomi-
nators are always different from zero, due to the positivity of γ, which occurs
from its definition reported in Eq. (2.53). Also, the case a22=a

2
3 corresponds

to γ=±1 and it will be treated in the following as a particular case.
Let

B = 1 + β = 4

√
k(0)

k(L)
; (2.60)

the expressions of coefficients Ci of Eq. (2.57) such that w(ξ) is the solution of
the boundary value problem (2.41) may be written as

Ci =
P

D

9∑
j=1

ci,jB
ej i = 1, 3, 4; C2 =

P

D
B−(a2+a3)/2

9∑
j=1

ci,jB
ej ; (2.61)

where denominator term D takes the following form:

D = (Ba2 − 1)(Ba3 − 1)
(
a42 − 2a22(a

2
3 + 8) + a23(a

2
3 − 16)+

32a2a3
(
Ba2+a3 − 4B(a2+a3)/2 +Ba2 +Ba3 + 1

))
.

(2.62)

Coefficients ci,j and exponents ei are listed from Table 2.3 to Table 2.7. All
calculations have been developed within a Mathematica [274] environment.

Furthermore, when the non-homogeneous term coming from external dis-
tributed load p(x) has derivatives whose form varies a little with respect to
the parent function (e.g. exponential, polynomials, sine and cosine), to find a
particular integral wP (x) it is often more suitable to apply the Method of Un-
determined Coefficients (see Murphy, 1960 [206]), which, in general, leads to
simpler expressions than those provided by Eq. (2.57). In fact, with the defini-
tions in Eqs. (2.51), (2.52) and (2.53), Eq. (2.41a) becomes

w
(4)
H (η)− 6w

(3)
H (η) + 11w

(2)
H (η)− 6w

(1)
H (η) + γ4wH(η) = Pe4η. (2.63)

Since the term on the right-hand side of Eq. (2.63) is an exponential, it is
advantageous to apply the Method of Undetermined Coefficients. Assum-
ing wP (x)=λPe

4η, the substitution of wP (x) back into Eq. (2.63) gives

Pe4ηβ4EJ
(
(23 + γ4)λ− 1

)
= 0; (2.64)
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which allows for the determination of unknown coefficient λ. Then, another
much compact form of the general integral of Eq. (2.41a) turns out to be

w(ξ) = wH(ξ) + wP (ξ) =
4∑

i=1

C̃i (1 + βξ)ri +
P (1 + βξ)4

23 + γ4
. (2.65)

The imposition of boundary conditions (2.41b)-(2.41e) allows to determine
constants C̃i in Eq. (2.65) by the solution of the resulting linear system. The
expressions of coefficients C̃i of Eq. (2.65) such that w(ξ) is the solution of
boundary value problem (2.41) may still be written as

C̃i =
P

D̃

9∑
j=1

c̃i,jB
ej ; (2.66)

where denominator term D̃ takes now the following form:

D̃ =
(
γ4 + 23

)
D; (2.67)

and coefficients c̃i,j for this case are listed in Table 2.8.
It is possible to check that both D and D̃ are non-zero quantities, except

for the cases when γ→∞ (β=0) or γ=±1 (see the following section). Then,
coefficients Ci and C̃i are always well-defined for every value of parameters
α and β, consistently with what was expected, thanks to the existence and
uniqueness theorem provided by Usmani (1979) [258].

From the expressions of the coefficients in Eq. (2.66), the solution is pro-
portional to P (thus to the load p), as it was expected from the linearity of the
differential equation. The representation and interpretation of the achieved an-
alytical solution is presented and discussed in Section 2.3.5, but, first, singular
cases are commented below. The achieved analytical representation is finally
resumed in synoptic form in the sketch provided in Fig. 2.15.

2.3.4 Singular cases

The expression of the Wronskian given by the fundamental set of solutions of
Eq. (2.56), which is

W (ξ, β, γ) =
4

α6

√
16γ4 + 9

(
1− γ4

)
γ−

3
2 ; (2.68)

shows that wH(ξ) is improper to represent the solution of Eq. (2.46) when
γ→∞ or γ=±1. In fact, for γ→∞ the four roots in Eq. (2.54) are undefined,
while for γ=±1 they result pairwise equal, hence, not leading to four indepen-
dent solutions. For these specific values of γ, the solution has to be derived
independently from Eq. (2.65).
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c1,1 = 8 a3

(
a2
2 + 4a2 − 45

)
(a4 + a5 + a6 + a7)

c1,2 = −
(
a2
2 + 4a2 − a2

3 + 4a3

) (
a2
3 + 4a3 − 45

)
(a4 + a5 + a6 + a7)

c1,3 =
(
a2
2 + 4a2 − a2

3 − 4a3

) ((
a2
2 − 4a2 − 45

)
a4 +

(
a2
3 − 4a3 − 45

)
(a5 + a6 + a7)

)
c1,4 = 8 a3

((
a2
2 − 12a2 − 45

)
a4 +

(
a2
2 + 4a2 − 45

)
(a5 + a6 + a7)

)
c1,5 =

(
a2
3 − 4a3 − 45

) (
a2
2 + 4a2 − a2

3 − 4a3

)
(a4 + a5 + a6 + a7)

c1,6 = 0

c1,7 = −
(
a2
2 + 4a2 − a2

3 + 4a3

) ((
a2
2 − 4a2 − 45

)
a4 +

(
a2
3 + 4a3 − 45

)
(a5 + a6 + a7)

)
c1,8 = −a4 (a2 + a3)

2
(
a2
2 − 2a2a3 + a2

3 − 16
)

c1,9 = (a2 − a3)
2
(
a2
2 + 2a2a3 + a2

3 − 16
)

Table 2.3: Expressions of coefficients c1,j of C1.

c2,1 = 0

c2,2 =
(
a2
3 + 4a3 − 45

) (
a2
2 − 4a2 − a2

3 + 4a3

)
(a4 + a5 + a6 + a7)

c2,3 = a5(a2 − a3)
2
(
a2
2 + 2a2a3 + a2

3 − 16
)

c2,4 = −8 a3

((
a2
2 − 4a2 − 45

)
(a4 + a6 + a7) +

(
a2
2 + 12a2 − 45

)
a5

)
c2,5 =

(
a2
3 − 4a3 − 45

) (
−a2

2 + 4a2 + a2
3 + 4a3

)
(a4 + a5 + a6 + a7)

c2,6 = −8 a3

(
a2
2 − 4a2 − 45

)
(a4 + a5 + a6 + a7)

c2,7 = −a5(a2 + a3)
2
(
a2
2 − 2a2a3 + a2

3 − 16
)

c2,8 = −
(
a2
2 − 4a2 − a2

3 − 4a3

) ((
a2
2 + 4a2 − 45

)
a5 +

(
a2
3 − 4a3 − 45

)
(a4 + a6 + a7)

)
c2,9 =

(
a2
2 − 4a2 − a2

3 + 4a3

) ((
a2
2 + 4a2 − 45

)
a5 +

(
a2
3 + 4a3 − 45

)
(a4 + a6 + a7)

)
Table 2.4: Expressions of coefficients c2,j of C2.

c3,1 =
(
a2
2 − 4a2 − a2

3 − 4a3

) (
a2
2 + 4a2 − 45

)
(a4 + a5 + a6 + a7)

c3,2 = 8 a2

(
a2
3 + 4a3 − 45

)
(a4 + a5 + a6 + a7)

c3,3 = −
(
a2
2 + 4a2 − 4a3 − a2

3

) ((
a2
2 − 4a2 − 45

)
(a4 + a5 + a7) +

(
a2
3 − 4a3 − 45

)
a6

)
c3,4 = 8 a2

((
a2
3 + 4a3 − 45

)
(a4 + a5 + a7) +

(
a2
3 − 12a3 − 45

)
a6

)
c3,5 = 0

c3,6 = −
(
a2
2 − 4a2 − 45

) (
a2
2 + 4a2 − a2

3 − 4a3

)
(a4 + a5 + a6 + a7)

c3,7 = −a6(a2 + a3)
2
(
a2
2 − 2a2a3 + a2

3 − 16
)

c3,8 =
(
a2
2 − 4a2 − a2

3 − 4a3)
) ((

a2
2 + 4a2 − 45

)
(a4 + a5 + a7) +

(
a2
3 − 4a3 − 45

)
a6

)
c3,9 = a6(a2 − a3)

2
(
a2
2 + 2a2a3 + a2

3 − 16
)

Table 2.5: Expressions of coefficients c3,j of C3.

c4,1 = −
(
a2
2 − 4a2 − a2

3 + 4a3

) (
a2
2 + 4a2 − 45

)
(a4 + a5 + a6 + a7)

c4,2 = 0

c4,3 = a7(a2 − a3)
2
(
a2
2 + 2a2a3 + a2

3 − 16
)

c4,4 = −8a2

((
a2
3 − 4a3 − 45

)
(a4 + a5 + a6) +

(
a2
3 + 12a3 − 45

)
a7

)
c4,5 = −8a2

(
a2
3 − 4a3 − 45

)
(a4 + a5 + a6 + a7)

c4,6 =
(
a2
2 + 4a2 − a2

3 + 4a3

) (
a2
2 − 4a2 − 45

)
(a4 + a5 + a6 + a7)

c4,7 =
(
a2
2 + 4a2 − a2

3 + 4a3

) ((
a2
2 − 4a2 − 45

)
(a4 + a5 + a6) +

(
a2
3 + 4a3 − 45

)
a7

)
c4,8 = −a7(a2 + a3)

2
(
a2
2 − 2a2a3 + a2

3 − 16
)

c4,9 = −
(
a2
2 − 4a2 − a2

3 + 4a3

) ((
a2
2 + 4a2 − 45

)
(a4 + a5 + a6) +

(
a2
3 + 4a3 − 45

)
a7

)
Table 2.6: Expressions of coefficients c4,j of C4.
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e1 = (5 + a2)/2 + a3 e4 = (a2 + a3)/2 e7 = a2
e2 = (5 + a3)/2 + a2 e5 = (5 + a2)/2 e8 = a3
e3 = a2 + a3 e6 = (5 + a3)/2 e9 = 0

Table 2.7: Expressions of exponents ei.

c̃i,1 c̃i,2 c̃i,3 c̃i,4 c̃i,5 c̃i,6 c̃i,7 c̃i,8 c̃i,9

C̃1: b1 b2 b3 b2 b3 0 b1 0 0
C̃2: b4 0 0 b5 b6 b5 0 b6 b4

C̃3: b7 b8 b9 b7 0 b9 0 b8 0
C̃4: 0 b10 0 b11 b11 b12 b12 0 b10

b1 = −
(
a2
3 + 4a3 − 45

) (
a2
2 + 4a2 − a3(a3 − 4)

)
b2 = 8a3

(
a2
2 + 4a2 − 45

)
b3 =

(
a2
3 − 4a3 − 45

) (
a2
2 + 4a2 − a3(a3 + 4)

)
b4 =

(
a2
3 + 4a3 − 45

) (
a2
2 − 4a2 − a3(a3 − 4)

)
b5 = −8a3

(
a2
2 − 4a2 − 45

)
b6 = −

(
a2
3 − 4a3 − 45

) (
a2
2 − 4a2 − a3(a3 + 4)

)
b7 = 8a2

(
a2
3 + 4a3 − 45

)
b8 =

(
a2
2 + 4a2 − 45

) (
a2
2 − 4a2 − a3(a3 + 4)

)
b9 = −

(
a2
2 − 4a2 − 45

) (
a2
2 + 4a2 − a3(a3 + 4)

)
b10 = −

(
a2
2 + 4a2 − 45

) (
a2
2 − 4a2 − a3(a3 − 4)

)
b11 = −8a2

(
a2
3 − 4a3 − 45

)
b12 =

(
a2
2 − 4a2 − 45

) (
a2
2 + 4a2 − a3(a3 − 4)

)
Table 2.8: Expressions of coefficients c̃i,j of C̃i.�

�

�

�

SYNOPSIS OF THE ANALYTICAL SOLUTION
Governing differential equation and boundary conditions
• EJw(4)(x) + k(x)w(x) = p(x); 0 ≤ x ≤ L, k(x) > 0;

• w(0) = 0; w(L) = 0; w(2)(0) = 0; w(2)(L) = 0;

Definitions
• ξ =

x

L
; α =

4
√
EJ

c0
L
; β =

c1
c0/L

; B = 1 + β; P =
pL4

EJ β4
.

Solution for k(x) = (c0 + c1x)
−4, p(x) = p

• w(ξ) = wH(ξ) + wP (ξ);

• wH(ξ) =

4∑
i=1

C̃i (1 + βξ)ri ; wP (ξ) =
P (1 + βξ)4

23 + (αβ)−4
;

• r1 = (3− a2)/2; r2 = (3 + a2)/2; r3 = (3− a3)/2; r4 = (3 + a3)/2;

• a1 = 4
√

1− (αβ)−4; a2 =
√
5− a1; a3 =

√
5 + a1;

• C̃i =
P

D̃

9∑
j=1

c̃i,jB
ej ; D̃ =

(
(αβ)−4 + 23

)
D;

• D = (Ba2 − 1)(Ba3 − 1)

(
a4
2 − 2a2

2(a
2
3 + 8) + a2

3(a
2
3 − 16) +

+ 32a2a3

(
Ba2+a3 − 4B(a2+a3)/2 +Ba2 +Ba3 + 1

))
;

• ej → Table 2.7; c̃i,j → Table 2.8.

Figure 2.15: Summary of the main steps of the analytical solution.
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If γ→∞, that is c1=β=0, the problem is brought back to that of a simply-
supported beam lying on an elastic foundation with constant modulus. The
solution, reported e.g. in Hetényi (1946) [125], is the following:

w(ξ)=
p

k
− p

k

cosh(λLξ)cos
(
λL(1− ξ)

)
+cosh

(
λL(1− ξ)

)
cos(λLξ)

cosh(λL) + cos(λL)
; (2.69)

where k=c−4
0 , consistently with Eq. (2.43) and λ= 4

√
k/(4EJ) is the so-called

characteristic of the system (see Hetényi (1946) [125]).
If γ=1, that is c1=L/

4
√
EJ , the general integral of Eq. (2.41a) is

w(ξ)=s(ξ)
3
2
−

√
5
2

(
s(ξ)

√
5
(
C1η(ξ)+C2

)
+
(
C3η(ξ)+C4

))
+
P

25
s(ξ)4; (2.70)

where s(ξ)=βξ + 1.
On the other hand, if γ=−1, that is c1=−L/ 4

√
EJ , the general integral

becomes

w(ξ)=s(ξ)
3
2

(
C1s(ξ)

t + C2s(ξ)
−t + C3 sin

(
u η(ξ)

)
+

+ C4 cos
(
u η(ξ)

))
+
P

23
s(ξ)4;

(2.71)

where t=1
2

√
5 + 4

√
2 and u=1

2

√
4
√
2− 5.

Again, the imposition of the boundary conditions leads to very long expres-
sions for coefficients Ci. Then, the complete solutions of the boundary value
problem are not reported here. However, even though the three solutions of
these special cases cannot be obtained directly from Eq. (2.65), they can be
approached by a limit process taking values of c1 tending to 0 or to ±L/ 4

√
EJ ,

respectively, as it could be inspected by the representations presented next.

2.3.5 Results and discussion

The general integral of Eq. (2.65) reveals that the elastic flexural response of the
beam non-proportionally depends upon both two characteristic parameters α
and β defined in Section 2.3.1. To investigate their effect on the solution, a
complete parametric study is carried out in this section. As observed in the
previous section, α may take any value greater than zero; a comparison of its
definition given in Eq. (2.45) with classical characteristic λ of solution (2.69)
reveals that

α = (
√
2λL)−1; (2.72)

The value of α has been selected by the realistic range of λL given in Selvadu-
rai (1979) [235]. Concerning parameter β, it must be greater than minus one;
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nevertheless, values of β beyond 10 entail null values of k(x) almost every-
where in the interval [0, L] (simply-supported beam without foundation), as
shown in Fig. 2.13a. Then, the ranges of values of these two non-dimensional
parameters have been worked out by considering the previous observations and
are given as follows:

α = (0, 1]; β = (−1, 10]; (2.73)

The normalized shape of the elastic line versus non-dimensional spatial
coordinate ξ for various values of ratio β is displayed in the sequence of
Figs. 2.16a–2.16f, each one with a fixed value of α. Normalized deflection w
in these figures is introduced as

w =
w(ξ)

wmax
; (2.74)

where wmax is the maximum transverse deflection of the beam along its length.
The effect of the variable elastic foundation in transforming the shapes of

the non-dimensional curves of the deflection is clearly seen from these plots,
in particular for α less than 0.3. In fact, from the observation of the graphs in
Figs. 2.16a–2.16d it is possible to see that for negative values of β, e.g. when
the stiffness of the elastic springs is greater in the right part of the beam (biased
towards the right), the beam deforms mainly on the left side, while for positive
values of β, e.g. for greater stiffness of the foundation in the left part of the
beam (biased towards the left), the higher displacements shift to the right side.

From Table 2.9 it is evident that results agree well with Hetenyi’s classical
solution, and that case β=0 can be reached from a limit process. It is also noted
that the profile of the elastic line is characterized by changes in the sign of the
second derivative when β is less than zero, while for positive β the concavity
sign remains always the same, according to the direction of the load.

The reduction of the stiffness of the foundation, obtained by increasing α
from 0.3 to 1 and beyond, is accompanied by a non-significant change of
the deflection profile with β, with the curves overlapping towards a symmet-
ric shape (Figs. 2.16e–2.16f). This reveals the fact that the solution consis-
tently approaches the symmetric shape of the elastic line typical of a simply-
supported beam without elastic foundation. The polynomial expression of this
latter case can be deduced analytically by setting γ=0 into Eq. (2.53).

The graphs presented in Figs. 2.17a–2.17b show the effect of α and β on the
maximum downward displacement and on the position of occurrence of such
maximum, respectively. When β is near minus one and α is not approaching
zero (case of a very stiff foundation), the maximum displacement accordingly
becomes very small for each α. However, it is noted that the case of an every-
where rigid substrate cannot be completely achieved only by letting β going
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Figure 2.16: Normalized shape of elastic line w(ξ) for various values of β (α=
√
2/12≃0.118,

i.e. λL=6 (a); α=
√
2/10≃0.141, i.e. λL=5 (b); α=

√
2/8≃0.177, i.e. λL=4 (c);

α=
√
2/6≃0.236, i.e. λL=3 (d); α=

√
2/4≃0.354, i.e. λL=2 (e); α=

√
2/2≃0.707, i.e.

λL=1 (f)).

to minus one, because near ξ=0 the coefficient of subgrade reaction remains
always finite.

As β increases, the maximum displacement amplitudes get considerably
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ξ 0.1 0.2 0.3 0.4 0.5

β = 10−2 0.597009 1.09706 1.45876 1.67415 1.74672
β = 10−3 0.590448 1.08402 1.43962 1.64992 1.71922
β = 10−4 0.589796 1.08272 1.43771 1.64750 1.71648
Exact 0.589723 1.08257 1.43750 1.64723 1.71618

Table 2.9: Numerical experience of the limit process β→0. Comparison between the dis-
placements given by Eq. (2.69) (exact solution when β=0) with those obtained with for-
mula (2.63) by taking smaller and smaller values of β and α=0.2 (deflection expressed in
units of 10−3 EJ/

(
pL4

)
).

larger (Fig. 2.17a), with a growth rate which depends also from α; in fact,
with increasing values of α, that is with an increase of foundation compliance,
the sigmoidal curves of Fig. 2.17a slightly flatten out towards an horizontal
line of ordinate 5/384, also for small values of β; this latter case classically
corresponds to the maximum deflection when there is no elastic foundation
under the beam. Fig. 2.18 depicts the dependence of wmax on both α and β in
a three-dimensional plot, for the range of parameters considered in this study.

Regardless of the value of α, for negative values of β, the position of the
displacement peak is placed before the center of the beam (Fig. 2.17b), while
for β greater than zero it is located beyond the center. The peak is always lo-
cated at ξ=0.5 for every α when β=0 (case of constant modulus of subgrade
reaction), and such position represents also the limit position as β becomes
larger and larger (case of no elastic foundation). Parameter α affects the am-
plitude of the range of variation of the position of the peak: for α in the neigh-
borhood of 0.1 the range is wide, going from ξmax≃0.2 to ξmax≃0.65, while
for α near 1 the range is narrow, with the peak moving approximately in the
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Figure 2.17: Variation of maximum downward displacement wmax (a) and position of maxi-
mum ξmax=xmax/L (b) vs. β, for the six values of α defined in the caption of Fig. 2.16.
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Figure 2.18: Variation of maximum downward displacement wmax vs. α and β.

interval ξmax≃0.4 to ξmax≃0.5.
Figs. 2.19a–2.19f show the variation of the shape of the normalized bending

moment versus non-dimensional spatial coordinate ξ, depending on the same
parameters considered for the deflection. Normalized bending moment M in
Figs. 2.19a–2.19f is defined as:

M =
M(ξ)

Mmax
; M(ξ) = −EJ

L2
v(2)(ξ); (2.75)

where Mmax is the maximum absolute bending moment of the beam along its
length. It is noted that the bending moment is always zero at the edges of the
beam, as well as the deflection, confirming the exactness of the solution for the
simply-supported beam.

As mentioned before, for a foundation with reduced stiffness (Figs. 2.19e–
2.19f) the bending moment curves produced by variations of β tend to collapse
on the parabolic profile of the bending moment of a simply-supported beam
without elastic foundation. On the other hand, small values of α yield to an
enhanced irregularity of the curves. From Figs. 2.19a–2.19c one can see that

ξ 0.1 0.2 0.3 0.4 0.5

β = 10−2 1.02212 1.41045 1.47158 1.42590 1.40262
β = 10−3 1.02158 1.40681 1.46173 1.40773 1.37595
β = 10−4 1.02153 1.40646 1.46075 1.40593 1.37330
Exact 1.02152 1.40642 1.46065 1.40573 1.37300

Table 2.10: Numerical experience of the limit process β→0. Comparison between the bend-
ing moment derived by Eq. (2.69) (exact solution when β=0) with those obtained with
formula (2.63) by taking smaller and smaller values of β and α=0.2 (bending moment
expressed in units of 10−2 (pL2)−1).
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Figure 2.19: Normalized shape of bending moment curves M for various values of β and for
the six values of α defined in the caption of Fig. 2.16.

bending moment curves depict three stationary points, with large values of α
and β less than zero (rigid foundation); out of this range, decreasing α and
increasing β, two or only one stationary points appear (Figs. 2.19d–2.19f).

The maximum peak value is always positive in each of these figures and
located before the center of the beam for negative values of β, while it shifts
beyond the center when β is positive. Also, negative values of the bending
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moment can be observed, in particular when β is negative, with increasing
intensity as α increases. The maximum negative bending moment remains in
any case less than half of the maximum positive value. From Table 2.10 it is
evident that results agree well with Hetenyi’s classical solution (β=0).

Figs. 2.20a–2.20b illustrate the variation of the maximum (positive) bend-
ing moment and its spatial location, respectively. Regarding the values of the
maximum bending moment (Fig. 2.20a) the trends are similar to those of the
maximum displacements. As it was expected, from Fig. 2.20a it is possible to
see that the decrease of the stiffness of the foundation, due to high values of α
or β is accompanied by an increase of the bending moment. In fact, the curves
are all asymptotic to an horizontal line of ordinate 1/8 for large values of β and
gradually tends to that level for every β as α is greater than 0.8, which is in
agreement with the results presented for the deflection in Fig. 2.17a.

As for the displacements, it can be clearly seen from Fig. 2.20b that for neg-
ative β the position of the peak of the displacements is placed before the center
of the beam, while for positive β it is located beyond the center. In contrast to
what happens for the deflection, in not all the cases the peak occurs at ξ=0.5
when β is zero, but, it depends also on the values of α. For small values of α
and β=0 the existence of two equal peaks, placed symmetrically with respect
to the mid-span of the beam, is indeed observed. So, as β crosses the zero
point, the peak on the right becomes higher than that on the left, causing a sud-
den change in the peak’s location: a jump discontinuity appears, with the two
limits symmetrically located with respect to the center of the beam (Fig. 2.20b).

For higher values of α the tendency is similar to that of the displacement
ones. Then, again the peak’s position gradually decreases towards ξ=0.5 as β
becomes larger and larger. The range of variation of the peak’s position is wide
for small values of α, while it reduces as α gets near to 1.
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Figure 2.20: Variation of maximum bending moment Mmax (a) and position of maxi-
mum ξmax=xmax/L (b) vs. β, for the six values of α defined in the caption of Fig. 2.16.
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From the present results it can be seen that acting on the flexural rigidityEJ
of the beam and on its length L induces a double effect. One is indeed the
global proportionality of the displacements to these parameters; in fact, for
converting the non-dimensional displacements shown in Fig. 2.17a into actual
displacements w, they have to be multiplied by pL4/EJ . The other effect
is due to parameter α, which depends on EJ and L and considerably affects
the displacement profiles. The same applies to the bending moment. These
observations appear to constitute fundamental points for the design of beam-
like structures lying on a variable Winkler foundation of this non-linear type
and of similar ones.

2.3.6 Validation comparison of the analytical solution with independent
numerical approaches

In this section an investigation is carried out through a validation comparison
of the exact solution, in terms of vertical displacements and bending moments,
with results achieved from an original independent implementation of three
numerical methods previously proposed in the literature. In particular, the finite
power series (PS) approximation examined by Clastornik et al. (1986) [60], the
sine series expansion (SS) inspected by Iyengar and Anantharamu (1963) [135]
and the central-difference scheme (FD) reported in Bowles (1974) [42] have
been considered.

For this purpose, taking into account the definitions reported in Eqs. (2.43)
and (2.45), it is more suitable to rewrite Eq. (2.41a) into the following form
(for constant load p(x)=p):

(1 + βξ)4w(4)
x (ξ) +

w(ξ)

α4
=
pL4

EJ
(1 + βξ)4. (2.76)

Such rearrangement simplifies the implementation of the considered numerical
methods, since all the expressions involving non-dimensional variable ξ appear
at the numerator on both sides of differential equation (2.76).

As a first approach, the finite power series (PS) approximation examined
by Clastornik et al. (1986) [60] has been considered, a method that conceives
the following power series expansion of approximation w̃(ξ) of unknown func-
tion w(ξ):

w(ξ) ≃ w̃(ξ) =
N∑

n=0

anξ
n; (2.77)

where an are N unknown coefficients to be found to obtain the sought approx-
imation of w(ξ). Let

(1 + βξ)4 =
N∑

n=0

qnξ
n; (2.78)
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be the power series approximation of the variable coefficient in Eq. (2.76);
then, the substitution of the expressions of Eqs. (2.76)-(2.77) into Eq. (2.78)
gives

N∑
n=0

(
(n+4)(n+3)(n+2)(n+1)

n∑
m=0

qman+4−m+
anEJ

α4pL4
−qn

)
ξn= 0. (2.79)

To satisfy the previous equation for every value of ξ, coefficients an must verify
the following relations (n=0, . . . , N − 4)

(n+ 4)(n+ 3)(n+ 2)(n+ 1)
n∑

m=0

qman+4−m +
anEJ

α4pL4
− qn = 0; (2.80)

which, together with boundary conditions (2.41b)-(2.41e), constitute a linear
system of equations, whose solution are N unknown coefficients an.

The second numerical method which has been considered is the sine se-
ries expansion (SS) reported by Iyengar and Anantharamu (1963) [135]. In
handling it, the finite sine series expansion

w(ξ) ≃ w̃(ξ) =
N∑

n=1

an sin(nπξ); (2.81)

is considered for unknown function w(ξ). Substituting this expression into
Eq. (2.76), multiplying both sides by sin(mπξ) and, lastly, integrating be-
tween ξ=0 and ξ=1, it results

N∑
n=1

an

(
(nπ)4

∫ 1

0

(1 + βξ)4 sin(nπξ) sin(mπξ) dξ +
δmn

2α4

)
=

=
pL4

EJ

∫ 1

0

(1 + βξ)4 sin(mπξ) dξ.

(2.82)

where δmn is the Kronecker delta, i.e. δmn=1 for n=m and δmn=0 for n̸=m.
Now, it may be noted that the integrals on the left hand side of Eq. (2.82) are not
trivial to be solved, but they may be derived by integration by parts. These have
been performed in closed-form within a Mathematica [274] environment; how-
ever arising expressions are too lengthy to be reported here. Writing Eq. (2.80)
for m from 1 to N leads to a linear system of equations, whose solution pro-
vides N unknown coefficients an.

As a third numerical approximate technique, the central-finite differences
scheme treated in Bowles (1974) [42] has been considered, by a numerical
implementation within Mathematica [274]. Each of these numerical methods
obtains the solution by solving in the end a linear system of equations. There-
fore, their accuracy has been checked by varying the size of the corresponding
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Figure 2.21: Maximum percentage relative errors of deflection (a) and deflection shapes (b)
vs. dimension N of the solving system in the numerical solutions.
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Figure 2.22: Maximum percentage relative errors of (a) and bending moment shapes (b) vs.
dimension N of the solving system in the numerical solutions.

linear system, that is, number N of the solving equations. For the two methods
based on series expansions, parameter N represents the number of considered
terms in the truncated series, while in the FD approach it corresponds to the
number of nodes plus two.

The simulations presented here are performed by assuming α and β equal
to 0.177 (λL=4) and −0.9, respectively, a case in which quite complex de-
flection and bending moment shapes arise from the analytical solution (see
Figs. 2.16c and 2.19c).

In Fig. 2.21a the percentage relative error of the deflection versus system
size N is depicted, for the three numerical methods, with respect to the results
from the analytical solution. The outcomes appear in good agreement with
those of the analytical solution, for all the cases, while the achieved accuracy
strongly depends on the type of the adopted numerical method.

It is possible to appreciate that the power series expansion (PS) looks the
least reliable method, as it achieves good accuracy only for N approximately
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higher than 15. The central-difference scheme (FD) proves to be the simplest
and quickest procedure, although it allows to obtain only a discrete set of solu-
tion points. Moreover, its second-order convergence may be clearly observed
in Fig. 2.21a. Sine series expansion (SS) turns out to be a very accurate method,
although the implementation of this method is not that straightforward, since
the solution of the non-trivial integrals commented above has been required.

The representations of the deflection shapes provided in Fig. 2.21b have
been obtained with N equal to 10. Fig. 2.21b shows the agreement of the
numerical methods with the exact solution. The percentage relative error of
the bending moment versus size of the solving system N is investigated in
Fig. 2.22a. As it may be expected, the accuracy provided by the numerical
methods downgrades with respect to the description of the displacements. In
more detail, both series expansions prove to be inadequate to predict the bend-
ing moment for N lower than 20, hence resulting in very lengthy expressions.
On the other hand, it is important to highlight that the central-difference scheme
remains sufficiently accurate, even for the representation of the bending mo-
ment. The discrepancies in the bending moment description provided by the
numerical methods with respect to the exact solution are clearly represented in
Fig. 2.22b for N equal to 10.

2.4 Closing chapter considerations

In this chapter, the static responses of finite Euler-Bernoulli elastic beams lying
on a Winkler foundation with modulus of subgrade reaction assumed to vary
in space have been analytically investigated. The exact closed-form parametric
solutions of the underlying boundary value problems, characterized by a linear
differential equations with variable coefficients, have been rigorously derived
in full analytical form by the theory of ODE (as summarized in the chart of
Figs. 2.15 and 2.4).

First, fundamental mathematical manipulations have been summarized and
presented. Then, complete parametric analyses on the beam-foundation system
response as a function of the characteristic mechanical parameters has been
developed, with specific reference to explore the dependence of deflections
and bending moments.

In the first analysis the analytical solution of the static elastic deflection of
a free-free Euler-Bernoulli beam on a Winkler support with stiffness coeffi-
cient varying linearly along the axis of the beam and acted upon by a force
and/or a torque at one of its edges has been explicitly examined. The solution
has been again derived in closed-form, here by the aid of generalized hyperge-
ometric functions. The (linear) space variation of the support elastic stiffness
coefficient already allows to inspect space-variation effects on the structural re-
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sponse, as well as to reproduce the limit case of a rigid beam on elastic support.
Further, it agrees well with the case of a constant support elastic stiffness co-
efficient, whose solution has been also separately re-derived for completeness
and comparison purposes.

Non-dimensional bending response curves have been depicted, displaying
the main characteristic features of the behavior of the beam-foundation sys-
tem. Shapes and amplitudes are ruled by the relative flexibility of the beam-
foundation system at the upper beam extremum and by the stiffness ratio mea-
suring how the elastic coefficient varies along the beam. Response curves may
be inspected to visualize the maximum characteristic values of deflection and
bending moment and shear.

In the second analysis a simply-supported beam subjected to a constant
distributed load and a Winkler coefficient endowed with a minus four power
variation along the beam axis has been studied. The outcomes of the achieved
analytical solution, in terms of deflections and bending moments, are in perfect
agreement with predictions from three independent reimplemented numerical
methods. The advantage of owning the exact solution is evident, especially
when the response has to be used to derive other quantities, as for the case of
the bending moment derived by double differentiation from the deflection. The
derived solution is fully consistent with an available theorem on existence and
uniqueness of the solution.

The selected expression for the support elastic stiffness coefficient is able to
represent manifold space-variation trends as well as to reproduce the limit case
of the absence of foundation. Further, it agrees well with Hetenyi’s solution for
a constant support elastic stiffness coefficient. Deflection and bending moment
non-dimensional curves versus non-dimensional spatial parameter have been
presented, showing several characteristic features of the structural response.
The shapes and amplitudes of these curves are controlled by the relative flexi-
bility of the beam-foundation system evaluated at the left extreme of the beam
and by the ratio describing how rapidly the elastic coefficient changes along
the beam axis. Such dependence has been widely discussed in this study.

Curves which can be used to compute the maximum deflection and bend-
ing moment have been displayed for both considered problems. These curves
may supply guidance for the practical design of beams on variable elastic
Winkler support. Also, the reference analytical model derived here has been
proven to constitute a powerful tool for the parametrization and interpretation
of the structural response, and a reference analytical model appears undoubt-
edly more effective than a numerical one, especially for ensuing contexts of
parameter identification or design purposes, also in terms of parametrization
and interpretation of the achieved structural response.

Moreover, the derived exact analytical solution may constitute a benchmark
reference for validating reliability and accuracy of alternative numerical ap-
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proaches, which may be useful to solve more complicated problems, where an-
alytical treatments may become unfeasible, especially in explicit closed-form.
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Chapter 3

Transient formulation for finite
beams under harmonic moving
load

3.1 State of the art on moving load transient analysis

Concerning the analysis of beams lying on a damped or undamped Winkler
elastic foundation, excited by a moving load, different approaches have been
adopted so far. In case of linear foundations, one of the most common mod-
elizations is to consider the steady-state response of infinite beams subjected
to a constant magnitude moving load (see e.g. Kenney, 1954 [155], Frýba,
1972 [105], Froio et al., 2018 [102]), as well as to a moving load with harmoni-
cally-varying amplitude, as reported by Mathews (1958,1959) [189,190], Cho-
nan (1978) [58] and Bogacz et al. (1989) [40].

In particular, Bogacz et al. (1989) [40] demonstrated that, given a certain
frequency of loading, at critical conditions two of the four waves generated by
the moving load propagate with a certain group velocity in the same direction
of the moving force. If the load takes a velocity equal to the group velocity of
one of these two waves, the energy is not transferred away from the load, but
accumulates in its vicinity, leading to an infinite increase of the response of the
beam. Such velocities for which an unbounded response occurs in the ideal
undamped case are called critical velocities of an infinite beam.

Although steady-state solutions display an appealing simplicity, it is diffi-
cult to relate them to the response of finite beams. For instance, the steady-state
solution for infinite beams on undamped elastic foundations indicates an un-
bounded response at the critical velocity. On the contrary, finite beams, acted
upon by a moving load for a finite time, always display a bounded response.
Nevertheless, structural vibrations of finite beams induced by a moving load
may also become very high, when the velocity of the moving load attains a
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certain characteristic value. Such velocity, again referred to as critical veloc-
ity in the literature, is defined as either the lowest between the modal resonant
velocities of the system (Chen and Huang, 2003 [54]), the latter defined as
the moving load velocity causing the maximum displacement for each modal
coordinate, or the load velocity inducing the beam’s highest deflections di-
rected downward and/or upward (Dimitrovová and Varandas, 2009 [73]). In
the present work the second definition will be considered, which can also be
applied to nonlinear beam-foundation systems.

Moreover, for finite beams, the phenomenon of wave reflection at the boun-
daries occurs, leading to important increments of the beam displacements. A
thorough explanation of the phenomenon of wave reflection for the transient
response of a simply-supported Euler-Bernoulli beam and its strong influence
on the maximum displacements attained by the beam at supercritical velocities
is reported in the work of Steele (1967) [247]. The head wave front, moving
with its group velocity, reflects from the far end before the load reaches the
beam extreme. After the load departs from the beam, the head wave train re-
mains in the system bouncing back and forth from the beam ends. The same
occurs for the tail wave train, which displays a different group velocity. Due
to these reflections, at certain times, the regions near the beam ends are ex-
posed to the sum of incident and/or reflected portions of the wave trains, with
several possible combinations. This implies increased values of the maximum
displacements, about several times that related to the steady-state response of
the infinite beam.

Chen and Huang (2003) [54] investigated the influence of the structural
parameters and of the load frequency on the critical velocities of an Euler-
Bernoulli or Timoshenko beam on a linear viscoelastic foundation by employ-
ing the dynamic stiffness matrix method derived in Chen (1987) [55], Chen and
Sheu (1993) [57], Chen and Sheu (1993) [57] and Chen and Huang (2000) [53].
The authors showed that the minimum of the resonant curve for a finite beam
coincides with the resonance condition of an infinite beam (critical velocity),
while such minimum cannot be attained in general for a finite beam, since the
set of feasible wave numbers of a finite beam is a countably infinite set of iso-
lated values (discrete spectrum of the system’s eigenvalues). Thus, the critical
velocity for an infinite beam represents a lower bound for the critical velocity of
the corresponding finite beam, proving that the velocity required to excite the
resonance of an infinite beam is smaller than that of any finite one. Neverthe-
less, if the finite beam is sufficiently long, its lowest resonant velocity becomes
very close to that of an infinite beam. A comparison between Euler-Bernoulli
and Timoshenko models for practical values of the foundation stiffness, of the
moving load velocity and of its frequency of oscillation revealed that the pre-
dictions from the two models were very close to each other.

Regarding the effect of an Harmonic Moving Load (HML), the results ob-
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tained by Chen and Huang (2003) [54] showed the existence of two reso-
nant curves which approach the curve obtained for a constant amplitude mov-
ing load, as the frequency of the harmonic amplitude of the moving load ap-
proaches zero. The relationship between the critical velocity and the frequency
of oscillation of the load magnitude originates the bifurcation curves.

Dimitrovová and Varandas (2009) [73], analyzed the transient dynamic re-
sponse of Euler-Bernoulli beams of finite length subjected to a moving constant
force with sudden change of foundation stiffness at the mid-section. Such an
abrupt change in the mechanical characteristics of the support may occur in
several practical engineering applications. Two methods were proposed. One
was based on the superposition of the global modes of vibration, obtained by
using a finite integral transformation; the other one was based on linking to-
gether the analytical solutions of two separate parts of the structure, thanks to
continuity conditions. The outcomes were expressed in terms of vertical dis-
placement and were used for the determination of the critical velocities through
a parametric analysis. In particular, it was shown that passing from a softer to
a harder region, both critical velocities are clearly marked in the harder region
and maximum dynamic displacements are amplified. This effect is instead not
so evident by passing from a harder to a softer region. A generalization of this
approach for beams resting on a piecewise homogeneous viscoelastic founda-
tion is reported in Dimitrovová (2010) [73].

In a subsequent work, Dimitrovová and Rodrigues (2012) [72] presented
parametric analyses aimed at obtaining the highest beam displacements as a
function of the velocity of a load with constant amplitude moving uniformly
along a simply-supported/almost infinite beam on a viscoelastic foundation,
possibly composed of two subdomains accounting for abrupt changes in the
foundation stiffness. The study was carried out by considering finite as well as
infinite simply-supported beams, with both Euler-Bernoulli and Timoshenko-
Rayleigh structural theories. In the considered case study, negligible differ-
ences between the two structural models were found, as in Chen and Huang
(2003) [54]. Some interesting conclusions were outlined in that work, fo-
cused especially on the critical velocity and the effects of damping. For down-
ward displacements at supercritical velocities and upward displacements at the
full range of velocities, reflected waves imply that higher extreme values are
achieved when the load is already off the structure. Pertaining to finite beams
composed of two sub-domains, the harder sub-domain, which displays a higher
critical velocity, acquires another displacement peak, which corresponds to the
critical velocity of the softer sub-domain. It was also observed that extreme
values in the first sub-domain are higher when the force is traveling over the
second sub-domain than when it is traveling over the first sub-domain. Regard-
ing the effect of damping, even a low level of damping is enough to smooth the
resulting extreme displacement curves and to significantly decrease all the dis-

65



placements.
Amiri and Oyango (2010) [4] analyzed the vibrations induced by repeated

concentrated loads of a constant magnitude, moving along simply-supported
Euler-Bernoulli beams over an elastic foundation. The equation of motion,
formulated with the superposition principle, was solved with the Fourier Sine
transform. The effects of some important parameters, such as the foundation
stiffness, the distance between the loads and the traveling speed were exam-
ined.

Besides analytical solutions and other numerical methods, in the past two
decades the Finite Element Method (FEM) has been widely used for solv-
ing structural dynamic problems involving moving loads. For instance, Ols-
son (1991) [211] determined the dynamic response a simply-supported Euler-
Bernoulli beam without support subjected to a constant amplitude moving
load by the FEM and compared it with the analytical solution reported by
Frýba (1972) [105]. Rieker (1996) [228] investigated the effects of mesh refine-
ment on the accuracy of the finite element formulation. Beams subjected to a
moving load, a moving mass or moving spring-mass system and with different
boundary conditions were considered. The results showed more demanding
requirements for the moving load dynamic problem with respect to those of
the static analysis; in fact, the author proposed the following rule of thumb:
the number elements used for a moving load analysis should be at least two to
eight times the number used for a static analysis. Moreover, mesh refinement
must be enhanced even further when the traveling speed increases or when the
mass ratio between the load and the beam increases.

