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0:viii Preface

We are also very grateful to the non-PC-member reviewers who helped us evaluating
some of the submissions. Namely, Duncan Adamson, Hind Almahmoud, Kristijan Atanasov,
Divya Bajaj, Stefan Balev, Thomas Bellitto, Michelle Döring, Yuval Gil, Valentin Gledel,
Timothy Gomez, Thorsten Götte, Kiya Hironori, Naoki Kitamura, Ramin Kosfeld, David
Kutner, Stefano Leucci, Raul Lopes, Hendrik Molter, Nils Morawietz, Théo Morel, Francesco
Piselli, Malin Rau, Eric Sanlaville, Luca Pepè Sciarria, Jason Schoeters, Olivier Stietel, Jukka
Suomela, Georg Tennigkeit, and Sébastien Zeitoun.

SAND 2024 received 34 submissions. The review process was double-blind and each paper
was assigned to at least three members of the program committee with relevant expertise and
eventually reviewed by them and/or by additional reviewers whenever needed. The program
committee accepted 16 papers as regular papers, and 8 as brief announcements. These
papers cover a wide range of topics, including dynamic networks and distributed algorithms,
mobile computing and robotics, programmable matter, and temporal and dynamic graph
algorithms. Keynote talks were given by distinguished researchers, to whom we are grateful:
Eric Demaine (MIT), Jessica Enright (University of Glasgow), and Bernhard Haeupler (Sofia
University and ETH Zürich).

This year, the Best Paper Award was given to Philipp Czerner, Vincent Fischer and
Roland Guttenberg for their paper “The Expressive Power of Uniform Population Protocols
with Logarithmic Space”, and the Best Student Paper Award was given to Flavio Principato,
Javier Esparza and Philipp Czerner for their paper “Undecidability of the Emptiness Problem
for Weak Models of Distributed Computing”.

We wish to thank the members of the various committees of SAND as well as its advisory
board, for all their hard work in establishing this relatively new conference. All have been
supportive throughout. We are grateful to the program committee members and to the
additional reviewers for devoting time and effort in order to come up with a strong conference
program. A special thanks goes to the chairs of the organizing committee: Leszek Gasieniec,
Othon Michail, Igor Potapov, Paul Spirakis, Prudence Wong, and Viktor Zamaraev. We
are also indebted to the chair of the SAND steering committee, Othon Michail, for all of
his support. Above all, we thank the authors for submitting their work to SAND 2025 and
providing substantial contributions to our knowledge on the role of dynamics in computing.
We do believe that this volume will inspire further work and will contribute to the further
growth of this exciting research area.

June 2025

Kitty Meeks and Christian Scheideler
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Abstract
Temporal graphs are a special class of graphs for which a temporal component is added to edges,
that is, each edge possesses a set of times at which it is available and can be traversed. Many
classical problems on graphs can be translated to temporal graphs, and the results may differ.

In this paper, we define the Temporal Edge Cover and Temporal Matching problems and
show that they are NP-complete even when fixing the lifetime or when the underlying graph is a
tree. We then describe two FPT algorithms, with parameters lifetime and treewidth, that solve the
two problems. We also find lower bounds for the approximation of the two problems and give two
approximation algorithms which match these bounds. Finally, we discuss the differences between
the problems in the temporal and the static framework.
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parameter tractability
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1 Introduction

A temporal graph is a graph where the edges are available only at prescribed moments. More
formally, a temporal graph with lifetime τ is a pair G = (G, λ) where G is a graph (called the
underlying graph) and λ is the time labelling that assigns to each edge a finite non-empty
subset of [τ ]. Alternatively, a temporal graph can be seen as a finite sequence of spanning
subgraphs of G called snapshots. A temporal vertex is an occurrence of a vertex in time,
i.e. an element of V (G)× [τ ], and a temporal edge is an occurrence of an edge in time, i.e.
(e, t) with e ∈ E(G) and t ∈ λ(e). They appear in the literature under many distinct names
(temporal networks [8], edge-scheduled networks [2], dynamic networks [16], time-varying
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8:2 Matching and Edge Cover in Temporal Graphs

Table 1 Temporal variations of edge cover.

XXXXXXXXXXXcovered
covered by temporal edge edge

temporal vertex polynomial NP-complete (Theorem. 3)
vertex polynomial polynomial

Table 2 Temporal variations of matching.

XXXXXXXXXXXnot sharing
taking temporal edge edge

temporal vertex polynomial NP-complete (Theorem 4)
vertex polynomial polynomial

graphs [3], stream graphs, link streams [11], etc). We refer the reader to [8] for a plethora of
applications. In the recent years, many papers have focused on studying how well-known
problems in static graph theory translate into the temporal setting. In this paper we focus
on edge covering and matching problems.

