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ABSTRACT: We present a Bayesian nonparametric group-dependent mixture model
for clustering. This is achieved by building a hierarchical structure, where the discrete-
ness of the shared base measure is exploited to cluster the data, between and within
groups. We study the properties of the group-dependent clustering structure based on
the latent parameters of the model. Furthermore, we obtain the joint distribution of
the clustering induced by the hierarchical mixture model and define the complete pos-
terior characterization of interest. We construct a Gibbs sampler to perform Bayesian
inference and measure performances on simulated and a real data.

KEYWORDS: Bayesian analysis, clustering, Gibbs sampling, EPPF.

1 Introduction

In several statistical settings there is the need to model data organized in groups,
allowing for sharing of information across them. In the Bayesian framework,
this is achieved by hierarchical modeling, where the joint distribution of group-
specific parameters accounts for such dependence. For instance, in Bayesian
nonparametrics, the seminal work of Teh et al. , 2006 considered a mixture
model within each group j, where the group-specific parameter is the mixing
measure Pj and whose joint law is defined by an extra layer of hierarchy, yield-
ing to the hierarchical Dirichlet process. This approach has been extended to
the class of NRMI (Regazzini et al. , 2003) by Camerlenghi et al. , 2019 and
Argiento et al. , 2020. In the cited works, the mixing measure is infinite di-
mensional.

In this work, we propose a hierarchical model where the group-specific
mixing distribution belongs to the class of almost surely finite dimensional
distributions introduced by Argiento & Iorio, 2019. We assign the joint law
of the group-specific parameter such that the random measures within each
group share the same support. In this framework, it is possible to define a

group-dependent clustering as follows. First, an latent parameter θθθ j,i ∼ Pj for
individual i and group j is introduced. Second, since Pj is almost surely dis-
crete, ties within are expected, leading to a group-specific clustering. Finally,
since the Pj’s share same support, we expect also ties between groups, provid-
ing a global clustering. We are able to derive the joint law of the group-specific
clustering as well as the one of the global clustering. Such results allows to
build up a posterior sampling strategy based on the Gibbs sampler.

2 Model developments

Let y ji be the observed variable for group j, j = 1, . . . ,d, and individual i,
i = 1, . . . ,n j. We assume that the data in each group j come from a mixture of
M components, that is

y j1, . . . ,y jn j | w jl,τττl,M ∼
M

∑
l=1

w jl f (y ji | τττl), (1)

where f (y ji | τττl) is called kernel and is a parametric density over the sam-
pling space, w jm are the group-specific mixing weights and τττl are the ker-
nel parameters that are shared across groups. We assign a prior distribution
on the mixing weights by normalization, namely we define w jl =

S jl
Tj

, where

Tj = ∑M
l=1 S jl . Also, we assume a prior distribution on the number of compo-

nents, i.e., M ∼ q(m). Conditionally on M, S jl are independent positive random
variables with distribution h j(s), while τττl follows a prior distribution over Θ,
the parameter space of the kernel, that we denote p0(τττ).

As in Argiento & Iorio, 2019, the model can be framed in a Bayesian non-
parametric fashion. Indeed, q(M), h j(s) and p0(τττ) define the joint distribution
of a vector of almost sure discrete random measures P1, . . . ,Pd with support ΘΘΘ,
where

Pj =
M

∑
l=1

S jl

Tj
δτττl (θθθ), j = 1, . . . ,d (2)

with θθθ ∈ ΘΘΘ. We refer the joint distribution of P1, . . . ,Pd to as the Vector Nor-
malized Independent weights, i.e., V −NIw(q,h j, p0). Model (1) and the priors
described above can be rewritten in a hierarchical form as follows:

y ji | θθθ ji
ind∼ f (y ji | θθθ ji)

θθθ j1, . . . ,θθθ jn j | Pj
iid∼ Pj (3)

P1, . . . ,Pd | q,h, p0 ∼V −NIw(q,h j, p0).
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In this work, the kernel f (y | θθθ) represents the density of a univariate normal
distribution with parameter θθθ = (µ,σ2)⊤. We assume q(m) to be the p.m.f. of
a 1−shifted Poisson distribution with parameter Λ and h j(s) is the density of a
gamma distribution with shape parameter γi and rate equal to 1. Finally, p0(τττ)
is the density of a conjugate normal inverse gamma prior with parameters µ0,
κ0, ν0 and σ2

0.

3 Group-dependent clustering

The hierarchical model in (3) allows to define a group-dependent clustering
based on the latent variables θθθ ji. First, we introduce latent allocation variables
c ji such that c ji = m if θθθ ji = τm. Then, we denote M (a) the set of couples
( j,m) such that ∃i for which ci j = m and we define the number of allocated
columns as

M(a) = #
!

m : there exists one couple( j,m) ∈ M (a), j = 1, . . . ,d
"
.

We denote M (na) the complement of M (a). Hence, for every pair ( j,m), we
define n jm = #{( j, i) : c ji = m}. Note that

( j,m) ∈ M (na) ⇒ n jm = 0

( j,m) ∈ M (a) ⇒ n jm ≥ 0.