Among the copious studies involving beams without foundation, to the in-
terested reader it is noteworthy to mention also the works of Abu-Hilal (2006)
[1] and Wu and Gao (2015) [275], who investigated the dynamic response
of two identical elastic homogeneous isotropic beams, parallel and connected
continuously by a layer of elastic springs provided with viscous damping under
a moving harmonic load, and of Kumar et al. (2015) [168] and Museros and
Moliner (2017) [207], who studied the cancellation phenomenon characteriz-
ing the free vibration response of a simply-supported beam after the transition
of a single concentrated moving load.

Combined with the FEM, the numerical direct integration in time appears
one of the most common approaches for the solution of the equations of mo-
tion in the time domain. The FEM and Newmark method were applied suc-
cessfully by Thambiratnam and Zhuge (1996) [250] for a constant amplitude
moving load and by Kien and Hai (2006) [164], Kien (2008) [162] and Kien
and Ha (2011) [163] for a harmonic moving load. The most interesting con-
clusion derived by these latter authors was that when the excitation frequency
is lower than the fundamental frequency, an increment in axial force leads to
an increment in the maximum dynamic deflection, while when the excitation
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frequency is higher than the fundamental frequency, a reduction in maximum
dynamic response is observed by increasing in the axial force. Further, Nguyen
et al. (2017) [208] applied FEM and Newmark method in computing the vi-
bration response of a bi-dimensional functionally graded Timoshenko beam
excited by a moving concentrated load in order to highlight the effect of the
material distribution and moving load velocity on the vibration characteristics
of the beams.

Nevertheless, the support structure may reveal to be highly nonlinear, as
for railway tracks due to the hardening mechanical characteristics of the bal-
last. For instance, the nonlinear elastic foundation model with linear plus cubic
stiffness has been widely recognized as one of the most reliable and convenient
modelizations for the dynamic analysis of tracks and pavements (Castro Jorge
et al., 2015 [50]). Some of the studies dealing with such type of foundation are
discussed below.

A simply-supported beam lying on a linear or nonlinear viscoelastic founda-
tion subjected to a moving concentrated force was tackled by Ding et al. (2012)
[74] and solved in space by the Galerkin method. The spatially-discretized
equations of motion were solved in the time domain by means of fourth-order
Runge Kutta method. The effects of foundation stiffness, boundary conditions,
beam length and other parameters on the convergence rate were studied. It was
found that the rate of convergence increased with the growing nonlinear stiff-
ness of the foundation, but it decreased as the linear foundation stiffness and
the damping coefficient increased. Furthermore, it was proven that the effects
of the boundary conditions on the dynamic displacements became less relevant
as the beam length increased.

Ansari et al. (2010,2011) [6,7] investigated the dynamics of simply-suppor-
ted beams on a nonlinear viscoelastic foundation acted upon by a moving con-
centrated force. The nonlinear equation of motion of the Euler-Bernoulli beam
was discretized with the Galerkin method and solved for different harmonics
by implementing the Multiple Scales Method. The frequency response of dif-
ferent harmonics, the stability and the internal-external resonance conditions
were studied. The frequency response curves for the first three harmonics re-
vealed a jump phenomenon, which can be delayed by increasing the nonlinear
stiffness, the foundation damping coefficient and the load magnitude. A sensi-
tivity analysis proved that the first harmonics are more sensitive to the nonlinear
component of the foundation stiffness, with respect to the damping factor and
to the magnitude of the moving load.

Several authors adopted the FEM for the solution of dynamic problems in-
volving nonlinear elastic foundations. Senalp et al. (2010) [236] analyzed the
dynamic behavior of a simply-supported beam lying on a linear or nonlinear
viscoelastic foundation subjected to a moving concentrated force in the subcrit-
ical range of velocity. The effects of moving load velocity and damping of the
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system were found to be similar for linear and nonlinear elastic foundations.
Castro Jorge et al. (2015) [50] took into account also supercritical velocities
and considered also the presence of a discontinuity in space (two sub-domains)
in the foundation modulus. The presence of damping was also taken into ac-
count. Critical velocities were determined and the effects of load intensity and
foundation stiffness on both beam displacements and critical velocity were in-
vestigated. The results they presented were in agreement to those earlier shown
by Dimitrovová and Varandas (2009) [73], Dimitrovová (2010) [68] and by
Dimitrovová and Rodrigues (2012) [72], for a linear elastic foundation.

However, in practice, the support structure may also be highly nonlinear due
to its asymmetric behavior in compression and in tension, even under small de-
formations, leading to a bilinear model of the foundation. The discrepancy in
the beam analysis incurred from ignoring the effect of a bilinear behavior of the
foundation may be relevant, because the reduced overall stiffness of the system
may cause a consistent reduction of the value of the critical velocity (Castro
Jorge et al., 2015 [49]). However, this aspect comes to complicate the analy-
sis and makes it highly non-linear, since the location and extent of the regions
of contact and separation is not known “a priori”. As a result, only a limited
number of studies dealing with a bilinear foundation appear to have been ex-
plored in the literature, mostly based on numerical methods. These are shortly
reviewed below.

Studies involving tensionless or monolateral foundations (a special case of
bilinear foundation with null tensile stiffness) have already appeared in the lit-
erature. For instance, Sapountzakis and Kampitsis (2011) [232] developed a
Boundary Element Method (BEM) approach for the geometrical nonlinear re-
sponse of shear deformable beams with simply or multiply connected constant
cross-sections, traversed by moving loads as well as to axial loading, resting on
a tensionless nonlinear three-parameter viscoelastic foundation and undergoing
moderate large deflections under general boundary conditions.

Pertaining to bilinear foundations, a first analysis for deriving the static
response of a finite Euler-Bernoulli beam was performed by Tsai and West-
mann (1967) [255] through a Green function approach. Later, a computa-
tional method for the same problem was developed by Johnson and Kousk-
oulas (1973) [146]. Detailed transient dynamical FEM analyses of a simply-
supported beam under a constant amplitude moving load may be found in the
work of Castro Jorge et al. (2015) [49]. By varying load velocity, difference be-
tween foundation’s moduli in compression and in tension and damping, several
analyses were performed to determine the maximum upward and downward
displacements of the beam, showing that displacements may become very im-
portant at the critical velocity, and also at lower velocities, as approaching a
tensionless foundation case. Rodrigues et al. (2016) [229] extended this ap-
proach to a moving oscillator problem (see also Mazilu, 2013 [192]).
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Hence, by several authors it has been reported that the value of the criti-
cal velocity for finite beams is influenced by the frequency of oscillation of
the load magnitude and by the nonlinearity of the foundation. The aim of the
present chapter is that of exploring this dependency in case of bilinear and cu-
bic superlinear elastic foundations, thus extending the analyses presented in
Castro Jorge et al. (2015) [49,50]. As previously exposed, prior studies involv-
ing beam-foundation systems acted upon harmonic moving loads demonstrated
the existence of a bifurcation of the critical velocity into two distinct values,
due to the harmonic variation of the moving load magnitude. Such bifurca-
tion curves, but depicted for bilinear and cubic superlinear elastic foundations
seem instead unprecedented in the scientific literature. However, this knowl-
edge appears fundamental, also in terms of practical applications; for instance,
when it looks necessary to choose between two possible design options of a
vehicle, one which leads to exert forces on the tracks that are larger but display
appreciably smaller frequencies or viceversa. By virtue of the present method-
ology and associated results, practical guidelines may be extrapolated towards
handling such important design issues.

Therefore, the transient dynamic response of a simply-supported Euler-
Bernoulli beam resting on a homogeneous in space Winkler nonlinear elas-
tic foundation acted by a transverse concentrated moving load with harmo-
nic-varying magnitude and constant velocity, is considered. Two types of non-
linearities of the support are considered with bilinear and cubic superlinear
laws, respectively. The dynamic response is numerically obtained by using an
autonomous FEM implementation coupled with a HHT-α method for the time
integration (Hilber et al., 1977 [129]).

The purpose of the present chapter is two-fold. Firstly, this work aims at
demonstrating the reliability, consistency and accuracy of the present imple-
mentation, described in Section 3.2, by the comparison of the obtained numeri-
cal critical velocities to earlier results reported by Castro Jorge et al. (2015) [49,
50] and by Chen and Huang (2003) [54]. Secondly, through a vast campaign
of numerical simulations, the influence of the load velocity and of the load fre-
quency on the maximum downward and upward displacements of the beam is
investigated in Sections 3.3-3.4. By virtue of the obtained results, the critical
velocities are determined as the load velocities inducing a peak of the beam’s
maximum displacements (as in Castro Jorge et al., 2015 [49]), and are plot-
ted as a function of the load frequency. As outlined above, the effects of the
load frequency on the critical velocity leads to multiple-branch maps. These
curves are numerically computed from the outcomes of the FEM simulations
and, then, reproduced by appropriate analytical fitting proposals with calibrated
coefficients, providing simple and effective formulas to represent the critical
velocity dependency on the load frequency.

Furthermore, regarding the bilinear foundation model, automated dedicated
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computational strategies to handle the necessary and most appropriate space/
time discretization have been established and the dependence of the critical
velocities on the ratio between the foundation’s moduli in compression and in
tension is also taken into account together with the load frequency. On the other
hand, when considering a cubic superlinear constitutive law, the dependency of
the critical velocities on the mean value of the harmonic moving load is also
investigated, revealing the manifestation of three different critical velocities.
The content of the present chapter stems from the outcomes of the research
reported by Moioli (2016) [200] and Froio et al. (2016, 2017) [97, 100, 101].

3.2 Theoretical bases and FEM implementation

3.2.1 Problem formulation

Consider the idealized system shown in Fig. 3.1, consisting of a simply-suppor-
ted beam of length L [m] lying on a Winkler nonlinear elastic foundation un-
der the action of a concentrated force of magnitude F (t) [N], harmonically
oscillating in time t [s] with frequency Ω [rad/s] and moving with constant ve-
locity v [m/s] along the beam. The force is assumed to be positive if directed
upward. An Euler-Bernoulli beam model with Young modulus E [N/m2], area
moment of inertia J [m4], cross-section area A [m2] and mass density per
unit volume ρ [kg/m3], assumed constant along the beam, has been selected
(thus, µ=ρA [kg/m] is the mass per unit length of the beam). Viscous damping
smeared onto both the beam and the foundation is assumed, with a constant
damping coefficient cd [Ns/m2].

From these assumptions, by considering the dynamic equilibrium of a beam
resting on such elastic support and undergoing transverse vibrations, the par-
tial differential equation of motion describing the motion of the elastic beam-
foundation system is

EJ w(4)
x (x, t)+µw

(2)
t (x, t)+cdw

(1)
t (x, t)+r(w)=F (t)δ(x−vt)−µg; (3.1)

where x is the axial coordinate (0<x<L), with the origin fixed at the left end
of the beam, t is the time variable (0<t<L/v), with the origin at the instant on
which the force starts its motion at the left extreme of the beam (x=0), w(x, t)
is the vertical deflection of the beam (positive if upward), and µg [N/m] is the
beam’s self-weight (g [N/kg] being the acceleration of gravity), and r(w) [N/m]
is the reaction force per unit length supplied by the elastic foundation. The
concentrated moving load acting at time t at current position vt exciting the
beam-foundation system is represented on the right hand side of Eq. (3.1) by
Dirac delta function δ(·).

One possible approach for obtaining the complete dynamic response of the
system described by Eq. (3.1) consists of a spatial discretization of the struc-
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Figure 3.1: Simply-supported finite Euler-Bernoulli elastic beam lying on a nonlinear elastic
foundation subjected to a moving load with variable amplitude.

ture by means of finite elements, followed by a temporal discretization of the
resulting system of ordinary differential equations by a process of numerical
integration. Thus, let the beam be discretized into a uniform mesh of finite
elements of equal length h such as the one depicted in Fig. 3.2a.

Two degrees of freedom for each node are considered for the description of
the beam displacements: the transverse displacement and the rotation around
the axis normal to the plane of the sheet, resulting in a vector of four gener-
alized coordinates qe with components defined as in Fig. 3.2a. The general-
ized coordinates represent the weights of the linear combination of shape func-
tions ψi(x), which is used for approximating the field of transverse displace-
ments w(x)= Ψe(x)qe, being Ψe(x) the column vector containing the usual
cubic Hermitian polynomials shape functions (Castro Jorge et al., 2015 [49]),
whose expressions are the following:

ψ1(x) = 1− 3
(x
h

)2
+ 2

(x
h

)3
; ψ2(x) = x− 2h

(x
h

)2
+ h

(x
h

)3
;

ψ3(x) = 3
(x
h

)2
− 2

(x
h

)3
; ψ4(x) = −h

(x
h

)2
+ h

(x
h

)3
.

(3.2)

By means of such polynomial interpolation and by the application of the
FEM, equation of motion (3.1), written for an arbitrary finite element of
length h [m] in semi-discretized form and accounting for linear viscous damp-
ing, becomes

Me q̈e +Ce q̇e +Ke
b q

e +Qe
f,nl (q

e) = Fe +Qe; (3.3)

where Me, Ce and Ke
b are the usual elementary mass, damping and stiffness

matrices of a beam finite element, respectively. The effect of the nonlinear
behavior of the foundation is represented by the element force vector

Qe
f,nl =

∂Uf

∂qe
; (3.4)

where Uf is the elastic potential energy of the foundation.
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(a) (b)

Figure 3.2: Nodal degrees freedom of an Euler-Bernoulli beam finite element on a bilinear
elastic foundation (a) and generalized forces acting on a beam element (b).

Regarding to the right hand side of Eq. (3.3), vector of generalized forces Qe

describes the action of the neighboring finite elements and of the beam self-
weight (constant distributed load), while Fe is the vector of equivalent external
forces due to the moving load, which is defined as

Fe =

{
F (t)Ψ(xc)

e if 0 ≤ xc ≤ h;
0 otherwise. (3.5)

In Eq. (3.5) Ψ(xc)
e is the shape function vector evaluated at xc=vt−x1i , where

x1i is the abscissa of the first node of the i-th finite element; thus coordinate xc
represents the position of the moving load at a particular time instant in the
element reference frame (Rieker et al., 1996 [228], see Fig. 3.2b).

Then, by assembling the contributions from all of the finite elements and
imposing the boundary conditions of zero transverse displacements at the two
extreme nodes of the beam, the semi-discrete equations of motion derived from
Eq. (3.1) become

Mq̈+C q̇+Kb q+Qf,nl(q) = F (t)Ψ
(
xc(t)

)
− µg f ; (3.6)

where M and Kb are the global structural mass and stiffness matrices of the
beam, both symmetric and positive definite, C is the global viscous damping
matrix of the beam-foundation system, Qf,nl(q) is the global vector of the lin-
ear and nonlinear forces provided by the foundation and f are the equivalent
force vectors due to unitary upward concentrated and distributed load, respec-
tively; q, q̇ and q̈ are the global vectors of the generalized displacements, ve-
locities and accelerations, respectively.

3.2.2 Description of the implemented algorithm

Semi-discretized equations of motion (3.6) derived in the previous section rep-
resent a coupled system of nonlinear ordinary second-order differential equa-
tions with constant coefficients, whose solution, given the initial conditions,
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represents the transient response of the beam. The following homogeneous
initial conditions are assumed

q(0) = 0; q̇(0) = 0; (3.7)

meaning that the beam is initially at rest, with zero deflection and velocity at
the instant when the force enters from the left support of the beam.

The numerical solution of the initial-value problem satisfying Eq. (3.6)
in t ∈ [0, τ ] has been achieved by a HHT-α implementation (see Hilber et
al., 1977 [129]) coupled with a full Newton-Raphson method (see Belytschko
and Hughes, 1983 [25], Bathe, 2006 [20]) at each time step. The length of the
time interval for the moving load to go from one end to the other end of the
beam is denoted by τ=L/v [s]. Let time span τ be subdivided into N equal
time intervals ∆t=τ/N , such that tn=n∆t.

An implicit formulation for the HHT-α method for nonlinear system (3.6)
may be written as follows:

an+1 =
2β − 1

2β
an −

1

β∆t
vn +

1

β∆t2
(dn+1 − dn) ; (3.8a)

vn+1 =
2β − γ

2β
∆t an +

β − γ

β
vn +

γ

β∆t
(dn+1 − dn) ; (3.8b)

r(dn+1) = (1 + α)Qf,nl(dn+1) + K̃(dn+1)dn+1 − F̃(dn) = 0; (3.8c)

where vectors dn,vn and an stand for the approximations of q(tn), q̇(tn)
and q̈(tn), respectively, derived from the numerical integration algorithm,
while r(dn+1) is the residue vector. In Eq. (3.8c), K̃ is the effective stiffness
matrix of the corresponding linear problem and F̃ is the effective load vector,
which take the following expressions:

K̃=(1 + α)

(
Kb +

γC

β∆t

)
+

M

β∆t2
; (3.9)

F̃=F(tn+α)+αQf,nl(dn)+

(
αKb+

γ(1+α)

β∆t
C+

M

β∆t2

)
dn+

+

(
γ−2β

2β
(1+α)∆tC+

1−2β

2β
M

)
an+

(
γ(1+α)−β

β
C+

M

β∆t

)
vn; (3.10)

where F(tn+α) is the right hand side of Eq. (3.6) computed at time instant
tn+α=tn+α∆t. Thus, from Eqs. (3.8) the HHT-α method adopts the Finite
Differences equations of the Newmark method, but the equations of motion
are modified by introducing a parameter α, which represents a numerical lag
in the stiffness, nonlinear and external forces.

The α parameter in Eqs. (3.8) allows for artificial high-frequency modal
components to be removed from the structural response and to control the
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amount of numerical damping: decreasing α increases the amount of numeri-
cal dissipation (α=0 reduces the HHT-α algorithm to the Newmark method).
It is worthy to point out that this method provides numerical damping without
degrading the order of accuracy and, furthermore, ensures an adequate dissi-
pation for the higher modes, while guaranteeing that the lower modes are not
too strongly affected (see Hilber et al., 1977 [129]). In fact, an accurate in-
tegration of low-frequency modes together with the suppression of spurious
high-frequency responses is strongly desirable, since the spatial resolution of
the high-frequency modes obtained from the FEM discretization is typically
poor.

Eqs. (3.8a)-(3.8c) allow for the computation of three unknowns dn+1, vn+1

and an+1, being assumed that dn, vn and an are known from the previous step.
For obtaining an approximate solution of the nonlinear system described by
Eqs. (3.8), an equilibrium iteration sequence is required within each time step
for finding current displacements dn+1.

Let one assume d
(i)
n+1 to be a known approximation of dn+1 at the ith it-

eration (i=0, 1, . . . ). By applying a Newton-Raphson solution technique, the
transient response of the nonlinear system at the (i+1)th iteration may be written
as

d
(i+1)
n+1 = d

(i)
n+1 − S−1

(
d
(i)
n+1

)
r
(
d
(i)
n+1

)
; (3.11)

where S
(
d
(i)

n+1

)
, is the Jacobian matrix (often called also global tangent stiff-

ness matrix), defined as

S
(
d
(i)
n+1

)
=
∂r(dn+1)

∂dn+1

∣∣∣∣
d
(i)
n+1

. (3.12)

The substitution of Eqs. (3.8c)-(3.9) into Eq. (3.12), leads to the expression of
the tangent stiffness matrix:

S
(
d
(i)
n+1

)
= (1 + α)

(
Kb +K

(i)
f,nl

)
+

1

β∆t2
M; (3.13)

where K
(i)
f,nl=Kf,nl(d

(i)
n+1) is obtained by assembling the contributions from

each finite element. The iterative process continues until an appropriate norm
of the increment vector d

(i+1)
n+1 −d

(i)
n+1 satisfies a convergence criterion. The

algorithm described herein is resumed in synoptic form in the sketch provided
in Fig. 3.3. The algorithm described above requires the selection of numerical
parameters h, ∆t, α, β, γ. A rigorous approach by which performing such a
selection is presented in the following section.
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SYNOPSIS OF THE IMPLEMENTED ALGORITHM
The implemented algorithm is composed of the following steps:

1. Set first time step at n = 1 and iteration counter at i = 0;

2. Initialization of acceleration vector given initial displacements and velocities:
a0 = M−1(F0 −Kd0 −Cv0);

3. Set iteration counter i = 0 for the Newton-Rapson algorithm;

4. Evaluation, assembly and factorization of tangent stiffness matrix S(d
(i)
n+1);

5. Evaluation of residual force vector r(d(i)
n+1);

6. Solution of linear system d
(i+1)
n+1 = d

(i)
n+1 − S−1(d

(i)
n+1) r(d

(i)
n+1);

7. Given a tolerance threshold ϵ, in the order of 10−12, check for convergence on displacements
by using the following criterion:∥∥∥d(i+1)

n+1 − d
(i)
n+1

∥∥∥ / ∥∥∥d(i+1)
n+1

∥∥∥ < ϵ
(a) If convergence is not met, set i ← i + 1, update displacement vector d(i)

n+1 ← d
(i+1)
n+1

and return to Step 3.

(b) If convergence is met, proceed to Step 8.

8. Update converged displacement vector dn+1 ← d
(i+1)
n+1 , generalized velocities vn+1 and

generalized accelerations an+1:

vn+1= vn +∆t(1− γ)an +
γ

β∆t
(dn+1 − dn −∆tvn)− ∆tγ

(
1

2β
− 1

)
an;

an+1=
1

β∆t2
(dn+1 − dn −∆tvn)−

(
1

2β
− 1

)
an;

9. Assign obtained values to the final updated solution vectors:

qn+1 ← dn+1 q̇n+1 ← vn+1 q̈n+1 ← an+1

10. Increment time step n← n+ 1, and return to Point 3 for the next time step.

Figure 3.3: Synoptic chart of the implemented algorithm for the nonlinear FEM transient
analysis.

3.3 Dynamics of beams on Winkler bilinear elastic support

Consider the beam-foundation system represented in Fig. 3.1 where reaction
force per unit length r(w) supplied by the foundation is described by the bi-
linear law in Eq. (2.5). A zero-mean harmonically variable amplitude of the
concentrated moving load acting at time t at current position vt is assumed,
according to the following assumed harmonic law:

F (t) =

{
F cos(Ωt) 0<t≤τ ;
0 t>τ ;

(3.14)

where F is the reference load magnitude, Ω is the angular frequency of the
harmonic amplitude variation and time interval for the moving load to travel
across the beam’s span is denoted by τ=L/v. Accordingly, the beam experi-
ences forced vibrations in the time interval (0, τ ] and free damped vibrations
afterward.
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(a) one root and q1 > 0, q3 < 0 (b) one root and q1 < 0, q3 > 0

(c) two roots and q1 > 0, q3 > 0 (d) two roots and q1 < 0, q3 < 0

(e) no roots and q1 > 0, q3 < 0 (f) no roots and q1 < 0, q3 > 0

Figure 3.4: Interaction patterns between a beam finite element and the bilinear foundation
with stiffnesses k− and k+ under compression and tension, respectively.

Although the effect of damping may also be considered in the present anal-
ysis, it has been neglected since it does not affect much the critical velocity
of the beam-foundation system, as shown in numerous previous works (Castro
Jorge et al., 2015 [49, 50]).

Previously-defined matrices and vectors in Section 3.2 have been obtained
according to the work of Castro Jorge et al. (2015) [49]. Towards the FEM
description of the bilinear behavior, six interaction patterns between a beam
finite element and the underlying foundation are considered, as depicted in
Fig. 3.4. The position of the transition point between compression and tension
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Interaction patterns:

Ue
f=

1

2
qe T Ke

f,nl(q
e)qe,

Qf,nl=Ke
f,nl(q

e)qe

Ke
f,nl(q

e)=
∂2Uf

∂qe∂qe
:

(a) one root and q1>0,
q3<0

k+D
(
0, s(qe)

)
+ k−D

(
s(qe), h

)
(c) two roots and q1>0,
q3>0

k+
(
D
(
0, s1(q

e)
)
+D

(
h−s2(qe), h

))
+k−D

(
s1(q

e), h−s2(qe)
)

(e) no roots (linear founda-
tion) and q1>0, q3>0

k+D(0, h)

Table 3.1: Expressions of the tangent stiffness matrix of the bilinear foundation for each beam-
foundation pattern (interaction patterns (b),(d) and (f) may be derived using the expressions
of patterns (a), (c) and (e), respectively, by exchanging k− with k+).

of the foundation, i.e. the points with null displacement, is labeled s(qe) and
is determined by setting to zero the cubic relation describing the displacement
field within the local reference frame of each finite element (0<s(qe)<h).

The considered interaction patterns account for a maximum of two transi-
tion points between the upward and the downward displacements. Nonetheless,
two more interaction patterns are possible, besides those depicted in Fig. 3.4,
because the deflection shape of the beam axis is described by a cubic polyno-
mial. For these additional patterns there are three transition points between the
upward and the downward displacements, corresponding to three roots of the
cubic polynomial. However, in the numerical tests, an adequately refined mesh
is always selected to allow for those two patterns to be precluded.

The expressions for the foundation internal force vector and the foundation
tangent stiffness matrix, derived in the work of Castro Jorge et al. (2015) [49]
for the six above-defined interaction patterns, are reported in Table 3.1, where,
in order to simplify the notation, the following quantity is introduced:

D(a, b) = N−T

∫ b

a

p(x)p(x)T dxN−1; N=


1 0 0 0
0 1 0 0
1 h h2 h3

0 1 2h 3h2

 ; (3.15)

where p(x)={1 x x2 x3}.

3.3.1 Characteristic strategies of the numerical procedure

The solution algorithm for the implicit scheme, summarized in Fig. 3.3, re-
quires assembling the global mass and stiffness matrices into a set of coupled
algebraic equations and solving the system by a triangularization technique,
such as the Choleski decomposition (MatLab [251]).
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A peculiar feature of this approach is that a new tangent stiffness matrix has
to be computed at each iteration within the time step and a new decomposition
has to be performed on assembled tangent stiffness matrix S. For this rea-
son, appropriate space/time discretizations, i.e. values of mesh size h and time
step ∆t have to be accurately chosen, in order to optimize the computational
effort.

Automated strategy for suitable space discretization

In general, mesh size h should be chosen such that all important vibration nat-
ural frequencies and mode shapes of the mathematical model are well approx-
imated, and such number depends on the spatial distribution and frequency
content of the loading. If not enough modes are considered, Eq. (3.6) is not
enough accurately solved. On the other hand, there is no need to represent the
higher frequency contributions because such contributions lead to an almost
static response, which is already included in the direct integration step-by-step
dynamic response calculations (Bathe, 1996 [20]).

The loading acting on the beam-foundation system is here represented by
harmonic moving load F cos(Ωt) δ(x− vt), which varies both in space and
time. Consequently, by performing a Fourier analysis (Buschman, 1996 [46])
of such dynamic load input, at this stage under the reasonable hypothesis of
standard linear elastic behavior of the beam-foundation system (same stiffness
in compression and in tension, i.e. k−=k+=k), the following expression of its
Fourier decomposition Fn is obtained as

Fn = Ω+
nπv

L
; (3.16)

that is a linear function of mode number n (recall that Ω is the frequency of the
moving load amplitude variation). Therefore, Fourier analysis shows that the
moving load frequency content is not bounded, but it increases linearly with
the number of considered modes.

Let ωn [rad/s] be the natural frequencies of the linear beam-foundation
system, which for a linear Winkler foundation of coefficient k may be ex-
pressed by the following nonlinear function of mode number n (Dimitrovová
and Varandas, 2009 [73]):

ωn =

√(nπ
L

)4 EJ
ρA

+
k

ρA
; (3.17)

evaluated here for the two limit cases k=k− and k=k+=0, respectively. The
comparison of natural frequencies ωn with Fn in Eq. (3.16) allows to deter-
mine the nearest integer mode number n̄ for which ωn<Fn. The correspond-
ing highest frequency of the system at n̄, namely ω̄=ωn̄, shown in Fig. 3.5,
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has been depicted here for the worst considered case in the subsequent simula-
tions (v=300 m/s, Ω=60 rad/s), according to the mechanical parameters of the
adopted case study, which will be described in following Section 3.3.2.

0 20 40 60 80
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n
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ω̄

Fn; ωn (kl=k
+); ωn (kl=k

−);

Figure 3.5: Evolution of frequency content of the harmonic moving load and natural vibration
frequencies of the two limit beam-foundation systems as a function of the mode number

Hence, also in view of achieving a better convergence in the nonlinear pro-
cedure presented in Section 3.2.2, finite element mesh h is selected such that
the smallest considered half-wavelength is described by at least four finite ele-
ments, that is

h ≤ λmin/2

4
=

L

4 n̄
; (Simply-supported beam); (3.18)

which, for a beam of lenght L=200 m (see following Section 3.3.2), corre-
sponds to a spatial discretization composed of finite elements of a length of
0.5 m, i.e. 400 finite elements.

Automated strategy for suitable time discretization

Concerning aspects of numerical integration, the time span taken throughout
the integration process corresponds to the amount of time along which the mov-
ing load is really acting along the beam, that is τ=L/v, plus one fifth of τ for
free vibrations. In general, the numerical characteristics of the HHT-α method
for linear elastic systems (Hilber and Hughes, 1978 [129]) are preserved for
nonlinear systems. As proven by Chang (2008) [51], also for moderately non-
linear systems, if free parameters α, β and γ, which govern stability, accuracy
and numerical damping of the algorithm, are chosen as follows:

−1

3
≤ α ≤ 0; β =

1

4
(1− α)2; γ =

1

2
− α; (3.19)
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the implicit HHT-α method constitutes an unconditionally stable and second-
order accurate scheme (Hilber et al., 1977 [129]), characterized by favorable
numerical dissipation and limited dispersion, without degrading the order of
accuracy. By virtue of the unconditional stability of the numerical integration
algorithm, time step ∆t has to be chosen to yield an accurate and effective solu-
tion, i.e. it should be only small enough such that the response in all modes that
significantly contribute to the total structural response is accurately calculated.
In fact, by selecting a uniform time step for all the considered velocities does
not represent an optimal choice, since it would lead to a huge and worthless
computational effort, particularly at the low moving load velocities.

The accuracy of numerical integration schemes can be measured in terms
of numerical dissipation (decay) and dispersion (period elongation or distor-
tion). Since the HHT-α method guarantees a sufficient numerical dissipation if
conditions in Eq. (3.19) are satisfied (Chang, 2008 [51]), an appropriate time
step ∆t to be adopted for the numerical simulations in order to limit dispersion
may be estimated as follows:

∆t = (1 + P ∗)
Ω̃∗(∆t)

ω∗ ; (3.20)

where P ∗ is the period distortion parameter associated with the maximum fre-
quency to be represented ω∗=4 ω̄ (Bathe, 1996 [20]). In the previous equa-
tion, Ω̃∗(∆t) is the non-dimensional distorted counterpart of ω∗ due to the nu-
merical integration, which, consequently, makes it a function of selected time
step ∆t. More details on the calculation of Ω̃∗(∆t), which depends on both me-
chanical parameters of the structural system and numerical parameters of the
HHT-α method, may be found in Hilber et al. (1977) [129], Belytschko and
Hughes (1983) [25] and Chang (2008) [51]. Period distorsion P ∗ associated
with the maximum frequency has been imposed to be less or equal than 5%,
to warrant a sufficient accuracy. To evaluate time step ∆t for each simulation,
an automated calculation solving nonlinear Eq. (3.20) has been implemented,
according to the computational procedure described in the above cited refer-
ences.

When solving highly nonlinear problems, numerical dissipation has been
found to improve the convergence of iterative equation solvers. However, since
the addition of high-frequency dissipation should not induce a loss of accuracy
nor introduce excessive algorithmic damping in the important low frequency
modes, parameter α should not be too negative. Thus, the HHT-α parame-
ter expressing the high-frequency numerical dissipation rate is chosen equal
to α=−0.1 (Hilber et al., 1977 [129]). Such choice is respectful of Eq. (3.19)
and also in agreement with Castro Jorge et al. (2015) [50].

Concerning convergence properties of the Newton-Rapson scheme at each
time step, if the initial solution is sufficiently close to the exact solution and if
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the tangent stiffness matrix does not abruptly change, a local quadratic rate of
convergence is attained (see Bathe, 1996 [20]). Such conditions are satisfied if
both above selecting criteria for mesh size h and time step ∆t, Eq. (3.18) and
Eq. (3.20), respectively, are met.

The FEM program has been implemented within MatLab [251]. Despite
for the large amplitudes and the high frequencies of oscillation of the response
obtained for some combinations of the above-considered parameters, the al-
gorithm always properly converged and allowed to produce the results of the
massive computations illustrated in the next section.

3.3.2 Numerical results and discussion

Throughout this section, the main effects of the moving load velocity, of the
frequency of the load harmonic-varying magnitude and of the ratio between
the foundation’s moduli in compression and in tension (stiffness ratio) on the
maximum downward and upward displacements of the beam are outlined. In
particular, after having detected the critical velocities of the system, as those
specific moving load velocities at which maximum displacements are attained,
their relationship with the amplitude frequency of the moving load and with
the foundation stiffness ratio is explicitly depicted in appropriate bifurcation
curves, described by fitted analytical proposals from the values of the critical
velocity computed at different frequencies of the load variation.

(a) (b)

Mechanical properties

Young’s modulus E 2.100× 1011 N/m2

Cross-sectional area A 7.684× 10−3 m2

Area moment of inertia J 3.055× 10−5 m4

Mass per unit volume ρ 7.800× 103 kg/m3

Figure 3.6: UIC60 rail profile (a) (dimensions in mm) and its corresponding mechanical prop-
erties (b).

Beam response

The type of analyzed beam is a UIC60 rail (see Fig. 3.6a), one of the most
diffused steel profiles in railway tracks; its mechanical properties are reported
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in Fig. 3.6b. A beam length L of 200 m has been selected, in order to reason-
ably represent the limit case of a beam of an infinite length. The assumed load
magnitude is F=−83.4 kN (the minus sign means a load acting downward),
corresponding to a locomotive of the Thalys high-speed train (EU), which has
a total axle mass of about 17000 kg (see Castro Jorge et al., 2015 [50]).

Computations are performed by assuming a constant value of the linear elas-
tic Winkler coefficient in compression k−, equal to 250 × 103 N/m2 (Castro
Jorge et al., 2015 [49]), while a variable value in tension k+ is adopted accord-
ing to the following definition:

k+ = κ k−, κ =
k+

k−
, 0 ≤ κ ≤ 1; (3.21)

where stiffness ratio of the foundation κ is introduced as the ratio between
the compression and tension foundation moduli. The range of κ defined in
Eq. (3.21) is such that the constitutive law of the foundation varies between the
two limit cases of linear elastic foundation (k+=k−, κ=1, symmetric behavior
in compression and tension) and of tensionless foundation (k+=0, κ=0).

Regarding the load frequency range, it depends on the stiffness coefficients
of the foundation and on the mechanical characteristics of the rail profile. The
present computations have been performed in a range of load frequency Ω
from 0 to 60 rad/s, with intervals of 10 rad/s. For each of these frequencies
of oscillation of the moving load amplitude, computations are performed for
velocities of the moving load v varying between 10 m/s and 300 m/s, with a
step variation of 1 m/s. Although the upper bound of the selected range of
moving load velocity is clearly unattainable by today railway transportation
vehicles, its adoption looks necessary in order to properly capture more than
one critical velocity and to explore the whole solution range. This procedure is
repeated for each considered stiffness ratio κ.

For illustration purposes, Figs. 3.7a-3.7c-3.7e depict the beam deflection
profiles at three distinct time instants and corresponding three moving load po-
sitions (vt=L/4, L/2, 3/4L). The considered stiffness ratio of the foundation
is κ=0.2, the moving load velocity is set at 30 m/s, the amplitude frequency
is 30 rad/s (subcritical regime) and the time step is ∆t=3× 10−3s, apt to com-
ply with Eq. (3.20). As expected, it can be observed that for the bilinear type of
foundation, the beam exhibits higher upward beam displacements than down-
ward ones, even though the mean loading is acting downward due to the applied
beam self-weight. The results show that maximum displacements always occur
beneath the moving load position and, at subcritical velocities of the moving
harmonic load, the beam deflection clearly exhibits a wave character, while
this is not observed for the case of a constant-amplitude moving load (Moioli,
2016 [200]). The wavelengths are similar both behind and ahead of the moving
load position.
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(e) vt=3/4L
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Figure 3.7: Left column: beam deflection at three different time instants, correspond-
ing to three distinct positions of the load along the beam (specified by a red triangle):
L/4=50 m (a), L/2=100 m (c) and 3/4L=150 m (e). Right column: convergence study
on maximum upward (w+

max) and downward (w−
max) displacements with respect to the

number of adopted finite elements. Bilinear elastic foundation with κ=0.2. Results for
a moving harmonic load with velocity v=30 m/s and frequency Ω=30 rad/s (subcritical
regime). Time step ∆t=3× 10−3s.
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(c) vt=L/2

0 25 50 75 100 125 150 175 200

x [m]

-0.10

-0.05

0.00

0.05

0.10

0.15

0.20

w
(x
)
[m

]

t=0.334 s 50 f.e.; 100 f.e.; 200 f.e.; 400 f.e.;

(d) vt=L/2

50 100 200 400 800

n
◦ f.e.

0

0.5

1

1.5

2

2.5

3

|w
m
a
x
−

w
∗ m
a
x
|

|w
∗ m
a
x
|

[%
]

w
+
max

;
w

−

max
;

(e) vt=3/4L
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Figure 3.8: Left column: beam deflection at three different time instants, correspond-
ing to three distinct positions of the load along the beam (specified by a red triangle):
L/4=50 m (a), L/2=100 m (c) and 3/4L=150 m (e). Right column: convergence study
on maximum upward (w+

max) and downward (w−
max) displacements with respect to the

number of adopted finite elements. Bilinear elastic foundation with κ=0.2. Results for a
moving harmonic load with velocity v=300 m/s and frequency Ω=30 rad/s (supercritical
regime). Time step ∆t=5× 10−4s.
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The same type of representation in the supercritical regime (v=300 m/s)
is provided by Figs. 3.8a-3.8c-3.8e. In this case, time step ∆t=5 × 10−4s is
selected according to Eq. (3.20). Again, higher upward beam displacements
with respect to the downward displacements are observed. In the supercritical
regime, maximum displacements and larger waves are always located behind
the moving load position, while the oscillations become smaller in amplitude
and wave length ahead the moving load.

Figs. 3.7b-3.7d-3.7f and Figs. 3.8b-3.8d-3.8f depict the outcomes of the
convergence study of the maximum upward (w+

max) and downward (w−
max)

beam displacements for various mesh refinements at three distinct time in-
stants, corresponding to the three moving load positions (vt=L/4, L/2, 3/4L),
for the subcritical (v=30 m/s) and the supercritical (v=300 m/s) regime, re-
spectively. A very refined spatial discretization of 800 finite elements has been
assumed as a target exact result. It can be seen that a mesh of 400 finite ele-
ments, would be the most appropriate choice to achieve an accurate and fea-
sible solution, independently from the time instant. Nonetheless, if meshes
composed by less than 400 finite elements are employed, the results may be-
come inaccurate, but the algorithm does always converge.

3.3.3 Determination of the critical velocities

In this section, the effects of the load velocity, of the frequency of the harmonic-
varying magnitude and of the ratio between the foundation’s moduli in com-
pression and in tension on the maximum downward and upward displacements
of the beam are presented.

Given a value of the frequency of the harmonic-varying magnitude and of
the ratio between the foundation’s moduli, for each simulation performed at
a certain value of the moving load velocity, the maximum upward (positive)
and downward (negative) displacements of the beam are scored. Then, such
outcomes of the FEM simulation are plotted as a function of the moving load
velocity. From such curves the critical velocities of the beam-foundation sys-
tem for a finite beam may be detected as the velocity of the moving load at
which a maximum displacement is attained.

The relationship between beam maximum upward (w+
max) and downward

(w−
max) displacements and load velocities, is shown in the sequence of graphs

in Fig. 3.9, for various values of load amplitude frequency Ω and stiffness
ratio κ. For each considered value of κ, it is noticeable that, as the amplitude
of the moving load starts oscillating with frequency Ω, the critical velocities
might be either one or two (bifurcation of the critical velocities), within the
displayed range of velocities. This means that a harmonic load of a specific
forced frequency causes a resonance effect at two different moving velocities,
as illustrated by Chen and Huang (2003) [57] for a linear foundation.
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(b) κ=0.8
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(c) κ=0.6
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(d) κ=0.4
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(e) κ=0.2
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(f) κ=0.1
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Figure 3.9: Representation of the beam maximum displacements as a function of load ve-
locity v and frequency Ω for an undamped bilinear elastic foundation with compression
stiffness k−=250 kN/m2 and tension stiffness k+=κk−. Load amplitude frequency Ω
ranges from 0 rad/s to 60 rad/s. First peak: first critical velocity (1), second peak:
second critical velocity (2).
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First critical velocity Second critical velocity

κ Ω v+
cr,1 v

−
cr,1

vcr,1 w+
m,1 w

−
m,1 v+

cr,2 v
−
cr,2

vcr,2 w+
m,2 w

−
m,2

[1] [rad/s] [m/s] [m/s] [m/s] [m] [m] [m/s] [m/s] [m/s] [m] [m]

1.0

0 206.0 206.0 206.0 0.675 −0.701 - - - - -
10 184.0 184.0 184.0 0.384 −0.387 229.0 232.0 230.5 0.262 −0.274
20 157.0 157.0 157.0 0.450 −0.476 249.0 250.0 249.5 0.332 −0.287
30 132.0 132.0 132.0 0.523 −0.552 269.0 270.0 269.5 0.292 −0.246
40 102.0 103.0 102.5 0.665 −0.673 289.0 292.0 290.5 0.231 −0.226
50 69.0 69.0 69.0 0.944 −0.943 - - - - -
60 26.0 26.0 26.0 1.967 −1.961 - - - - -

0.8

0 201.0 200.0 200.5 0.724 −0.683 - - - - -
10 178.0 177.0 177.5 0.403 −0.399 226.0 228.0 227.0 0.290 −0.282
20 151.0 152.0 151.5 0.514 −0.479 245.0 246.0 245.5 0.384 −0.313
30 123.0 123.0 123.0 0.607 −0.572 265.0 266.0 265.5 0.342 −0.264
40 93.0 93.0 93.0 0.731 −0.650 287.0 288.0 287.5 0.261 −0.226
50 57.0 58.0 57.5 1.197 −1.116 - - - - -
60 15.0 15.0 15.0 1.297 −1.179 - - - - -

0.6

0 194.0 193.0 193.5 0.785 −0.672 - - - - -
10 167.0 166.0 166.5 0.489 −0.454 218.0 217.0 217.5 0.357 −0.292
20 140.0 140.0 140.0 0.631 −0.503 239.0 240.0 239.5 0.436 −0.351
30 110.0 112.0 111.0 0.705 −0.583 259.0 261.0 260.0 0.387 −0.301
40 79.0 78.0 78.5 0.813 −0.676 278.0 282.0 280.0 0.324 −0.238
50 39.0 39.0 39.0 1.834 −1.463 - - - - -

0.4

0 183.0 183.0 183.0 0.873 −0.668 - - - - -
10 154.0 154.0 154.0 0.673 −0.515 207.0 208.0 207.5 0.578 −0.381
20 125.0 125.0 125.0 0.770 −0.641 231.0 231.0 231.0 0.476 −0.381
30 95.0 92.0 93.5 0.781 −0.568 252.0 254.0 253.0 0.416 −0.331
40 58.0 58.0 58.0 1.222 −0.844 272.0 273.0 272.5 0.399 −0.264

0.2

0 163.0 162.0 162.5 1.142 −0.627 - - - - -
10 128.0 127.0 127.5 1.086 −0.605 188.0 189.0 188.5 1.020 −0.566
20 95.0 97.0 96.0 1.114 −0.599 215.0 218.0 216.5 0.580 −0.314
30 62.0 63.0 62.5 1.229 −0.640 238.0 243.0 240.5 0.483 −0.283
40 - - - - - 269.0 265.0 267.0 0.426 −0.298

0.1

0 142.0 142.0 142.0 1.429 −0.611 - - - - -
10 106.0 105.0 105.5 1.724 −0.673 174.0 173.0 173.5 1.002 −0.544
20 65.0 66.0 65.5 1.503 −0.636 211.0 203.0 207.0 0.853 −0.363
30 15.0 15.0 15.0 6.190 −2.273 234.0 236.0 235.0 0.636 −0.343
40 - - - - - 260.0 259.0 259.5 0.496 −0.226

Table 3.2: Numerical values of critical velocities and maximum displacement amplitudes from
the graphs in Fig. 3.9.