A matching1 is a set of edges such that no two edges share a common vertex. An edge
cover is a set of edges ensuring that every vertex in the graph is incident to at least one
edge in the set. The maximum matching problem seeks to find a matching of the largest
possible size, while the minimum edge cover problem aims to determine the smallest edge
cover2. These are fundamental problems in graph theory, known to be dual to each other
and solvable in polynomial time. To illustrate their duality, consider a maximum matching
M in a graph G. A minimum edge cover S of size |V (G)| − |M | can be obtained from M

by greedily adding edges until all vertices in G are covered. Applying similar combinatorial
reasoning, one can obtain a maximum matching from a minimum edge cover, bringing us to
the equality α′(G) + β′(G) = |V (G)| [7], where α′(G) is the size of a maximum matching
and β′(G) is the size of a minimum edge cover. This is known as Gallai’s Theorem.

The above concepts naturally extend to temporal graphs in multiple ways, depending on
whether we aim to cover or saturate vertices versus temporal vertices, and whether we achieve
this using edges or temporal edges. This distinction gives rise to four possible variations, as
summarized in Tables 1 and 2. It is straightforward to show that most of these variations
reduce to solving the corresponding minimum edge cover or maximum matching problem
in static graphs. Indeed, whenever vertices are considered, the temporal component of the
edges does not play a role in the problems, and the solutions are the same as those of the
corresponding static problems on the underlying graph. On the other hand, if both temporal
edges and temporal vertices are considered, then the snapshots of the temporal graph are
independent and can be solved as they where static graphs (the resulting graph is called
static expansion of a temporal graph [13]). For this reason, we focus on the cases highlighted
in pink. In the following, we formally define the relevant concepts. We say that a temporal
vertex (v, t) is isolated if t /∈ λ(uv) for every u ∈ N(v) (in other words, if v is isolated in
snapshot Gt).

1 The definitions for matching and edge cover, as well as their relationship, can be found in most graph
theory books. We refer to [15].

2 We assume that the graph G has no isolated vertices.
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Figure 1 Two minimal temporal edge covers of a temporal graph. The one on the right has
minimum cardinality.
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Figure 2 Two maximal temporal matchings of a temporal graph. The one on the right has
maximum cardinality.

▶ Definition 1 (Temporal Edge Cover). Given a temporal graph G = (G, λ), a temporal edge
cover of G is a subset S ⊆ E(G) such that, for every non-isolated (v, t) ∈ V (G)× [τ ], there
exists an edge e ∈ S incident to v such that t ∈ λ(e).

Examples of temporal edge cover are shown in Figure 1. Observe that the temporal
edge covers presented are minimal, with the one on the right having the smallest cardinality
among all edge covers of that temporal graph.

▶ Definition 2 (Temporal Matching). Given a temporal graph G = (G, λ), a subset M ⊆ E(G)
is a temporal matching of G if for every e, e′ ∈M , e ≠ e′, either e∩e′ = ∅ or λ(e)∩λ(e′) = ∅.

Examples of temporal matching are shown in Figure 2. Observe that the temporal
matchings are maximal, with the one on the right having maximum cardinality among all
temporal matchings.

We call Temporal Edge Cover (resp. Temporal Matching) the problem of, given
a temporal graph G and a nonnegative integer k, deciding whether there exists a temporal
edge cover (resp. temporal matching) of G of size at most (resp. at least) k.

Our Contributions. Our results are summarized in Theorems 3 and 4. We prove that both
problems are NP-complete, even when τ = 2 or when the underlying graph is a tree. This
implies that both problems are para-NP-complete when parameterized by either the lifetime
or the treewidth of the underlying graph. We then show that combining these parameters
allows us to obtain FPT algorithms. It is worth noting that the apparent similarity between
the two problems is not due to shared proof techniques; rather, all proofs are independent.
Finally, the problems differ in terms of approximation: while Temporal Edge Cover can
be approximated within a logarithmic factor, Temporal Matching cannot. In particular,
note that our approximation factors are asymptotically optimal.

▶ Theorem 3. Temporal Edge Cover
1. is NP-complete even if τ = 2;
2. is NP-complete even if the underlying graph is a tree;

SAND 2025



8:4 Matching and Edge Cover in Temporal Graphs

3. is FPT parameterized by τ plus the treewidth of the underlying graph;
4. cannot be approximated within factor b log τ for any b with 0 < b < 1, unless P=NP;
5. can be approximated within factor O(log τ).

▶ Theorem 4. Temporal Matching
1. is NP-complete even if τ = 2;
2. is NP-complete even if the underlying graph is a tree;
3. is FPT parameterized by τ plus the treewidth of the underlying graph;
4. cannot be approximated within factor τ1−ε, for any ε > 0.
5. can be approximated within factor τ .

As previously noted, despite the apparent similarity, the proofs of Theorems 3 and 4 are
fundamentally different. This independence arises from the fact that the size of a minimum
temporal edge cover is unrelated to the size of a maximum temporal matching, unlike the
case of static graphs. In fact, in Section 7 we prove a stronger result, namely that having a
minimum temporal edge cover does not facilitate the computation of a maximum temporal
matching, and vice versa. More specifically, we show that, given a temporal matching
of maximum cardinality, finding a minimum temporal edge cover remains NP-complete.
Likewise, given a minimum temporal edge cover, finding a maximum temporal matching is
also NP-complete. Observe that this implies that a temporal version of Gallai’s Theorem
cannot hold unless P = NP. A complete version of this paper can be found in [4].