Finally, let c∗1, . . . ,c
∗
M(a) be the allocated columns, that is, the indexes within

{1, . . . ,M} such that ( j,c∗k) ∈ M (a).
We are now ready to define, for each group j, the clustering ρ j = {A j1, . . .

. . . ,A jM(a)}, where A jk = {( j, i) : ( j,c∗ki) ∈ M (a)} and k = 1, ...,M(a). In other
words, A jk is the set of data points of group j belonging to the k-th cluster.
Note that, a distinctive feature of our setting, is that A jk can be an empty set.
Nevertheless, if A jk = /0 appears in ρ j, it means that there is at least another
group j̃ such that A j̃k is not empty.

We build upon the work Argiento & Iorio, 2019 and James et al. , 2009 to
derive the joint distribution of the clustering ρ1, . . . ,ρd , induced by the hierar-

chical mixture model (3). This turns out to be:

π(ρ1, ...,ρd ,M(a)) =

! ∞

0
. . .

! ∞

0

d

∏
j=1

1
Γ(n j)

un j−1
j

M(a)

∏
k=1

κγ j(n jk,u j)

exp

#
−Λ

$
d

∏
j=1

ψγ j(u j)−1

%&
(4)

ΛM(a)−1

#
Λ

d

∏
j=1

ψγ j(u j)+M(a)

&
du1 . . .dud ,

where ψγ j(u j) =
1

(u j+1)γ j is the Laplace transform of a gamma distribution with

shape γ j and rate equal to 1, while κγ j(n jk,u j) =
Γ(γ j+n jk)

Γ(γ j)
1

(u j+1)n jk+γ j is its rela-
tive cumulant function. The joint distribution in (4) enables us to build a Gibbs
sampler for sampling from the full posterior distribution. We omit here the
details for brevity. We will illustrate the performance of our model over a set
of simulated and real data.

References

ARGIENTO, RAFFAELE, & IORIO, MARIA DE. 2019. Is infinity that far?
A Bayesian nonparametric perspective of finite mixture models. arXiv:
Methodology.

ARGIENTO, RAFFAELE, CREMASCHI, ANDREA, & VANNUCCI, MARINA.
2020. Hierarchical normalized completely random measures to cluster
grouped data. Journal of the American Statistical Association, 115(529),
318–333.

CAMERLENGHI, FEDERICO, LIJOI, ANTONIO, ORBANZ, PETER,
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distribution with parameter θθθ = (µ,σ2)⊤. We assume q(m) to be the p.m.f. of
a 1−shifted Poisson distribution with parameter Λ and h j(s) is the density of a
gamma distribution with shape parameter γi and rate equal to 1. Finally, p0(τττ)
is the density of a conjugate normal inverse gamma prior with parameters µ0,
κ0, ν0 and σ2

0.

3 Group-dependent clustering

The hierarchical model in (3) allows to define a group-dependent clustering
based on the latent variables θθθ ji. First, we introduce latent allocation variables
c ji such that c ji = m if θθθ ji = τm. Then, we denote M (a) the set of couples
( j,m) such that ∃i for which ci j = m and we define the number of allocated
columns as

M(a) = #
!

m : there exists one couple( j,m) ∈ M (a), j = 1, . . . ,d
"
.

We denote M (na) the complement of M (a). Hence, for every pair ( j,m), we
define n jm = #{( j, i) : c ji = m}. Note that

( j,m) ∈ M (na) ⇒ n jm = 0

( j,m) ∈ M (a) ⇒ n jm ≥ 0.

Finally, let c∗1, . . . ,c
∗
M(a) be the allocated columns, that is, the indexes within

{1, . . . ,M} such that ( j,c∗k) ∈ M (a).
We are now ready to define, for each group j, the clustering ρ j = {A j1, . . .

. . . ,A jM(a)}, where A jk = {( j, i) : ( j,c∗ki) ∈ M (a)} and k = 1, ...,M(a). In other
words, A jk is the set of data points of group j belonging to the k-th cluster.
Note that, a distinctive feature of our setting, is that A jk can be an empty set.
Nevertheless, if A jk = /0 appears in ρ j, it means that there is at least another
group j̃ such that A j̃k is not empty.

We build upon the work Argiento & Iorio, 2019 and James et al. , 2009 to
derive the joint distribution of the clustering ρ1, . . . ,ρd , induced by the hierar-

chical mixture model (3). This turns out to be:

π(ρ1, ...,ρd ,M(a)) =

! ∞

0
. . .

! ∞

0

d

∏
j=1

1
Γ(n j)

un j−1
j

M(a)

∏
k=1

κγ j(n jk,u j)

exp

#
−Λ

$
d

∏
j=1

ψγ j(u j)−1

%&
(4)

ΛM(a)−1

#
Λ

d

∏
j=1

ψγ j(u j)+M(a)

&
du1 . . .dud ,

where ψγ j(u j) =
1

(u j+1)γ j is the Laplace transform of a gamma distribution with

shape γ j and rate equal to 1, while κγ j(n jk,u j) =
Γ(γ j+n jk)

Γ(γ j)
1

(u j+1)n jk+γ j is its rela-
tive cumulant function. The joint distribution in (4) enables us to build a Gibbs
sampler for sampling from the full posterior distribution. We omit here the
details for brevity. We will illustrate the performance of our model over a set
of simulated and real data.
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