In particular, the higher critical velocity vcr2 increases and quickly moves
toward the upper limit of the plot as the load frequency increases. Conversely,
the lower critical velocity vcr1 decreases until reaching zero at a very high
load frequency. The interpretation of this result is straightforward: in fact, it
is well known that a fixed load oscillating at a certain frequency, called reso-
nance frequency, causes the resonance of the beam-foundation system. Criti-
cal velocities for Ω=0 are in agreement with those obtained by Castro Jorge et
al. (2015) [49].

From the observation of the graphs in Fig. 3.9, as expected, the progressive
reduction of the foundation stiffness in tension, corresponding to a reduction
of the global stiffness of the beam-foundation system, comes with (i) a shift in
the position of both critical velocities toward lower values for all the load fre-
quencies, in addition to (ii) an increase of the maximum deflection amplitudes,
especially the upward one. It is also observed that the maximum displacements
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may be already considerable for velocities well below the critical velocity. For
an almost tensionless foundation (κ→0), the positive maximum displacements
become extremely large (well above the range of validity of the geometrical
linearity assumption). On the other hand, negative displacements keep practi-
cally the same values, consistently with the unaltered value of the compression
stiffness of the foundation. Further, it may be noticed that at high frequen-
cies the curves become much less smoother. The obtained numerical values of
the critical velocities and the corresponding maximum upward and downward
displacements are listed in Table 3.2.

In the following section, the obtained numerical values are employed to de-
cipher the functional relationship existing between the critical velocities, the
load frequency and the foundation stiffness ratio. In more detail, by appro-
priate analytical fitting proposals with calibrated coefficients, analytical bifur-
cation curves are defined in the critical velocities-load frequency plane, with
parameters depending upon the foundation stiffness ratio.

3.3.4 Bifurcation curves of the critical velocities

The collected values of the critical velocities vcr,j (j=1, 2) from the numer-
ical simulations, reported in Table 3.2, are employed to provide a detailed
description of the relationship between critical velocities vcr,j , harmonic load
frequency Ω and foundation stiffness ratio κ. Bifurcation curves representing
the relationship between critical velocities and load frequency, for the various
foundation stiffness ratios have been derived by an appropriate analytical fitting
proposal using a parameter optimization performed within MatLab [251].

The analytical fitting expression has been proposed and adopted, for tracing
both the lower and higher critical velocities, in the following simply and rather
effective three-coefficient power-law form:

vcr,j
vcr

=a1(κ)

(
1+(−1)j

Ω/ω1

a2(κ)

)a3

, j=1, 2; a1(κ)=κ
b1 ; a2(κ)=κ

b2 ; (3.22)

where

vcr=min
n∈N

{
ωnL

nπ

}
; ωn=

√(nπ
L

)4 EJ
ρA

+
k

ρA
; (3.23)

are the critical velocity and the natural frequencies of a simply-supported beam
lying on a classical linear elastic Winkler foundation (κ=1), respectively (ω1

being the first natural frequency, i.e. ωn for n=1 and κ=1). In Eq. (3.22)
unknown parameters a1(κ), a2(κ), a3 are apt to represent the intercepts with
the ordinate and abscissa axes in Figs. 3.10-3.11 and the exponent of the power
law, respectively. Latter parameter a3 is taken constant at variable stiffness
ratio κ.
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Thus, parameters a1(κ) and a2(κ) assume the following clear and important
physical meaning, at variable stiffness ratio κ:

• a1(κ)=κb1 describes the value of the critical velocity for a constant-ampli-
tude moving load (i.e. with Ω=0), and provides exact value vcr/vcr=1 in
the standard linear case (κ=1);

• a2(κ)=κb2 represents the value of the frequency ratio at resonance of
a harmonic static load (i.e. such that vcr=0), leading to a vanishing
critical velocity of the beam-foundation system, and thus giving exact
value Ω/ω1=1 in the standard linear case (κ=1).

Then, two parameters a1(κ) and a2(κ) are in turn described by a power law
relationship, in terms of exponent coefficients b1 and b2, respectively.

The formula for the critical velocities proposed in Eq. (3.22) shall provide
a simple and effective analytical expression to represent the functional depen-
dence between both vcr,j and Ω, κ. The adopted expression in Eq. (3.22), here
for a bilinear foundation, results different from those earlier reported in Froio
et al. (2017) [102] for a cubic superlinear foundation and is set here in a use-
ful nondimensional form. Further, even more precise representations could be
provided, but at the price of augmenting the number of underlying coefficients,
here conveniently confined to three only.

The associated fitting procedure for obtaining three free parameters b1, b2,
a3, based on the data in Table 3.2, has lead to the following global fitting re-
sults:

b1 = 0.1503 ≃ 3

20
, b2 = 0.3067 ≃ 3

10
, a3 = 0.7130 ≃ 5

7
; (3.24)

where it appears that exponent b2≃ 0.30 is about twice exponent b1≃ 0.15,
ruling the power law dependencies of parameters a1(κ) and a2(κ) (Fig. 3.12),
while constant value a3 is around 0.71, thus, as a rule of thumb, a3≃ 50/21,
b2≃ 100/21 b1.

The curves retrieved with the analytical fitting expressions above are plotted
in Figs. 3.10-3.11, in dimensional and nondimensional terms, respectively. The
analysis of these figures reveals that the obtained curves fit rather accurately
the outcomes of the numerical simulations, despite that only three unknown
parameters appear in Eq. (3.22), thus proving the effectiveness of the predicted
analytical proposals for critical velocities vcr,j .

Fig. 3.13 additionally depicts the dependence of vcr,j on both Ω and κ in a
three-dimensional plot, for the range of parameters considered in this study.

The comparison among the derived bifurcation curves reported in Fig. 3.10
and Fig. 3.11, proves that the critical velocities for the bilinear foundation,
as expected, are lower than those obtained for a classical linear foundation
with k+=k−. Although the effects of the load frequency on the critical ve-
locities are similar for all the investigated foundation models, the slope of the
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fitted curves in the neighborhood of Ω=0 increases as κ decreases. Therefore,
small variations in moving load amplitude frequency Ω may lead to substantial
changes in the critical velocities.

3.4 Dynamics of beams on cubic superlinear elastic Winkler
support

In the present section the main effects of the velocity and the characteristic
parameters of the harmonic-varying magnitude of the moving load on the dis-
placements and on the critical velocities of the beam-foundation system are
outlined. The methodology of the analysis is analoguos to the one described in
the previous section.

Thus, consider the beam-foundation system represented in Fig. 3.1, where
reaction force per unit length r(w) supplied by the foundation is described by
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Figure 3.10: Bifurcation curves depicting the critical velocities as a function of the frequency
of the load amplitude variation for an undamped bilinear elastic foundations with com-
pression stiffness k−=250 kN/m2 and tension stiffness k+=κ k−. Results computed by
the FEM implementation and fitted analytical curves. Global fittings in Eqs. (3.22)-(3.24)
based on data from Table 3.2. vcr=205.6 m/s and ω1=64.58 rad/s in Eq. (3.23). Dimen-
sional representation.
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Figure 3.11: Same as Fig. 3.10. Fittings in Eqs. (3.22)-(3.24). Nondimensional representation.
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Figure 3.12: Physical parameters a1(κ)=κb1 and a2(κ)=κb2 as a power-law function
of κ (b1=0.1503≃ 0.15, b2=0.3067≃ 2b1 ≃ 0.30).

(a) (b)

Figure 3.13: Variation of the first (a) and second (b) critical velocity versus frequency ra-
tio Ω/ω1 and stiffness ratio κ, according to the analytical fitting proposal in Eqs. (3.22)-
(3.24).

the cubic superlinear law in Eq. (2.6). The concentrated moving load moves at
a constant velocity along the beam, displaying a harmonic-varying magnitude
in time t, defined in terms of mean value F0, amplitude F and frequency of
oscillation Ω, according to the following assumed law:

F (t) =

{
F0 + F sin(Ωt) 0<t≤τ ;
0 t>τ ;

(3.25)

where F0=αF and load ratio α describes the relative intensity between the
constant and variable components of the moving load magnitude.

The response is calculated by the semi-discrete approach presented in Sec-
tion 3.2: a classical FEM is employed to discretize the space domain, leading
to the coupled system of linear second-order differential equations with con-
stant coefficients in Eq. (3.6), while direct time integration through the HHT-α
method is used to solve the problem in the time domain (see synoptic scheme
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of the implemented algorithm in Fig. 3.3). The homogeneous initial conditions
in Eq. (3.7) have been assumed and the beam’s self-weight has not been taken
into account because it seems not to affect much the dynamic response of the
system due to the symmetric behavior of the nonlinear foundation in compres-
sion and in tension.

Thus, the differences between the problems considered in Section 3.3 are
the type of foundation constitutive law and the nature of the external forcing
function. The calculation of the nonlinear force vector and of the tangent stiff-
ness matrix for the present case study have been implemented according to the
work of Castro Jorge et al. (2015) [50]. The characteristic parameters of the
beam are the same as those used in Section 3.3 (see Fig. 3.6b). The number of
adopted finite elements is 200 (mesh size h=1 m), while the adopted time step
is ∆t = min{10−3s, h/(5v)} in order to warrant a sufficient accuracy.

3.4.1 Validation of the FEM formulation for a constant amplitude mov-
ing load

A consistent validation comparison between the present numerical analyses,
in terms of maximum upward and downward beam displacements versus load
velocity, and analogous studies proposed in the literature is performed. In par-
ticular, results obtained by Castro Jorge et al. (2015) [50] for both linear and
nonlinear foundation behaviors have been taken as reference outcomes, since
their work has been lying at the basis of the present investigation. Since in
the work of Castro Jorge et al. (2015) [50] the magnitude of the concentrated
moving load was kept constant, such condition may be easily simulated by
setting Ω=0 and α=1.

(a) (b)

Figure 3.14: Representation of beam maximum displacements as a function of load velocity
for linear (knl=0) (a) and nonlinear (knl ̸=0 and kl=250 kN/m2) (b) elastic foundations.

First, a uniform linear elastic foundation is considered, with two differ-
ent values of elastic Winkler coefficient equal to kl=250 kN/m2 and kl =
500 kN/m2, respectively. Both undamped and damped behaviors are taken into
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account, assuming the damping factor ζ equal to 2%1. The results obtained
for this case are shown in Fig. 3.14a. From the observation of these plots,
the critical velocity may be clearly detected and the corresponding maximum
(upward) and minimum (maximum downward) displacements are indicated in
Table 3.3. It appears that the value of the critical velocity is weakly sensitive
to the damping factor, while it affects more the magnitude of the maximum
and minimum displacements. From Fig. 3.14a it appears that increasing the
stiffness of the foundation causes a shift in the position of the critical veloci-
ties towards higher values, in addition to the expected effect of decreasing the
deflection amplitudes.

The comparisons between the outcomes of the present work depicted in
Fig. 3.14a and gathered in Table 3.3, if compared to those reported in Castro
Jorge et al. (2015) [50], reveal a very good agreement, for both damped and
undamped cases. Furthermore, in view of the results above, it may be noticed
that a good degree of consistency has been also achieved with respect to the
analytical solution proposed by Dimitrovová and Rodrigues (2012) [72].

kl=250 [kN/m2] kl=500 [kN/m2]

vcr [m/s] wmax [m] vcr [m/s] wmax [m]
ζ PW Ref. [50] Err. PW Ref. [50] Err. PW Ref. [50] Err. PW Ref. [50] Err.

0%
206 206 0.00 −0.700 −0.700 0.00 245 245 0.00 −0.465 −0.465 0.00
208 208 0.00 0.587 0.587 0.00 246 246 0.00 0.395 0.395 0.00

2%
206 206 0.00 −0.419 −0.419 0.00 245 245 0.00 −0.258 −0.258 0.00
208 208 0.00 0.312 0.312 0.00 246 246 0.00 0.192 0.192 0.00

Table 3.3: Maximum displacements and critical velocities for a linear foundation with
stiffnesses kl=250 kN/m2 and kl=500 kN/m2. Percentage relative error of the present
work (PW) with respect to Castro Jorge et al. (2015) [50].

knl=2.5× 103 [kN/m4] knl=2.5× 104 [kN/m2]

vcr [m/s] wmax [m] vcr [m/s] wmax [m]
ζ PW Ref. [50] Err. PW Ref. [50] Err. PW Ref. [50] Err. PW Ref. [50] Err.

0%
220 - - −0.400 −0.400 0.00 245 - - −0.204 −0.204 0.00
220 - - 0.350 0.349 0.00 246 - - 0.186 0.186 0.00

2%
215 - - −0.306 −0.306 0.00 239 - - −0.183 −0.183 0.00
217 - - 0.242 0.242 0.00 242 - - 0.150 0.150 0.00

Table 3.4: Maximum displacements and critical velocities for a cubic superlinear elastic foun-
dation with knl=2.5×103 [kN/m4] and knl=2.5×104 [kN/m4] (kl=250 kN/m2). Percent-
age relative error of the present work (PW) with respect to Castro Jorge et al. (2015) [50].

Two examples of nonlinear foundations are also examined in Fig. 3.14b
1Mass proportional damping, with a damping factor defined according to Eq. (63) in Dimitrovová and Ro-

drigues (2012) [72].
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(undamped and damped ζ=2% cases), one with a nonlinear component of
foundation stiffness knl=2500 kN/m4 and another with knl=25000 kN/m4. The
assumed linear component of foundation stiffness is kl=250 kN/m2 for both
examples.

Comparing these plots to those depicted for a linear foundation, it can be
seen that the addition of the nonlinear contribution to the foundation stiffness
results in an increment of the critical velocities. Moreover, a decrease of the
maximum upward and downward displacements is detected. The inclusion of
damping brings a further decrease of the maximum displacements entity, to-
gether with a small decrease of the critical velocities. The values of critical ve-
locities, maximum displacements and percentage relative errors upon the latter
are reported in Table 3.4. For the nonlinear type of foundation the values of the
critical velocities are not explicitly indicated by Castro Jorge et al. (2015) [50].
Nonetheless, the results obtained with the implemented method are matching
the deflection curves and the maximum values of displacements reported in
that work.

Hence, the comparison between the present results and the outcomes pre-
sented by Castro et al. (2015) [50] and by Dimitrovová and Rodrigues (2012)
[72] reveals a very good agreement, providing a further verification of the reli-
ability of the present finite element implementation.

3.4.2 Determination of the critical velocities

By assuming constant values of elastic coefficients of the foundation, for each
load frequency Ω and ratio α=F0/F , computations are performed for a mov-
ing load velocity varying between 10 m/s and 300 m/s, with a step variation
of 1 m/s, recording, for each simulation, the maximum upwardw+

max and down-
ward w−

max displacements of the beam.
The frequency variation is chosen according to the stiffness coefficients of

the foundation and the mechanical characteristics of the beam, and ranges from
0 to 30 rad/s, with intervals of 10 rad/s. The effect of damping has been ne-
glected as in previous Section 3.3. Parameter α is varied in order to obtain the
harmonic moving load magnitude trends depicted in Fig. 3.15.

The outcomes of the FEM simulations are plotted as a function of moving
load velocity v in Fig. 3.16 and in Fig. 3.17, for the linear and the cubic super-
linear foundation models, respectively. From the observation of Figs. 3.16a-
3.17a, corresponding to a constant-magnitude moving load (Ω=0), one promi-
nent peak can be observed, meaning that the beam-foundation system displays
a single critical velocity; its value results independent of load ratio α, in case
of a linear foundation model, while it increases with α for the cubic super-
linear model. On the other hand, for both foundation models, it is noticeable
that, as the magnitude of the moving load starts oscillating with frequency Ω,
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Figure 3.15: Harmonic moving load magnitude F (t) within the selected range of values of α.

the peak bifurcates into two distinct peaks, for a zero-mean moving harmonic
load (α=0) [97], or splits into three peaks, when the mean value of the moving
load is different from zero (α ̸=0).

In particular, two critical velocities tend to separate as the loading frequency
increases, the lowest one (vcr1) decreasing towards zero, the highest one (vcr3),
conversely, moving towards the upper limit of the plot. The central critical
velocity (vcr2) remains stationary for every Ω at the value corresponding to
Ω=0. The effect of increasing the magnitude mean value (parameter α) is
to further reducing vcr1 and at the same time increasing vcr2 and vcr3, in the
nonlinear case.

3.4.3 Bifurcation curves of the critical velocities

The extrapolated relationship between frequency Ω and critical velocities vcr,j ,
j=1, 2, 3 is explicitly depicted in Fig. 3.18. Such threefold curves have been
derived by appropriate analytical fitting proposals on the data collected from
the numerical simulations. The following fitting expressions have been adopted
for both considered types of foundation, linear and cubic superlinear:

vcr,j =
√
a0j + a1j Ω + a2j Ω2, j = 1, 3; vcr,2 =

√
a02; (3.26)

where each aij coefficient is implicitly depending on load ratio α. The as-
sociated fitting procedure based on a nonlinear least-squares regression, im-
plemented in MatLab [251], with results in Table 3.5, has been performed by
imposing additional constraints on the aij coefficients, as reported in Table 3.5
itself.

Comparing the curves retrieved for the nonlinear foundation (Fig. 3.18b)
with the linear case (Fig. 3.18a), it is clear that the relationship between the
critical velocities and the load frequency for linear and nonlinear elastic foun-
dations displays similar features. Nonetheless, the curves for the nonlinear
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Figure 3.16: Representation of beam maximum displacements versus moving load velocity v
and load ratio α=F0/F for a linear elastic foundation with stiffness kl=2.5× 102 kN/m2.
Load frequency Ω ranges from 0 rad/s to 30 rad/s.

(a)Ω=0 rad/s

100 150 200 250 300

v [m/s]

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.60.6

w
(x
) m

a
x
[m

]

α = 0; α = −0.25; α = −0.5; α = −0.75; α = −1

(b)Ω=10 rad/s

100 150 200 250 300

v [m/s]

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.60.6

w
(x
) m

a
x
[m

]

α = 0; α = −0.25; α = −0.5; α = −0.75; α = −1

(c)Ω=20 rad/s

100 150 200 250 300

v [m/s]

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

w
(x
) m

a
x
[m

]

α = 0; α = −0.25; α = −0.5; α = −0.75; α = −1;

(d)Ω=30 rad/s

100 150 200 250 300

v [m/s]

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

w
(x
) m

a
x
[m

]

α = 0; α = −1/4; α = −1/2; α = −3/4; α = −1

Figure 3.17: Representation of beam maximum displacements versus moving load velocity v
and load ratio α=F0/F for a nonlinear cubic elastic foundation with stiffnesses kl=2.5×
102 kN/m2 and knl=2.5× 103 kN/m4. Load frequency Ω ranges from 0 rad/s to 30 rad/s.

foundation are slightly shifted upward, due to the increased global stiffness of
the system.

Even though the determination of the coefficients in Eqs. (3.26) require a
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significant amount of computational time, they explicitly show the critical ve-
locities as a function of the load frequency, differently from the implicit formu-
lation developed by Chen et al. (2003) [55]. Furthermore, the obtained models
for the critical velocity/load frequency pairs are much simpler than their analyt-
ical counterparts proposed by Chen et al. (2003) [55], which involve cumber-
some complex irrational fractions of polynomials containing the mechanical
parameters of the system.
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Figure 3.18: Critical velocities and load frequency three-branched curves for linear or cubic
superlinear elastic foundations (kl = 2.5×102 kN/m2). Results extracted from FEM results
in Figs. 3.16-3.17 and fitted curves from predictions in Eq. (3.26).

Linear model

α
a01=a02=a03

[m2/s2]
a11=−a13

[m2/(rad s)]
a21

[m2/rad2]
a23 [m2/rad2]

0.00 4.326·104 −1.006·103 4.451 −4.588·10−1

−0.25 4.283·104 −1.008·103 5.054 1.291·10−1

−0.50 4.312·104 −1.063·103 6.552 −9.597·10−1

−0.75 4.290·104 −1.060·103 6.553 −9.513·10−1

−1.00 4.280·104 −1.063·103 6.605 −7.281·10−1

Nonlinear model

α
a01=a02=a03

[m2/s2]
a11

[m2/(rad s)]
a13

[m2/(rad s)]
a21

[m2/rad2]
a23 [m2/rad2]

0.00 4.641·104 −1.041·103 5.833 9.101·103 2.910·101
−0.25 4.380·104 −9.305·102 4.942 1.213·103 −5.272
−0.50 4.475·104 −9.890·102 5.465 1.100·103 −1.501
−0.75 4.632·104 −1.156·103 7.207 1.007·103 2.157·101
−1.00 4.780·104 −1.244·103 8.093 8.939·103 3.497

Table 3.5: Values of fitted aij coefficients according to Eq. (3.26).
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3.5 Closing chapter considerations

In the first part of the present chapter, the dynamic transient response of a
long finite, simply-supported beam, lying on linear or nonlinear elastic Win-
kler foundations, subjected to a concentrated load moving at a constant velocity
along the beam, with harmonic-varying magnitude in time, has been numeri-
cally analyzed. A FEM implementation coupled with a HHT-α integration
algorithm has been developed within MatLab [251] to determine the dynamic
response of the beam-foundation system. Extensive numerical simulations by
varying moving load velocity and amplitude frequency have been performed,
providing several new outcomes about the mechanical behavior of the beam-
foundation system.

The present FEM implementation has been first validated by comparing
the gathered numerical responses with the results reported by Castro Jorge
et al. (2015) [49, 50], in case of a constant amplitude moving load, provid-
ing outcomes that appear fully consistent with them. Multiple-branch numer-
ical/analytical curves for the arising critical velocities have been derived, at
variable mechanical parameters, by fitting the values of the critical velocities
computed at different load frequencies through effective analytical interpolat-
ing proposals with calibrated coefficients, which may be employed for subse-
quent practical treatments.

Regarding the bilinear support case and a moving load with harmonic-
varying magnitude characterized by null mean, bifurcation maps of the critical
velocities have been obtained (Figs. 3.10-3.11). In fact, if the moving load
magnitude is constant, only one critical velocity appears, and the present FEM
implementation has been proven to provide results that are fully consistent to
those earlier reported by Castro Jorge et al. (2015) [49]. Two critical veloc-
ities are instead observed for a harmonic moving load, independently from
the foundation stiffness ratio. The two critical velocities tend to separate, one
increasing, the other decreasing, as the moving load frequency increases, in-
dependently from the foundation stiffness ratio. Higher critical velocity vcr2
increases, starting from the value of the critical velocity obtained for a constant
magnitude load. On the contrary, lower critical velocity vcr1 decreases, until it
reaches zero for a frequency of the load equal to the first natural frequency of
the beam.

A progressive decrease of the stiffness for the upward motions increases the
positive (upward) displacements of the beam; the increase of the displacements
is particularly important for a nearly vanishing tension stiffness, for which up-
ward displacements may become so large that the hypothesis of geometrical
linearity may become no longer valid. The moving load critical velocities also
decrease when the foundations stiffness ratio decreases. Further, convergence
studies on the maximum beam deflection demonstrate the high accuracy of the
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retrieved results, for the adopted space discretization. In addition, for each sim-
ulation, an automated calculation is implemented to evaluate the time step for
the numerical integration in order to optimize the computational effort.

Subsequently, a cubic superlinear elastic Winkler foundation and one har-
monic moving load with not null mean magnitude have been taken into ac-
count. Several numerical simulations have been performed by varying moving
load velocity, magnitude mean value and frequency, providing some interesting
outcomes regarding the mechanical behavior of the beam-foundation system.
If the moving load magnitude is constant, only one critical velocity appears,
while two critical velocities are observed for a harmonic moving load with zero
mean magnitude, one increasing, the other decreasing, as the moving load fre-
quency increases. Three critical velocities are instead detected for a harmonic
moving load with non-zero mean magnitude, which also depend on the moving
load mean magnitude, in the nonlinear case. In the linear case (knl=0 kN/m2)
the obtained bifurcation curves show a very good agreement to those available
from the analytical approaches by Chen et al. (2003) [55]. The relationship
between the critical velocities and the moving load frequency has been por-
trayed in appropriate three-branch curves (Fig. 3.18). These curves have been
achieved by fitting the values of the critical velocities computed at different
load frequencies through effective analytical formulas (3.26), which may be
assessed for practical treatments. An analytical discussion on the existence of
the three peaks for moving load problems involving harmonic moving loads
with non-zero mean magnitude will be the subjects of future developments.

Thus, the employed models for the description of the bifurcation curves are
very appropriate for the considered nonlinear beam-foundation systems. The
derived formulas are simple and possibly workable in practice; they may sup-
ply a guideline for the design of railway tracks when the magnitude of the mov-
ing load is oscillating in time. Furthermore, potential implications in practical
design scenarios may be deduced from the study on the bilinear foundation
case, especially in possibly lowering down the ranges of admissible vehicle
velocities, as for a structural requirement or for preventing potential passenger
discomfort.

It must be recognized that, in order to obtain a more realistic dynamic re-
sponse of the system, some further improvements of the modelization could be
made to obtain an even more detailed dynamic response of the beam-founda-
tion system. A real vehicle spring-mass-damper system interacting with the
beam should be considered, instead of a simple moving force. The geomet-
rical linear hypothesis on the kinematics of the beam could be relaxed and a
more complex constitutive law of the support, which would be both a nonlinear
function of the beam displacements and with different behavior in compression
and in tension, may be included. Real applications usually require extensions
to infinite lenghts; it is then necessary to eliminate the effect of the supports,
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by mitigating the perturbation induced by the reflection of the traveling waves.
This could be achieved by implementing appropriate absorbing boundaries.
These issues shall be the subject of future developments.
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Chapter 4

Steady-state formulation for an
infinite taut string on a Winkler
elastic support under constant
moving load

4.1 State of the art on moving-load steady-state analysis

As outlined in the previous chapter, many studies have been devoted in the
literature to moving load problems, considering both different types of struc-
tures and kinds of loads, including also for various possible sources of non-
linearities. Concerning the analysis of infinite homogeneous beams lying on
a damped or undamped Winkler elastic foundation, excited by a moving load,
different approaches have been adopted so far. In case of homogeneous beam-
foundation systems, one of the most common modelizations is to consider
the steady-state response of infinite beams subjected to a constant magnitude
moving load (see e.g. Kenney, 1954 [155], Frýba, 1972 [105]), as well as
to a moving load with harmonically-varying amplitude, as reported by Math-
ews (1958,1959) [189,190], Chonan (1978) [58] and Bogacz et al. (1989) [40].

By assuming the homogeneity of the system in the direction of the moving
load and a negligible influence of the transient motion regime, the problem may
be analyzed in a moving reference frame attached to the position of the load, by
using a space-time change of variables. The advantage of such a transformation
in the moving reference frame is that the solution is obtained like for a fixed-
load dynamic problem and, if the load amplitude is also taken constant in time,
the stationary solution under steady-state conditions (steady-state solution) can
be obtained as by solving a purely static problem (the solution is not dependent
on the time variable).
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Kenney (1954) [155] solved the case of an infinitely long Euler-Bernoulli
elastic beam lying on a Winkler elastic foundation, i.e. a set of continuously-
distributed, non-interconnected springs with a locally-constant stiffness, as ex-
plained in Chapter 2. The Author derived the analytical solution of the steady-
state response for a constant-velocity moving load, by using a Green’s func-
tion approach, accounting for viscous damping. According to the theory of
harmonic flexural waves (see e.g. Graff, 1975 [116]), the velocity of propaga-
tion of free waves for the undamped case was obtained. Furthermore, it was
shown that, in the limit case of no damping, if the velocity of the traveling
load becomes equal to such a free wave or group velocity, displacements in-
crease boundlessly, resulting in a resonance condition. In fact, as exposed by
Simkins (1989) [239] for the analysis of gun tubes, the wave energy, which is
transferred at the group velocity, concentrates on the load front (phase velocity)
and continuously builds up the deformation near the front, as time progresses.
Kenney (1954) [155] also showed that for a load velocity lower than the critical
velocity (subcritical case), the largest wave amplitude occurs near the loading
point, while, for a load velocity larger than the critical one (supercritical case),
the waves moving ahead of the load become smaller in amplitude and in wave-
length than those behind the load.

Mathews (1958) [189] and Achenbach and Sun (1965) [2] generalized Ken-
ney’s analytical solution for a moving load with harmonically varying ampli-
tude and for a Timoshenko beam, respectively; a similar set of equations was
derived by Jones and Buta (1964) [47], by investigating the steady-state re-
sponse of cylindrical shells to a moving ring load. Chen et al. (2001) [56]
obtained the bifurcation curves of the critical velocities in case of a harmonic
moving load acting on an infinite compressed Timoshenko beam by using
the dynamic stiffness method. In that context, a FEM approach to charac-
terize such bifurcation curves for a nonlinear support has been developed by
Froio et al. (2016) [99], as discussed in the previous chapter.

Kerr (1972) [157] has studied the effect of a compression axial force on
an undamped beam-foundation system, which may be induced by a rise in
temperature within the beam. It is shown that the action of the compression
force progressively decreases to zero the value of the critical velocity, when
it reaches the critical static buckling load of an infinite beam. In this sense,
though the essence of that structural problem is different than that considered
here, the action of a compression force in softening the model is analogous to
the effect of the Pasternak foundation in stiffening the model.

A formal integral solution of the general dynamic problem of the transient
and steady-state vibrations of an infinite Euler-Bernoulli beam on an elastic
foundation has been obtained by both Stadler and Shreeves (1970) [246] and
Sheehan and Debnath (1972) [237], by applying the joint Laplace and Fourier
transforms. By assuming the beam as a two-dimensional elastic continuum,
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Saito and Terasawa (1981) [230] derived the equations of motion of an elas-
tic infinite beam supported by a Pasternak-type foundation and subjected to
a moving load distributed on a narrow finite length. The Fourier transform
technique was applied to compute the steady-state response, even though no
analytical formulation of the solution was present. Numerical results revealed
unimportant discrepancies between the two-dimensional elastic theory and the
Euler-Bernoulli and Timoshenko beam theories.

The response of a uniform Timoshenko beam of infinite length placed on
a generalized Pasternak viscoelastic foundation and subjected to a harmonic
arbitrary distributed moving load was computed numerically by Kargarnovin
and Younesian (2004) [151], by using the Fourier transform coupled with the
Gaussian quadrature method. In a subsequent work, Younesian and Kargar-
novin (2009) [281] considered the same problem, but with a stochastic vari-
ation of the Winkler modulus along the beam axis. Nonlinear problems in-
volving an infinite beam on a Pasternak foundation seem rather limited in the
literature; one example may be found in the work of Ding et al. (2013) [75],
where the Adomian Decomposition method was applied to determine the dy-
namic response of the beam.

Regarding the steady-state response of infinite elastic plates on an elastic
support under moving load, the interested reader may be referred to the works
of Stadler (1971) [245] and of Watanabe (1981) [269]. Stadler (1971) [245]
considered a Winkler support and derived the analytical solution of the steady-
state response of the plate in integral form by using the Fourier transform.
On the other hand, the problem of an elastic plate resting on an undamped
Pasternak foundation under a concentrated load moving at a constant velocity
along a straight line was analyzed by Watanabe (1981) [269]. By applying
the double Fourier transform, the author derived a formal integral expression
of the solution, by means of which he finally numerically computed the plate
response. Thus, such a representation is not fully explicit in analytical terms
and anyhow neglects the role of damping.

The analysis of the steady-state dynamic response of an infinite beam on a
viscoelastic Winkler (or Winkler-Pasternak) foundation under a constant am-
plitude moving load shares many characteristics features, regarding both the
determination of the solution and its physical manifestation, with the steady-
state dynamic response of an infinite taut string lying on a viscoelastic Winkler
support. Thus, as a preliminary approach towards the subsequent study of the
infinite beam problem, it appears worthwhile to analyze first the problem of the
taut string.

Very long taut strings are widely used as engineering components. Ex-
amples include overhead electrical power lines and mechanical guides. The
theoretical formulation of the associated mechanical problem may be found
in Graff (1975) [116]. The analysis of the linear and nonlinear steady-state
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response of an infinite string-foundation system traveled by a moving load
was studied by Yen and Tang (1970) [280], by using a perturbation tech-
nique; the authors focused their attention on the response characterizing the
transition of an accelerating load crossing the wave propagation velocity in
the string (critical velocity). Qualitative geometric analyses about the station-
ary response of an infinitely long string on linear and nonlinear viscoelastic
foundations under moving load were performed by Metrikine (1994) [193] and
Metrikine (2004) [194].

The transient response of an infinite taut string lying on an elastic founda-
tion caused by an accelerating load crossing the critical velocity was investi-
gated analytically by Gavrilov (1999) [107], by means of asymptotic expansion
techniques. An alternative way of obtaining such a transition was presented
by Wolfert and Dieterman (1997) [273], who considered a spatially piecewise
constant foundation stiffness, for which a transition from subcritical into su-
percritical motion appeared, without modifying the moving load velocity.

In addition, it has also been shown that the string response depends cru-
cially on the ratio between load velocity and critical velocity. If the load moves
slower than the waves in the string, then the response is nearly symmetric with
respect to the load position and decays exponentially with the distance from the
load. On the other hand, if the load velocity exceeds the critical velocity, then
the string exhibits a wave pattern behind the load, while it remains undeformed
in front of it (Metrikine, 2004 [194]).

For the analysis of more complicated systems, where analytical methods
might not be suitable, the design of numerical procedures, such as the Finite
Element Method (FEM), would be strongly desirable. Unfortunately, when ap-
plying standard Galerkin Finite Element Method to moving load problems in
a convected coordinate, serious difficulties arise. Attempts to apply a classical
FEM approach based on a Galerkin scheme to the steady-state moving load
problem have provided solutions that were corrupted by numerical instabilities
and poor approximations of derivatives in the supercritical regime (Nguyen
and Duhamel, 2006 [209]); in addition, it is well-known that any application
of GFEM to non self-adjoint equations, such as e.g. the convection-dominated
diffusion equation, results in a solution polluted by non-physical spurious os-
cillations, or “wiggles” (Johnson et al., 1984 [146]).

In other words, the convergence of a standard GFEM approximation notice-
ably deteriorates as the moving load velocity approaches and overcomes the
critical velocity. In this context, Nguyen and Duhamel (2006) [209] proposed
a method to obtain a stable stationary solution for the longitudinal vibration of
beams under axial moving load, a differential problem finally equivalent to that
of the taut string under transverse moving load, by combining the GFEM with
the HHT-α method, thus resulting in a modified Taylor-Galerkin approach. Al-
though the method provided quite accurate results at the price of a rather tricky
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implementation, it is also characterized by a nonsymmetric resulting system
of algebraic equations and, moreover, the validity of the approach depends on
the setting of several user-tunable parameters, whose domains are unknown.
Then, Nguyen and Duhamel (2008) [209] extended the same methodology to
the nonlinear steady-state response of an infinite beam under moving harmonic
loads.

In order to overcome these various drawbacks, a Least-Squares Finite El-
ement Method approach (LSFEM, Jiang, 1998 [145]) may represent a valid
alternative to classic GFEM. The LSFEM is a reliable and efficient class of
FEMs with a unified formulation for the numerical solution of all types of lin-
ear PDEs, no matter whether the equations are elliptic, parabolic, hyperbolic
or mixed, since its theoretical bases are rooted in the bounded inverse theorem
for linear operators (Jiang, 1998 [143]). Therefore, as long as the problem dis-
plays a unique solution, the LSFEM can always determine a good approximate
solution.

The application of the least-squares principles to the FEM leads to the
definition of a quadratic least-squares functional J over a suitable function
space V . The differential equation governing the system is firstly recast to a
first-order system by introducing additional, often physically motivated, vari-
ables; lowering the order of derivation of the problem is needed by the necessity
of the least-squares method of working with functional spaces having smoother
elements than those required by standard Galerkin method (Lin, 2009 [180]).
Then, functional J is defined to be the sum of the squared L2-norms of the
residuals of each first-order differential equation. The exact solution must be
the unique zero minimizer of the functional J over V , obtained through the
Euler-Lagrange equations. In practice, the least-squares FEM approximate so-
lution is defined to be the minimizer of J over a suitable finite-dimensional
subspace Vh of V . A precursor analysis of this method was illustrated by Jes-
persen (1977) [141].

Although the research on these methods began in the early 1970s (for an
overview see e.g. Eason, 1976 [80]), the LSFEM has become not that popular
as for mixed Galerkin methods. However, the LSFEM encountered a revival
in the 1990s, with the rising available computer performance, and many ap-
proaches were proposed and analyzed for different problems in fluid dynamics
and solid mechanics. The monographs by Jiang (1998) [145] and Bochev and
Gunzburger (2009) [38] and references reported therein provide a comprehen-
sive survey on the scientific research in this LSFEM field.

The growing interest in developing LSFEM is due to its several theoreti-
cal and computational advantages characterize the LSFEM. A single piecewise
polynomial, even discontinuous, space can be adopted for approximating all
the involved variables, and, consequently, accurate approximations of all the
unknowns can be simultaneously obtained. The LSFEM allows for circum-
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venting well-known stability conditions such as the inf-sup or Ladyzhenskaya-
Babǔska-Brezzi (LBB) condition arising in mixed-methods (see Ladyzhen-
skaya, 1969 [170], Babǔska, 1973 [14], Brezzi, 1974 [45]). Then, equal-order
elements can be used, thus making programming much easier. Hence, stabi-
lization terms and associated user-tunable parameters, which are prevalent in
traditional schemes, are not needed inside the functional and, thus, they can be
avoided.

The method, by construction, always yields sparse, symmetric and positive-
definite algebraic discrete systems, for which robust and efficient iterative sol-
vers exist (Zienkiewicz et al., 1974 [285]), such as preconditioned conjugate
gradient methods, regardless of the grids and elements employed in the least-
squares scheme. Therefore, the LSFEM recovers, in general settings, the ad-
vantageous features of the Rayleigh-Ritz method (Bochev and Gunzburger,
2006 [38]). In addition, the value of the least-squares functional of the approx-
imate solution provides a practical and sharp a posteriori error estimator at no
additional cost, applicable to adaptive mesh refinement algorithms. A bright re-
view of the theory and formulations of least-squares variational principles and
FEM may be found in Pontaza (2005) [217]. Further, trial functions are not
required to satisfy any boundary conditions, which instead may be weakly im-
posed inside the functional, making the treatment of general complex boundary
conditions more affordable.

By virtue of the above-listed advantages, over the past decades the use
of least-squares principles in connection with finite element techniques has
been extensively applied to numerical approximations in many different fields
such as fluid dynamics: Jiang and Povinelli (1993) [142], Bochev and Gun-
zburger (1995) [36], Bochev et al. (2012) [39]; elasticity: Zienkiewicz et al.
(1974) [285], Yang (2000) [276], Jou and Yang (2000) [149], Bramble et
al. (2001) [43], Pontaza and Reddy (2005) [219], Moleiro et al. (2009) [201];
electromagnetism: Fix et al. (1979) [94], Monk and Wang (1999) [202]. For
an overview on least-squares finite element methods, the interested reader may
be referred to the review by Bochev and Gunzburger (1998) [37].

In the present chapter, a local Discontinuous Least-Squares Finite Element
Method (DLSFEM) formulation is presented for the numerical solution of the
steady-state response of a uniform infinite taut string resting on a viscoelas-
tic foundation and traversed by a constant transverse point load, moving with
a constant velocity along the string. In fact, since the LSFEM typically re-
quires a rather strong regularity on the true solution, its standard application
to the problem under consideration may result to be inappropriate in case of
a moving concentrated force. Therefore, continuity requirements are relaxed
by using discontinuous global shape functions at the point of application of the
load, where both compatibility and equilibrium conditions are weakly enforced
through a properly defined least-squares functional. Away from the point of ap-
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plication of the load, the solution keeps regular and continuous, and standard
continuous approximation spaces are employed.

Several papers have been devoted to investigations in the discontinuous
least-squares framework. Cao and Gunzburger (1998) [48] used least-squares
methods with discontinuous elements to treat interface problems. Gerritsma
and Proot (2002) [109] derived a discontinuous least-squares spectral element
method for a first-order ordinary differential equation. Bensow and Larson
applied discontinuous LSFEMs to Div-Curl problems (Bensow and Larson,
2005 [26]) and to elliptic problems with boundary singularities (Bensow and
Larson, 2005 [27]). Lin proposed a discontinuously discretized LSFEM for
1D (Lin, 2008 [180]) and 2D (Lin, 2009 [181]) singularly perturbed reaction-
diffusion problems.

A second major difficulty of numerically solving steady-state problems in a
moving coordinate system is that the problem is defined over an unbounded do-
main. In order to keep the computation feasible, the domain must be inevitably
truncated to a finite computational domain and, consequently, completed by
suitable artificial boundary conditions. The implementation of artificial bound-
ary conditions cannot be neglected since the results of exterior problems over
a finite region strongly depend on the proper treatment of the external bound-
aries. One of the most common approaches is to consider a bounded domain
surrounded by a boundary layer which, by virtue of its augmented absorbing
properties, artificially absorbs waves propagating outwards from the bounded
domain (radiation condition or radiation damping). Thus, when the wave en-
ters the absorbing layer, it is attenuated by absorption and it decays in a very
fast way. The drawback of such an approach is that, whenever there is a transi-
tion from one media to another one, waves generally reflect and the transition
from a non-absorbing to an absorbing material makes no exception. In order to
simulate a problem originally defined on an unbounded domain, a steady-state
PML technique in moving coordinates has been considered, thus balancing the
geometric truncation of the original unbounded domain.

Hence, in order to eliminate numerical difficulties that may arise when try-
ing to simulate steady-state responses at supercritical velocity regimes and to
avoid the need of either special treatments or user-tunable parameters asso-
ciated to stabilization terms, the objective of the present chapter is to derive
and implement a DLSFEM-PML method for the string-foundation interaction
problem under moving load, for providing a unitary and robust computational
tool endowed of a general validity, within the whole space of variation of the
characteristic mechanical parameters of the taut string-foundation system and
thus reaching the most possible general level of analysis.

Further, as concerning to the local DLSFEM formulation, the convergence
of the method is rigorously demonstrated in matrix form, as opposed to pre-
vious works reported in the literature, here assessing the Least-Squares FEM
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being valid for any linear ordinary differential equation of any order, writ-
ten as a first-order differential system, within a complex-valued function space
framework, if the original mathematical problem is well-posed. This shall con-
stitute a main achievement of this work in computational terms. Thanks to such
an important property, this numerical technique will be also applied in the next
chapter dealing with the steady-state vibration of an infinite beam. The theoret-
ical results are also demonstrated for the physical problem under consideration,
by comparing the obtained numerical results with an available analytical solu-
tion (Metrikine, 2004 [194]).

In addition, as concerning to the PML implementation, for the first time
the PML absorbing boundary conditions is successfully formulated and im-
plemented within a Least-Squares FEM context and its effectiveness has been
proven through several numerical examples, where the rate of convergence of
both H1 and L2-norms of the error is shown to be coherent with the derived
theoretical a priori error estimates.

The layout of the chapter is as follows. In Section 4.2 the steady-state
first-order formulation governing the string motion in a convected coordinate
is introduced, along with the interface conditions at the point of application
of the load and the conditions at infinity; then the analytical solution, taken
from the literature (Metrikine, 2004 [194]), is reported for further information.
In order to treat such far-field conditions, the differential equation governing
the PML is further derived. Then, the DLSFEM formulation is presented in
Section 4.4. Coercivity in the H1-norm of the derived sesquilinear form is
proven. By virtue of this property, a priori uniform error estimates in both
L2- and H1-norms are established, thus assuring the convergence of the DLS-
FEM approximation. Numerical experiments involving the complete normal-
ized steady-state response of the taut string-foundation system (deflection and
slope) by the DLSFEM defined in Section 4.4 constitutes the main subject of
Section 4.6. These numerical results are compared to the outcomes of an avail-
able analytical solution, in order to support the statements of Section 4.4 and
to validate the application of the PML. Finally, main conclusions of the work
are resumed in closing Section 4.7. The discussion of the achievements of the
present chapter may be also found in Froio et al. (2019) [103].

4.2 Theoretical bases and analytical solution

In this section, the differential problem of an infinite taut string supported by a
viscoelastic foundation is introduced and the corresponding analytical solution
is presented.

Consider a taut string, of an infinite length and supported by a viscoelastic
foundation, as briefly sketched in Fig. 4.1, endowed with right-handed sys-
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Figure 4.1: Infinite taut string resting on a viscoelastic Winkler foundation under a constant
transverse load F moving at constant velocity v along the string.

tem of rectangular coordinates (X ,Y ,Z) and time variable t [s]; the X-axis
(longitudinal axis) is taken along the undeformed string axis, while the Y -axis
(transverse vertical axis) and theZ-axis (transverse horizontal axis) are perpen-
dicular to it; the positive direction of the Y -axis is taken vertically upward. The
positive direction for measuring string slopes is conformal to typical usage, i.e.
according to a right-handed screw rule. The thickness of the cross-section of
the string is small and negligible, thus making the problem one-dimensional.
The taut string is traversed by a transverse constant concentrated load F [N],
positive if upward, moving from −∞ to +∞ at a constant velocity v [m/s].
The load is taken upward for the derivation of the equations; it will finally acts
downward in the final presented applications.

In such a reference frame, by neglecting geometric non-linearity of the dis-
placements of the string, which looks of secondary importance for the model
under investigation, the equation of motion describing the vertical vibration of
the taut string under the moving concentrated load is represented by the fol-
lowing second-order PDE (see e.g. Graff, 1975 [116]):

µW
(2)
t (X, t)−T W

(2)
X (X, t)+ cdW

(1)
t (X, t)+kW (X, t)=F δ(X− vt); (4.1)

where µ [kg/m] is the mass per unit length of the string, T [N] is the given
constant tension of the string, k [N/m2] is the Winkler stiffness coefficient,
cd [Ns/m2] is the viscous damping coefficient per unit length of the foundation;
all such characteristic parameters are assumed to be constant in both space and
time. Moreover, the unknown transverse displacement of the string induced by
the acting moving load has been labeled as W (X, t) [m] (positive in the Y di-
rection); finally, F on the right-hand side of Eq. (4.1) is the constant magnitude
of the concentrated moving load, v is its moving velocity and δ(·) is the Dirac
delta function. If F and cd are both assumed to be zero, Eq. (4.1) constitutes
the one-dimensional dispersive wave equation, also known as Klein-Gordon
equation (Salsa, 2008 [231]).

By assuming steady-state conditions, i.e. supposing that the effects of tran-
sients due to the initial conditions during the first evolution of the system be-
come negligible at later stages, it is possible to directly correlate string trans-
verse displacement W (X, t) to the character of forcing action F δ(X − vt)
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acting on the infinite string. This means that, under steady-state conditions,
W (X, t) can be assumed to display the following form:

W (X, t) = W0w(X − vt); (4.2)

where w(X−vt) is a dimensionless steady-state displacement of the string,
measured at locationsX−vt [m] relative to moving load position vt, andW0 [m]
is a normalization factor, to be defined later. Hence, the definition in Eq. (4.2)
characterizes the solution W (X, t) as a “travelling wave” (Salsa, 2008 [231]),
moving at velocity v.

Furthermore, since the string-support system displays homogeneous char-
acteristics, it is customary to introduce the following new real independent
variable:

x = X − vt; −∞ < x < +∞; (4.3)

representing a moving reference frame attached to the position of the moving
load, which reduces original PDE Eq. (4.1), with W (X, t) as in Eq. (4.2), into
an ODE. The same change of variables will be applied for the case of an in-
finite beam in the next chapter. Now, from the change of variables defined in
Eq. (4.3), Eq. (4.2) reads

W (X, t) = W0w(x); (4.4)

and the application of the chain rule of differentiation to Eq. (4.4), with x
defined in Eq. (4.3), yields:

W
(2)
X = W0w

(2)
x (x), W

(1)
t = −W0 v w

(1)
x (x), W

(2)
t = W0 v

2w(2)
x (x). (4.5)

The substitution Eqs. (4.4) and (4.5) into Eq. (4.1) and rearrangement of
all terms leads to the following second-order ODE in unknown steady-state
normalized displacement w(x):(

v2 − v20
)
w(2)

x (x)− cd v

µ
w(1)

x (x) +
k

µ
w(x) = 0; (4.6a)

[[w(x)]]0 = 0; (4.6b)

[[w(1)
x (x)]]0 =

F

W0 µ (v2 − v20 )
; (4.6c)

where

v0 =

√
T

µ
; (4.7)

is the propagation velocity of transverse waves in the string [m/s] and

[[ψ]]a = ψ(a+)− ψ(a−); (4.8)
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denotes the jump difference between the limits from the two sides of any arbi-
trary function ψ at point x=a.

Accordingly, the normalized steady-state slope may be defined as:

θ(x) =
Θ(X − vt)

Θ0

=
W

(1)
X (X − vt)

Θ0

=
W0

Θ0

w(1)
x (x) = w(1)

x (x). (4.9)

By choosing Θ0=W0 as the normalization factor for the slope, θ(x) is di-
rectly expressed as the derivative of unknown function w(x), θ(x)=w(1)

x (x).
Eq. (4.6a) governs the vertical motion of the supported string everywhere but
in the point of loading, whereas Eqs. (4.6b)-(4.6c) represent the continuity con-
dition for the string displacement and the balance of vertical forces at the point
of loading, respectively.

Notice that Dirac delta function in Eq. (4.1) has been transferred to Eq. (4.6c)
for the purposes of the forthcoming numerical developments. Eqs. (4.6) are
supplemented by the following far-field conditions:

lim
x→±∞

w(x) = lim
x→±∞

w(1)
x (x) = 0; (4.10)

providing that at an infinite distance to the left, as well as to the right, of moving
load F , the transverse displacement of the string and its derivative (slope) shall
vanish.

The analytical solution of Eqs. (4.6), endowed with far-field conditions in
Eq. (4.10) may be distinguished in two different cases as follows (Metrikine
(2004) [194]):

1. v<v0 :

ŵ(s) =
F

W0 µ (v2 − v20 )

eq1s

q2 − q1
, if s < 0; (4.11)

ŵ(s) =
F

W0 µ (v2 − v20 )

eq2s

q2 − q1
, if s ≥ 0; (4.12)

θ̂(s) =
F

W0 µ (v2 − v20 )

q1 e
q1s

q2 − q1
, if s < 0; (4.13)

θ̂(s) =
F

W0 µ (v2 − v20 )

q2 e
q2s

q2 − q1
, if s ≥ 0; (4.14)

2. v>v0 :

ŵ(s) =
F

W0 µ (v2 − v20 )

eq1s − eq2s

q2 − q1
, if s < 0; (4.15)

ŵ(s) = 0, if s ≥ 0; (4.16)

ŵ(s) =
F

W0 µ (v2 − v20 )

q1 e
q1s − q2 e

q2s

q2 − q1
, if s < 0; (4.17)
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θ̂(s) = 0, if s ≥ 0; (4.18)

where the normalizing factors for representing the normalized steady-state re-
sponse are now chosen as follows:

W0 = Θ0 =

∣∣∣∣ F

µ (v2 − v20 )

∣∣∣∣ ; (4.19)

in order to consistently obtain F̂=−1 in Eqs. (4.6), whereas q1 and q2 are the
roots of the following characteristic polynomial:

µ
(
v2 − v20

)
q2 − cdv q + k = 0. (4.20)

Notice that when v=v0 (critical condition), resonance occurs, in the sense that
the amplitude of the traveling waves increases without bound, as dictated by
the vanishing denominator in Eqs. (4.11)-(4.15).

4.3 Numerical modelization over infinite domains

Infinite or unbounded domains are often encountered in mathematical models
in various fields of applied mechanics and engineering. Infinite domains are
spatial domains of an infinite measure, i.e. domains in R or in RN , which
display an infinite extension. An infinite domain is usually considered as a
replacement of a medium surrounding the region of physical interest and ex-
tending very far away from it, so far that the effect of any boundary conditions
imposed on the boundary of such a medium do not affect the sought response
within the region of interest. Mathematical problems defined on infinite do-
mains are usually called “exterior problems” or “infinite domain problems”.
Such problems frequently arise in practice, but less consideration has been de-
voted to them, with respect to classical boundary value problems.

Examples of exterior problems are: problems in earthquake engineering,
where the infinite domain is the earth and the region of interest is the re-
gion around a structure and/or around a seismic source; problems in acous-
tics, where the infinite domain is the air and the region of interest is the region
around the acoustic source; problems in structural mechanics involving wide
beams or plates, where the infinite domain is represented by the portion of the
structural element far from the applied loads; and problems in fluid dynam-
ics or aerodynamics related to the flow around an obstacle, where the infinite
domain is constituted by the undisturbed flow field of the fluid.

In general, analytic treatments of problems defined on infinite domains are
usually easier to be tackled with respect to corresponding problems with a finite
geometry (Givoli, 1992 [110]). On the contrary, the application of well-known
numerical techniques to problems defined on large or infinite domains, such as
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Finite Element Method (FEM) and Finite Differences (FD), becomes impossi-
ble or poses serious difficulties, when used in a straightforward manner, since
the most common numerical methods require a finite computational domain.

Thus, the infinite domain has to be truncated by introducing an artificial
boundary, on which some boundary conditions have to be specified, in order
to complete the “truncated problem”. The infinite domain may be truncated so
that the “infinity” boundary condition is imposed on the boundary of a large
domain, but deciding “how wide is large” is a difficult problem and the usual
approach is that of trial and error. Further, in general, this does not represent
a very safe choice, since the results of the analysis will predict some inter-
action between the region of interest and the boundary conditions, which is
totally spurious. Thus, the only feasible alternative is to properly modify the
usual boundary conditions by introducing special features, so that this would
be effective in handling infinite domains.

Many techniques have been developed toward this purpose since the 1970s
(Givoli, 1992 [110]). Among those, it is worth to mention Absorbing Boundary
Conditions (ABC), or equivalently Non-Reflecting Boundary Condi-
tions (NRBC), Perfectly Matched Layers (PML), boundary integral methods,
infinite elements, absorbing layer methods and various other techniques in-
cluding mapping techniques, filtering and damping schemes, sub-structuring
and domain decomposition methods. Some of the main methods and relative
notable research works from the literature are briefly discussed in the follow-
ing. For a more comprehensive literature review on the subject, the interested
reader may be referred to the works discussed below and the references re-
ported therein.

One of the first methods to replace the infinite domains by finite domains
was to map the infinite domain into a finite one by means of a smooth map-
ping, and then to numerically solve the problem in the finite domain (De Hoog
and Weiss, 1979 [64]); however, since the mapping cannot be bounded in this
case, the resulting mapped problem contains singular points in its finite do-
main. Such an approach is seldom used in practice because numerical approx-
imations about a singularity entail tricky numerical problems. Whenever the
solution oscillates moving towards infinity, mapping techniques are ineffec-
tive and alternate approaches must be developed for treating the computational
boundaries (Engquist and Majda, 1979 [85], Givoli, 1992 [110]).

Linear boundary value problems may be solved by the Boundary Integral
method, according to which the problem is first reformulated as a Fredholm
integral equation on the boundary of the domain, owing to the use of exact
fundamental solutions, and then numerically solved. One well-known numer-
ical method for solving Fredholm integral equations is the Boundary Element
Method (BEM), by which the integral equation on the boundary is solved with
an approach similar to that of the FEM. For problems posed on unbounded
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domains, the BEM may be very appropriate, as opposed to the FEM, since
it enables one to eliminate the infinite domain before any computation starts.
Nevertheless, the BEM needs a regular domain and rather simple linear gov-
erning equations, for which exact fundamental solutions are known. On the
other hand, the FEM is far more general. It can handle variable coefficients,
anisotropic materials and various nonlinearities, because it does not rely on
the availability of an analytic fundamental solution (Givoli, 1992 [110]). Fur-
ther, the limitations of the BEM may be relaxed through a coupled FEM-BEM
approach. In this method the capabilities of the FEM to handle complex gov-
erning differential equations are combined with the advantages of the BEM
when treating infinite domains, although, in this case, the elimination of the
infinite domain is only performed in an approximate manner.

Still in the FEM context, infinite domains are sometimes approximately
taken into account by using infinite elements. An infinite element (Bettess,
1977 [30]), is similar to usual finite elements except for some nodes placed at
infinity or at a large but finite distance. The infinite element formulations have
followed two main lines of development: the application of decay functions in
conjunction with the ordinary shape function (decay function infinite elements
or displacement descent elements) and the mapping the element from finite to
infinite domain (mapped infinite elements or coordinate ascent elements).

In case of decay function infinite elements, the finite element shape func-
tions are retained and then multiplied by a decay function, which is chosen
to mimic the asymptotic behavior of the solution at infinity, thus providing a
reasonable reflection of the physics. This requires appropriate shape functions
which are defined up to infinity and tend to the finite value in a suitable way.
Second, it requires a means of integration over the unbounded domain (Bettess,
1984 [31]). For instance, a natural choice for the decay function, and the first
to be used, was the exponential decaying function. This has the advantage that
it decays to zero faster than any polynomial and so dominates the polynomial
behavior as the spatial coordinate is large and ensures convergence towards
zero as x increases.

On the other hand, mapped infinite elements use conventional shape func-
tions are used to describe the variation of the field variable, whereas the geom-
etry is mapped from a finite to an infinite domain using growth shape functions
in the infinite direction (Zienkiewicz et al., 1983 [284]). In this case, two map-
pings are usually needed, one for the shape function and one for the integration
formula.

Research on infinite elements continues to be an on-going topic, see e.g.
Biermann (2009) [33] and Erkal et al. (2015) [88]. For more details on infinite
element techniques the interested reader is referred to Astley (2000) [9].

The most diffused strategy of simulating infinite domain problems is to in-
troduce an artificial finite boundary and to consider the problem only on the en-
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closed finite domain, thus imposing some “appropriate” boundary conditions
on the artificial boundary, devised in order to compensate for the truncation
of the infinite domain. As it has been shown by several authors, the overall
accuracy and performance of numerical algorithms, as well as interpretation of
the results, strongly depend on the proper choice of such supplementary con-
ditions (de Hoog and Weiss, 1979 [65], Tsynkov, 1998 [257]) and they should
be posed in a way so that they express well the behavior at infinity of the actual
solution (Markowich, 1982 [188]).

Hence, an artificial boundary condition is a special condition imposed on the
introduced boundary in order to complete the statement of the problem on the
truncated domain (i.e. to make there the solution unique) and to ensure that no
(or little) spurious wave reflection occurs at the boundary. For almost any ex-
terior problem there are many different ways of formulating artificial boundary
conditions (see e.g. the review of Tsynkov, 1998 [257] and Givoli, 2004 [112]),
all of which display their specific strengths and weaknesses. There are two
necessary requirements which the additional boundary conditions must ensure,
namely the solvability of the truncated problem (well-posedness of the finite
boundary value problem) and the equivalence between the latter and the orig-
inal well-posed problem for the infinite domain, meaning that the solutions to
the two problems (finite and infinite) agree on the finite domain that is common
to the two formulations (Hagstrom and Keller, 1987 [119]).

Thus, the original problem over an infinite domain is replaced by a problem
over a finite domain, with an artificial boundary condition on the introduced
artificial boundary, so that, if such a condition is properly designed, the origi-
nal problem is well approximated by the finite domain problem. The problem
is not trivial, because the artificial boundary condition has the difficult task
of accurately representing the solution in the omitted infinite domain. In fact,
boundary conditions may be thought as a mathematical model for the rest of
the universe (Givoli, 1992 [110]). As underlined by Givoli (2004) [112], it
results very difficult to find a single artificial boundary condition that is suffi-
ciently general and which after discretization leads to a scheme which is stable,
accurate, efficient and easy to be implemented.

Artificial boundary conditions may be divided into two main groups: local
and non-local ones. The local conditions are almost all approximate and thus
approximately account for the omitted domain. Most local artificial boundary
conditions perform very well either with a sufficiently large computational do-
main, which, of course, is opposed to their early scope, or in case of a high
suitability of the boundary condition for the specific problem at hand. Non-
local artificial boundary conditions are more complicated, but usually they are
more accurate and guarantee good results with a small computational domain.
In addition, some of them are exact.

In devising accurate and efficient numerical methods towards the approx-
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imate solution of exterior problems involving linear and nonlinear ODEs, lo-
cal asymptotic boundary conditions based on projection were suggested by
de Hoog and Weiss (1980) [65] (and references quoted therein). The authors
examined the rate of convergence of the solution of the “finite” problem to
that of the original “infinite” problem, as the interval length of the finite prob-
lem tends to infinity, and describe the supplementary boundary conditions for
which this rate becomes optimal. Such a condition, namely the projection con-
dition, should be derived by a previous asymptotic analysis on the eigenval-
ues of the Jacobian matrix of the right-hand sides of the first-order system of
ODEs, evaluated at infinity, but imposed at a finite point. This approach was
formalized by Lentini and Keller (1980) [175] and by Markowich (1982) [188],
who developed a general theory of existence, uniqueness and approximation
of bounded solutions of linear and nonlinear exterior problems over a semi-
infinite domain.

The asymptotic boundary condition for the infinite interval problem of a
general linear second-order ODE was derived by Kadalbajoo and Rama (1986)
[150]. Asymptotic boundary conditions for the solution of a second-order lin-
ear differential problem posed on an infinite interval were illustrated by Kanth
and Reddy (2003) [223], by using a fourth-order finite difference method, and
by Ibdah et al. (2014) [132], through a fourth-order spline collocation ap-
proach.

Croft (1992) [62] proposed a strategy to solve a second-order linear bound-
ary value problem on unbounded domain based on convergence acceleration
techniques. The strategy exploits information contained in a sequence of so-
lutions obtained on bounded domains in order to exploit the information con-
tained therein to improve these solutions rather than continue increasing the
interval of integration until convergence has been achieved. Fazio (1996) [91]
considered boundary value problems on infinite intervals governed by a third-
order ODE depending on several parameters and treated it by formulating the
original problem as a free BVR, where the truncated boundary is an unknown
free boundary and has to be determined as part of the solution.

In the context of wave problems (second-order hyperbolic PDEs), terms
“absorbing” or “non-reflecting” are commonly used instead of word “artifi-
cial” to designate conditions apt to simulate the so-called radiation condition,
which states that waves at infinity are outgoing. The simplest ABC, namely the
Sommerfield radiation condition imposed at the truncated boundary, produces
large spurious reflections in many cases (Givoli, 1992 [110]). Approximate
local boundary conditions were derived for instance by Bayliss and Turkel
(1980) [22], for the wave-like equation, and by Bayliss et al. (1982) [21],
for the Helmholtz equation, based on a known truncated asymptotic expansion
in powers of r−1 of the solution valid for large distances, r being the radial
coordinate. The obtained boundary conditions generally involve derivatives of
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an order greater than or equal to the order of the differential equation, and still
lead to spurious reflections.

Engquist and Majda (1977, 1979) [85, 86] formulated exact reflectionless
radiating conditions, simultaneously non-local in both space and time, thus
useless for practical problems, and approximated such conditions in sequence
by local ones of increasing order, in terms of pseudo-differential operators and
rational Padé expansions. Such low-order absorbing boundary conditions have
became well-known, especially for the second-order ones, which are still com-
monly used today.

Higdon (1994) [128] proposed a sequence of local ABCs of an increasing
order, for the dispersive wave equation, which exactly absorb all the waves that
propagate with certain phase velocities at specific angles of incidence. Higdon
showed that several ABCs which had been previously proposed were special
cases of his conditions, with an appropriate choice of the involved parame-
ters. The Higdon NRBCs are very general, namely they apply to a variety of
wave propagation problems and in all spatial dimensions. Moreover, they can
be used, without any difficulty, for wave problems in dispersive and stratified
media.

Higdon’s ABCs, although powerful by virtue of their capability of obtaining
solutions with unlimited accuracy, are characterized by intrinsic computational
complications. In fact, their complexity rapidly increases with the system’s
order, since they involve higher order normal and temporal derivatives, which
poses obvious disadvantages. Higher order normal derivatives are problematic,
because they are not compatible with standard FD schemes or low-order finite
elements. High time derivatives are also disadvantageous, in that they require
the use of high-order time discretizations and the storage of the whole solution
history. Thus, the original implementation of the Higdon NRBCs turns out to
be limited to lower orders of derivation.

More recently, higher-order local ABCs have been introduced, which, de-
spite being of an arbitrarily higher-order, do not involve higher derivatives,
owing to the use of specially defined auxiliary variables. Givoli and Neta
(2003) [115] reformulated the sequence of Higdon’s ABCs for time-dependent
wave problems, by introducing special auxiliary variables on the truncated
boundary, in addition to the physical ones. Such auxiliary variables eliminate
the need of any higher-order derivatives beyond the second order, thus making
the ABCs amenable for standard FD or FEM discretizations.

Exact non-local artificial conditions try to incorporate the exact far-field
conditions at the cost of non-local boundary conditions, which are more com-
plicated. On the other hand, they are usually more accurate and guarantee
good results with a small computational domain. An example of non-local
artificial conditions may be found in Han and Wu (1992) [121], who derived
exact artificial boundary conditions of the exterior problem for the equations of
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linear elasticity and obtained their finite element approximation on a bounded
domain.

The Dirichlet-to-Neumann (DtN) method leads to exact non-local artificial
boundary conditions. After having introduced the artificial boundary, the gov-
erning equations of the problem (usually a simplified version of them), are
analytically solved within the exterior residual domain. From the solution, an
exact relation which maps the solution (Dirichlet datum) and its derivatives
(Neumann datum) on the artificial boundary, called the DtN boundary condi-
tion, is deduced and employed for the numerical calculations inside the retained
computational domain, where the same solution is obtained as in the original
infinite domain problem. In case of 1-D problems the DtN boundary condi-
tion turns out to be local (a mixed Robin-type condition), whereas the DtN
boundary condition is non-local in the multidimensional case.

Keller and Givoli (1989) [154] showed how to explicitly obtain the exact
DtN boundary condition on an artificial boundary for the reduced wave equa-
tion and for Laplace’s equation in infinite domains, in conjunction with the
FEM. Givoli and Keller (1989) [113] applied the same approach for various
elliptic boundary value problems (linear elastostatics, beams and cylindrical
shells). Regarding dynamical analyses, the DtN method was applied to time-
harmonic two-dimensional elastodynamics in infinite domains by Givoli and
Keller (1990) [114] and to time dependent problems by Givoli (1992) [111].
In the latter case, the serious drawbacks originating from the non-locality in
time as well as in space of the DtN boundary condition, were solved by first
discretizing the problem in time, resulting in a sequence of boundary value
problems in an infinite domain, which were solved by the DtN method.

An alternative method for the analysis of unbounded elastic or visco-elastic
media for Soil-Structure Interaction (SSI), the Damping-Solvent Extraction
Method (DSEM), devised by Song and Wolf (1994) [243], seeks to simu-
late approximately the radiation condition by using artificial material damp-
ing (usually linear hysteretic), to attenuate both outgoing and reflected waves,
and then extracting the artificial damping in order to remove its undesirable ef-
fects. Basu and Chopra (2002) [18] improved the DSEM and addressed some
issues related to the influence of the computational parameters (domain size,
mesh density and artificial damping) upon the DSE performances through two
classical model problems, for which (semi-)analytical solutions are available,
concluding that the DSEM is merely able to decrease the adequate domain size,
particularly for high frequencies, by using a large value of artificial damping.
Further investigations by Hajiabadi and Lotfi (2012) [120] lead to the conclu-
sion that the ability of the DSE method consists in making possible to relax the
mesh density requirement for the far-field region (depending on the excitation
frequency) of the considered bounded domain rather than a method in which a
smaller domain size is required.
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4.3.1 Perfectly Matched Layer

Among the broad framework of numerical schemes for treating artificial bound-
ary conditions, in the more recent past, besides to the previously discussed
high-order ABCs methods, the Perfectly Matched Layer (PML) have emerged
as especially powerful. A Perfectly Matched Layer (PML) is an artificial ab-
sorbing layer model for linear wave equations that absorbs, almost perfectly,
outgoing waves, thus minimizing any spurious wave reflection from the inter-
face and from the boundary. The PML effect may be described by the following
two actions: (i) reduction of the amplitude of the incident waves and (ii) delay
of the wave propagation.

The concept of a PML seems to have been first introduced by Berenger
(1994) [28], for the absorption of electromagnetic waves, a context where it
has been widely used (Singer and Turkel, 2004 [240]), but it has been also
employed together with standard finite elements to simulate transient wave
propagation in elastic media (see e.g. Basu and Chopra, 2003 [19], Matzen,
2011 [191]), and specifically inside cables resting on elastic supports (disper-
sive wave equation) by Lancioni (2012) [172]. The PML technique has been
also very recently applied to wave propagation problems in moving coordi-
nates by Madsen and Krenk (2017) [184], who analyzed the transient dynamic
response of a multi-layer 2D half-space subjected to moving loads, by means
of a standard displacement-based FEM formulation.

The present section describes the so-called Perfectly Matched Layer ap-
proach for absorbing out-going stationary waves propagating from a finite taut
string. In fact, the previously stated problem can be numerically solved by
FEM techniques, as long as the infinite one-dimensional domain is replaced
by a finite domain Ω=(−x2, x2), being a bounded, open, connected subset
of R. Let subset ΩN=(−x1, x1) be the finite domain of interest, i.e. the re-
gion where an accurate approximation of the steady-state response is sought
(see Fig. 4.2). Let complementary set ΩPML=Ω \ΩN be the PML region sur-
rounding the finite domain of interest, as illustrated in Fig. 4.2, showing two
side regions (−x2,−x1) and (x1, x2), both of length x2 − x1. Inside PML
domain ΩPML a complex-valued stretching coordinate transformation s(x),
s(x) being an injective function, is introduced as follows (Basu and Chopra,
2003 [19], Matzen, 2011 [191]):

s(x) =

∫ x

0

σ(u) du; s(1)x (x) = σ(x) = 1 + g(x) + ih(x); (4.21)

where σ(x) is the stretching function (Madsen and Krenk, 2017 [184]); non-
dimensional attenuation functions g(x), h(x) are continuous, real-valued, pos-
itive and monotonically increasing, with g(x)=h(x)=0 in ΩN , thus retaining
original unstretched coordinate x inside computational domain of interest ΩN

(−x1≤x≤x1). In particular, g(x) imposes an attenuation on evanescent waves
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and h(x) on propagating waves (Basu and Chopra, 2003 [19]); in Eq. (4.21) i
is the imaginary unit, which makes the stretching complex-valued. Indeed, a
complex stretching becomes crucial here to achieve a full PML effectiveness
on the propagating waves, see e.g. Singer and Turkel (2004) [240].

Thereafter, by imposing inverse coordinate transformation x=x(s) in
Eq. (4.6a) the resulting steady-state transformed equation of motion becomes:

v2−v20
σ̂(s)

(
ŵ

(1)
s (s)

σ̂(s)

)(1)

s

− cd v

µ

ŵ
(1)
s (s)

σ̂(s)
+
k

µ
ŵ(s) = 0; (4.22)

v2−v20
σ̂2(s)

ŵ(2)
s (s)−

((
v2−v20

) σ̂(1)
s (s)

σ̂2(s)
+
cd v

µ

)
ŵ

(1)
s (s)

σ̂(s)
+
k

µ
ŵ(s) = 0; (4.23)

where auxiliary function σ̂(s) and transformed displacement ŵ(s) are intro-
duced such that σ̂=σ(x) and ŵ(s)=w(x), respectively. Hence, the spatial co-
ordinate transformation in Eq. (4.21) acts on Eq. (4.6a) in such a way that
Eq. (4.23) appears as a governing equation with variable coefficients. For this
reason, a PML may be also interpreted as a particular artificial medium with
space-dependent inertial and damping material properties, depending on the
coordinate stretching function, which enhance the dispersive and dissipative
characteristics of the layer.

Figure 4.2: Geometrical scheme of computational domain of interest ΩN , truncated by PML
layer ΩPML. Boundary conditions on normalized displacement w, w′ apply to their real
parts (ℜ ·=Re(·)).

Such a transformation is introduced only in two layers surrounding the
computational domain of interest where the special features of the absorbing
boundary condition are demanded, while the transformation degenerates to an
identity inside ΩN (g(x)=h(x)= 0). Thus, the response attenuation occurs
only over the two PML regions (Fig. 4.2). Attenuation functions g(x) and h(x)
take the following similar forms (Basu and Chopra (2003) [19]):

g(x) = G

(
|x| − x1
x2 − x1

)r

, h(x) = H

(
|x| − x1
x2 − x1

)r

; (4.24)

where r is a positive integer exponent (r≥1) andG,H are two non-dimensional
parameters apt to control the amount of attenuation imposed inside the PML.
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Therefore, the dissipation properties of the PML region are governed by pa-
rameters G, H , r, and by its width x2−x1.

Notice that transformation provided by Eq. (4.21), needed for converting ex-
terior problem (4.6)-(4.10) into a boundary value problem affordable by a FEM
approach, makes Eq. (4.23) a linear ODE with variable complex-valued coef-
ficients. Hence, following treatments need to be developed within a complex-
valued function space.

4.3.2 First-order differential system

From a practical standpoint, it is better to develop a LSFEM formulation allow-
ing the use ofC0 basis interpolation functions, in order to reduce the higher reg-
ularity requirements of the LSFEM. This is accomplished by transforming the
governing second-order differential equation governing the string-foundation
system into an equivalent first-order system, and constructing the least-squares
functional using the L2 norms of the first-order system residuals. Such a re-
duction implies the introduction of additional independent variables within the
formulation. Nonetheless, this transformation may be useful, since such auxil-
iary variables may represent physically meaningful ones, as in the framework
of mixed formulations.

Accordingly, governing scalar equation Eq. (4.23), valid inside both ΩN

(g(x)=h(x)= 0) and ΩPML (g(x), h(x)>0), may be split into a coupled pair
of first-order ordinary differential equations, by considering two independent
variables, namely, normalized transverse displacement ŵ and slope θ̂:

ŵ′
s(s)− θ̂(s) = 0 in Ω; (4.25a)

a(s) θ̂′s(s) + b(s) θ̂(s) + c(s) ŵ(s) = 0 in Ω; (4.25b)

where the variable coefficients in Eq. (4.25b) take the following form:

a(s)=
v2− v20
σ̂2(s)

, b(s)=
−cd v
µ σ̂(s)

(
1+

µ

cd v

v2− v20
σ̂2(s)

σ̂′(s)

)
, c(s)=

k

µ
. (4.26)

For convenience, first-order differential system (4.25) may be expressed in
compact notation, together with loading point conditions of Eqs. (4.6b)-(4.6c),
as specified below:

ŵ′
s(s) +A(s) ŵ(s) = 0; in Ω; (4.27a)

[[ŵ]]0 =
[
0 F/

(
W0 µ(v

2 − v20)
)]ᵀ

; (4.27b)

where ŵ(s)=[ ŵ(s) θ̂(s) ]ᵀ is the column vector of variables and A(s) is the
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coefficient matrix, defined as

A(s) =

 0 −1

c(s)

a(s)

b(s)

a(s)

 . (4.28)

Finally, the previous system governing the motion of the system inside Ω is
supplemented by homogeneous boundary conditions on ∂Ω:

ℜ ŵ = Re(ŵ) = 0 on ∂Ω. (4.29)

where ℜ ŵ is the real part of vector ŵ.
Eq. (4.1) is elliptic at subcritical moving load velocities (v<v0), whereas it

becomes hyperbolic when the moving load velocity gets supercritical (v>v0).
In the following sections, the numerical solution of problem (4.27)-(4.29) is
developed, based on a Discontinuous Least-Squares FEM approach. The ad-
vantage of such a numerical discretization method is that it is characterized by
a unified formulation for the numerical solution of all types of partial differ-
ential equations, without any special treatment for hyperbolic and mixed-type
problems (Jiang, 1998 [145]).

Thus, the present attempt completes previous literature derivations, by pro-
viding a unitary and robust numerical tool from which the steady-state moving
load response can be obtained for each combination of the characteristic me-
chanical parameters of the taut string-foundation system, without stabilization
terms and associated user-tunable parameters.

4.4 Discontinuous Least-Squares Finite Element Method

In this section, the formulation of the Discontinuous Least-Squares Finite El-
ement Method (DLSFEM) for problem (4.27)-(4.29) is introduced. Although
the presence of only one moving load has been assumed in writing Eqs. (4.27),
the possible action of multiple moving loads is considered within the formula-
tion, in order to bring the discussion to a more general tone. In setting up the
discontinuous formulation, the so-called discontinuous least-squares functional
is derived and minimized. In addition, the corresponding norm-equivalence of
the discontinuous functional is demonstrated, which is fundamental for the en-
suing error analysis in Section 4.5. This is illustrated in the following.

4.4.1 Function spaces notation

In order to provide a proper formulation of the Least-Squares FEM for sys-
tem (4.25) the needed function spaces must be introduced. By using standard
notations and definitions, let (·, ·)0,Ω and ∥·∥0,Ω denote the inner product and
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norm on the Hilbert space L2(Ω)=H
0(Ω) of square integrable complex-valued

functions, respectively. Let ℜ z=Re(z) point out the real part of a complex-
valued function z.

DefineHm(Ω) the classical Sobolev space of all square integrable complex-
valued functions with square integrable distributional derivatives up to orderm
(see e.g. Oden and Demkowicz (2010) [210]); their associated inner prod-
uct (·, ·)m,Ω and norm ∥·∥m,Ω are also introduced. Vector-valued fields and
their associated function spaces are denoted by bold face symbols. Thus, given
two n-dimensional vectors u(s) and v(s), the corresponding inner product and
norms take the form:

(u,v) =

∫
Ω

u(s)∗ v(s) ds =
∫
Ω

n∑
i=1

ui(s) vi(s) ds; (4.30)

∥v∥0,Ω = (v,v)
1
2
0,Ω; (4.31)

where vi(s) is the complex conjugate of vi(s) and superscript ( · )∗ denotes the
conjugate transpose operator. The following function spaces are needed to be
further introduced:

H1
0 (Ω) =

{
v ∈ H1(Ω) : ℜ v = 0 on ∂Ω

}
;

nH
1
0 (Ω) =

[
H1

0 (Ω)
]n

= H1
0 (Ω)×H1

0 (Ω)× . . .×H1
0 (Ω) (n times);

which are Sobolev spaces with corresponding squared norm

∥v∥21,Ω =
n∑

i=1

∥vi∥20,Ω + ∥v′i∥
2
0,Ω v ∈ H1

0 (Ω). (4.32)

Space H1
0 (Ω) consists of functions having null real trace on boundary ∂Ω, i.e.

vanishing on its boundary. Then, without ambiguity, symbol ∥·∥1,Ω will be
used to denote norms in both H1

0 (Ω) and nH
1
0 (Ω).

Since the solution of (4.27)-(4.29) is expected of a low regularity only at
the loading points, it is natural to use the computationally expensive discon-
tinuous elements only in these zones and use continuous elements in smooth
regions. To this scope, let O={Ωj}Pj=1 be a collection of open disjoint subsets
of domain Ω such that Ω=

⋃
j Ωj . Let E be the union of the boundaries of all

subsets Ωj associated with O, and let E̊=E ∩ Ω be the set of all the interior
edges contained in Ω. Collection O must be such that E̊ coincides with the
finite set of P−1 loading points of the infinite string where concentrated mov-
ing loads Fj are applied. Then, the following fragmented Sobolev spaces are
introduced:

H1
0 (O) =

{
w ∈ L2(Ω) : w ∈ H1(Ωj) ∀ j = 1, . . . , P, ℜw = 0 on ∂Ω

}
;
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nH
1
0 (O) =

[
H1

0 (O)
]n

= H1
0 (O)×H1

0 (O)× . . .×H1
0 (O) (n times);

with corresponding squared norm

∥v∥21,O =
P∑

j=1

n∑
i=1

∥vi∥20,Ωj
+
∥∥∥v(1)i s

∥∥∥2
0,Ωj

v ∈ H1
0 (O). (4.33)

4.4.2 Least-Squares functional

According to known LSFEM literature (Jiang, 1998 [145], Bochev and Gun-
zburger, 1998 [37]), the method consists in an unconstrained minimization
problem within a certain function space V , as follows:

Find ŵ ∈ V such that ŵ = argmin
v∈V

J (v, f); (4.34)

where the quantity to be minimized is a specifically designed positive definite
least-squares functional J : V → R, whose solution (the minimizer) repre-
sents the unknown response of the differential problem. Functional J is de-
vised by measuring the squared residuals in terms of the L2-norm of the gov-
erning differential equations (4.27a) and of the interface conditions (Bensow
and Larson, 2005 [27], Lin, 2009 [181]), such as those arising at the loading
points of the problem under consideration (4.27b). The following formulation
is traced within this mathematical setting, but with the peculiarity of develop-
ing it into a complex-valued function space framework.

Thus, define a function space V for problem (4.27)-(4.29) by

V = 2H
1
0 (O) = H1

0 (O)×H1
0 (O); (4.35)

and let ej be the jth element of E̊ . Quadratic least-squares functional J for
problem (4.27)-(4.29) is defined as follows:

J (v, f)=
1

2

P∑
j=1

∥∥v′
s+Av

∥∥2
0,Ωj

+
1

2

P−1∑
j=1

r∗ej(v, fj)A
H
ej
AH

ej
rej(v, fj),

rej(v, fj) = [[v]]ej− fj, v ∈ V , fj ∈ L2(Ω);

(4.36)

where AH
ej
= (Aej +A∗

ej
)/2 is the Hermitian part of matrix A in Eq. (4.28),

evaluated at jth edge ej , while

fj =
[
0 Fj/

(
W0 µ(v

2 − c20)
)]ᵀ

; (4.37)

is a 2D-vector representing both the continuity requirement of displacement
response ŵ and the jth jump discontinuity of slope θ̂ due to the action of jth

applied force Fj inside functional J (v, f) of Eq. (4.36).
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Problems (4.27)-(4.29) and (4.34) are equivalent in the sense that the unique
solution of the first-order system, augmented by the corresponding interface
and boundary conditions, is the unique zero minimizer ŵ of functional J (v, f).
Basically, the least-squares functional may be viewed as an “artificial” energy,
e.g. an externally defined convex quadratic functional that plays the same
role, for LSFEM, as the true physical energy does for Rayleigh-Ritz methods
(Bochev and Gunzburger, 2006 [38]).

Notice that boundary conditions (4.29) have been assumed both essential as
they explicitly appear in the variational formulation, i.e., in the definition of V .
This is simply a choice, since boundary conditions could be equivalently made
natural, by imposing them inside functional J (v, f).

A necessary condition so that ŵ ∈ V may be a minimizer of real func-
tional J (v, f) in Eq. (4.36) is that its first variation vanishes at ŵ, that is

δJ = lim
η→0

d
dη

J (ŵ + η v, f) = 0 ∀ v ∈ V ; (4.38)

which, after some mathematical manipulations, can be equivalently written in
the form S(ŵ,v)=L(v), as follows

ℜ
(
ŵ′

s+Aŵ, v′
s+Av

)
0,O+

+ ℜ
P−1∑
j=1

[[v]]∗ejA
H
ej
AH

ej
[[ŵ]]ej=ℜ

P−1∑
j=1

[[v]]∗ejA
H
ej
AH

ej
fj ∀v ∈ V ;

(4.39)

where S(ŵ,v) is a symmetric sesquilinear form (or Hermitian form) and L(v)
is a linear functional. Thus, minimization problem (4.34) leads to the following
variational equation:

Find ŵ = [ ŵ θ̂ ]T ∈ V such that S(ŵ,v) = L(v) ∀ v ∈ V . (4.40)

The single most important prerequisite for the success of LSFEM in recov-
ering all the desirable properties of the Rayleigh-Ritz setting, thus assuring ex-
istence, uniqueness and stability of the solution of LSFEM formulation (4.40),
is to ensure that sesquilinear form S(ŵ,v) defines an equivalent inner product
on underlying Hilbert space V and functional J defines an equivalent norm
on V (Bochev and Gunzburger, 2006 [38]).

In fact, if the functional is norm-equivalent within the minimization space,
then the resulting unconstrained minimization problem is strongly coercive, or,
equivalently, the least-squares functional generates a sesquilinear form that is
continuous and V-elliptic in a properly defined subspace of V and, therefore,
standard finite element theory can be applied (Jiang, 1998 [145]). The norm-
equivalence of the least-squares functional defined by Eq. (4.36) corresponds
to the following condition being satisfied.

125



Theorem 1 - Norm-equivalence of least-squares functional.
There exist positive constants S1 and S2, independent of v, such that

S1 ∥v∥21,O ≤ 2 |J (v,0)| = |S(v,v)| ≤ S2 ∥v∥21,O ∀ v ∈ V . (4.41)

Proof. Suppose that a0(s), a1(s), . . . , an−1(s) are n piecewise continuous
complex-valued functions in domain of interest Ω, and consider a general ho-
mogeneous linear differential equation of order n in the standard form:

ŵ(n)
s (s) +

n−1∑
k=0

ak(s)ŵ
(k)
s (s) = 0; (4.42)

where superscript ( · )(k) denotes the order of the spatial derivative with respect
to s. Eq. (4.42) may be rearranged into the following system of n first-order
differential equations (see Coddington and Levinson, 1955 [61]):

ŵ′
s(s) +A(s) ŵ(s) = 0 in Ω; (4.43a)

A(s)=


0 −1 0 · 0
0 0 −1 · 0
· · · · ·
0 0 0 · −1

a0(s) a1(s) a2(s) · an−1(s)

; ŵ(s)=


ŵ(s)

ŵ
(1)
s (s)
·

ŵ
(n−2)
s (s)

ŵ
(n−1)
s (s)

; (4.43b)

Given the previous definitions of vector ŵ(s) and matrix A(s) the following
steps apply.

Consider first the right inequality in Eq. (4.41). Let v, ŵ ∈ V; then, it is
possible to write

∣∣S(ŵ,v)∣∣= ∣∣∣ P∑
j=1

(
ℜ(v′, ŵ′)0,Ωj

+ℜ(v′,Aŵ)0,Ωj
+ℜ(Av, ŵ′)0,Ωj

+ ℜ(Av,Aŵ)0,Ωj

)
+

P−1∑
j=1

ℜ [[v]]∗ejA
H
ej
AH

ej
[[ŵ]]ej

∣∣∣ ≤
≤
∣∣∣ℜ P∑

j=1

(v′, ŵ′)0,Ωj
ρ1,j

(
(v′, ŵ)0,Ωj

+ (v, ŵ′)0,Ωj

)
+ ρ21,j(v, ŵ)0,Ωj

∣∣∣ + ρ22 ∥v∥1,O ∥ŵ∥1,O ≤

≤
∣∣∣max

j
{1, ρ21,j}

(
(v′, ŵ′)0,O + (v, ŵ)0,O

)
+max

j
{ρ1,j}

(
(v′, ŵ)0,O+(v, ŵ′)0,O

)∣∣∣+ρ22 ∥v∥1,O∥ŵ∥1,O ;

(4.44)
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where the following constants have been defined

ρ1,j =max
k

{
max
s∈Ωj

{
λk
(
A
)}}

; (4.45a)

ρ22 =max
k

{
max

j

{
βvjβŵj λ

2
k

(
AH

ej

)}}
(P − 1); (4.45b)

and λk
(
A
)

stands for the eigenvalues of matrix A(s). If matrix AH
ej

is dis-
continuous at edge ej , the average value between the limits of AH

ej
from the

two sides of the edge may be employed. Since only finite discontinuities
are allowed, the following inequalities apply for each jump discontinuity in
Eq. (4.44): ∣∣[[v]]ej ∣∣ ≤ βvj ∥v ∥1,O , βvj > 0; (4.46a)∣∣[[ŵ]]ej

∣∣ ≤ βŵj ∥ŵ∥1,O , βŵj > 0. (4.46b)

Thus, by applying the Cauchy-Schwarz inequality (Oden and Demkowicz
(2010) [210]), one gets∣∣S(ŵ,v)∣∣≤ ∣∣∣max

j
{1, ρ21,j}(v, ŵ)1,O +max

j
{ρ1,j}

(
(v′, ŵ)0,O +

+ (v, ŵ′)0,O

)∣∣∣+ ρ22 ∥v∥1,O ∥ŵ∥1,O ≤

≤ max
j

{∣∣ρ1,j∣∣}(∥v′∥0,O∥ŵ∥0,O + ∥v∥0,O∥ŵ
′∥0,O

)
+

+max
j

{1, ρ21,j}∥v∥1,O∥ŵ∥1,O+ ρ22 ∥v∥1,O∥ŵ∥1,O ≤

≤ max
j

{
1, 2|ρ1,j|, ρ21,j, ρ22

}
∥v∥1,O∥ŵ∥1,O ≤

≤ S2 ∥v∥1,O∥ŵ∥1,O ∀ v, ŵ ∈ V ;

(4.47)

where the maximum is performed over all P subsets Ωj associated with parti-
tioning O. Then, sesquilinear form

∣∣S(ŵ,v)∣∣ is continuous.
Now, consider the left inequality in Eq. (4.41). Let S̃(v,v)=

∥∥v′+Av
∥∥2
0,O.

Since the eigenvalues of Hermitian matrix AH
ej

are real, it is possible to write

∣∣S(v,v)∣∣ = ∣∣∣ P∑
j=1

∥∥v′+Av
∥∥2
0,Ωj

+
P−1∑
j=1

ℜ [[v]]∗ejA
H
ej
AH

ej
[[v]]ej

∣∣∣ ≥
≥
∣∣∣ P∑
j=1

∥∥v′+Av
∥∥2
0,Ωj

+
P−1∑
j=1

min
k

{
λ2k
(
AH

ej

)} ∣∣[[v]]ej ∣∣2 ∣∣∣ ≥
≥ S̃(v,v)≥

P∑
j=1

∥∥v′∥∥2
0,Ωj

+
∥∥Av

∥∥2
0,Ωj

−2
∣∣(v′,Av)0,Ωj

∣∣ ≥
≥
∥∥v′∥∥2

0,O +
∥∥Av

∥∥2
0,O − 2

∥∥v′∥∥
0,O

∥∥Av
∥∥
0,O;

(4.48)
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where the last inequality holds true by virtue of the Cauchy-Schwarz inequal-
ity. Consequently, the following Gårding type inequality (Brenner and Scott,
2008 [44]) is established
S̃(v,v)+K

∥∥v∥∥2
0,O≥

∥∥v′∥∥2
0,O−2

∥∥v′∥∥
0,O

∥∥Av
∥∥
0,O+

∥∥Av
∥∥2
0,O+

+

(
1

1−C1

− 1

1−C1

)∥∥v∥∥2
0,O+K

∥∥v∥∥2
0,O ≥

≥ C1

∥∥v′∥∥2
0,O +

(
K + λ̄2 − 1

1−C1

)∥∥v∥∥2
0,O +

+
(√

1− C1

∥∥v′
s

∥∥
0,O − 1√

1− C1

∥∥v∥∥
0,O

)2
≥

≥ C1

∥∥v′∥∥2
0,O + C2

∥∥v∥∥2
0,O ≥ C3

∥∥v∥∥2
1,O;

(4.49)

where 0≤C1≤1, K is an arbitrary big positive number such that C2=K+ λ̄2−
(1 − C1)

−1 in the previous expression results positive, and λ̄2 is defined as
follows:

∥∥Av
∥∥2
0,O =

P∑
j=1

∫
Ωj

v∗A∗Av ds ≥

≥ min
k

{
min
s∈O

{
λ2k
(
A
)}}∥∥v∥∥2

0,O = λ̄2
∥∥v∥∥2

0,O;

(4.50)

with C3=min{C1, C2}. Without loss of generality, let one assume K≥1, so
that

C3

∥∥v∥∥2
1,O ≤ S̃(v,v) +K

∥∥v∥∥2
0,O ≤ K

(
S̃(v,v) +

∥∥v∥∥2
0,O

)
; (4.51)

and, hence, letting C4=C3/K

C4

∥∥v∥∥2
1,O ≤ S̃(v,v) +

∥∥v∥∥2
0,O. (4.52)

By defining now a vector function z(s) such that

S̃(z,v) = (v,v)0,O =
∥∥v∥∥2

0,O; (4.53)
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and by substituting Eq. (4.53) into Eq. (4.52), one ends up with

C4

∥∥v∥∥2
1,O ≤ S̃(v,v)+S̃(z,v) = S̃(v+z,v) =

≤ ℜ((z+ v)′+A(z+ v),v′+Av)0,O ≤
≤
∣∣(z′+v′,v′+Av)0,O

∣∣+∣∣(A(z+v),v′+Av)0,O
∣∣ ≤

≤
(∥∥z′+v′∥∥

0,O+max
j

{|ρ1,j|}
∥∥z+v

∥∥
0,O

)∥∥v′+Av
∥∥
0,O ≤

≤ 2max
{
1,max

j
{|ρ1,j|}

}∥∥z+v
∥∥
1,O

∥∥v′+Av
∥∥
0,O =

= C5

∥∥z+v
∥∥
1,O

∥∥v′+Av
∥∥
0,O ≤

≤ C5

(∥∥z∥∥
1,O+

∥∥v∥∥
1,O

)∥∥v′+Av
∥∥
0,O ≤

≤ C6

∥∥v∥∥
1,O

∥∥v′+Av
∥∥
0,O;

(4.54)

Thus,

C7

∥∥v∥∥
1,O =

C4

C6

∥∥v∥∥
1,O ≤

∥∥v′ +Av
∥∥
0,O (4.55)

and by squaring inequality (4.55) and by letting S1=C
2
7 , it can be concluded

that
S1

∥∥v∥∥2
1,O ≤

∥∥v′ +Av
∥∥2
0,O = S̃(v,v) ≤ |S(v,v)|. (4.56)

Hence,
∣∣S(ŵ,v)∣∣ is a coercive sesquilinear form. This completes the proof.

The above theorem states that functional J (v,0) is norm-equivalent to
the V-norm or, equivalently, that sesquilinear form S(ŵ,v) is continuous and
coercive on V × V . The immediate and important consequence of that is the
existence and uniqueness of a weak solution, which can be established through
the application of the Riesz representation theorem in the form of the Lax-
Milgram lemma (Jiang, 1998 [145]). A second likewise mathematical interpre-
tation of inequalities (4.41) was given by Jiang (1998) [143]: the left inequality
means a bounded below differential operator in Eq. (4.27a) and, therefore, the
existence of a continuous inverse operator in V; the right inequality indicates
that the differential operator is continuous.

Hence, by proving Theorem 1, the immediate consequence is the well-
posedness of least-squares variational problem (4.40), meaning that it provides
a unique and stable solution, which is a crucial requirement for the numerical
implementation. To the best of the author’s knowledge, such proof is char-
acterized by an innovative arrangement in matrix form, allowing for demon-
strating the applicability and validity of Discontinuous Least-Squares FEM for
any linear ordinary differential problem of any order (rewritten as a first-order
system), with interface conditions in a general complex-valued function space,
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provided that the original mathematical problem is well-posed. Based on The-
orem 1, useful a priori error estimates will also be derived in following Sec-
tion 4.5.

4.4.3 Finite element approximation

The finite element approximation of the steady-state response of the vibrating
string under moving load is obtained by either restricting (4.40) to a finite-
dimensional subspace Vh of the infinite dimensional space V . Let mesh Th be
the union of all shape regular tessellations on Ωj with refinement level h (mesh
size), e.g. an indexed collection of Ne intervals {Ii = [n1,i, n2,i]}1≤i≤Ne , with
non-zero measure forming a partition of Ω. The mesh may possibly display a
variable mesh size hi, and in this case h is set as:

h = max
0≤i≤N

{hi}. (4.57)

There are no restrictive compatibility conditions on the discrete spaces, so, for
each of the primary variables, the same finite element subspace is chosen. Let
P1 denote the space of linear algebraic polynomials with complex coefficients
in one variable. The approximating finite element space Vh ⊂ V associated
with Th is defined as

Vh =
{
vh ∈ 2H

1
0 (O) : ∀i ∈ {1, . . . , Ne}, vh j|Ii ∈ P1

}
; (4.58)

that is, the vector space of 2D-vector functions whose components are piece-
wise linear complex-valued polynomials allowing for a discontinuity along in-
terelement edges ej ∈ E̊ . Then, by restricting the function space to Vh, the
following discrete least-squares variational problem (Ritz-Galerkin approxi-
mation) may be formulated:

Find ŵh=[ ŵh θ̂h]
ᵀ∈Vh such that S(ŵh,vh)=L(vh) ∀ vh∈Vh⊂V . (4.59)

Thanks to inclusion Vh ⊂ V , Theorem 1 remains valid when S(ŵ,v) is re-
stricted to Vh×Vh. Consequently, such a confirming discretization of weak
problem (4.40) into weak problem (4.59) automatically gives rise to a well-
posed FEM (Ern and Guermond, 2004 [89]).

According to the usual finite element approach, let ϕj be a basis of Vh such
that ŵj=ŵ(sj) and θ̂j=θ̂(sj) are the nodal values of function ŵ(s) and θ̂(s),
respectively, where sj represent the nodes of mesh Th (identical shape functions
for each component of ŵ). Then, by writing

ŵh =
Ne∑
j=0

Ŵj ϕj =
Ne∑
j=0

[ ŵj θ̂j]
T ϕj; (4.60)
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variational problem (4.59) generates the following system of linear algebraic
equations:

KŴ = F Ŵ,F ∈ C2(Ne+1); (4.61)

where Kij=S(ϕi, ϕj), Ŵj and Fi=L(ϕi) are the the global stiffness matrix,
the global generalized displacement vector and the global force vector, respec-
tively. Since the sesquilinear form in Eq. (4.59) is symmetric and coercive,
matrix K associated with problem (4.59) is Hermitian and positive definite.
Thus the weak discrete problem has a unique solution.

Furthermore, the equivalence of sesquilinear forms to inner products also
implies that the discrete solutions are projections of exact solutions onto the
approximating space with respect to the norms generated by the sesquilinear
form itself, i.e. approximations are quasi-optimally accurate, as it is shown the
in following section.

4.5 Error estimates

As least-squares methods share similar variational foundations with classical
Rayleigh-Ritz principles, a fundamental property of the least-squares method
is that quasi-optimal error estimates in the energy norm can be obtained, that
is ŵh is the orthogonal projection of exact solution ŵ with respect to energy
inner product S(·, ·). Thanks to Theorem 1, in the present section such a priori
error estimates for the DLSFEM are analyzed.

Let ŵ and ŵh be the solutions of variational problems (4.40) and (4.59), re-
spectively. Let one begin by observing the fundamental orthogonality relation
between ŵ and ŵh. Subtracting (4.40) from (4.59) implies

S(ŵ − ŵh,vh) = 0 ∀ vh ∈ Vh. (4.62)

Then, by Theorem 1 and by the previous equation, it results

S1 ∥ŵ − ŵh∥21,O ≤ S(ŵ − ŵh, ŵ − ŵh) = S(ŵ − ŵh, ŵ − vh) ≤
≤ S2 ∥ŵ − ŵh∥1,O∥ŵ − vh∥1,O ∀ vh ∈ Vh;

(4.63)

and, consequently, a standard FEM error estimate still holds even for DLSFEM

∥ŵ − ŵh∥1,O ≤ S2

S1

inf
vh∈Vh

∥ŵ − vh∥1,O ; (4.64)

where S1 and S2 are the coercivity and the continuity constants of S(·, ·) on V ,
respectively, as in Theorem 1.

This result corresponds to well-known Céa type error estimate (Brenner and
Scott, 2008 [44]) and represents the basic error estimate for the finite element
interpolation theory of well-posed problems (Ern and Guermond, 2004 [89]).
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In fact, inequality (4.64) says that the numerical error is quasi-optimal in the
energy norm, in the sense that it only differs by a constant from the best pos-
sible solution in the space. In other words, the error results proportional to the
best it can be using the subspace Vh (Brenner and Scott, 2008 [44]).

In order to derive a more concrete estimate for the error based on construct-
ing an interpolation of ŵ in Vh, let ŵh=I

m
h ŵ be a standard finite element

interpolation of ŵ. Then, from Bramble-Hilbert Lemma (Brenner and Scott,
2008 [44]), the error in interpolating a function ŵ ∈ Hm+1(Ii) is

∥ŵ − Imh ŵ∥q,Ii ≤ Ĉhm+1−q
i |ŵ|m+1,Ii ; (4.65)

where | · |m+1,Ii is the Hm+1-seminorm on Ii. As a result, by considering a
linear interpolation (m=1), there exist two positive constants Ĉ1 and Ĉ2 such
that ∥∥ŵ − I1h ŵ

∥∥
0,Ii

≤ Ĉ1h
2
i |ŵ|2,Ii ; (4.66)

|ŵ − I1h ŵ |1,Ii ≤ Ĉ2hi |ŵ|2,Ii ; (4.67)

and by summing over all the finite elements, it results∥∥ŵ − I1h ŵ
∥∥
0,O ≤ C̃1h

2|ŵ|2,O; (4.68)

|ŵ − I1h ŵ |1,O ≤ C̃2 h |ŵ|2,O; (4.69)

Hence, with near optimality established in Eqs. (4.64) and interpolation error
estimate available by combining Eqs. (4.68)-(4.69) the final convergence of the
present DLSFEM in a complex-valued function space is established

∥ŵ − ŵh∥0,O ≤ C1h
2; (4.70)

∥ŵ − ŵh∥1,O ≤ C2h; (4.71)

where positive constants C1 and C2 are independent of ŵ and of mesh param-
eter h. A priori error estimates (4.70)-(4.71) imply that the uniform rate of
convergence of the least-squares method with equal-order finite elements is of
order two in L2-norm and one of order one in H1-norm, respectively. Such
rates of convergence are optimal since the rate predicted is as high as the inter-
polation can reach (Jiang, 1998 [143]). Analogous rates was obtained by Cao
and Gunzburger (1998) [48] for second-order elliptic boundary value problem
having interfaces due to discontinuous media properties. The same rates of
convergence have been derived here for a general boundary value problem of
arbitrary type and order having discontinuous response, in a complex-valued
function space.

In order to validate a priori error estimates (4.70)-(4.71), numerical exam-
ples will be presented in the following section for the specific problem of the
infinite taut string under moving load, whose formulation have been already
discussed in Section 4.2.
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4.6 Numerical simulations and outcomes

In this section, the moving load problem exposed in Section 4.2 is solved by
the developed DLSFEM (Section 4.4), based on the above-mentioned theoret-
ical results characterizing the formulation, discussed in Section 4.5, and by the
application of the PML, presented in Section 4.3.1. The DLSFEM code has
been implemented within a MatLab environment [251]. In the current imple-
mentation, a uniform mesh size hi=h has been adopted.

Gauss-Legendre quadrature rules have been employed for computing global
stiffness matrix Kij=S(ϕi, ϕj), owing to the complexity of the expressions in-
volved in the definition of coefficient matrix A(s) in Eqs. (4.26)-(4.28). As
already highlighted by Zienkiewicz et al. (1974) [285] and Jiang (1998) [143],
the order of the numerical integration is crucial for the success of a LSFEM
implementation. In fact, if the order of the Gaussian quadrature is too high, the
least-squares method amounts to solving an extremely overdetermined system;
in other words, the latter occurrence corresponds to try forcing too many resid-
ual equations to become zero at Gauss points with too few adjustable unknowns
(Jiang, 1998 [143]), thus leading to an inaccurate and underestimated solution
(locking phenomenon). Therefore, a reduced integration based on a 1-point
Gauss-Legendre quadrature rule is employed in the present implementation.
A high-order (3-point) Gauss-Legendre quadrature rule is used to calculate the
norms of the numerical errors, which hereby causes no competitive extra-errors
in the numerical integration.

Notice that, if a 2-point quadrature integration scheme (full numerical in-
tegration) is considered, analogous results may be obtained for the case of a
rapidly decaying response (highly-damped system and/or subcritical velocity);
on the other hand, when trying to simulate almost undamped supercritical mo-
tion regimes, locking phenomena may become very important and a very re-
fined mesh should be used for obtaining the same accuracy attainable with a
reduced integration on a rough mesh. Thus, reduced integration or alterna-
tively p-refinement (Pontaza and Reddy, 2005 [219]) would be needed for ob-
taining a DLSFEM performing always rather well in the whole space of vari-
ation of the characteristic mechanical parameters of the taut string-foundation
system. However, the adopted reduced integration already provides consistent
and satisfactorily accurate results.

The considered dimensions for the problem already sketched in Fig. 4.2 are
x1=50 m and x2=55 m, so that the size of each PML is 1/20 of the size of ΩN ,
that is a much smaller PML layer than the computational domain of interest,
providing an effective reduction of the computational cost in the modeliza-
tion of far-field conditions (4.10). In the present implementation, quadratic
polynomial attenuation functions g(x), h(x) are employed, i.e. r=2 is chosen
in Eq. (4.24), while various different values of imposed attenuation parame-
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ters G, H are considered in the analyses; in particular the same magnitude of
both attenuation functions is assumed (i.e. G=H).

Reference mechanical properties of the string-foundation system

String tension T 15 kN
Mass per unit length of the string µ 1.1 kg/m
Elastic stiffness of the foundation springs k 250 kN/m2

Table 4.1: Reference mechanical properties of the string-foundation system (taken from
Metrikine (2004) [194]).

The assumed mechanical properties of the cable-foundation system have
been taken from Metrikine (2004) [194] and are listed in Table 4.1. The load
is taken acting downward (F<0). The normalizing factors for representing the
normalized steady-state response are as in Eq. (4.19). Moreover, the following
non-dimensional real characteristic system parameters α, ζ are introduced:

α =
v

v0
; ζ =

cd

2
√
kµ

; (4.72)

to express the effect of moving load velocity (α) and of structural damping (ζ).
In the following numerical investigation, several different values of system pa-
rameters α and ζ will be considered.

The steady-state solution in convected moving coordinate (solution of
Eqs. (4.6)-(4.10)) can explicitly be found in closed form (Metrikine, 2004 [194],
see Appendix B). The analytical solution shows that there may exist two dif-
ferent states, depending on the relation between the load velocity and the wave
velocity within the string-foundation system: (i) the subcritical regime (v<v0)
determines an evanescent wave, symmetric with respect to the moving load po-
sition and rapidly decaying, moving away from the load; (ii) the supercritical
regime (v>v0) generates a propagating wave behind the load and no response
in front of the load position.

Whenever the moving load velocity results equal to the propagation veloc-
ity of transverse waves in the string (also called “characteristic” or “critical”
velocity of the linear string theory), v=v0, resonance occurs, that is large am-
plitude string responses are predicted even if load intensity is kept small, and,
therefore such large amplitude responses may obviously lead to invalidate the
basic assumptions of a linear string theory.

The analytical solution of Eqs. (4.6)-(4.10), relative to the infinite string, is
rigorously different from the exact solution of a finite domain problem (4.27)-
(4.29) where estimates (4.70)-(4.71) are referred to. Thus, in order to compute
the error norms in (4.70)-(4.71), in the following it is assumed that the nu-
merical solution of Eqs. (4.27)-(4.29) approximates the exact solution of an
infinite string problem over the finite computational domain of interest ΩN ,
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Figure 4.3: Comparison between DLSFEM-PML numerical results and analytical solution
(ζ=0.5, G=H=10). Normalized deflection ŵ, left column: α=0.7 (a); α=1.3 (c); and
normalized rotation θ̂, right column: α=0.7 (b); α=1.3 (d). For the reference mechanical
parameters, see Table 4.1.

and, consequently the error norms are evaluated on ON=O ∩ ΩN , instead as
on O. As a matter of fact, this assumption holds true in so far as the solution
naturally rapidly decays before reaching the boundaries, so that the influence
of the boundary reflections may be neglected. Moreover, the obtained theo-
retical a priori error estimates pertain only to the DLSFEM application, hence
not accounting for other sources of perturbations, such as the use of numerical
integration or the employment of the PML to simulate an unbounded domain.

Accordingly, estimates (4.70)-(4.71) are firstly verified for a highly damped
string-foundation system, in order to obtain a rapidly decaying solution both
in the subcritical (α=0.7) and in the supercritical (α=1.3) regime, as shown
in Fig. 4.3, where both normalized real displacement ℜ ŵ and normalized real
rotation ℜ θ̂ are displayed. Numerical computations have been performed with
a mesh size of h=0.5 m. The comparisons displayed in Fig. 4.3 show that
the numerical results obtained from the proposed finite element formulation
fit very well with the analytical solution, even if the mesh density is rather
rough. Although apparently the employment of the PML could be also avoided
in this case, because the response itself rapidly decays down to zero, moving
away from the load position, an effective stretching has been still set in the
PML (G=H=10); in fact, the PML indeed also acts on evanescent waves,
thus improving the global convergence of the approximation, as illustrated as
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Figure 4.4: Convergence of DLSFEM-PML in L2- (q=0, continuous line) and H1-
norms (q=1, dot-dashed line), at variable moving load velocity v, for a damped sys-
tem (ζ=0.5) with respect of amplitudes G=H of the attenuation functions of the PML:
G=H=10−2 (a); G=H=10−1 (b); G=H=10 (c); G=H=102 (d). Norms are evaluated
on the computational domain of interest.

follows.
The L2- and H1-norm of the error are provided in log-log plot against mesh

size h in Fig. 4.4. By inspecting the graphs it may be observed that the er-
ror in the L2-norm (∥ŵ − ŵh∥0,O) is strongly influenced by the presence or
not of the PML. In fact, if a slight stretching is imposed in the PML layer
(small amplitudes of the attenuation functions, Figs. 4.3a-4.3b), corresponding
to a non-appropriate modelization of the far-field conditions, the L2-norm does
not respect the theoretical estimate in Eqs. (4.70). On the other hand, by in-
troducing a more effective PML layer, the error in the L2-norm progressively
reaches a convergence rate of 2, hence respectful of the theoretical estimate in
Eqs. (4.70).

Conversely, the error in the H1-norm (∥ŵ − ŵh∥1,O) appears always of or-
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Figure 4.5: Comparison between DLSFEM-PML numerical results and analytical solution
(ζ=0.001, G=H=10 in the left PML and G=10, H=0 in the right PML). Normalized
deflection: α=0.7 (a); α=1.3 (c); and normalized rotation: α=0.7 (b); α=1.3 (d). For the
reference mechanical parameters, see Table 4.1.

der O(h), thus verifying estimate (4.71) independently from the presence or
not of the PML, thanks to the natural decay of the evanescent waves for a
highly-damped taut string-foundation system.

A more challenging case study is represented by a nearly undamped sys-
tem (ζ=0.001), for which a suitable absorbing boundary conditions is manda-
tory. A graphical representation of the complete normalized response (deflec-
tion, slope) is displayed in Figs. 4.5, again both in the subcritical (α=0.7) and
in the supercritical (α=1.3) regime. The numerical computations have been
performed with h=0.5 m. In this case a value of G=H=10 has been set in the
left PML, while G=10 and H=0 in the right PML. By observing the graphs
in Fig. 4.3 the very good agreement between the DLSFEM responses and the
analytical ones may be appreciated, again by using a few finite elements. In
addition, it may be noticed that when the wave enters the PML, it is attenuated
by absorption and it decays in a very fast way and that the response attenuation
occurs only over the PML regions.

The effect of the PML on the error in log-log plot against mesh size h is il-
lustrated in Fig. 4.6. In the subcritical regime of velocities (evanescent waves)
the error in the L2-norm is again influenced by the presence or not of the PML,
and, in fact, the theoretical a priori L2-convergence rate is only reached in
Fig. 4.6d for the smaller velocity (blue curve). Hence, the previously discussed
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Figure 4.6: Convergence of DLSFEM-PML in L2- (q=0, continuous line) and H1-
norms (q=1, dot-dashed line), at variable moving load velocity v, for a nearly undamped
system (ζ = 0.001) with respect of amplitudes G=H of the attenuation functions of the
PML: (a) G=H=10−2; (b) G=H=10−1; (c) G=H=1; (d) G=H=10. Norms are evalu-
ated on the computational domain of interest.
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Figure 4.7: Comparison between DLSFEM-PML numerical results and analytical solution as
approaching the critical velocity for a nearly undamped system (ζ=0.001, G=H=10 in
the left PML and G=10, H=0 in the right PML). Normalized deflection: α=0.99 (a) and
α=1.01 (b). For the reference mechanical parameters, see Table 4.1.
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observations for the high-damped case are confirmed even for the nearly un-
damped system. An insufficient amount of attenuation in the PML leads to
inconsistent errors in the supercritical regime, as revealed by the green and
yellow curves in Figs. 4.6a-4.6b. By looking at Figs. 4.6c-4.6d, that is by in-
creasing the magnitude of the attenuation, the performance of the DLSFEM
substantially improves, until reaching the expected rates of convergence estab-
lished in Eqs. (4.70)-(4.71). Thus, as expected, either the higher the moving
load velocity or the smaller the damping, the higher is the demanded capacity
of the PML in absorbing the stationary propagating wave.

Numerical experiments have also been performed for an even more chal-
lenging configuration of the mechanical parameters, by considering the nearly
undamped case (ζ=0.001) with two values of velocity ratio α, one just sub-
critical, α=0.99 and one just supercritical, α=1.01, thus very close to critical
value α=1. This is to inspect the limits up to which the formulation can be
successfully pushed.

The numerical results in terms of normalized deflection are presented in
Fig. 4.7, still showing a very good agreement with respect to the target so-
lution. Therefore, although, as expected, by approaching the critical config-
uration, namely α=1, ζ=0, the performance of the DLSFEM is expected to
deteriorate, such a drop of performance is fairly limited, even for almost criti-
cal configurations, so that the range of α in which this methods performs well
is rather wide. In fact, a smaller, but not so much, mesh size (h=0.2 m) has
been employed, in order to obtain the very accurate numerical outcomes de-
picted in Fig. 4.7. This should be conceived as a point of force of the present
formulation.

4.7 Closing chapter considerations

In the present investigation, a local Discontinuous Least-Squares FEM (DLS-
FEM) formulation with a PML implementation is developed for the numerical
solution of the steady-state dynamic response of a homogeneous infinite taut
string resting on a uniform elastic foundation and subjected to a constant trans-
verse point load moving with a constant velocity along the string. The charac-
terization of the steady-state response can be considered as a static problem in
the moving coordinate.

Based on the expected jump discontinuities of the exact solution, continuity
requirements are locally relaxed by using discontinuous global shape functions
at the loading points, where both compatibility and equilibrium conditions are
weakly enforced through a properly defined least-squares functional. Other-
wise, the solution keeps regular and continuous away from the loading points,
where a standard continuous piecewise-linear approximation is employed.
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The present derived and implemented DLSFEM formulation provides a
unitary and robust numerical tool, from which the steady-state moving load
response can be obtained in the whole space of variation of the characteris-
tic mechanical parameters of the taut string-foundation system, thus requiring
neither special treatments nor user-tunable parameters associated to stabiliza-
tion terms, which are prevalent in traditional schemes. Although the presence
of only one moving load has been assumed in the analyzed problem, a more
general DLSFEM formulation has been developed, by considering the possible
treatment of multiple moving loads.

The continuity and coercivity of the discontinuous functional has been rig-
orously demonstrated (see Theorem 1 in Section 4.4) by an innovative arrange-
ment in matrix form, valid for any linear ordinary differential problem of any
order, with complex-valued coefficients (rewritten as a first-order system), with
interface conditions, thus advancing and completing previous literature deriva-
tions. On this basis, theoretical a priori error estimates have been consistently
derived for the finite element approximation, asserting that the uniform rate
of convergence of the present DLSFEM with equal-order finite elements is of
order two in L2-norm and of order one in H1-norm.

In order to simulate a problem originally defined on an unbounded do-
main, an effective steady-state PML technique in moving coordinates is im-
plemented, thus balancing the geometric truncation of the original unbounded
domain. Quadratic polynomials have been considered for both the attenuation
functions of the considered PML scheme. The stationary Perfectly-Matched
Layer (PML) technique in moving coordinates, analyzed and discussed thor-
oughly in the present chapter, has been successfully implemented within the
DLSFEM formulation, to accurately simulate far-field conditions of the origi-
nal exterior problem into an appropriate boundary value problem.

The validation of the derived theoretical results, together with the effec-
tiveness of the PML as a valuable absorbing layer, have been proven through
several numerical examples, for the moving load physical context of interest,
in which the obtained numerical results have been compared with an available
analytical solution from the literature, for an infinite taut string. Numerical evi-
dences have confirmed that the method reveals to be truly capable of accurately
capturing the prescribed jumps at the loading points. At supercritical veloci-
ties, when the action of the PML becomes mandatory to provide the sought
response, it is shown that the present DLSFEM-PML turns out rather robust,
stable and convergent, even for a very slightly damped system, if a sufficient
amount of attenuation imposed by the PML is selected. Even in this latter case,
the rate of convergence of both H1-norm and L2-norm of the error is shown to
be coherent with the derived theoretical a priori error estimates.

For all the above mentioned reasons, the developed and implemented
DLSFEM-PML formulation shall be considered as rather innovative in the ded-
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icated field. It is the author’s belief that an analogous approach could be de-
veloped for other moving load problems, such as those pertaining to beams
and plates. Therefore, for future developments of this study, which actually
provided an underlying main motivation to pursue the present numerical for-
mulation of a problem already endowed with a closed-from explicit analytical
solution for benchmark reference, there appears a commitment to extend the
present approach to other moving source problems, both in the linear and the
nonlinear contexts.
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Chapter 5

Steady-state response of an infinite
beam on a Pasternak elastic
support under constant moving
load

5.1 Theoretical bases

As disclosed in previous Chapter 4, in the present chapter a homogeneous in-
finite Euler-Bernoulli elastic beam of constant cross-section resting on a uni-
form Pasternak elastic foundation is analyzed. The infinite beam is subjected
to a constant transverse point load moving with a constant velocity along the
beam. Smeared structural viscous damping is accounted for. A steady-state
solution response is sought, derived and interpreted in terms of all the involved
characteristic structural parameters of the beam-foundation system, through
both an analytical explicit closed-form solution and a numerical modelization,
analogous to the one developed in Chapter 4 for determining the steady-state
vibrations of a taut string. After these general premises, detailed analytical and
numerical studies directly related to the specific subject of the present work are
briefly discussed below, to further motivate the problem statement, to outline
the developed method for the analytical solution and to highlight the differ-
ences and novelties of the present work with respect to previous important
research contributions on the subject.

Kerr (1972) [158], a main reference in the present mathematical framing
of the underlying differential problem, studied the effect of a compressive ax-
ial force on an undamped beam-foundation system, which may be induced by
a rise of temperature within the beam. It was shown that the action of the
compressive force progressively decreases to zero the value of the critical ve-
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locity, when it reaches the critical static buckling load of an infinite beam. In
this sense, though the essence of that structural problem is different than that
considered here, the action of a compression force in softening the model is
analogous to the effect of the Pasternak foundation in strengthening it.

Some authors have derived the analytical solution for the steady-state vi-
brations of an infinite beam on a Pasternak foundation, in analogy with the
analysis proposed by Kenney (1954) [155] and Kerr (1972) [158]. Mallik et
al. (2006) [186] and Basu and Kameswara Rao (2013) [17] based their deriva-
tion on a priori assuming an exponential form of the solution, while a Fourier
transform technique was employed by Cao and Zhong (2008) [48] and Uzzal et
al. (2012) [259], to find out the analytical solution for some solution cases. A
purely numerical approach based of a Fast Fourier Transform technique (FFT)
was instead employed by Evcan and Hayir (2013) [90], who numerically an-
alyzed the undamped beam displacement response at subcritical moving load
velocities.

In further details, Mallik et al. (2006) [186] derived the variation of the
dynamic amplification factor of maximum settlement, uplift and bending mo-
ment of the beam as a function of load velocity, by evidencing an analogy with
the frequency response curve of a SDOF system. The critical velocity of the
beam-foundation system under moving load plays the same role of the reso-
nance frequency of the SDOF system, leading to an unbounded response. In
addition, the effect of viscous damping on the dynamic amplification factor
becomes very similar in both cases.

Cao and Zhong (2008) [48] presented the effect of the velocity of the mov-
ing load and of the Pasternak modulus on the dynamic displacement response.
In such a work, damping was not taken into account, and consequently only a
subcritical range of velocities was considered, as in Evcan and Hayir (2013)
[90]. The maximum deflection of the beam, placed always beneath the load,
increased slightly at growing load velocity, and rather significantly by reducing
the Pasternak modulus.

Parametric analyses were also obtained by Uzzal et al. (2012) [259], who
described the variation of the beam deflection and of the bending moment
with respect to different velocity ratios, Pasternak moduli and foundation stiff-
nesses. As a rather unexpected occurrence, the reported results seemed to dis-
play some differences with respect to the response earlier depicted by Mallik
et al. (2006) [186].

Basu and Kameswara Rao (2013) [17] investigated deflection, bending mo-
ment, shear force and contact pressure for a load moving at subcritical and
supercritical velocities, for different damping ratios. The dependence of the
critical velocity and of the critical damping, namely the amount of damping
for which the wavelength of the wave propagating behind the load becomes
infinite, on the foundation parameters was also investigated.
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Even though analytical and numerical solutions have been determined in the
studies above, their application seems to have been limited to certain combi-
nations of beam and foundation stiffness parameters, and some considered just
the undamped case. In fact, no previous proposals considered the possibility
of a considerable Pasternak modulus GP , e.g. GP>

√
4kEJ , where EJ is the

beam bending stiffness and k is the Winkler support coefficient. However, as
already noticed by Razaqpur and Shah (1991) [225], since the stiffnesses of
the beam or of the support may widely vary, values GP>

√
4kEJ may apply

and, hence, a full solution range may be needed for the moving load problem.
Moreover, the investigation on “high” values of GP has indeed led to reveal
a second branch in the critical damping curve, depicted later in the chapter in
Fig. 5.6, each branch corresponding to a specific traveling wave pattern, shift-
ing from propagating to evanescent wave, either in front (left branch) or behind
(right branch) the moving load position, thus showing an important new feature
of the present analytical solution.

In order to provide an analytical tool endowed of a general validity, the
first objective of the present chapter is to analyze all possible instances of the
characteristic system parameters and to analytically derive a universal explicit
formulation for the steady-state response, by a rigorous Fourier transform ap-
proach. Such an approach avoids the need of using distinct expressions of the
final analytical solution, like as it was proposed in previous research works.
Through a complete mathematical treatment, a comprehensive classification
of all solution cases is achieved in the chapter, according to the values of the
characteristic system parameters, which determine the nature of the poles of
the Fourier transform of the solution. By virtue of such a classification, an “a
priori” characterization about how the beam-foundation steady-state response
shape changes according to the paths followed in the space of the system pa-
rameters, by varying load velocity, Pasternak shear modulus and damping co-
efficient, is developed. Characteristic features of the steady-state response such
as critical velocity and critical damping are rigorously derived and interpreted.
A unified analytical representation of the solution is also obtained and then
adopted to plot, inspect and interpret the associated structural response.

The present analysis focuses on the various mathematical steps of the deriva-
tion and on their implications in the external manifestation of the achieved
steady-state solution. The motivation of the present research work is to provide
a whole complete and general solution, seemingly lacking in the several con-
tributions dispersed in the literature, accounting all together for the presence
of Pasternak modulus, structural viscous damping and the other characteristic
mechanical parameters of the beam-foundation system, possibly varying over
all their range of existence, thus becoming useful for reference and validation
of numerical implementations of moving load problems, in all possible param-
eter and solution ranges. Such a derivation is conceived as to be rigorous and
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self-contained, so that the reader may follow all the truly needed and available
steps. This has led to one of the main results of the chapter, as condensed in
the synoptic chart later shown in Fig. 5.4 (and solution regions in Fig. 5.2),
complementing the previous contributions above. Such an achievement would
allow readers to analytically plot and inspect the analytical solution, at vari-
able system parameters (i.e. by independently reproducing the trends that will
be depicted in following Figs. 5.8-5.12), without wondering much about the
various underlying solution cases.

Moreover, by the continuous advances in computer technology and the rais-
ing demand of effectively solving more complicated modelizations, accounting
also for various sources of possible nonlinearities, robust numerical methods
should be developed, especially for the cases where no analytical solutions may
be found (see e.g. Eftekhari, 2016 [82]). The Least-Squares Finite Element
Method (Jiang, 1998 [145]) developed in the previous chapter shall constitute a
rather general numerical method for finding an approximate solution to a broad
class of physical problems. Among the applications in structural mechanics,
Zienkiewicz et al. (1974) [285] proposed a LSFEM formulation for the plane
elasto-static response of slender beams and plates. Jou and Yang (2000) [149]
and Yang (2000) [276] proposed a finite element method based on least-squares
principles for approximating the solution to a Timoshenko beam problem and
of a circular arch problem with shear deformation, respectively, avoiding the
locking phenomenon as the thickness of the beam tends to zero and achieving
optimal order error estimates for all the unknown variables.

Jiang (2002a,b) [142, 144] analyzed the static problem of plane elastic-
ity and bending of thin plates (Kirchhoff plate theory) by the LSFEM to ac-
commodate all kinds of equal-order interpolations for quadrilateral elements,
such that the two formulations may cooperate together for solving shell prob-
lems. A mathematical analysis of this numerical method was provided by
Duan et al. (2009) [77]. Further, a LSFEM approach for the bending of thin
and thick isotropic plates (Mindlin plate theory) using high-order nodal expan-
sions to span the finite element spaces was presented by Pontaza and Reddy
(2004) [218]. Then, the same authors extended such LSFEM formulation
to the numerical analysis of shear-deformable shell structures (Pontaza and
Reddy, 2005 [219]), the formulation being robust with regard to membrane-
and shear-lockings and yielding highly accurate results for displacements as
well as stresses (or stress resultants). Moleiro et al. (2009) [201] developed two
LSFEM models for the static and free vibration analyses of laminated compos-
ite plates, considering the first-order shear deformation theory with generalized
displacements and stress resultants as independent variables.

Since the considered moving load problem displays a jump discontinuity
in the shear force at the point where the moving load is acting, the continuity
requirements on the trial space may be relaxed by using discontinuous global
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shape functions at such a point. Hence, a local DLSFEM numerical approach
represents a valid computational tool by which obtaining an accurate approx-
imation for the response of a beam under moving load, following the same
approach earlier pursued in Chapter 4 in case of a taut string.

As discussed in Chapter 4, the numerical solution to exterior problems rep-
resents a source of numerical troubles and a suitable ABC has to be intro-
duced in order to simulate the original problem posed on an unbounded do-
main. In the previous chapter, a Perfectly Matched Layer (PML) technique
has been described in detail and implemented together with the DLSFEM,
within a second-order differential context (taut string on visco-elastic founda-
tion). Previous studies have confirmed the successful application of PML tech-
niques for acoustic, elastodynamics, and electromagnetic wave-propagation
problems, which are characterized by PDEs with second-order derivatives in
space. Besides, the application of Perfectly Matched Layers for flexural waves
inside beams, involving fourth-order PDEs, are seemingly limited to a few
very recent results, and characterized by rather conflicting outcomes. To the
author’s best knowledge, first attempts in the application of a PML as an ab-
sorbing layer for studying wave propagation in beams were undertaken by Lan-
cioni (2012) [171], who highlighted some convergence and stability problems
relative to the numerical outcomes.

On the other hand, Arbabi and Farzanian (2014) [8] proposed a numerical
implementation of a standard PML technique for the equation of motion of
a beam, leading to a nonlinear classic Galerkin FEM (GFEM) formulation,
solved by a Newmark algorithm along with a Newton-Raphson iteration at
each time step. However, the results reported by these authors to validate their
model were rather limited and, according to their implementation, a nonlinear
procedure seemed to be always needed to solve even a linear problem. In a
more recent work, Morvaridi and Brun (2016) [204] actually combined the use
of a PML with the insertion of additional boundary conditions, which shall be
nothing as asymptotic boundary conditions (Lentini and Keller, 1980 [174])
or Dirichlet to Neumann (DtN) conditions (Givoli, 1992 [110], Andersen et
al., 2001 [5]), but written within the PML transformed domain. Hence, the
latter added boundary conditions shall make that PML strategy not a “pure”
one and truly appear as those assuring the outward waves not to be reflected.
A new, true, effective PML technique for a fourth-order differential problem is
originally derived here, in the present fourth-order context of beam vibration.

Hence, the second purpose of the present study is to derive a robust and ef-
ficient computational tool for numerically simulating the steady-state response
in convected coordinate of an infinite beam on a Pasternak visco-elastic foun-
dation under a constant transverse moving load. Therefore, a local Discontin-
uous Least-Squares Finite Element Method (DLSFEM) with appropriate PML
is formulated and implemented. The numerical method is characterized by
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highly accurate results for the displacements as well as the rotations, and for
the bending moments and the shear forces, and is endowed of a general validity
in the whole space of variation of the characteristic mechanical parameters of
the beam-foundation system. The convergence of the method has already been
discussed in the previous chapter.

Despite for the similarity of the numerical approach, the present investi-
gated beam response constitutes a completely different differential problem
(of a fourth-order) with respect to that of the taut string (second-order) and
involves a totally different, new, PML formulation. In fact, a new, effective
fourth-order PML technique is proposed here for handling the issue of spu-
rious reflections and non-evanescence of the flexural waves at the truncated
boundaries of the finite computational domain of slender beams apt to describe
the transverse steady-state response under moving load. Specifically, this shall
be conceived as a “pure” PML approach, in the sense of both eliminating the
reflections and making the progressive waves to become evanescent on an un-
bounded domain, without recurring to additional ad-hoc boundary conditions
(as instead attempted by Morvaridi and Brun, 2016 [204]). To the best of the
author’s knowledge, this approach represents a wholly innovative contribution,
filling the gap between the existing absorbing boundary and PML approaches
for handling flexural waves.

The effectiveness of the PML technique, of the theoretical results attached
to the DLSFEM formulation and of their practical validity is proven for the
physical moving load problem under consideration, by comparing the obtained
numerical results with the analytical solution for the steady-state condition de-
rived in the first part of the present chapter, showing a full agreement and a
perfect match.

An overview on the structure of the chapter is as follows. In the continu-
ation of the present section, the steady-state formulation governing an infinite
Euler-Bernoulli elastic beam resting on a Pasternak foundation in convected
coordinate is introduced, along with the interface conditions at the point of ap-
plication of the load and the conditions at infinity. In Section 5.2 a complete
Fourier transform approach developed for deriving the analytical solution is re-
ported. After the determination of the general parametric form of the poles of
the Fourier transform of the solution, the analytical solution is finally derived
in exact closed form by inverting the Fourier transform, according to a univer-
sal solution representation. The singular cases of critical velocity and critical
damping are also derived and analyzed. In Section 5.3, normalized curves of
the complete steady-state response of the beam-foundation system (deflection,
rotation, bending moment and shear force) are represented, and their depen-
dence on the characteristic parameters of the dynamical system is discussed.

Regarding the numerical formulation, the discussion on the ineffectiveness
of standard PML techniques for treating far-field conditions of fourth-order
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ODEs and the derivation of a new effective PML and the corresponding dif-
ferential equation are delivered in Section 5.4. Next, Section 5.5 is devoted to
the present DLSFEM-PML formulation and implementation (within a Matlab
environment) and to the outcomes gathered from numerical simulations in-
volving the complete normalized steady-state response of the beam-foundation
system (deflection, slope, bending moment and shear). Such numerical results
are compared to the outcomes of the above-mentioned analytical solution, in
order to support the statements of Section 4.4 in terms of uniform error esti-
mates in both L2- and H1-norms and to validate the application of the present
DLSFEM-PML approach. Finally, main concluding remarks are resumed in
closing Section 5.6. The achievements of the present chapter may also be found
in Froio et al. (2017,2019) [102, 104].

5.1.1 Problem formulation

Consider an infinite Euler-Bernoulli elastic beam lying on a Pasternak vis-
coelastic foundation, as sketched in Fig. 5.1, endowed with a right-handed sys-
tem of rectangular coordinates (X ,Y ,Z) and a time variable t [s]; the X-axis
(longitudinal axis) is taken along the beam axis while the Y -axis (transverse
vertical axis) and the Z-axis (transverse horizontal axis) are assumed to coin-
cide with the principal axes of inertia of the beam cross-section; the positive
direction of the Z-axis is taken vertically upward. The positive direction for
measuring beam slopes (cross-section rotations) is conformal to typical usage,
i.e. according to the right-handed screw rule. A positive bending moment in-
dicates tensile stresses in the bottom of the beam and positive shear indicates
that the left side of the beam tends to rise. The infinite beam lying on an elastic
foundation is traversed by a constant force F [N], positive if upward, moving
from −∞ to +∞ at a constant velocity v [m/s]. Load is taken upward for the
derivation of the equations; it will finally act downward in the final presented
applications.

In such a reference frame, the of motion describing the transverse deflec-
tion w=w(X, t) of the elastic beam on a Pasternak viscoelastic support, within

Figure 5.1: Infinite Euler-Bernoulli elastic beam resting on a viscoelastic Pasternak foundation
under a uniform load F moving at constant velocity v along the beam.
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an infinitesimal strain framework, is represented by the following fourth-order
PDE (see e.g. Mallik et al., 2006 [186]):

EJ w
(4)
X + µw

(2)
t −GP w

(2)
X + cdw

(1)
X + k w = Fδ(X − vt); (5.1)

where E [N/m2] is the elastic modulus of the material, J [m4] is the central
moment of inertia of the beam cross-section around the Y -axis and µ [kg/m]
is the mass per unit length of the beam, i.e. the three characteristic mechan-
ical parameters of the beam; also, regarding the elastic foundation, accord-
ing to standard notation as reported in Wang et al. (2005) [268], k [N/m2] is
the elastic stiffness of the distributed foundation springs, named also modu-
lus of subgrade reaction or Winkler foundation modulus (first stiffness param-
eter of the Pasternak elastic foundation) and GP [N] is the Pasternak shear
modulus of the interconnecting shear layer (second stiffness parameter of the
Pasternak elastic foundation), namely the further two parameters of the elastic
support; cd [Ns/m2] is the viscous damping coefficient per unit length of the
beam-foundation system; all such characteristic parameters are assumed to be
constant in both space and time. Moreover, the unknown transverse deflection
of the beam induced by the acting moving load has been labeled as w(X, t) [m]
(positive in the Y direction); finally, F [N] on the right-hand side of Eq. (5.1) is
the constant magnitude of the concentrated moving load, v [m/s] is its velocity
and δ(·) is the Dirac delta function.

By assuming steady-state conditions, i.e. supposing that the effects of tran-
sients due to the initial conditions during the first evolution of the system are
negligible at later stages, it is possible to directly correlate beam transverse
displacement w(X, t) to the character of forcing action Fδ(X−vt) acting on
the infinite beam. In other words, this means that, under steady-state condi-
tions, w(X, t) can be assumed to display the following form (see e.g. Kenney,
1954 [155] and Frýba, 1972 [105]):

w(X, t) = w0ŵ(X − vt); (5.2)

where ŵ(X−vt) is a dimensionless steady-state deflection of the beam, mea-
sured at locations X−vt [m] relative to the position vt of the moving load,
and w0 [m] is a normalizing factor, to be defined later. Hence, the definition in
Eq. (5.2) characterizes the solution w(X, t) as a “traveling wave”, moving at
velocity v.

Furthermore, since the beam-support system displays homogeneous charac-
teristics, it becomes suitable to rewrite PDE (5.1), with w(X, t) as in Eq. (5.2),
with respect to a moving reference frame attached to the position of the mov-
ing load, by introducing the following new non-dimensional real independent
variable:

s = λ(X − vt) = λx; −∞ < s < +∞; (5.3)
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where variable x is the corresponding dimensional counterpart (−∞<x<+∞)
and

λ =

(
k

4EJ

)1/4

[m−1] (5.4)

is the so-called wave number (Graff, 1975 [116]) of the corresponding static
problem (v=0), for a Winkler elastic foundation (GP=0), namely 2π times the
inverse of the wavelength of the resulting static displacement function, repre-
sented in space as a function of λX . Then, its inverse λ−1 [m] is also fre-
quently referred to as the characteristic length of the infinite beam (Hetényi,
1946 [125]). In the following analytical derivations, non-dimensional moving
coordinate s will be employed, while dimensional moving coordinate x will be
used for the subsequent numerical approach.

Now, from the change of variables defined in Eq. (5.3), Eq. (5.2) reads

w(X, t) = w0 ŵ(s); (5.5)

and the chain rule of differentiation on Eq. (5.5), with s defined in Eq. (5.3),
yields:

w
(k)
X (X, t) = w0λ

kŵ(k)
s (s), w

(k)
t (X, t) = (−1)kw0λ

kŵ(k)
s (s). (5.6)

Substituting Eqs. (5.5) and (5.6) into PDE (5.1), by taking into account
the following characteristic property of the Dirac delta function (Buschman,
1996 [46]):

δ(X − vt) = δ (x) = λδ(s); (5.7)
and rearranging all terms, Eq. (5.1) leads to the following fourth-order ODE in
the unknown steady-state non-dimensional displacement ŵ(s):

λ4EJ ŵ(4)
s (s)+λ2(µv2−GP ) ŵ

(2)
s (s)−λvcd ŵ(1)

s (s)+k ŵ(s)=
λF

w0

δ(s). (5.8)

The far-field boundary conditions relative to ODE Eq. (5.8) are specified
by stipulating that at an infinite distance to the right, as well as to the left, of
moving load F , the beam deflection and its derivatives shall vanish:

lim
s→±∞

ŵ(k)
s (s) = 0; k = 0, 1, 2, 3. (5.9)

Hence, the advantage of transforming the equation of motion into a moving
reference frame is that the steady-state solution becomes time invariant, i.e. it
may be obtained as by solving a purely static problem, since the time variable
has explicitly disappeared.

For the purposes of the forthcoming analytical developments and ensu-
ing discussion, the following two non-dimensional real characteristic param-
eters α, β are introduced:

α =
µv2 −GP

4λ2EJ
=
v2 −GP/µ√
4kEJ/µ

=
v2 −GP/µ

v2cr,W
=

(
v

vcr,W

)2

− gp; (5.10)
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β =
vcd
λ3EJ

= 8
v

vcr,W
ζ ≥ 0; (5.11)

where parameters

gP =
GP

µv2cr,W
=

GP√
4kEJ

; ζ =
cd

2
√
kµ

; (5.12)

are the non-dimensional Pasternak modulus of the foundation and the damping
ratio, respectively, and where

vcr,W = 2λ

√
EJ

µ
= 4

√
4kEJ

µ2
(5.13)

is the critical velocity of the moving load problem for a Winkler elastic foun-
dation, i.e. for GP=0 (see e.g. Kenney, 1954 [155]), as re-derived in the
subsequent sections.

By virtue of such mathematical definitions of α and β, ODE (5.8) finally
becomes

ŵ(4)
s (s) + 4α ŵ(2)

s (s)− β ŵ(1)
s (s) + 4 ŵ(s) = F̂ δ(s); (5.14)

where
F̂ =

F

λ3EJw0

(5.15)

is a non-dimensional amplitude of the moving load.
Consequently, non-dimensional steady-state rotation, bending moment and

shear force, as a function of nondimensional variable s, may be written in terms
of the following relations:

θ̂(s)=
θ(X−vt)

θ0
=

1

θ0
w

(1)
X (X−vt)= w0λ

θ0
ŵ(1)

s (s)= ŵ(1)
s (s); (5.16a)

M̂(s)=
M(X−vt)

M0

=
EJ

M0

w
(1)
X (X−vt)=EJw0λ

2

M0

ŵ(2)
s (s)= ŵ(2)

s (s); (5.16b)

Ŝ(s)=
S(X−vt)

S0

=
EJ

S0

w
(1)
X (X−vt)=EJw0λ

3

S0

ŵ(3)
s (s)= ŵ(3)

s (s); (5.16c)

where
θ0 = λw0, M0 = λ2EJ w0, S0 = λ3EJ w0 (5.17)

are chosen normalization factors for rotation, bending moment and shear force,
respectively, so that θ̂(s), M̂(s) and Ŝ(s) are directly expressed as the deriva-
tives of unknown ŵ(s). These will be set at a later stage.

Hence, it appears that the steady-state response of the beam-support system
is mathematically ruled by non-dimensional parameters α, β in Eqs. (5.10)-
(5.11). The explicit analytical solution of Eq. (5.14) for some combinations
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of parameters α, β has been already conjectured in the literature, as earlier
discussed in the Introduction. In the following sections, an accurate analysis
of the general solution of Eq. (5.14), parametrized with respect to α, β, is
developed, based on a rigorous derivation by a full Fourier transform approach,
giving rise to a universal parametric representation.

Thus, the present attempt fully completes previous literature derivations and
explores new solution instances that may be obtained for some given values of
non-dimensional physical parameters α, β, outlining a unitary, comprehensive
general formulation of the analyzed steady-state moving load response of a
beam-Pasternak foundation system.

5.1.2 Comments on the definition of the characteristic system parame-
ters

Possible alternative definitions of the characteristic parameters that rule the
analytical problem are feasible, based on the involved mechanical parame-
ters (EJ , µ; k, GP ; c and v). In particular, by inspecting Eqs. (5.10)-(5.14)
three main characteristic parameters appear to rule the beam-foundation sys-
tem response (GP , c and v, or their non-dimensional counterparts gP , ζ and
v/vcr,W ). The definition of α in Eq. (5.10) is consistent with that provided by
Frýba (1972) [105] for a Winkler foundation (GP=0), so that when GP=0 the
two definitions come up to coincide. Consequently, in order to achieve a dif-
ferential equation containing two parameters only, parameter β in Eq. (5.11)
has been defined as a function of both damping ratio and velocity ratio. This
choice allows for a 2D representation of the solution domain in terms of two
parameters α, β as done in Fig. 5.2, instead of a 3D representation on the
above-mentioned three physical parameters. The links between the former and
the latter representation will be extensively illustrated in Fig. 5.7.

The present “mathematical” definition goes to the core of the analytical
derivation, allowing for a true decoupling of effects in mathematical terms and
referring to the source differential equation (see final differential Eq. (5.14)).
Thus, the above definitions constitute those leading to the simplest mathemat-
ical inspection, also for its physical implications, entailing the minimum num-
ber of parameters governing the system response. In fact, whatever choice of
the parameters based on physical considerations will lead to three independent
parameters governing the system (as shown in Eqs. (5.10)-(5.11)), thus mak-
ing it more intricate the a “priori” analysis of the possible evolutions of the
system. In this sense, α, β shall be conceived as “mathematical” parameters,
more than “physical” parameters, apt to rule the solution regimes in fourthcom-
ing Fig. 5.2, and relevant outcoming solution characteristics, without impeding
to appreciate physical implications in subsequent Fig. 5.7, as shown in the fol-
lowing sections.
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5.2 Analytical solution

5.2.1 Application of the Fourier transform

The analytical solution to Eq. (5.14) with far-field conditions in Eq. (5.9) may
be derived by the application of the Fourier integral transform, by starting from
the following fundamental definitions:

Ŵ (q) =

∫ ∞

−∞
ŵ(s)e−isq ds; ŵ(s) =

1

2π

∫ ∞

−∞
Ŵ (q)eisq dq; (5.18)

where s, q ∈ R, i is the imaginary unit, Ŵ (q) is the Fourier transform of ŵ(s),
and, conversely, ŵ(s) is the inverse Fourier transform of Ŵ (q). By apply-
ing Fourier transform (5.18) to Eq. (5.14), the expression of the Fourier trans-
form Ŵ (q) of ŵ(s) may be represented as

Ŵ (q) =
F̂

q4 − 4αq2 − βiq + 4
=

F̂

P (q)
; (5.19)

where
P (q) = q4 − 4αq2 − βiq + 4 (5.20)

is a fourth-order polynomial with complex coefficients, whose roots (system
poles) take a main role in the subsequent derivation of ŵ(s), since they repre-
sent the four isolated singularities of Fourier transform Ŵ (q).

The solution to Eq. (5.14) is then obtained by using inverse Fourier trans-
form in Eq. (5.18), namely by inverting Ŵ (q) in Eq. (5.19):

ŵ(s) =
F̂

2π

∫ +∞

−∞

eisq

P (q)
dq =

F̂

2π
lim

R→+∞

∫ R

−R

eisq

P (q)
dq; (5.21)

whereR is an auxiliary real parameter, useful to perform the infinite integration
through a limit process as R→∞.

The most widely-used technique for evaluating the complex integral in the
inverse transform of Eq. (5.18), with Ŵ (q) given by Eq. (5.19), namely for
resolving Eq. (5.21), is through a contour integration (Duffy, 2004 [78]). In
that method, an integration along the real axis is converted into a closed con-
tour integration in the complex plane, by adding a semicircle, of an infinite ra-
dius in the limit, which, together with the real axis, forms a closed integration
path. Then, by an analytic continuation of variable q into the entire complex
plane (q ∈ C), the integral in Eq. (5.21) may be expressed as

lim
R→+∞

∫ R

−R

eisq

P (q)
dq = lim

R→+∞

(∮
C

eisq

P (q)
dq −

∫
CR

eisq

P (q)
dq

)
; (5.22)
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where CR is a semicircle centered on the origin of the complex plane, either
in the upper (C+

R ) or lower (C−
R ) half-plane and C=CR ∪ (−R,R) is a closed

curve, obtained by joining semicircle CR and segment (−R,R) on the real axis
(see Fig. 5.3, later shown).

The integrals in Eq. (5.22) converge because the integrand is a meromor-
phic function, namely an everywhere regular function in the complex plane,
except for a finite number of points, called poles, where the integrand diverges
to infinity (see e.g. Bak and Newman, 2010 [15]). Since exponential eisq and
fourth-order polynomial P (q) are entire functions, i.e. functions that are any-
where analytic in the complex plane, the poles of the integrand coincide with
the roots of polynomial P (q) defined in Eq. (5.19).

Furthermore, it may be verified that when radius R finally goes to infinity,
the integral along semicircle CR in Eq. (5.22) vanishes. In fact, by the triangle
inequality, the absolute value of P (q) in Eq. (5.19) is bounded from below as
follows:∣∣P (q)∣∣ ≥ ∣∣q4∣∣− ∣∣− 4αq2

∣∣− |−βiq| − |4| =
∣∣q4∣∣− 4

∣∣αq2∣∣− β |q| − 4; (5.23)

and for q ∈ CR, i.e. for |q|=R, one gets∣∣P (q)∣∣
q ∈CR

≥ R4

(
1−

4
∣∣α∣∣
R2

− β

R3
− 4

R4

)
= mR. (5.24)

As a result, the modulus of the integrand of the integral along semicircle CR in
Eq. (5.22) is bounded from above as follows:∣∣∣∣ eisq

P (q)

∣∣∣∣ =
∣∣eis(a+ib)

∣∣
|P (q)|

=

∣∣e−bs
∣∣

|P (q)|
≤ 1

mR

=

{
for q ∈ C+

R , if s > 0;
for q ∈ C−

R , if s < 0;
(5.25)

where a and b are the real and imaginary parts of q, respectively. Finally, the
application of Jordan’s lemma (see e.g. Duffy, 2004 [78]) leads to the above
stated vanishing result:

0 ≤ lim
R→+∞

∣∣∣∣∫
CR

eisq

P (q)
dq

∣∣∣∣ ≤ lim
R→+∞

2R

mR

∫ ±π
2

0

e−2sRθ/πdθ ≤

≤ lim
R→+∞

π

mR |s|
(
1−e−|s|R) =0.

(5.26)

Consequently, according to Cauchy’s Residue Theorem (Bak and Newman,
2010 [15]), one may write:

ŵ(s) =
F̂

2π
lim

R→+∞

∫ R

−R

eisq

P (q)
dq =

F̂

2π
lim

R→+∞

∮
C

eisq

P (q)
dq =

=
F̂

2π

(
±2πi

n∑
k=1

Res
{
eisq

P (q)
; qk

})
= ±iF̂

n∑
k=1

Res
{
eisq

P (q)
; qk

}
;

(5.27)
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where Res{f ; qk} denotes the residue of function f at pole qk, namely the
coefficient of the minus-one power term of the power series expansions (known
also as Laurent expansions) of f centered at qk; n is the number of isolated
singularities (poles) qk placed inside closed curve C, the plus or minus sign
depending on whether the orientation of C is counterclockwise or clockwise,
respectively. Specifically, the residue for a pole of order m may be evaluated
according to the subsequent formula (Duffy, 2004 [78]):

Res
{
f(q); qk

}
=

1

(m− 1)!
lim
q→qk

(
(q − qk)

m f(q)
)(m−1)

q
. (5.28)

Since the integral in Eq. (5.27) depends on the location of the zeros of poly-
nomial P (q) in the complex plane, it is evident how the characteristic system
parameters α, β, which are contained in the expressions of such roots, may
imply different manifestations of the steady-state solution. The derivation of
the expressions of the poles as a function of the system parameters and the
complete determination of the universal analytical solution in explicit form are
carried out in the following section.

5.2.2 Inversion of the Fourier transform

Parametric location of the poles

Fourth-order polynomial denominator P (q) reported in Eq. (5.19) displays four
zeros in the complex plane. To classify the nature of these roots as a function
of real non-dimensional parameters α, β it is more suitable to analyze real-
coefficient polynomial

P̂ (r) = P (ir) = r4 + 4αr2 + βr + 4 (5.29)

in complex variable r=−iq (Achenbach and Sun, 1965 [2]). Let ∆ be the
discriminant of P̂ (r), i.e. the product of the squares of the differences of the
roots of P̂ (r)=0 (see e.g. Rees, 1922 [226]).

Since the roots are a priori unknown, the following theorem reported by
Rees (1922) [226] turns out to be useful. Denoting by rk the roots of P̂ (r) and
by r′k the roots of the first-order derivative of P̂ (r), namely P̂ ′(r), one has

∆(α, β) =
4∏

k=1

∏
j>k

(rk − rj)
2 = 44

4∏
k=1

P̂ (r′k) =

= 16384
(
α2− 1

)2− 256α
(
α2− 9

)
β2 − 27β4;

(5.30)

where the final expression of ∆(α, β) may be readily verified within Mathe-
matica [274].
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Four distinct
roots

Case 1 ∆ > 0, α < −1 r1=b1; r2=b2;
r3=b3; r4=b4;

q1=b1i; q2=b2i;
q3=b3i; q4=b4i;

Case 2 ∆ < 0, ∀α r1=b1; r2=b2;
r3=b3 + a3i;
r4=b3 − a3i;

q1=b1i; q2=b2i;
q3=−a3 + b3i;
q4=a3 + b3i;

Case 3 ∆ > 0, α > −1 r1=b1 + a1i;
r2=b1 − a1i;
r3=b3 + a3i;
r4=b3 − a3i;

q1=−a1 + b1i;
q2=a1 + b1i;
q3=−a3 + b3i;
q4=a3 + b3i;

At least two
coincident
roots

Case 4 ∆=0, α < −1 r1=b1; r2=b2;
r3=r4 = b3;

q1=b1i; q2=b2i;
q3=q4=b3i;

Case 5 ∆=0, α > −1 r1=b1; r2=b1;
r3=b3 + a3i;
r4=b3 − a3i;

q1=q2=b1i;
q3=−a3 + b3i;
q4=a3 + b3i;

Case 6 β=0, α ≥ 1
(∆ ≥ 0)

r1=a1i; r2=−a1i;
r3=a3i; r4=−a3i;

q1=−a1; q2=a1;
q3=−a3; q4=a3;

Table 5.1: Classification of the nature of roots rk of P̂ (r) and qk of P (q) as a function of
characteristic system parameters α, β; real-valued ai, bi define real and imaginary parts of
the roots.

-6 -4 -2 0 2 4 6
0

5

10

15

20

Α

Β

H1L

H2L

H3L

H4L H5L

H6L

D>0 D<0 D>0

D>0

D
=

0 D=
0

D=0

-1 1

H1L: 4 distinct purely-imaginary
roots

H2L: 2 distinct purely-imaginary

and 2 distinct complex roots

H3L: 4 distinct complex roots

H4L: 4 purely-imaginary roots,

2 coincident roots

H5L: 2 coincident purely-imaginary

and 2 complex roots

à : 2 double purely-imaginary

roots on point Α=-1, Β =0

H6L: 4 real roots

æ : 2 double real roots on
point Α=1, Β =0

Figure 5.2: Graphical representation of the solution regions in the domain of real nondimen-
sional system parameters α, β with the same type of qk roots.

The sign of discriminant ∆ is a fundamental feature to determine the nature
of the poles. In fact, according to a theorem reported by Dickson (1914) [66],
the four roots of quartic equation P̂ (r)=0 with real coefficients and discrim-
inant ∆ take the form reported in Table 5.1. Consequently, by multiplying
roots rk by imaginary unit i, it is straightforward to characterize the form of
roots qk of denominator P (q), also listed in Table 5.1.

A graphical representation of the nature of roots qk of P (q) as a function of
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characteristic parameters α and β is depicted in Fig. 5.2, where a subdivision
of the parametric space into different subdomains is pointed out. Such a par-
tition is fundamental for characterizing the behavior of the beam-foundation
response, as it will be outlined in following Section 5.3.

Parametric expression of the poles

As exposed in Subsection 5.2.1, the key feature for the inversion of the Fourier
transform in Eq. (5.18) is the characterization of the nature of poles qk as a
function of characteristic parameters α, β. In this section, exact symbolic ex-
pressions of these roots are provided.

By virtue of the analysis in Subsection 5.2.2, based on the discriminant
of fourth-order polynomial P (q), roots qk may be written in the subsequent
general form:

q1 = −a1 + ib1; q2 = a1 + ib2; q3 = −a3 + ib3; q4 = a3 + ib4; (5.31)

where a1, a3 and b1, b2, b3, b4 are six real coefficients, labeling the real and
imaginary parts of roots qk, respectively. In order for qk to be a root of poly-
nomial P (q), above-defined coefficients ai and bi have to be related to the
coefficients of P (q).

The definition of such relationships may be accomplished by Vieta’s for-
mulas (see e.g. Vinberg, 2003 [266]), which relate the coefficients of polyno-
mial P (q) to sums and products of its roots, as follows:∑

1≤i≤4

qi = 0; (5.32a)∑
1≤i<j≤4

qiqj = −4α; (5.32b)∑
1≤i<j<k≤4

qiqjqk = −iβ; (5.32c)∑
1≤i<j<k<l≤4

qiqjqkql = 4. (5.32d)

By using other auxiliary real constants Ai, defined as:

A1 = a21 + b1b2; A2 = b1 + b2; A3 = a23 + b3b4; A4 = b3 + b4; (5.33)

and according to Table 5.1, which implies one of the following three occur-
rences:

a1=a3=0 or a1=0 and b3=b4 or a1, a3 ̸=0 and b1=b2, b3=b4; (5.34)

the system of Eqs. (5.32) becomes:

A2 + A4 = 0; (5.35a)
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A1 + A3 + A2A4 = 4α; (5.35b)
(A1A4 + A2A3)i = −βi; (5.35c)
A1A3 = 4. (5.35d)

The solution of the nonlinear system of Eqs. (5.35) may be expressed as:

A1 =
A2

4

2
+ 2α− β

2A4

; A2 = −A4; A3 =
A2

4

2
+ 2α +

β

2A4

; (5.36)

where coefficient A4 comes by solving the following sixth-order polynomial
equation:

A6
4 − 8αA4

4 + 16(α2 − 1)A2
4 − β2 = 0; (5.37)

which may be further recast into a third-order polynomial equation:

t3 − 8αt2 + 16(α2 − 1)t− β2 = 0; (5.38)

by defining auxiliary variable t=A2
4. Since, by definition, A4 in Eqs. (5.33) is

a real number, only positive values of t have to be taken into account amongst
the three solutions of Eq. (5.38). The discriminant of the cubic polynomial in
Eq. (5.38), evaluated in accordance to Dickson (1914) [66], is exactly the quan-
tity ∆ reported in Eq. (5.30), expressing the discriminant of the quartic poly-
nomial in Eq. (5.29). Following a theorem reported by Dickson (1914) [66],
a cubic polynomial equation with real coefficients has always at least a real
root, independently from the sign of its discriminant; furthermore, at least one
positive root must exist since constant term −β2 in Eq. (5.38) is negative.

The choice of the sign of A4=±
√
t is arbitrary and not significant towards

the derivation of the solution, since it induces only an exchange of values
between roots q1, q2 and q3, q4. In the following, a plus sign is considered;
thus, A4 is a non-negative real number. The explicit expression of quantity
A4=

√
t has been derived within Mathematica [274], where Cardan’s formula

is implemented by a built-in function, and takes the following final form:

A4(α, β) =
1√
3

√
16(α2 + 3)

f(α, β)
+ f(α, β)− 8α; (5.39a)

f(α, β) =
3

√
27

2
β2 + 64α(α2 − 9) + 3

√
3

2

√
−∆(α, β). (5.39b)

It may be shown that expressions in Eqs. (5.39) always lead to a real non-
negative coefficient A4. Then, the final expressions of unknown coefficients
a1, a3, b1, b2, b3, b4 become:

a1 =

{
0 if 4A1 − A2

4 = A2
4 + 8α− 2β/A4 ≤ 0;

1

2

√
4A1 − A2

4 otherwise (∆ > 0, α ≤ −1);
(5.40a)
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a3 =

{
0 if 4A3 − A2

4 = A2
4 + 8α + 2β/A4 ≤ 0;

1

2

√
4A3 − A2

4 otherwise (∆ < 0; ∆ > 0, α ≥ −1);
(5.40b)

b1,2 = −1

2

(
A4 ∓

√
4a21 − 4A1 + A2

4

)
; (5.40c)

b3,4 =
1

2

(
A4 ∓

√
4a23 − 4A3 + A2

4

)
; (5.40d)

where the choice between the two alternatives for a1 and a3, prescribed by
Eqs. (5.40a) and (5.40b), respectively, is determined by the sign of the quantity
under square root. Since A4=

√
t is, by definition, a non-negative quantity,

from Eqs. (5.31) and Eqs. (5.40) it results that roots q1, q2 are always placed in
the lower half-plane of the complex plane, while roots q3, q4 are located in the
upper half-plane.

The possible loci of the roots in the complex plane arising from the above
analysis are represented in Fig. 5.3, where contour paths explained earlier in
Subsection 5.2.1 are also depicted.

It is noteworthy to mention that the possibility of a vanishing A4 represents
a singular case in the above derivation, meaning that the roots of P (q) cannot
be represented by Eqs. (5.40). This occurrence corresponds to the appearance
of four real roots, as it will be shown in following Subsection 5.2.3. The deriva-
tion of the final analytical solution by contour integration now follows.

Derivation of the universal analytical solution

According to the graphical representation of the poles (Table 5.1) provided in
Figs. 5.3a-5.3c and given Eq. (5.28), the residues of the integrand in Eq. (5.27)
for non-coincident poles (poles of first-order) are computed as:

Res
{
eisq

P (q)
; qk

}
=

eisqk

P ′(qk)
= eisqk

4∏
j=1, j ̸=k

(qk − qj)
−1; (5.41)

and then the final non-dimensional deflection solution becomes

ŵ−(s)=iF̂
(q2−q4)(q3−q2)eiq1s −(q1−q3)(q4−q1)eiq2s

(q1−q2)(q1−q3)(q2−q3)(q1−q4)(q2−q4)
, for s≤0; (5.42a)

ŵ+(s)=iF̂
(q3−q1)(q3−q2)eiq3s −(q4−q2)(q4−q1)eiq4s

(q3−q4)(q1−q3)(q2−q3)(q1−q4)(q2−q4)
, for s≥0. (5.42b)

By further rearranging terms in Eq. (5.42), the non-dimensional deflection
solution may be written as follows:

ŵ(s) = ŵ−(s) =
F̂

B5

B2e
−(a1i+b1)s −B1e

(a1i−b2)s

B1B2

, for s ≤ 0; (5.43a)
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ŵ(s) = ŵ+(s) =
F̂

B6

B4e
−(a3i+b3)s −B3e

(a3i−b4)s

B3B4

, for s ≥ 0; (5.43b)

where coefficients Bi, introduced to further simplify the notation, are defined
as

B1 = (q1 − q3)(q4 − q1) =
β

A4

+ A2
4 − A4B5; (5.44a)

B2 = (q3 − q2)(q2 − q4) =
β

A4

+ A2
4 + A4B5; (5.44b)

B3 = (q1 − q3)(q2 − q3) =
β

A4

− A2
4 − A4B6; (5.44c)

B4 = (q1 − q4)(q2 − q4) =
β

A4

− A2
4 + A4B6; (5.44d)

B5 = −(q1 − q2)i = i
√
A2

4 + 8α− 2β/A4; (5.44e)

B6 = −(q3 − q4)i = i
√
A2

4 + 8α + 2β/A4; (5.44f)

and the coefficients involved in the exponential functions have been written as:

a1i + b1 = −A4 −B5

2
; (5.45a)

a1i − b2 =
A4 +B5

2
; (5.45b)

a3i + b3 =
A4 +B6

2
; (5.45c)

a3i − b4 = −A4 −B6

2
; (5.45d)

where coefficient A4 has been defined in Eqs. (5.39). From the expressions of
the solution in Eqs. (5.43), the steady-state solution turns out proportional to F̂
(thus to the moving load amplitude F ), as it was expected from the linearity of
the source differential equation.

By combining Eqs. (5.43)-(5.44)-(5.45), the final universal non-dimensional
solution of the steady-state vibration of the infinite beam in explicit form is
given by

ŵ(s)=ŵ−(s)=
F̂

B5

B2e
(A4−B5)s/2 −B1e

(A4+B5)s/2

B1B2

, for s≤0; (5.46a)

ŵ(s)=ŵ+(s)=
F̂

B6

B4e
−(A4+B6)s/2 −B3e

−(A4−B6)s/2

B3B4

, for s≤0; (5.46b)

161



Notice that when coefficient B5 becomes purely imaginary, that is when
∆>0 and α≥−1, the half of its absolute value (|B5|/2) represents the fre-
quency of oscillation of the wave propagating backward with respect to the
moving load (ŵ−(s)). Instead, when B5 is real, no propagation of waves ap-
pears behind the moving load, but the response is described by the difference
of two exponentially decaying functions (evanescent wave). Accordingly, the
same features characterize the response of the part of the beam placed on the
right of the moving load (ŵ+(s)), in terms of coefficient B6; in fact, if B6 be-
comes purely imaginary (∆<0 or ∆>0 and α≥−1), |B6|/2 represents the fre-
quency of oscillation of the wave propagating forward from the moving load.

The final achieved analytical representation of the steady-state response is

(a) (b)

(c) (d)

(e) (f)

Figure 5.3: Poles qk in the complex plane (Case 1 (a); Case 2 (b); Case 3 (c); Case 4 (d);
Case 5 (e); Case 6 (f)).
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SYNOPSIS OF THE STEADY-STATE ANALYTICAL SOLUTION

Definitions

• s = λ(x− vt); λ =
4

√
k

4EJ
;

• w(s) = w0ŵ(s); F̂ =
F

λ3EJw0
;

• α =
v2 −GP /µ

v2cr,W
; β =

vcd
λ3EJ

; vcr,W = 4

√
4kEJ

µ2
;

Governing differential equation and boundary conditions

• ŵ(4)
s (s) + 4αŵ(2)

s (s)− βŵ(1)
s (s) + 4ŵ(s) = F̂ δ(s), −∞ < s <∞;

• lim
s→±∞

ŵ(s) = 0; lim
s→±∞

ŵ(1)(s) = 0;

General solution (∆ ̸= 0)�

�

�

�
� ŵ(s) = ŵ−(s) =

F̂

B5

B2e
(A4−B5)s/2 −B1e

(A4+B5)s/2

B1 B2
, for s ≤ 0;

� ŵ(s) = ŵ+(s) =
F̂

B6

B4e
−(A4+B6)s/2 −B3e

−(A4−B6)s/2

B3 B4
, for s ≥ 0;

where:
• B1 =

β

A4
+A2

4 −A4B5; B2 =
β

A4
+A2

4 +A4B5; B5 = i
√

A2
4 + 8α− 2β/A4;

• B3 =
β

A4
−A2

4 −A4B6; B4 =
β

A4
−A2

4 +A4B6; B6 = i
√

A2
4 + 8α+ 2β/A4;

• A4(α, β) =
1√
3

√
16(α2 + 3)

f(α, β)
+ f(α, β)− 8α;

• f(α, β) =
3

√
27

2
β2 + 64α(α2 − 9) + 3

√
3

2

√
−∆(α, β);

• ∆(α, β) = 16384
(
α2− 1

)2− 256α
(
α2− 9

)
β2 − 27β4

Figure 5.4: Synoptic chart of the universal steady-state analytical solution of the beam-
Pasternak foundation system. Corresponding responses are plotted in Figs. 5.8-5.11.

resumed in synoptic form in the sketch provided in Fig. 5.4, where all the nec-
essary ingredients are included. The representation and interpretation of such
achieved analytical steady-state solution is going to be presented and discussed
in detail in Section 5.3, but, first, singular cases of the dynamic response are
further commented in Section 5.2.3 below.

Notice that, despite for these singular cases, the achieved analytical solu-
tion provides a universal representation for all the regular solution instances,
namely Cases (1), (2) and (3) with ∆̸=0 in Fig. 5.2. This is a main achievement
of the present derivation, with respect to the previous cited attempts from the
existing literature.
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From the final expression of the solution in Eqs. (5.46), it is straightforward
to derive the normalized response characteristics (Eqs. (5.16)) at the point un-
derneath the load (s=0), which take the following analytical representations:

ŵ(0)=F̂
B2−B1

B1B2B5

= 2F̂
A4

B1B2

= F̂
2A3

4

2A6
4+8αA4

4+β
2
; (5.47a)

θ̂(0)=F̂
B2(A4−B5)−B1(A4+B5)

2B1B2B5

= F̂
A4β

2A6
4+8αA4

4+β
2
; (5.47b)

M̂(0)=F̂
B2(A4−B5)

2 −B1(A4+B5)
2

4B1B2B5

= F̂
−A3

4 (A
2
4+4α)

2A6
4+8αA4

4+β
2
; (5.47c)

Ŝ(0−)= F̂
B2(A4−B5)

3−B1(A4+B5)
3

8B1B2B5

=
F̂

2

(
A4β(A

2
4+4α)

2A6
4+8αA4

4+β
2
−1

)
; (5.47d)

Ŝ(0+)= F̂
B3(A4−B6)

3−B4(A4+B6)
3

8B3B4B6

=
F̂

2

(
A4β(A

2
4+4α)

2A6
4+8αA4

4+β
2
+1

)
. (5.47e)

which will be used in the later illustrations in Section 5.3.

5.2.3 Singular cases

The analytical solution in Eq. (5.46), provided in parametric form, is able to
represent the response of the system everywhere in the domain of system pa-
rameters α and β, except for two singular situations (Cases (4)-(5) and Case (6)
in Table 5.1 and Figs. 5.2-5.3):

• the first considered singular instance corresponds to Case (6), namely
∆≥0, with α≥1 and β=0, and is referred to the occurrence in which
coefficient A4 becomes null (situation which also includes the case when
coefficients Bi, i=1, 2, 3, 4, may vanish);

• the second considered singular situation occurs when B5 or B6, which
appear in the denominators of ŵ−(s) and ŵ+(s), respectively, become
null; from their definitions given in Eqs. (5.44e) and (5.44f), B5 or B6

may become null if and only if poles q1, q2 and q3, q4 come to coincide,
respectively, that is if ∆=0 (Cases (4)-(5)).

For these two specific occurrences, treated in the following, the solution has
to be derived independently from Eq. (5.46), leading to the derivation of the
critical velocity and of the critical damping for a beam-Pasternak foundation
system, respectively.

Undamped supercritical stage and critical velocity

As earlier mentioned in Subsection 5.2.2, the singular case of A4(α, β) becom-
ing null must be separately treated from the above derived general formulation.
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As it may be checked from Eqs. (5.39), this situation occurs for β=0 and α≥1,
corresponding to Case (6) in Table 5.1 and Figs. 5.2-5.3. The resulting expres-
sions of the four real roots of P (q) become:

q1=−a1=−
√
2

√
α−

√
α2 − 1; q2=a1=

√
2

√
α−

√
α2 − 1; (5.48a)

q3=−a3=−
√
2

√
α +

√
α2 − 1; q4=a3=

√
2

√
α +

√
α2 − 1. (5.48b)

In deriving the non-dimensional solution of Eq. (5.14) in case of real roots,
the first step is to avoid the singularity on the integration path by deforming the
contour in a small, semicircular path (indentation) either above or below the
poles (in the sense of Cauchy principal value, see Duffy 2004 [78]). Such an
indentation will include or exclude a singularity from the contour of integra-
tion, depending on whether the overall closure of the contour is above or below
the real axis. The indentations of the paths represented in Fig. 5.3f are deter-
mined in continuity with the representation in Fig. 5.3c, i.e. by including the
same poles, having now null imaginary parts (β=0), within the corresponding
contours.

Then, the non-dimensional solution of Eq. (5.14) for this singular case is
obtained as:

ŵ−(s) = −iF̂
e−ia1s − eia1s

−2a1(a21 − a23)
= F̂

sin(a1s)

a1(a21 − a23)
, for s ≤ 0; (5.49a)

ŵ+(s) = iF̂
e−ia3s − eia3s

−2a3(a23 − a21)
= F̂

sin(a3s)

a3(a21 − a23)
, for s ≥ 0. (5.49b)

Eqs. (5.49) show that resonance occurs as α approaches 1 (a1=a3=
√
2,

double pole on the real axis), in the sense that the amplitude of the traveling
waves, which increases without bound, can no longer be defined. The nonex-
istence of the solution may be also justified by the nonexistence of the integral
in Eq. (5.21) for α=1:

ŵ(s) =
F̂

2π

∫ +∞

−∞

eisq

P (q)
dq =

F̂

2π

∫ +∞

−∞

eisq

(q −
√
2)2(q +

√
2)2

dq; (5.50)

even in the sense of Cauchy principal value, as it was shown by Buta and
Jones (1964) [47] and by Achenbach and Sun (1965) [2].

By inverting Eq. (5.10), with α=1, the velocity of the moving load at which
such instability occurs, i.e. the critical velocity for a beam-Pasternak founda-
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tion system, is obtained as

vcr,P =

√
v2cr,W +

GP

µ
= vcr,W

√
1+gP =

= vcr,W

√
1+

√
GP

k

√
GP

EJ
= vcr,W

√
1+λ2

GP

k
;

(5.51)

where gP and vcr,W were defined in Eq. (5.12) and Eq. (5.13), respectively.
The expression of the critical velocity in Eq. (5.51) is the same as that reported
by Kerr (1972) [158], by Mallik (2006) [186] and by Basu and Kameswara
Rao (2013) [17]. Eq. (5.51) reveal three different interpretation trends for
Pasternak/Winkler critical velocity ratio vcr,P /vcr,W , as illustrated in Fig. 5.5
and discussed below.

Indeed, a graphical description of the Pasternak/Winkler critical velocity ra-
tio, expressed as a function of the stiffness parameters of the beam-foundation
system according to the three expressions in the second line of Eq. (5.51),
is provided in Fig. 5.5. In particular, as it can be appreciated in Fig. 5.5a,
the critical velocity for a beam-Pasternak foundation system is represented by
an increasing function of parameter gP in Eq. (5.12), i.e. of Pasternak mod-
ulus GP , and results always larger than that for a Winkler beam-foundation
system, which may be taken as a sub-case by setting GP=0.

A graphical description of the Pasternak/Winkler critical velocity ratio, ex-
pressed as a function of the stiffness parameters of the beam-foundation system
according to Eq. (5.51), is shown in Fig. 5.5. The Pasternak/Winkler critical
velocity ratio depending on the ratios between Pasternak modulusGP and both
Winkler foundation coefficient k and beam bending stiffness EJ , respectively.
Given the high initial steepness of the curves in these plots, the velocity ratio
grows rather quickly, even for small values of the Pasternak/Winkler coefficient
ratio, meaning that the threshold of the critical velocity may be raised by con-
sidering even only a little amount of shear interaction between the foundation
springs. Thus, the shear interaction linked to GP leads to a beneficial effect
in structural terms by increasing the critical velocity, since the whole model
stiffness is increased.

Finally, from a further observation of the graphs in Figs. 5.5c, where the
ratio between the two critical velocities has been represented for feasible phys-
ical ranges of wave number λ and foundation moduli ratio GP/k, it is possible
to appreciate that the ratio of velocities increases in a weakly nonlinear fash-
ion, with respect to foundation moduli ratio GP/k. In addition, for compliant
beams (high values of λ) it increases more than for stiff beams (small values
of λ).

For α>1 and β=0, both waves are described by finite-amplitude undamped
harmonic oscillations, violating the far-field boundary conditions in Eq. (5.9),
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Figure 5.5: Representation of Pasternak/Winkler critical velocity ratio as a function of:
(a) non-dimensional Pasternak modulus gP=GP /

√
4kEJ ; (b) foundation moduli ra-

tio GP /k and Pasternak modulus/bending stiffness ratio GP /EJ ; (c) foundation moduli
ratio GP /k and wave number λ.

which state a zero response at ±∞. Hence, the undamped response of the
beam-foundation system at the supercritical velocities cannot be evaluated by
the present approach, namely the beam never attains a steady-state condition
for the ideal undamped case. The case α>1 and β=0 (corresponding to the
purple line in Fig. 5.2) is thus consistent with Kerr’s (1972) [158] conclusion
that, for v=0 (static case), −GP , which corresponds to an axial compressive
force in the analysis of Kerr, has to be smaller than

√
4kEJ (buckling), and

even smaller if the velocity is not null. Moreover, notice that, when there is
an even slight amount of viscous damping, Kerr’s restriction does not apply,
since the system is able to dissipate energy by virtue of its infinite extension.
Therefore, a physical realistic solution exists in whole region (3) of Fig. 5.2,
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that is, suddenly, this restriction on GP (and also v) does not apply, no matter
how negatively large GP is, in region (3), arbitrarily close to half-line (6).

Critical damping

By looking at the classification reported in Table 5.1, the situation for which
two poles come to coincide or, in other words a pole of second-order appears,
is determined by the discriminant ∆ in Eq. (5.30) becoming zero. Such occur-
rence may appear twice, either for q1=q2, i.e. for B5=0 (Case (5), ∆=0 and
α>−1, red curve in Fig. 5.2), or for q3=q4, i.e. for B6=0 (Case (4), ∆=0 and
α<−1, green curve in Fig. 5.2).

Such two cases describe the transition from an evanescent wave to a prop-
agating leftward wave (ŵ−(s)), Case (5), or to a propagating rightward wave
(ŵ+(s)), Case (4), respectively. Indeed, since these special responses are char-
acterized by a zero frequency of oscillation, their wavelength becomes infinite.
This condition arises in the case of critical damping (Basu and Kameswara
Rao, 2013 [17]).

The critical damping condition may be determined from the expression
of ∆(α, β) in Eq. (5.30) by solving the polynomial equation ∆(α, β)=0 (bi-
quadratic in β) with respect to β, which, by considering only real and non-
negative values of β in Eq. (5.11), gives

βcr,P =
8
√
2

3
√
3

√
α(9− α2) +

√
(α2 + 3)3; (5.52)

and which, rewritten in terms of the physical parameters of the system, pro-
vides the expression of the critical damping coefficient for a Pasternak elastic
foundation:

cd cr,P = 2
√
kµ ·

√
2

3
√
3

vcr,W
v

·

·

√√√√(v2−GP/µ

v2cr,W

)(
9−
(
v2−GP/µ

v2cr,W

)2)
+

((
v2−GP/µ

v2cr,W

)2
+ 3

)3
2

;

(5.53)

where 2
√
kµ represents a reference critical damping coefficient of a classical

spring-mass system (see Eq. (5.12)).
As already noticed by Frýba (1972) [105] for a Winkler-type foundation

(GP=0), Eq. (5.53) points out that, in addition to the mechanical parameters
of the beam-Pasternak foundation system, the critical damping coefficient de-
pends also upon moving load velocity v. Notice that, for GP=0, the value
of the critical damping coefficient of a Winkler foundation is recovered (see
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Fryba, 1972 [105]):

cd cr,W =2
√
kµ ·

√
2

3
√
3

√√√√(
9−
(

v

vcr,W

)4)
+
(vcr,W

v

)2(( v

vcr,W

)4

+3

)3
2

.

(5.54)
Furthermore, for a Winkler foundation (GP=0, thus α≥0) or for a Paster-

nak elastic foundation subjected to the condition GP>
√
4kEJ (equivalent to

α>−1), given a certain damping coefficient cd, there exists only one value of
moving load velocity for which such value of damping becomes critical; this
corresponds to a leftward beam response (s<0) characterized by a null fre-
quency (B5=0) and a corresponding infinite wavelength.

Within such a situation, by applying Eq. (5.28), the residue of the integrand
in Eq. (5.27) for coincident poles (poles of second-order) can be computed as
(j ̸=k ̸=l):

Res
{

eisq

(q−qj)(q−qk)(q−ql)2
;ql

}
=
qj+qk−2ql+(qj−ql)(qk−ql)is

(ql−qj)2(ql−qk)2
eisql . (5.55)

According to the graphical representation of the poles provided in Fig. 5.3d
and to Eq. (5.55), the critically damped non-dimensional deflection solution
for this singular case becomes for s≤0:

ŵ−
βcr

(s)=−iF̂
q3+q4−2q1+(q3−q1)(q4−q1))is

(q1−q3)2(q1−q4)2
eisq1 , for s ≤ 0; (5.56)

and, by a further manipulation:

ŵ−
βcr

(s) = F̂
2A4 −B1s

B2
1

e
A4
2
s, for s ≤ 0; (5.57)

where A4 and B1 are still given in Eq. (5.39) and Eq. (5.44a), respectively.
As an interesting new insight of the present derivation, for a Pasternak elas-

tic foundation with α<−1, the formula in Eq. (5.53) provides the opportunity
for a second possible moving load velocity value at which a critical damping
may be attained, pertaining this time to the rightward wave (s>0, B6=0). The
expression of the solution in this case, represented in the complex plane in
Fig. 5.3e, is given as follows for s≥0:

ŵ+
βcr

(s) = iF̂
q1 + q2 − 2q3 + (q1 − q3)(q2 − q3)is

(q1 − q3)2(q2 − q3)2
eisq3 , for s ≥ 0; (5.58)

and then its final expression becomes

ŵ+
βcr

(s) = F̂
2A4 +B3s

B2
3

e−
A4
2
s, for s ≥ 0; (5.59)
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where A4 and B3 are still given in Eq. (5.39) and Eq. (5.44c), respectively.
These occurrences are illustrated in Fig. 5.6a, where the two-branch curves

of critical damping ratio ζcr,P=cd cr,P /2
√
kµ for a Pasternak foundation versus

velocity ratio v/vcr,W are depicted. Then, given an arbitrary value of damp-
ing, represented in Fig. 5.6a by a black dashed horizontal line, there exist
two distinct values of velocity for which such a value of damping becomes
critical, for the forward wave (α<−1) and for the backward wave (α>−1),
respectively. Notice that while such second occurrence had been provided
by the formula derived by Basu and Kameswara Rao (2013) [19], the first
one was not. In fact, Eq. (5.52) generalized the formula derived by Basu and
Kameswara Rao (2013) [19] for the critical damping ratio, by also providing
the first branch of the critical damping curve, by virtue of general character of
the present formulation. The dependence of ζcr,P on velocity ratio v/vcr,W and
non-dimensional Pasternak modulus gP is also shown in Fig. 5.6b.

Therefore, on both branches of the critical damping curve, one of the two
functions describing the beam-Pasternak foundation response is represented
by an exponentially decaying function times a linear function of normalized
position from the moving load.

Finally, case α=−1, leading to two pairs of double purely-imaginary poles,
implies that two new forms (5.57) and (5.59) exist simultaneously.
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Figure 5.6: Two-branch curve of critical damping ratio ζcr,P as a function of velocity ra-
tio v/vcr,W (a). At a given non-zero value of damping, as that marked by a dashed hori-
zontal line, there always appear two values of velocity for which such damping becomes
critical, one for the forward wave (left branch, α<−1) and the other for the backward wave
(right branch, α>−1). The red dot marks the value of critical damping at the critical veloc-
ity (α=1). Critical damping ratio curves as a function of both velocity ratio v/vcr,W and
non-dimensional Pasternak modulus gP (b).

5.3 Results and interpretation

The explicit universal analytical solution in Eq. (5.46) reveals that the steady-
state response of the beam non-proportionally depends upon both two charac-
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teristic parameters α, β defined in Section 5.1.1. According to their definitions
provided in Eqs. (5.10) and (5.11), the two parameters are in turn functions of
moving load velocity v. By combining such definitions, it results that the para-
metric variation of α and β with the moving load velocity may be represented
by parabolas with horizontal axes in the α, β parametric plane.

The expression of such parabolas may be written in explicit form as follows:

α =

(√
kµ/4

c

)2

β2 − GP√
4kEJ

=
1

64ζ2
β2 − gP ; (5.60)

where non-dimensional Pasternak modulus of the foundation gP , defined in
Eq. (5.12), determines the position of the parabola’s vertex, and damping ra-
tio ζ , also defined in Eq. (5.12), controls the steepness of the parabolas.

Such representation is useful to recognize the type of steady-state response,
according to the nature of the poles, which depend on parameters α, β
(Fig. 5.2), i.e. as a function of the characteristic physical parameters of the
beam-Pasternak foundation system, as shown in Fig. 5.7. There, the two bran-
ches characterized by a null discriminant (∆=0) have been represented with a
dot-dashed curve. The adopted ranges of parameters employed for the para-
metric analysis illustrated below have been represented in Fig. 5.7.
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Figure 5.7: Graphical representation of the parabolic parametric variation of beam-
foundation system parameters α, β as a function of normalized Pasternak modu-
lus g

P
, damping ratio ζ and moving load velocity v: N v=0.50 vcr,W , M v=0.75 vcr,W ,

� v=1.00 vcr,W , � v=1.25 vcr,W , l v=1.50 vcr,W , ◦ v=1.75 vcr,W . Recall that, from
Fig. 5.5, vcr,P=vcr,W

√
1 + gP at α=1, as marked by the vertical dashed line. For the

reference mechanical parameters see Table 5.2.

The analysis reported in Subsection 5.2.2 has illustrated that if point (α, β)
lies below either the green curve or the red curve in Fig. 5.2, namely within
fields (1) and (3) in Fig. 5.2, both backward and forward waves are either
evanescent or propagating away from the load (source), respectively; on the
other hand, if the (α, β) point is placed in the region above both curves, namely
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within region (2) of the parametric space in Fig. 5.2, the backward wave be-
comes evanescent, while the forward wave is propagating. Furthermore, as
the (α, β) point approaches the purple half-line in Fig. 5.2, namely region (6),
which is characterized by A4=0, the exponential decay, ruled by A4, becomes
smaller and smaller; consequently, the range of swith non-negligible wave am-
plitude is expected to grow, producing waves with very large spatial extension.

To verify the above mentioned a priori considerations and to accurately in-
vestigate the effect of the characteristic parameters of the system on the re-
sponse behavior, a parametric study can be carried out, at this stage, as reported
in the following.

5.3.1 Response characteristics along the beam

The assumed mechanical properties of the beam-foundation system are again
those listed in Table 5.2. The load is taken acting downward (F<0). The
normalizing factor for representing the normalized steady-state response is now
chosen as follows:

w0 =
F

λ3EJ
; (5.61)

in order to consistently obtain F̂=−1 in Eq. (5.46).

Reference mechanical properties of the beam-Pasternak foundation system

Young’s modulus E 210 GPa
Central moment of inertia J 3055× 10−8 m4

Mass per unit length µ 60 kg/m
Winkler foundation modulus k 250 kN/m2

Wave number (Winkler foundation) λ 3141× 10−4 m−1

Reference damping coefficient (spring-mass system) 2
√
kµ 7746 Ns/m2

Table 5.2: Reference mechanical properties of the beam-Pasternak foundation system, as-
sumed for the representations in Figs. 5.8-5.11.

A graphical representation of the complete normalized response (deflection,
cross-section rotation, bending moment, shear force) is provided in Figs. 5.8-
5.11, for various values of velocity of the moving load (v), non-dimensional
Pasternak modulus (gP ) and damping ratio (ζ). The considered range of ve-
locities is sufficiently broad, namely it goes from 0.5 to 1.75 times the critical
velocity of a beam resting on a Winkler elastic foundation (vcr,W ). Two values
of damping factor have been selected, one indicating a lightly damped system
(ζ=2%) and the other a moderately damped system (ζ=8%). Three values of
normalized Pasternak modulus have been taken into account (gP=0.5, 1.5, 2.5),
in order to show how this parameter may affect the response of the system.
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Figure 5.8: Normalized deflection ŵ(s) for various values of normalized Pasternak mod-
ulus g

P
and damping ratio ζ at variable moving load velocity v: (a) N v=0.50 vcr,W ;

(b) M v=0.75 vcr,W ; (c) � v=1.00 vcr,W ; (d) � v=1.25 vcr,W ; (e) l v=1.50 vcr,W ;
(f) ◦ v=1.75 vcr,W . For the reference mechanical parameters see Table 5.2.
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Figure 5.9: Normalized rotation θ̂(s) for various values of normalized Pasternak modu-
lus g

P
and damping ratio ζ at variable moving load velocity v: (a) N v=0.50 vcr,W ;

(b) M v=0.75 vcr,W ; (c) � v=1.00 vcr,W ; (d) � v=1.25 vcr,W ; (e) l v=1.50 vcr,W ;
(f) ◦ v=1.75 vcr,W . For the reference mechanical parameters see Table 5.2.
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Figure 5.10: Normalized bending moment M̂(s) for various values of normalized Pasternak
modulus g

P
and damping ratio ζ at variable moving load velocity v: (a) N v=0.50 vcr,W ;

(b) M v=0.75 vcr,W ; (c) � v=1.00 vcr,W ; (d) � v=1.25 vcr,W ; (e) l v=1.50 vcr,W ;
(f) ◦ v=1.75 vcr,W . For the reference mechanical parameters see Table 5.2.
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Figure 5.11: Normalized shear force Ŝ(s) for various values of normalized Pasternak mod-
ulus g

P
and damping ratio ζ at variable moving load velocity v: (a) N v=0.50 vcr,W ;

(b) M v=0.75 vcr,W ; (c) � v=1.00 vcr,W ; (d) � v=1.25 vcr,W ; (e) l v = 1.50 vcr,W ;
(f) ◦ v = 1.75 vcr,W . For the reference mechanical parameters see Table 5.2.
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By observing the curves depicted in Figs. 5.8-5.11, some common features
of all the represented quantities may be underlined. First, by considering val-
ues of α approximately lower than 0.5, corresponding to either a low velocity
or a high Pasternak modulus, damping does not affect much the steady-state re-
sponse, which turns out essentially symmetric with respect to the moving load
position. On the contrary, for larger values of α, damping is shown to be more
influential, both in reducing the amplitudes of both waves and in changing their
phase; in fact, in this case the response becomes noticeably non-symmetric.
Secondly, in the presence of propagating waves, by increasing the velocity of
the moving load, the frequency of oscillation of the backward wave decreases
(i.e. by having a larger wavelength), while the contrary occurs for the forward
wave.

As expected by the definition of α given in Eq. (5.10), for α>0 the effect of
the Pasternak modulus may be conceived as to be equivalent to converting the
actual moving load velocity into a lower apparent velocity, with the Pasternak
modulus being null (Winkler foundation). In addition, when the load velocity is
near to the critical velocity (α=1), for instance for the empty square marker on
the red line in Fig. 5.7, the amplitude of the corresponding response quantities
grows sharply (see red curves in Figs. 5.8d-5.9d-5.10d-5.11d).

By analyzing the normalized deflection shown in Figs. 5.8a-5.8f, for either
low velocity or high Pasternak modulus (roughly speaking for α<0.5), the re-
sults display a downward maximum displacement occurring beneath the mov-
ing load position (s=0), analogously to Fig. 5 reported by Kerr’s (1972) [158],
while as the velocity increases or the Pasternak modulus decreases, the maxi-
mum displacements, of the same amount both downward and upward, appear
for a negative value of s, since displacements are larger behind than ahead of
the moving load position. Such occurrence does not appear in the plots of the
cross-section rotations, shown in Figs. 5.9a-5.9f, where a very slight difference
between the amplitudes of the two waves may be observed.

Looking at the variations of the normalized bending moment and shear
force, the maximum is again placed under the moving load for approximately
α<0.5, while for larger α a different trend may be captured, with respect to that
of the deflection: the maximum values appear on the right of the moving load,
that is for s>0. As expected, the bending moment plots in Figs. 5.10a-5.10f
are continuous and exhibit a kink at the load position (s=0), whereas the shear
force curves consistently display a jump discontinuity there.

5.3.2 Response characteristics at the point underneath the moving load

Figs. 5.12a-5.12c display the normalized response characteristics at the point
underneath the load (s=0) provided in Eqs. (5.47), as a function of the moving
load velocity, for various values of non-dimensional Pasternak modulus and
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damping ratio. These results, in terms of deflection, may be compared to those
by Watanabe (1981) [269], relative to the response of an infinite plate, for the
undamped case only.

From the observation of these plots, an infinite response may be observed in
correspondence of the critical velocity, when approaching the ideal undamped
case; on the other hand, a finite peak of response is always displayed in the
presence of damping. Regarding the effect of the Pasternak modulus, the al-
ready discussed effect of increasing the critical velocity is confirmed also by
these latter representations.

Notice that for F̂<0 (moving load acting downward), the normalized de-
flection results always negative (ŵ(0)<0) as the velocity grows, while both
normalized rotation and bending moment remain always positive (θ̂(0)<0,
M̂(0)<0). The normalized left shear force (S(0−)), initially positive, decreases
progressively as the velocity increases, until it changes sign while approach-
ing the supercritical range. On the other hand, the normalized right shear
force (S(0+)) remains always negative and for a moving load velocity getting
close to the supercritical range its value is even larger than the moving load
amplitude, in order to guarantee equilibrium with the left shear force. In case
of a zero velocity (static configuration) the load is equally distributed among
the left and right shear forces, while in correspondence of the limit situation of
velocity going to infinity the load is totally sustained by the shear force acting
on the right part of the beam (S(0+)).

The plots of the normalized displacement and bending moment are char-
acterized by an increasing amplitude as the velocity approaches the critical
velocities, and by a very steep decrease towards null values at the post-critical
conditions. Conversely, the normalized rotation and left and right shear forces
display large increments before the critical velocity, and more slowly decre-
ments after passing such a critical value.

In the present analysis, the influence of velocity, damping ratio and Paster-
nak modulus has been studied. The structural parameters of the beam and the
Winkler foundation modulus have been taken as fixed. If one would attempt a
parametric analysis involving the latter parameters, it is important to underline
that they shall induce a double effect, because they affect not only the normal-
ized response, but also the adopted normalization factors (λ, w0, θ0, M0, S0).
Therefore, in order to analyze the physical sensitivity of the steady-state solu-
tion upon variations of such parameters, a non-normalized response or a differ-
ent type of normalization should be considered.
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5.4 Effective Perfectly Matched Layer

In the following a formulation and implementation for numerically solving the
moving load problem ruled by Eq. (5.8) with far-field conditions in Eq. (5.9)
is developed. Towards this scope, the present section describes an effective
Perfectly Matched Layer approach for absorbing out-going stationary waves
propagating from a finite elastic beam (fourth-order problem). In fact, the
previously stated problem can be numerically solved by FEM techniques, as
long as the infinite one-dimensional domain is again replaced by a finite do-
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Figure 5.12: Variation of normalized deflection ŵ(0) (a), rotation θ̂(0) (b), bending mo-
ment M̂(0) (c) and shear forces Ŝ(0−), Ŝ(0+) (d), (e) at the point underneath the
load (s=0), for various values of normalized Pasternak modulus g

P
and damping ratio ζ,

at variable moving load velocity v. For the reference mechanical parameters see Table 5.2.
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Figure 5.13: Geometrical scheme of computational beam domain of interest ΩN , truncated by
PML layer ΩPML

.

main Ω=(−x2, x2), being a bounded, open, connected subset of R.
Similarly to Chapter 4, let subset ΩN=(−x1, x1) be the finite domain of in-

terest, i.e. the region where an accurate approximation of the steady-state beam
response is sought (see Fig. 5.13). Let complementary set ΩPML=Ω \ΩN

be the PML region surrounding the finite domain of interest, as illustrated in
Fig. 5.13, showing two side regions (−x2,−x1) and (x1, x2), both of length
x2−x1 (coordinates x1, x2 are taken here both positive, as evident in Fig. 5.13).
The following presentation in the first subsection forms a necessary back-
ground for the subsequent new developments reported in the second subsec-
tion.

5.4.1 Classic Perfectly Matched Layer

An explanation of why the classic PML approach, employed in Section 4.3.1
in the context of the taut string problem, is effective in simulating the behavior
of the solution of an exterior problem, is provided in the present section. In
addition, the justification of the inefficacy of a classic PML approach as an ar-
tificial boundary condition for the fourth-order beam problem is also addressed
here.

The effect of the application of the transformation in Eq. (4.21) to Eq. (4.6a)
leads to Eq. (4.23), whose analytical solution results as follows

ŵ(s) =

{
C1 e

η1 s + C2 e
η2 s, if − x1<s<x1

C1 e
η1 x(s) + C2 e

η2 x(s), otherwise; (5.62)

where eηi ( · ) (i=1, 2) are the two fundamental solutions, η1, η2 represent the
roots of the corresponding characteristic equation (4.20) and C1, C2 are the
arbitrary integration constants.

In order the PML to be truly needed, it is assumed the roots to be in a com-
plex conjugate pair η2=η1(supercritical motion regime, Metrikine, 2004 [194]),
which means that the solution exhibits a progressive wave pattern behind the
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load with wavelength and spatial decay ruled by the imaginary and real part
of η1, respectively; the real part is assumed to be small, thus inducing a lim-
iting spatial decay of the exponential functions. Under the condition of no
divergence at infinity, the expression of exact solution ŵ(s) results as follows
(Metrikine, 2004 [194]):

ŵ(s) = 2i C̃1 e
ηR1 s sin

(
ηI1 s
)
, 2i C̃1 ∈ R; (5.63)

where
ηR1 = ℜ(η1), ηI1 = ℑ(η1) (5.64)

are the real and imaginary parts of root η1, respectively, and C̃1 is an arbitrary
imaginary constant which depends on the moving load amplitude.

Now, let one consider the effect of the application of the PML for s<−x1
(left PML). The variation of complex arguments ηi x(s) (i=1, 2) inside the left
PML of the exponential functions has been displayed in a graph in
Fig. 5.14a, where the effect of the amount of imaginary stretching h(x), ruled
by parameter H , on the arguments of the corresponding fundamental solutions
has been depicted (G=0, r=2). By looking at Fig. 5.14a it may be noticed
that the trends of the exponential functions in Eq. (5.62) is modified, similarly
to a gradual rotation and a scaling of the positions of roots η1, η2. The effect
of the domain termination in the PML with a support leads to the following
condition:

ŵ(−x2) = C1 e
η1 x(−x2) + C2 e

η2 x(−x2) = 0; (5.65)

from which the following estimate of the solution is obtained

ŵ(s) = C1

(
eη1 x(s) + ϵ

)
≃ C1 e

η1 x(s), |ϵ| → 0; (5.66)

the latter approximation holding true since |C2|→0 as rapidly as x(−x2), and
consequently |eη2 x(−x2)|, approach infinity, as shown in Fig. 5.14a. Thus, inside
the unstretched domain, the real part of the obtained response becomes

ℜ
(
ŵ(s)

)
= ŵR(s) = eη

R
1 s
(
CR

1 cos
(
ηI1 s
)
− CI

1 sin
(
ηI1 s
))

; (5.67)

thus including the exact formula of Eq. (5.63) as a subcase by setting CR
1 =0

and CI
1=−2i C̃1, the latter conditions naturally arising by the solution to the

problem in the unstretched domain.
Hence, the effectiveness of a PML for systems described by second-order

differential equations has been proved to be based on two occurrences. The
first one is the cancellation of one of the two components of the fundamental
solution (|C2|→0), thus preventing any combination of two fundamental so-
lutions eηi ( · ) (i=1, 2), i.e. the cause of possible reflections at the truncated
boundary. The second important evidence is the absence of any loss in the
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Figure 5.14: Effect of the application of complex coordinate transformation x(s)=τ−1(s)
of Eq. (4.21) (classic PML) in case of two poles (2nd-order ODE) (a) and of four poles
(4nd-order ODE) (b).

sought solution as a result of the elimination of one part of the fundamental so-
lution; in fact, due to the particular complex conjugate nature of the roots, both
fundamental solutions represent exactly the same wave pattern. However, no-
tice that this is not the case when applying the PML to fourth-order differential
equations.

Now by considering the case of the steady-state vibration response of an
elastic infinite beam on a Pasternak visco-elastic support in dimensional mov-
ing coordinate x=X − vt (−∞<x<+∞), one ends up with the following
fourth-order ODE in the unknown steady-state normalized displacement ŵ(x):

ŵ(4)
x (x) +

µv2−GP

EJ
ŵ(2)

x (x)− vc

EJ
ŵ(1)

x (x) +
k

EJ
ŵ(x) = 0; (5.68a)

[[w(i)
x (x)]]0 = 0, i = 0, 1, 2; (5.68b)

[[w(3)
x (x)]]0 =

F

w0EJ
= F̂ ; (5.68c)

where the coefficient of second derivative ŵ(2)(s) in the previous equation may
also be written as follows:

µv2−GP

EJ
= 2

√
k

EJ

(
v2 −GP/µ

v2cr,W

)
= 2

√
k

EJ

(
v2

v2cr,W
− gP

)
; (5.69)

with the corresponding definition of symbols previously provided in the pre-
vious sections of the present chapter. Eq. (5.68a) governs the vertical mo-
tion of the supported beam everywhere but in the point of loading, whereas
Eqs. (5.68b)-(5.68c) represent the continuity condition for the beam displace-
ment and the balance of vertical forces at the point of loading, respectively,
thus substituting the effect of Dirac delta function in Eq. (5.1).
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Let one assume again the four poles to be in complex conjugate pairs η2=η1,
η4=η3, as shown in Fig. 5.14b, which means that the solution exhibits a pro-
gressive wave pattern both ahead and behind the load, which should be trans-
formed into evanescent waves (fastly decaying) before reaching the truncated
boundary by a PML technique. By applying the transformation in Eq. (4.21),
the homogeneous solution to fourth-order ODE (5.68a) takes the form:

ŵ(s) =


4∑

i=1

Ci e
ηi s, if − x1<s<x1

4∑
i=1

Ci e
ηi x(s), otherwise;

(5.70)

where eηi ( · ) (i=1,. . . ,4) are the four fundamental solutions and Ci are the ar-
bitrary integration constants. By considering again the behavior of the solution
for s<−x1, the fundamental solutions relative to η1, η2 should be kept (de-
caying to zero for s→−∞), thus C1, C2 ̸=0, while those depending on η3, η4
should be discarded, namely C3=C4=0, (exploding by moving towards −∞)
in order to obtain a bounded response. However, this is not truly the case.

In fact, by observing Fig. 5.14b, the coordinate transformation inside the
PML (s<−x1), governed as before by the amount of imaginary stretching h(x)
(G=0, r=2), induces again, as expected, a progressive rotation and variation
of the scale of the arguments of the four fundamental solutions. The effect of
the domain truncation and the imposition of a fixed boundary condition, leads
to the following couple of equations:

ŵ(−x2) =
4∑

i=1

Ci e
ηi x(−x2) = 0; (5.71a)

ŵ′(−x2) =
4∑

i=1

Ci ηi e
ηi x(−x2) = 0. (5.71b)

By means of analogous considerations for the second-order ODE case, from
the solution to Eqs. (5.71) at truncated boundary s=−x2, constants of integra-
tion C2, C4 are almost vanishing, while the two kept fundamental solutions
result those relative to roots η1, η3, which is not what was initially sought. As
a consequence, an exponentially increasing fundamental solution due to η3 re-
mains in the final solution, giving rise to the instability problems described in
the literature (Lancioni, 2012 [171]). The same happens for the right PML
(s>x1).

Therefore, for fourth-order problems, a classic PML is never able to cancel
both exponentially increasing fundamental solutions at the same time, since a
coordinate transformation involving only the independent variable only pro-
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duces a global rotation of all the arguments of the exponential fundamental
solutions.

5.4.2 New Perfectly Matched Layer

As exposed in the previous subsection, a classic PML is not suited for contin-
uously transforming beam progressive waves to evanescent waves in the right
way, that is by continuously moving roots ηi, gathered at complex conjugate
pairs, at the same time away from the imaginary axis (decay increase) and pos-
sibly close to the real axis (frequency reduction).

Thus, instead of an affine transformation of the roots in the complex plane,
a transformation which would actually suit such a scope can be newly repre-
sented by a projective transformation (homography or collineation) inside the
PML, as follows:

P : ηi x=η
R
i x+ i ηIi x → ηRi a(x)+i ηIi b(x)=zi(x), i = 1, 2, 3, 4; (5.72)

where a(x), b(x) are two real-valued functions which govern the projective
transformation, the first one being more than linearly increasing while the sec-
ond one being at least linearly increasing as x, but possibly decreasing from a
certain value of x forward inside the PML.

In addition, functions a(x), b(x) have to be chosen such that the following
perfectly matched conditions at the interfaces ±x0 between ΩN and ΩPML

must be fulfilled

ŵ(i)
x (±x−1 ) = ŵ(i)

x (±x+1 ); i = 0, 1, 2, 3. (5.73)

In order to accomplish the above fundamental requirements, possible con-
venient analytical expressions for a(x), b(x) are here originally proposed in
the following forms:

a(x) = (1− χa)x+ χa

(
1 + A

x1
|x|

d(x)4
)
x; (5.74a)

b(x) = (1− χb)x+ χb

(
1 +

3∑
k=1

Bk

k!
d(x)k

)
x e−B d(x); (5.74b)

where flags χa, χb are equal to zero if x∈ΩN or equal to one, when the pro-
jection inside the PML is active, if x∈ΩPML, A,B are two non-dimensional
parameters controlling the amount of projective transformation and

d(x) =
|x| − x1
x2 − x1

(5.75)

is the normalized distance within the PML region, coherently with Fig. 5.13.
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Increasing function a(x) defined in Eq. (5.74a) has been derived by adding
to original linear function x, valid on the computational domain of interest ΩN ,
an increasing polynomials function of x, fulfilling conditions (5.72). On the
other hand, the derivation of the expression of function b(x) is slightly more
involved, since a decreasing function is expected. Thus, a pure polynomial
function cannot be employed. For this reason, the combination of a polynomial
and an exponentially decaying function have been selected for function b(x) as
shown in Eq. (5.74b) in order to both verify conditions (5.72) and obtain a
globally decreasing function b(x). Other forms for functions a(x), b(x) may
be certainly admissible, as long as the above dictated requirements would be
fulfilled. The adopted prescriptions allow to derive consistent results, as re-
vealed by the subsequent numerical outcomes.

The effect of such a transformation may be appreciated in Fig. (5.15a).
Function a(x) rules the decay properties of the fundamental solutions, while
function b(x) governs their frequencies of oscillation. Notice that, in order to
provide a complete description of the projection transformation in Eq. (5.72),
both functions a(x) and b(x) have been conceived and presented in Eqs. (5.74).
Nevertheless, since the most important required effect is constituted by the high
decay or increase of the fundamental solutions before reaching the boundary,
the effect of function a(x) by itself reveals to be already sufficient for minimiz-
ing the reflections (see Fig. (5.15b)), thus appropriately simulating the far-field
conditions. Thus, flag χa=1 is always turned on inside ΩPML.

On the other hand, the effect of function b(x), consisting of a reduction of
the frequency of the response inside ΩPML, albeit further beneficial for the fi-
nal numerical outcomes, results to be nonessential for the success of the PML
implementation. Then, for simplicity, b(x)=x will be also assumed in the se-
quel inside the ΩPML (i.e. flag χb is turned off: χb=0 for x ∈ΩPML). Thus,
despite the completeness of the transformation provided in Eqs. (5.72)-(5.74),
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Figure 5.15: Two examples of the effect of the application of the projective transformation
in Eq.(5.72) in case of four poles for a(x) as in Eq. (5.74a) and b(x) as in Eq. (5.74b):
χa=1 (A<0) and χb=1 (B>0) (a), χa=1 (A<0) and χb=0 (b(x)=x) (b).
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the discussion from this point on will focus only on the major effect induced
by function a(x).

Thereafter, the imposition of projective transformation P to the fundamen-
tal solutions of the homogeneous version of Eq. (5.68a) leads to the following
steady-state transformed equation of motion:

ŵ(4)
x (x)+c3(x)ŵ

(3)
x (x)+c2(x)ŵ

(2)
x (x)+c1(x)ŵ

(1)
x (x)+c0(x)ŵ(x) = 0; (5.76)

each variable coefficient defined by the Cramer rule (Ince, 1978 [133]):

ci−1(x) = −∆i

∆
; (5.77)

where ∆ is the Wronskian, i.e. the determinant of fundamental matrix D de-
fined as follows:

∆ = det D; Dij =
(
ezj(x)

)(i−1)

x
; (5.78)

and ∆i is obtained from ∆ by replacing the ith row of ∆ with row vector(
ezj(x)

)(4)
x

(i=1,. . . ,4). Recall that functions zi(x) are the arguments of the
fundamental solutions after projection, as defined in Eq. (5.72). Thus, the pro-
jective transformation in Eq. (5.72) acts in such a way that Eq. (5.76) appears
as a linear governing equation with variable coefficients.

Notice that the projective transformation provided by Eq. (5.72), needed for
obtaining a good approximation of exterior problem (5.68a)-(5.9) by a bound-
ary value problem affordable through a FEM approach, makes Eq. (5.76) a
linear ODE with variable real-valued coefficients, as opposed to the case of
a standard PML, for which variable complex-valued coefficients are obtained.
This is due to the fact that the projective transformation, as it has been intro-
duced, maintains the original complex conjugate structure of the arguments of
the exponential functions.

5.4.3 First-order differential system

In order to develop a LSFEM formulation allowing the use of C0 basis in-
terpolation functions, thus reducing the higher regularity requirements of the
LSFEM, the governing fourth-order differential equation is transformed into
an equivalent first-order system, and the least-squares functional is composed
using the L2 norms of the first-order system residuals. Such a reduction, which
implies the introduction of additional independent variables within the for-
mulation, may be useful, if such auxiliary variables may represent physically
meaningful ones, as in the framework of mixed formulations.

Consequently, let one introduce other three independent variables, namely,
normalized steady-state rotation θ̂(x), bending moment M̂(x) and shear
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force Ŝ(x), defined as follows:

θ̂(x) =
θ(x)

θ0
=
w0

θ0
ŵ(1)

x (x) = ŵ(1)
x (x); (5.79a)

M̂(x) =
M(x)

M0

=
EJw0

M0

ŵ(2)
x (x) = ŵ(2)

x (x); (5.79b)

Ŝ(x) =
S(x)

S0

=
EJw0

S0

ŵ(3)
x (x) = ŵ(3)

x (x); (5.79c)

where parameters

θ0 = w0, M0 = EJw0, S0 = EJw0; (5.80)

are chosen as normalization factors for rotation, bending moment and shear
force, respectively, so that θ̂(x), M̂(x) and Ŝ(x) are directly expressed as the
derivatives of unknown ŵ(x). Normalizing factor w0 in Eq. (5.80) is chosen
according to Eq. (5.61) in Section 5.3.

Thanks to the above definitions, governing scalar equation Eq. (5.76), valid
inside Ω, may be split into four first-order ordinary differential equations:

ŵ(1)
x (x)− θ̂(x) = 0 in Ω; (5.81a)

θ̂(1)x (x)− M̂(x) = 0 in Ω; (5.81b)

M̂ (1)
x (x)− Ŝ(x) = 0 in Ω; (5.81c)

Ŝ(1)
x (x)+c3(x) Ŝ+c2(x) M̂(x)+c1(x) θ̂(x)+c0(x) ŵ(x)=0 in Ω; (5.81d)

and, for convenience, first-order differential system (5.81) may be expressed
in compact notation, together with loading point conditions of Eqs. (5.68b)-
(5.68c), as specified below:

ŵ(1)
x (x) +A(x) ŵ(x) = 0; in Ω; (5.82a)

[[ŵ]]0 =
[
0 0 0 F̂

]ᵀ
; (5.82b)

where ŵ(x) = [ ŵ(x) θ̂(x) M̂(x) Ŝ(x) ]ᵀ is the column vector of variables
and A(x) is the coefficient matrix, defined as

A(x) =


0 −1 0 0

0 0 −1 0

0 0 0 −1

c0(x) c1(x) c2(x) c3(x)

 . (5.83)

Finally, the previous differential system governing the motion of the structural
system inside Ω is supplemented by homogeneous boundary conditions on ∂Ω:

ŵ = θ̂ = 0, on ∂Ω; (5.84)
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equivalent to the imposition of clamped-clamped beam extrema.
In the following sections, the numerical solution to problem (5.82)-(5.84)

is developed, based on a DLSFEM-PML approach. The present attempt com-
pletes previous literature derivations, by providing a unitary and robust numer-
ical tool from which the steady-state moving load response can be obtained
for each combination of the characteristic mechanical parameters of the beam-
foundation system, without stabilization terms and associated user-tunable pa-
rameters.

5.5 Numerical solution

5.5.1 Least-Squares functional

In this section, the Discontinuous Least-Squares Finite Element Method (DLS-
FEM) formulated for the taut string problem in Chapter 4 is extended to prob-
lem (5.82)-(5.84), by taking advantage of its general formulation. Although
the presence of only one moving load has been assumed in writing Eqs. (5.82),
the possible action of multiple moving loads is again considered within the
formulation.

Let one define a function space V for problem (5.82)-(5.84) by

V = 2H
1
0 (O)× 2H

1(O) = H1
0 (O)×H1

0 (O)×H1(O)×H1(O); (5.85)

and let ej be the jth element of the collection of subset E̊ , according to its
definition given in Section 4.4.1. Quadratic least-squares functional J : V →
R for problem (5.82)-(5.84), devised by measuring the squared residuals in
terms of the L2-norm of the governing differential equations (5.82a) and of the
interface conditions (5.82b), is defined as follows

J (v, f)=
1

2

P∑
j=1

∥∥v(1)
x +Av

∥∥2
0,F,Ωj

+
1

2

P−1∑
j=1

rᵀej(v, fj)A
ᵀ
ej
FAejrej(v, fj); (5.86a)

rej(v, fj) = [[v]]ej − fj, v ∈ V , fj ∈ L2(Ω); (5.86b)

where Aej is matrix A(x) in Eq. 5.83 evaluated at jth edge ej , while

fj =
[
0 0 0 − F̂

]ᵀ
; (5.87)

is a 4D-vector representing both the continuity requirements of the response,
except for the jth jump discontinuity of normalized shear force Ŝ due to the
action of jth applied force Fj inside functional J (v, f) of Eq. (5.86a).

Moreover, since generally in structural mechanics problems, the displace-
ments are numerically very small compared to the forces, in coherent units, the
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squares of the residuals of the equations involving generalized force variables
may be large compared to those containing generalized displacements in the
least-squares functional. To handle these magnitude differences, the residuals
in Eq. (5.86b) have been properly turned non-dimensional to make the equa-
tions numerically comparable by multiplying them by a proper scaling matrix

F =


1 0 0 0

0 λ−2 0 0

0 0 λ−4 0

0 0 0 λ−6

 ; (5.88)

with λ [m−1] as in Eq. (5.4).
It is assumed that problem (5.82)-(5.84) is well posed, thus a unique solution

exists, which corresponds to the unique zero minimizer ŵ of functional J(v, f).
Boundary conditions (5.84) have been assumed both essential as they explicitly
appear in the definition of V .

A necessary condition so that ŵ ∈ V may be a minimizer of real functional
J (v, f) in Eq. (5.86a) is that its first variation vanishes at ŵ, that is

δJ = lim
η→0

d
dη

J (ŵ + η v, f) = 0 ∀ v ∈ V ; (5.89)

which, after some mathematical manipulations, can be equivalently written in
the form B(ŵ,v)=L(v), as follows

(
v(1)
x +Av, ŵ(1)

x +Aŵ
)
0,O+

P−1∑
j=1

[[v]]ᵀejA
ᵀ
ej
FAej [[ŵ]]ej =

=
P−1∑
j=1

[[v]]ᵀejA
ᵀ
ej
FAej fj ∀ v ∈ V ;

(5.90)

where B(ŵ,v) is a symmetric bilinear form and L(v) is a linear functional.
Thus, minimization problem (5.89) leads to the following variational equation:

Find ŵ=[ ŵ θ̂ M̂ Ŝ ]ᵀ ∈ V such that B(ŵ,v)=L(v) ∀ v ∈ V . (5.91)

Norm-equivalence property of least-squares functional J (v,0), asserted
by Theorem 1, states that bilinear form B(v, ŵ) is continuous and coercive
on V×V , thus ensuring the well-posedness of least-squares variational prob-
lem (5.91) is guaranteed, which is a crucial requirement for the numerical im-
plementation.
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5.5.2 Finite element approximation

The finite element approximation of the steady-state response of the vibrating
beam on Pasternak viscoelastic foundation under moving load is obtained by
restricting Eq. (5.91) to a finite-dimensional subspace Vh of infinite dimen-
sional space V . The approximating finite element space Vh⊂V associated with
mesh Th, is defined as

Vh =
{
vh ∈ 2H

1
0 (O)× 2H

1(O) : ∀i ∈ {1, . . . , Ne}, vh j|Ii ∈ P1

}
; (5.92)

that is, the vector space of 4D-vector functions whose components are piece-
wise linear polynomials allowing for a discontinuity along interelement edges
ej ∈ E̊ . Then, by restricting the function space to Vh, the following discrete
least-squares variational problem may be formulated:

Find ŵh=[ŵh θ̂h M̂h Ŝh]
ᵀ∈Vh such thatS(ŵh,vh)=L(vh) ∀vh∈Vh. (5.93)

Thanks to inclusion Vh⊂V , Theorem 1 remains valid when S(ŵ,v) is re-
stricted to Vh×Vh. Consequently, such a confirming discretization of weak
problem (5.91) into weak problem (5.93) automatically gives rise to a well-
posed FEM (Ern and Guermond, 2004 [89]), as well as in Chapter 4.

According to the usual finite element approach, let ϕj be a basis of Vh such
that ŵj=ŵ(xj), θ̂j=θ̂(xj), M̂j=M̂(xj) and Ŝj=Ŝ(xj) are the nodal values
of function ŵ(x), θ̂(x), M̂(x) and Ŝ(x), respectively, where xj represent the
nodes of mesh Th (identical shape functions for each component of ŵ). Then,
by writing

ŵh =
Ne∑
j=0

Ŵj ϕj =
Ne∑
j=0

[ ŵh θ̂h M̂h Ŝh]
ᵀ ϕj; (5.94)

variational problem (5.93) generates the following system of linear algebraic
equations:

KŴ = F Ŵ,F ∈ R4(Ne+1); (5.95)

where Kij=S(ϕi, ϕj), Ŵj and Fi=L(ϕi) are the the global stiffness matrix,
the global generalized displacement vector and the global force vector, respec-
tively. Since the bilinear form in Eq. (5.93) is symmetric and coercive, ma-
trix K associated with problem (5.93) is symmetric and positive definite. Thus
the weak discrete problem has a unique solution.

Based on the analysis presented in Section 4.5, the obtained a priori error
estimates (4.70)-(4.71) also hold for the present DLSFEM formulation. Nu-
merical examples will be presented in the following section, in order to confirm
the validity of a priori error estimates (4.70)-(4.71) also for the specific prob-
lem of the infinite beam on Pasternak viscoelastic foundation under moving
load presented in Section 5.1.
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5.5.3 Numerical simulations and outcomes

In the present section, the formulated DLSFEM-PML implementation pre-
sented in Sections 5.4.2 and 5.5.1-5.5.2 is employed to solve the moving load
problem exposed in Section 5.1 and to verify the above-mentioned theoretical
results characterizing the formulation, considering several different values of
characteristic system parameters v/vcr,P and ζ in the following numerical in-
vestigation. The DLSFEM-PML code has been implemented within a MatLab
environment [251] and a uniform mesh size hi=h has been adopted for the
current simulations.

The considered dimensions for the problem sketched in Fig. 5.13 are
x1=50 m and x2=60 m, so that the size of each PML is 1/10 of the size of ΩN ,
that is a much smaller PML layer than the computational domain of interest,
providing an effective reduction of the computational cost in the modelization
of far-field conditions (5.9). In order to investigate the effectiveness of the new
PML ruled by the projective transformation in Eq. (5.72), different values of
parameter A in Eq. (5.74a) have been considered in the analyses; in particular,
the same amount of A with opposite signs is assumed for both PMLs, namely
negative and positive for the left and right PML, respectively.

Global stiffness matrix Kij=S(ϕi, ϕj) has been computed by means of
Gauss-Legendre quadrature rules, in order to overcome the complexity of an-
alytically integrating the terms containing the expressions of coefficient ma-
trix A(x) in Eqs. (5.77)-(5.83). A 1-point reduced integration is considered
in the present implementation, while a high-order (3-point) Gauss-Legendre
quadrature rule is employed to compute the error norms, thus not introducing
competitive extra-errors in the numerical integration.

It is important to underline that, if a 2-point quadrature integration scheme
(full numerical integration) is chosen, accurate results may be obtained for the
case of a rapidly decaying response (highly-damped system and/or subcriti-
cal velocity), while, on the contrary, the locking phenomenon may become
very important when trying to push to almost undamped supercritical motion
regimes, where an excessively refined mesh should be employed for obtain-
ing the same accuracy attainable with a reduced integration and a rough mesh.
Therefore, reduced integration or alternatively high-order expansions and full
integration (p-refinement, Pontaza and Reddy, 2005 [219]) are needed for truly
minimizing the least-squares functional. Actually, the adopted reduced inte-
gration proves to produce consistent and rather accurate numerical outcomes
in the whole space of variation of the characteristic mechanical parameters of
the beam-foundation system.

The assumed mechanical properties of the beam and the Winkler foundation
modulus are reported in Table 5.2. The load is taken acting downward (F<0).

The analytical solution relative to an infinite beam, is rigorously different
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from the exact solution pertinent to that of a finite domain problem (5.82)-
(5.84), where estimates (4.70)-(4.71) are referred to. Thus, for computing the
error norms in (4.70)-(4.71), in the following it is assumed that the numeri-
cal solution to Eqs. (5.82)-(5.84) approximates the exact solution to an infinite
beam problem over the finite computational domain of interest ΩN , and, con-
sequently the error norms are evaluated on ON=O ∩ ΩN , instead as on O,
just as in Chapter 4. In addition, the obtained theoretical a priori error esti-
mates pertain only to the DLSFEM application, hence they do not account for
other sources of perturbations, such as the use of numerical integration or the
employment of the PML to simulate an unbounded domain, which, however
accurate, always represents an approximation of the far-field conditions.

The complete normalized response (deflection, rotation, bending moment,
shear force) is shown in Figs. 5.16-5.17 and in Figs. 5.19-5.20, for non-dimen-
sional Pasternak modulus gP=0.5, and for two values of moving load velocity v
and damping ratio ζ . The considered range of velocities is sufficiently broad,
namely it goes from 0.7 to 1.3 times critical velocity vcr,P . Two selected values
of damping ratio are chosen, one indicating a highly damped system (ζ=0.5)
and the other an almost undamped system (ζ=0.001), to investigate the spread
of the arising characteristic features.

Estimates (4.70)-(4.71) are firstly verified for a highly damped beam-foun-
dation system (ζ=0.5), providing a rapidly decaying response both in the sub-
critical (v=0.7 vcr,P ) and in the supercritical (v=1.3 vcr,P ) regime, as shown in
Figs. 5.16-5.17. Numerical computations have been performed with a mesh
size of h=0.1 m. The displayed comparisons show that the numerical results
obtained from the proposed DLSFEM-PML formulation fit very well with the
analytical solution, even if the mesh density is rather rough.

Although apparently the employment of the PML could also be avoided
in this case, because the response itself rapidly decays down to zero, mov-
ing away from the load position, an effective stretching has been still set in
the PML (A=± 4×102), in order to demonstrate that its application does not
downgrade the accuracy of the numerical outcomes, in cases when its action
would not be strictly demanded.

The L2- and H1-norm of the error are provided in log-log plots against
mesh size h in Fig. 5.18. By inspecting the graphs it may be observed that
the error in the L2-norm (∥ŵ − ŵh∥0,O) is almost unaffected by the amount of
parameterA, that is by the presence or not of the PML. This due to the fact that
the solution already rapidly decays to zero before reaching the boundary, and
thus reflections are consequently negligible.

A more challenging case study is represented by a nearly undamped sys-
tem (ζ=0.001), for which a suitable absorbing boundary conditions is manda-
tory. A graphical representation of the complete normalized response is dis-
played in Figs. 5.19-5.20, again both in the subcritical (v=0.7 vcr,P ) and in the
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(a) (b)

(c) (d)

Figure 5.16: Comparison between DLSFEM-PML numerical results and analytical solution
(gP=0.5, ζ=0.5, v=0.7 vcr,P , A=± 4×102). Normalized deflection ŵ (a), rotation θ̂ (b),
bending moment M̂ (c), shear force Ŝ (d). For the reference mechanical parameters, see
Table 5.2.

(a) (b)

(c) (d)

Figure 5.17: Comparison between DLSFEM-PML numerical results and analytical solution
(gP=0.5, ζ=0.5, v=1.3 vcr,P , A=4×102). Normalized deflection ŵ (a), rotation θ̂ (b),
bending moment M̂ (c), shear force Ŝ (d). For the reference mechanical parameters, see
Table 5.2.

supercritical (v=1.3 vcr,P ) regime, with a mesh size of h=0.1 m. By observing
the graphs in Figs. 5.19-5.20 the very good agreement between the DLSFEM
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Figure 5.18: Convergence of DLSFEM-PML in L2- (q=0, continuous line) and H1-
norms (q=1, dot-dashed line), at variable moving load velocity v=α vcr,P , for a damped
system (ζ=0.5) with respect of amplitudes A ruling the real part of the projective transfor-
mation of the PML: A=102 (a); A=2×102 (b); A=4×102 (c); A=103 (d). Norms are
evaluated on the computational domain of interest.

responses and the analytical ones may be gathered, again by using a few finite
elements. In this case the response results strongly influenced by the presence
or not of the PML.

The effect of the PML on the error in log-log plot against mesh size h is
illustrated in Fig. 5.21. In the subcritical motion regime of velocities (evanes-
cent waves) the error in the L2-norm is again not influenced by the presence or
not of the PML, and, in fact, the theoretical a priori L2- and H1-convergence
rates in Eqs. (4.70)-(4.71) are always verified independently of the value of A,
confirming previously discussed observations for the highly-damped case. At
the supercritical motion regime an insufficient amount of real stretching in
the PML (small amplitudes of functions a(x)) leads to inconsistent errors, as
shown in Figs. 5.18a-5.18b), which means a non-appropriate modelization of
the far-field conditions and thus the error results unrespectful of the a priori
theoretical estimates. On the other hand, by introducing a more effective PML
layer, that is by increasing the magnitude of A, the performance of the DLS-
FEM substantially improves until the expected convergence rate of the error in
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(a) (b)

(c) (d)

Figure 5.19: Comparison between DLSFEM-PML numerical results and analytical solution
(gP=0.5, ζ=0.001, v=0.7 vcr,P , A=± 4×102). Normalized deflection ŵ (a), rotation θ̂ (b),
bending moment M̂ (c), shear force Ŝ (d). For the reference mechanical parameters, see
Table 5.2.

(a) (b)

(c) (d)

Figure 5.20: Comparison between DLSFEM-PML numerical results and analytical solution
(gP=0.5, ζ=0.001, v=1.3 vcr,P , A=4× 102). Normalized deflection ŵ (a), rotation θ̂ (b),
bending moment M̂ (c), shear force Ŝ (d). For the reference mechanical parameters, see
Table 5.2.

the L2- and H1-norms are progressively reached. Thus, as expected, either the
higher the moving load velocity or the smaller the damping, the higher is the
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ŵ

−
ŵ
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Figure 5.21: Convergence of DLSFEM-PML in L2- (q=0, continuous line) and H1-
norms (q=1, dot-dashed line), at variable moving load velocity v=α vcr,P , for a nearly-
damped system (ζ=0.001) with respect of amplitudes A ruling the real part of the projec-
tive transformation of the PML: A=102 (a); A=2×102 (b); A=4×102 (c); A=103 (d).
Norms are evaluated on the computational domain of interest.

(a) (b)

Figure 5.22: Comparison between DLSFEM-PML numerical results and analytical solution
as approaching the critical velocity for a nearly undamped system (ζ=0.001, A=4× 102).
Normalized deflection: v=0.99 vcr,P (a) and v=1.01 vcr,P (b). For the reference mechani-
cal parameters, see Table 5.2.

demanded capacity of the PML in absorbing the stationary propagating wave.
Numerical experiments have also been performed for an even more chal-

lenging configuration of the mechanical parameters, by considering the nearly
undamped case (ζ=0.001), with two values of velocity, one just subcriti-
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cal v=0.99 vcr,P and one just supercritical v=1.01 vcr,P , thus very close to crit-
ical value vcr,P . The numerical results in terms of normalized deflection are
presented in Fig. 5.22, showing again a very good agreement with respect to
the target solution, for the same mesh size. Thus, the range of velocity in
which this method performs well is rather wide. In the same figures, the effect
of the new PML may be truly appreciated at the extremes of the computational
domain.

5.6 Closing chapter considerations

In the present chapter, the solution of the problem of the steady-state dynamic
response of a homogeneous infinite Euler-Bernoulli elastic beam resting on a
uniform Pasternak viscoelastic foundation and subjected to a constant trans-
verse point load moving with a constant velocity along the beam has been
investigated both analytically and numerically.

In the first part of the chapter, the Fourier transform technique has been ap-
plied to reduce the governing ordinary differential equation of motion of the
beam into an algebraic equation and a universal fully parametric closed-form
explicit analytical solution has been derived by inverting the Fourier transform,
by means of the theory of complex analysis and the residue theorem. An a pri-
ori characterization on how the beam-foundation response changes according
to the paths followed in the space of the system parameters, by varying the
moving load velocity, the Pasternak shear modulus and the damping ratio, has
been developed by a comprehensive classification of all solution behaviors,
based on the parametric nature of the poles of the Fourier transform of the so-
lution. In fact, depending on that, the wave form of the resulting response may
present a wide variety of configurations.

Then, a rigorous derivation of the general solution has been obtained, lead-
ing to a universal parametric representation of the steady-state response, which
depends on two non-dimensional physical parameters of the beam-Pasternak
foundation system. The present derivation includes new solution appearances
that may be obtained for given values of the physical parameters, such as for a
high Pasternak modulus, outlining a unitary, comprehensive general formula-
tion of the analyzed steady-state moving load problem.

The derived solution turns out to be fully consistent with available solutions
reported in the literature, but, with respect to the literature contributions dis-
cussed in Section 5.1, the present newly-derived solution constitutes a unified
analytical tool endowed of a general validity. Indeed, such an approach avoids
the need of using distinct expressions of the analytical solution, like as it was
proposed in previous research works, whose validity was limited only to some
regions of the space of the characteristic parameters of the beam-Pasternak
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foundation system. Moreover, the derived exact solution may be readily used
to validate the reliability and accuracy of numerical methods (e.g. the devel-
oped DLSFEM modelization), which may be employed to obtain the response
also for more complex problems, where an analytical treatment may not be
possible.

The achieved analytical solution has been summarized in the self-contained
chart reported in Fig. 5.4, which represents a main result of the present in-
vestigation and shall constitute an easily-accessible reference. The developed
analytical investigation has drawn several interesting findings concerning the
present formulation of the moving load problem. Furthermore, singular in-
stances of the steady-state solution corresponding to a vanishing discriminant
of the denominator of the associated Fourier representation, leading to the onset
conditions of critical velocity and of critical damping have been consistently
derived, analyzed, inspected and interpreted. The existence of two branches
of the critical damping coefficient, pertaining to each one of the two bending
waves (propagating backward and forward) characterizing the beam-Pasternak
foundation response, has been revealed.

In the absence of damping, when the moving load approaches the critical
velocity, the beam response becomes unbounded and a steady-state response
cannot be attained, neither at the supercritical velocities. The critical veloc-
ity for a Pasternak elastic foundation in Eq. (5.51) is always greater than that
for a Winkler elastic foundation in Eq. (5.13), and quickly raises at increas-
ing Pasternak modulus. Similar response features have been deduced from
the parametric analysis of the local normalized response characteristics at the
moving load position, performed by considering variable velocity, Pasternak
modulus and damping ratio.

Non-dimensional curves of deflection, cross-section rotation, bending mo-
ment and shear force versus non-dimensional spatial parameter have been pre-
sented, showing several important and characteristic features of the structural
response. The normalized shapes and amplitudes of these curves are mostly
controlled by non-dimensional parameter α in Eq. (5.10), whose magnitude in
turn depends on the interrelation between the velocity of the moving load and
the Pasternak modulus. Such a dependence, together with the effect of damp-
ing, as attached to non-dimensional parameter β in Eq. (5.11), has been widely
discussed in this chapter. For positive values of parameter α, the presence of
shear interaction in the foundation may be conceived as to be equivalent to
having a simpler Winkler elastic foundation, but with a load moving at a lower
velocity. As a general consideration, since the Pasternak model shall represent
the ground behavior more accurately than the Winkler model, the developed
solutions may supply a better guideline for possible ensuing contexts of pa-
rameter identification and for practical design purposes.

Finally, a complete parametric analysis on the effect of the moving load ve-
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locity, the Pasternak modulus and the damping ratio on the beam-foundation re-
sponse has been developed, for ranges of the parameters spanning a wide spec-
trum of the parametric space, thus including all possible physical instances.
Consistently, extensive representations of the characteristic features of the
steady-state response have been provided and discussed.

In the second part of the chapter, a new, effective fourth-order PML tech-
nique and a local Discontinuous Least-Squares Finite Element Method (DLS-
FEM) method have been formulated and implemented, as a robust and effi-
cient joint computational tool for numerically simulating the same steady-state
beam response. In order to handle the issue of spurious reflections and non-
evanescence of the flexural waves arising from the geometric truncation of the
original unbounded domain, a steady-state effective fourth-order PML tech-
nique has been innovative formulated and implemented.

The present derived and implemented DLSFEM-PML formulation has pro-
vided a unitary and robust numerical tool for numerically analyzing the steady-
state moving load response in the whole space of variation of the characteris-
tic mechanical parameters of the beam-foundation system, thus requiring nei-
ther special treatments nor user-tunable parameters associated to stabilization
terms, which are prevalent in traditional schemes. Although the presence of
only one moving load has been assumed in the analyzed problem, a more gen-
eral formulation has been developed, by considering the possible treatment of
multiple moving loads.

A stationary effective Perfectly-Matched Layer (PML) technique, derived,
analyzed and discussed thoroughly in this chapter, has been successfully imple-
mented within the DLSFEM formulation for the fourth-order beam problem, to
accurately simulate far-field conditions of the original physical moving load ex-
terior problem into an appropriate boundary value problem. The effectiveness
of the PML technique and of the theoretical results attached to the DLSFEM
formulation and of their practical validity have been proven through several
numerical examples, in which the obtained numerical results have been com-
pared with the previously derived analytical solution, showing highly accurate
numerical outcomes for subcritical, quasi-critical and supercritical cases, both
damped and undamped.

Numerical evidences have confirmed that the method is truly capable of ac-
curately representing the prescribed jump discontinuity in the shear force at
the loading points and of reproducing the predicted theoretical quasi-optimal
convergence rates. At supercritical velocities, when the action of the PML be-
comes mandatory to provide the sought response, it is shown that the present
DLSFEM-PML is robust, stable and convergent, even for a very slightly dam-
ped system, if a sufficient amount of projection imposed by the PML is se-
lected. Even in this latter case, the rate of convergence of both H1-norm
and L2-norm of the error is shown to be coherent with the theoretical a pri-
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ori error estimates.
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Chapter 6

Conclusions

6.1 Closing remarks

The present doctoral dissertation has presented the outcomes of an extensive
research investigation carried out on the structural dynamic analysis of one-
dimensional elements (strings, beams) on continuous elastic support, repre-
sented by a Winkler or Pasternak mechanical model, under the action of a
transverse moving load, traveling at a constant high velocity. In particular,
the aim was that to reveal the physical dynamic response characteristics of
taut string/beam-foundation interacting systems, both in the linear and in the
nonlinear regimes of response, through the formulation and implementation of
analytical and/or numerical methodologies. These were specifically conceived
to handle the mathematical issues inherent to the modelization of the mechan-
ical problems under consideration, all originally developed and autonomously
implemented within the body of the dissertation. A main background practical
context of the analytical and numerical investigations exposed in the thesis is
represented by the appropriate description of track vibrations induced by high-
speed vehicles, e.g. trains, which looks crucial in contemporary transportation
engineering.

Some global conclusive remarks on the whole investigation are briefly out-
lined in the following. Conclusions are presented by considering the two main
parts treated in this work, i.e. the determination of the structural response of
finite beam-foundation systems, in both static and dynamic contexts (fixed ref-
erence frame), and the analysis of the structural dynamic response of infinite
systems, described within a moving reference frame (convected coordinate).

In Chapter 2, introducing the first part of the thesis, an historical review of
the most common mechanical models used for representing a continuous elas-
tic support, namely the Winkler and the Pasternak models, has been presented,
both in the linear and nonlinear contexts, together with a brief state of the art
on the application of such models in the context of elastostatics. After hav-
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ing disclosed a substantial lack of knowledge in the literature of the analytical
formulations relative to the case of a space-varying Winkler coefficient, two
closed-form explicit analytical solutions regarding the static response of a fi-
nite Euler-Bernoulli elastic beam lying on a Winkler foundation, with stiffness
coefficient varying according to a linear or a minus four power function, respec-
tively, have been rigorously derived in full analytical closed form by the theory
of Ordinary Differential Equations (as resumed in the charts of Figs. 2.15 and
2.4). The selected expressions for the support elastic stiffness coefficient result
able to represent manifold space-variation trends, as well as to reproduce the
limit cases of a constant stiffness modulus of the foundation, of the absence of
a foundation and of the presence of an infinitely rigid support.

Fundamental mathematical derivations and manipulations have been sum-
marized and presented. Then, complete parametric analyses on the beam-
foundation system response as a function of the characteristic mechanical pa-
rameters of the system have been developed and their effects on the varia-
tions of the deflection and bending moment non-dimensional curves versus
non-dimensional spatial parameter have been been widely discussed. Curves
which can be used to compute the maximum static response have been dis-
played for both the considered problems. These curves may supply a guidance
for the practical design of beams on a variable elastic Winkler support.

Also, the reference analytical model derived here may represent a powerful
tool for the parametrization and interpretation of the structural response, and a
reference analytical model appears undoubtedly more effective than a numer-
ical one, especially for ensuing contexts of parameter identification or design
purposes, also in terms of parametrization and interpretation of the achieved
structural response. Moreover, the derived exact analytical solution may con-
stitute a benchmark reference for validating reliability and accuracy of alter-
native numerical approaches, which may be useful to solve more complicated
problems, where analytical treatments may become unfeasible, especially in
explicit closed-form.

After the preliminary discussion on the constitutive behavior of the compo-
nents of a beam-foundation system in Chapter 2, Chapter 3 has regarded the
dynamic transient response of a long finite, simply-supported beam, lying on
linear and nonlinear elastic Winkler foundations, subjected to a concentrated
load moving at a high constant velocity along the beam, with a harmonic-
varying magnitude in time. At the beginning, in order to introduce the frame-
work and motivations of the present analysis, a brief state of the art on the
main contributions and researches that mostly have inspired the developments
of the present work has been presented. Then, a FEM implementation coupled
with a HHT-α integration algorithm has autonomously been implemented to
numerically analyze the dynamic response of the beam-foundation system and
to detect its critical velocities, leading to the largest displacements. In order
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to validate the reliability of the present FEM implementation, the numerical
outcomes of the linear foundation model, in terms of maximum displacements
and critical velocities, have been compared with those reported in the dedicated
literature (Chen et al., 2003 [55], Castro Jorge et al., 2015 [49, 50]), showing
an excellent agreement.

The numerical outcomes have revealed that if the moving load magnitude
is constant, only one critical velocity appears, while two critical velocities are
instead observed for a harmonic moving load, for all types of underlying foun-
dation. The two critical velocities tend to separate, one increasing, the other
decreasing, as the moving load frequency increases. The higher critical ve-
locity increases, starting from the value of the critical velocity obtained for a
constant-magnitude load. On the contrary, the lower critical velocity decreases,
until it reaches zero for a frequency of the load equal to the first natural fre-
quency of the beam. The relationship between the critical velocities and the
moving load frequency has been portrayed in appropriate multiple-branch nu-
merical/analytical curves, at variable mechanical parameters, by fitting the val-
ues of the critical velocities computed at different load frequencies, through
effective analytical interpolating proposals with calibrated coefficients. The
employed models for the description of such curves appear very appropriate
for the considered nonlinear beam-foundation systems. The derived formulas
appear rather simple and possibly workable in practice; thus, they may supply
a useful guideline for the design of railway tracks when the magnitude of the
moving load is oscillating in time.

In more detail, regarding the bilinear support case, a progressive decrease of
the stiffness for the upward motions increases the positive (upward) displace-
ments of the beam; the increase of the displacements is particularly important
for a nearly vanishing tension stiffness, for which upward displacements may
become so large that the hypothesis of geometrical linearity may become no
longer valid. The moving load critical velocities also decrease when the foun-
dations stiffness ratio decreases. Further, convergence studies on the maximum
beam deflection demonstrate the high accuracy of the retrieved results, for the
adopted space discretization. In addition, an automated calculation has been
implemented to evaluate the time step to be adapted for the numerical integra-
tion, for each simulation, in order to optimize the computational effort. Poten-
tial implications in terms of practical design scenarios may be deduced from
the study on the bilinear foundation case, especially in possibly lowering down
the ranges of admissible vehicle velocities, as for a structural requirement or
for preventing potential passenger discomfort.

Concerning instead the cubic superlinear elastic Winkler foundation, several
numerical simulations have been performed by varying moving load velocity,
magnitude mean value and frequency. Three critical velocities have newly
been detected for a harmonic moving load with a non-zero mean magnitude,
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depending on both the frequency and the mean magnitude of the moving load.
Also in this case, the highest and lowest critical velocities tend to separate, one
increasing, the other decreasing, as the moving load frequency increases, while
the intermediate critical velocity remains fixed with respect to the frequency.

The second part of the present thesis has pertained to the analysis of the
steady-state response of uniform infinite one-dimensional structural elements
lying on visco-elastic foundations, induced by the action of a constant trans-
verse point load moving with a high constant velocity. By describing such
responses in a moving reference frame attached to the position of the load, a
steady-state response has been obtained, similarly to solving a static problem,
posed on an unbounded domain. Two types of one-dimensional structural ele-
ments have been considered: a taut string and an elastic Euler-Bernoulli beam.

The aim was that of developing a unitary and robust numerical method,
from which the steady-state moving load response could be obtained, in the
whole space of variation of the characteristic mechanical parameters of the
taut string/beam-foundation systems, thus requiring neither special treatments
nor user-tunable parameters associated to stabilization terms, which are instead
prevalent in traditional schemes. Towards such a scope, a local Discontinu-
ous Least-Squares FEM (DLSFEM) formulation, namely a non-standard FEM
approach, has been successfully derived and implemented, mainly due to its
several theoretical and computational advantages in this field. Among these,
it is worthwhile to mention the absence of stabilization terms and associated
user-tunable parameters, which are prevalent in traditional schemes, the con-
struction of always sparse, symmetric and positive-definite algebraic discrete
systems and the possibility to employ a single piecewise polynomial, even dis-
continuous space, for approximating all the involved variables, circumventing
well-known stability conditions arising in mixed methods, thus making pro-
gramming much easier by using equal-order elements. Such advantageous nu-
merical properties result useful when one is interested in the numerical solution
of a problem within a complete range of values of the involved parameters.

In addition, in order to simulate a problem originally defined on an un-
bounded domain, effective dedicated steady-state PML techniques in moving
coordinates have been implemented within the DLSFEM formulation, thus bal-
ancing the geometric truncation of the original unbounded domain and accu-
rately simulating the far-field conditions of the original exterior problem into
an appropriate boundary value problem.

In particular, Chapter 4 has dealt with the description of the DLSFEM and
its application to the infinite taut string moving load problem. The convergence
of the method has rigorously been demonstrated (see Theorem 1 in Section 4.4)
by an innovative arrangement in matrix form, valid for any linear ordinary dif-
ferential problem of any order, with complex-valued coefficients (rewritten as
a first-order system), with interface conditions, thus advancing and completing
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previous literature derivations. On this basis, theoretical a priori error estimates
have been consistently derived for the finite element approximation, asserting
that the uniform rate of convergence of the present DLSFEM with equal-order
finite elements is of order two in L2-norm and of order one in H1-norm. The
validation of the derived theoretical results, together with the effectiveness of
the PML as a valuable absorbing layer, have been proven through several nu-
merical examples, for the moving load physical context of interest, in which
the obtained numerical results have been compared with an available analyti-
cal solution from the literature.

In Chapter 5, the solution of the problem of the steady-state dynamic re-
sponse of a homogeneous infinite Euler-Bernoulli elastic beam resting on a
uniform Pasternak viscoelastic foundation and subjected to a constant trans-
verse point load moving with a high constant velocity along the beam has been
determined, both analytically and numerically.

First, a rigorous derivation of the general closed-form explicit analytical so-
lution has been obtained, summarized in the self-contained chart reported in
Fig. 5.4, leading to a universal parametric representation of the steady-state
response, by means of a Fourier transform technique, the theory of complex
analysis and the residue theorem. The present derivation includes new solution
appearances that may be obtained for given values of the physical parame-
ters, such as for a high Pasternak modulus, outlining a unitary, comprehensive
general formulation of the analyzed steady-state moving load problem, thus
constituting a unified analytical tool endowed of a general validity.

The developed analytical investigation has drawn several interesting find-
ings concerning the present formulation of the moving load problem. Complete
parametric analyses on the effect of the moving load velocity, the Pasternak
modulus and the damping ratio on the beam-foundation response has been de-
veloped, for ranges of the parameters spanning a wide spectrum of the paramet-
ric space, thus including all possible physical instances. Consistently, extensive
representations of the characteristic features of the steady-state response have
been provided and discussed.

Furthermore, singular instances of the steady-state solution corresponding
to a vanishing discriminant of the denominator of the associated Fourier rep-
resentation, leading to the onset conditions of critical velocity and of critical
damping have been consistently derived, analyzed, inspected and interpreted.
The existence of two branches of the critical damping coefficient, pertaining
to each one of the two bending waves (propagating behind and in front of the
moving load position) characterizing the beam-Pasternak foundation response,
has been revealed.

Finally, in the second part of Chapter 5, a new, effective fourth-order PML
technique and a local Discontinuous Least-Squares Finite Element Me-
thod (DLSFEM) have been formulated and implemented, as a robust and effi-
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cient joint computational tool for the numerical simulation of the same steady-
state beam response. In order to handle the issue of spurious reflections and
non-evanescence of the flexural waves arising from the geometric truncation
of the original unbounded domain, a stationary effective Perfectly-Matched
Layer (PML) technique has been derived for the fourth-order beam problem,
to accurately simulate the far-field conditions of the original physical moving
load exterior problem into an appropriate boundary value problem.

The effectiveness of the new PML technique and of the theoretical results
attached to the present DLSFEM formulation and of their practical validity
have been proven through several numerical examples, in which the obtained
numerical results have been compared with the previously derived exact ana-
lytical solution, showing highly accurate numerical outcomes, for subcritical,
quasi-critical and supercritical cases, both damped and undamped. Thus, the
derived exact solution may also be readily used to validate the reliability and
accuracy of numerical methods (e.g. the developed DLSFEM modelization),
which may be employed to obtain the response also for more complex prob-
lems, where an analytical treatment may not be possible.

As a final conclusion, the results obtained and presented in this work are
believed to satisfy the aims of the present thesis of providing consistent mod-
elizations in the challenging structural dynamics vibration context of fast mov-
ing load problems. The analytical solutions and the numerical implementations
appear as powerful theoretical and computational methodological tools, poten-
tially amenable to feasible applications in practical situations. They allowed
to reveal detailed information on the physical dynamic responses of the con-
sidered interacting beam-foundation structural systems, specifically regarding
wave propagation characteristics, critical velocities and critical damping values
and amount of structural response. Indeed, this information is believed to be
crucial for design, optimization and identification processes, connected to the
analyzed moving load problems.

6.2 Future developments

Specific future developments, as possible downstreams of the outcomes and
open issues of the formulations and simulations developed in the thesis are fi-
nally outlined below in itemized form, for each of the considered mechanical
problems:

• Regarding to the derivation of analytical solutions for the bending re-
sponse of a finite uniform Euler-Bernoulli elastic beam resting on a Win-
kler elastic foundation with a spatially inhomogeneous stiffness coeffi-
cient, the analytical solutions explored in Chapter 2 could be enriched
by other static problems involving further space trends, as, for instance,
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parabolic, or by shifting them to a dynamical context. In the latter case,
the determination of the modal properties and/or of the complete dynamic
response of finite beam-foundation systems with varying k(x) under sev-
eral types of external actions (oscillating distributed load, moving loads,
etc.) may be pursued.

• By referring to the action of moving vehicles on finite beams on elastic
foundation, in order to obtain a more realistic dynamic response of the
system, some further improvements of the modelization could be made
to obtain an even more detailed dynamic response of the beam-founda-
tion system. A moving oscillator interacting with the beam should be con-
sidered, instead as of a simple moving force. An accelerating/decelerating
moving load may also be a subject of further dynamic analyses. The ge-
ometrical linear hypothesis on the kinematics of the beam could be re-
laxed and a more complex constitutive law of the support, which would
be both a nonlinear function of the beam displacements and with a dif-
ferent behavior in compression and in tension, may be included. Further,
more accurate models could even consider wave propagation phenomena
in both beam and underlying substratum, by modelling the foundation as
a continuum of a finite or infinite depth. Real applications usually require
extensions to infinite lenghts; it is then necessary to eliminate the effect
of the supports, by mitigating the perturbation induced by the reflection
of the traveling waves. This could be achieved by implementing further
appropriate artificial (absorbing) boundary techniques.

• With regard to the formulated and implemented DLSFEM-PML formu-
lation, analogous approaches could be developed for other moving load
problems, such as those pertaining to plates or to other structural ele-
ments, both in the linear and nonlinear contexts, which actually provided
an underlying main motivation to pursue the present numerical formu-
lation of linear problems, already endowed with a closed-from explicit
analytical solutions as for a benchmark reference.
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Appendix

Short historical profile of Emil Winkler [1835-1888]

Figure A.1: Portrait of Emil
Winkler taken in the period
he lived in Prague (from
Kurrer, 2008 [169]).

Emil Winkler was with no doubts one of the
most important German civil engineers of the
XIX century. He is well known as forerun-
ner in the study of influence lines, high curva-
ture beams and strength of materials, as well
as the inventor of the homonymus mechani-
cal model of elastic soil (called in German
“Winklersche Bettung”). He was contempo-
rary of other European founding fathers of mod-
ern Structural Analysis, such as J.A. Charles
Bresse [1822-1883], C.L. Navier [1785-1836],
B.P.E. Clapeyron [1799-1867], G. Lamé [1795-
1870]. Main events about Winkler’s life have
been described e.g. by Timoshenko (1953) [252],
Knothe (2000) [167], (2004) [166] and Kur-
rer (2008) [169].

Emil Winkler (Fig. A.1) was born in 1835 in
Falkenberg at Torgau (Saxony), the son of the
forester Johann Leberecht Winkler. He attended
elementary school in 1841 in Falkenberg and the Torgau Gymnasium from
1847. The same year, while Winkler was firstly visiting the high school in Tor-
gau, his father committed suicide shooting himself in the mouth, as reported
by the parish register. That must had been quite a traumatic event for him,
since he was only twelve. Three years later he made the high school dropout
decision and worked as apprentice bricklayer for sustaining his humble family.
It is supposed that Johann Arndt Albert, his mathematics teacher, has pointed
out to him the possibility of a second-chance education to obtain a certificate
of professional education. Then, after he “graduated” as a bricklayer in Tor-
gau, Winkler attended the “Baugewerkeschule”, a kind of building trade school
founded in Holzminden in 1831, in order to upgrade his skills for subsequent
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studies. Later, in fact, Winkler studied cleverly calculus of structures for four
years at the Dresden Polytechnic, where probably his mathematics professor
Oscar Schlömilch helped in improving Winkler’s mathematical skills, which
were certainly inadequate after his brief high school attendance.

Since from his first publication1 soon after graduating, Winkler’s modeling
capabilities were undeniable and remained a distinctive feature of all his works.
He obtained his Doctor of Philosophy degree at the University of Leipzig in
1861, by presenting a dissertation on a topic of soil mechanics entitled “On
the pressure inside of earth masses”, a theory about retaining walls, with the
physicist Wilhelm Gottlieb Hankel (father of mathematician Hermann Han-
kel) as advisor. The same year, two other important events occurred: Winkler
was employed as a teacher of strength of materials at the Saxony Waterways
Department of the Polytechnic of Dresden and got married to Clara Helene
Crentz, the daughter of a Dresdner merchant. Later, in 1863, he became a
lecturer in bridge engineering.

In 1865, just after his thirtieth birthday, Winkler was appointed as profes-
sor of bridge and railroad engineering at the Polytechnic Institute of Prague.
He was a good teacher and during his lessons he crossed the quite whole
field of civil engineering: bridge construction, tunnel construction, founda-
tion problems, earth-moving, elasticity and strength of materials. In that pe-
riod in Prague he wrote his famous book “Die Lehre von der Elastizität und
Festigkeit” (Theory of Elasticity and Strength) [271], a general textbook on
elastic theory and strength of materials for engineers published in 1867, in
which a new method stood out, which allowed to analyze railway tracks on
gravel (theory of the beam resting on an elastic foundation, as described here
in Chapter 2).

Although nowadays engineers are rarely familiar with this book and other
Winkler’s writings, the name of Emil Winkler is still very much known by the
international scientific community since the method he outlined is still used
on gravel tracks after nearly 150 years and applied also to a number of other
technical problems.

Winkler’s successes in transforming classical mathematical elasticity theory
into a practical methodology for the analysis of bridges and buildings were the
reasons for his appointment at the Vienna Polytechnic in 1868, on a chair for
the course of railway and bridge engineering. Finally, in 1877, Winkler was
appointed for the planned construction of the Technical University of Berlin
(Bau Akademie), where, besides his teaching and research activities, he served
as chairman of the civil engineering department in 1880-81 and 1885-86, and
was elected dean from 1881 to 1882. He devoted his increasingly dwindling
forces to establishing the teaching of statics of structures. His teaching was,

1E. Winkler (1858), “Formänderung und Festigkeit gekrümmter Körper, insbesondere der Ringe” (Change of shape
and strength of curved body, which helps users look at rings), Civiling., 4, 232–246.
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even by today’s point of view, modern and didactic.
Emil Winkler was only 53 when, after a second stroke, died in August 1888

in his house in Berlin-Friedenau.
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