Related Works. Many variations of the temporal matching problem have been explored in
the literature. The first definition of a temporal matching appears in [14], where it is defined
as a set of temporal edges {(e1, t1), . . . , (eq, tq)} such that {e1, . . . , eq} forms a matching in
the underlying static graph, and all timestamps are distinct. This constraint can be quite
restrictive, as it permits selecting at most one edge per snapshot.

A relaxation of this constraint was introduced in [12] with the concept of a ∆-temporal
matching. In this variation, temporal edges incident to the same vertex must have timestamps
that differ by at least ∆. This concept arises from the idea of analyzing the graph through
temporal windows of size ∆, which led to the definition of several ∆-related problems,
summarized in [10]. In the latter work, they also introduce the notion of a ∆-edge cover,
leaving open the related problem.

A closely related concept is that of a γ-matching in a link stream, introduced in [1],
where γ is a fixed positive integer. Using our terminology, this corresponds to a set of
temporal edges {(e1, t1), . . . , (eq, tq)} such that {ti, . . . , ti + γ − 1} ⊆ λ(ei) for each i ∈ [q],
and whenever |ti− tj | < γ, then ei∩ ej = ∅. Observe that this is a special case of ∆-temporal
matching.

2 Preliminaries

A (undirected, loopless) graph G is an ordered pair (V, E), where V is a finite set and
E ⊆ {{u, v} | u, v ∈ V, u ̸= v}. The elements of V are called vertices and the elements of E

are called edges. Sometimes we use V (G) and E(G) to refer to the set of vertices and edges
of G, respectively. Also, for simplicity, we write the elements of E(G) as uv instead of {u, v},
while still using the notation u ∈ uv. Given v ∈ V (G), let δG(v) = {e ∈ E(G) | v ∈ e} be
the set of edges incident to v in G. Given a graph G, a positive integer τ and a function
λ : E(G) → P([τ ]), with P([τ ]) being the power set of {1, . . . , τ}, such that each edge is
assigned a finite non-empty subset of [τ ]. Then G = (G, λ) is a temporal graph with lifetime
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τ . We can see the vertices and edges of G in two ways. One is to see them as just the vertices
and edges of G. The other is to add a temporal component to them. In this way, we have
temporal vertices in the form (v, i) ∈ V (G)× [τ ], and temporal edges in the form (e, j) with
e ∈ E(G) and j ∈ λ(e).

We recall some NP-complete problems that we use in the reductions of this paper.
3-SAT(2,2): given an input boolean formula F in conjunctive normal form, where each

clause has three literals and each variable appears four times, of which exactly two times is
negated, decide whether F is satisfiable and, if so, give an assignment that satisfies it.

Set Cover: given a pair (U,S) and a nonnegative integer k, where U = [n] for some n

and S = {S1, . . . , Sm} is a collection of subsets of U , determine (if it exists) a subcollection
of at most k subsets Si1 , . . . Sik

such that U ⊂
⋃k

j=0 Sij
.

Set Packing: given a collection of sets S = {S1, . . . , Sm} and a nonnegative integer k,
determine (if it exists) a subcollection of at least k pairwise disjoint sets in S.

Finally, we recall the definition of nice tree decomposition, that we use for the FPT
algorithms.

A tree decomposition of a graph G is a pair (T, {Xt}t∈V (T )), where T is a tree and
{Xt}t∈V (T ) is a collection of subsets of V (G) (called bags), such that the following three
conditions hold:

1. Every vertex of G appears in at least one bag:⋃
t∈V (T )

Xt = V (G).

2. For every edge (u, v) ∈ E(G), there exists a bag Xt such that both u and v are in Xt:

∀(u, v) ∈ E(G),∃t ∈ V (T ) such that {u, v} ⊆ Xt.

3. For every vertex v ∈ V (G), the set of nodes {t ∈ V (T ) | v ∈ Xt} forms a subtree of T .

The width of a tree decomposition is defined as maxt∈V (T ) |Xt| − 1, i.e., the size of the
largest bag minus one. The treewidth of a graph G is the minimum width over all possible
tree decompositions of G.

A tree decomposition (T, {Xt}t∈V (T )) of G is a nice tree decomposition if:
1. T is a rooted tree (call r its root), and each node t ∈ V (T ) is one of the following types:

Leaf node: t is a leaf of T , and Xt = ∅.
Introduce node: t has exactly one child t′, and Xt = Xt′ ∪ {v} for some v /∈ Xt′ . We
say that t introduces v.
Forget node: t has exactly one child t′, and Xt = Xt′ \ {v} for some v ∈ Xt′ . We say
that t forgets v.
Join node: t has exactly two children t1 and t2, and Xt = Xt1 = Xt2 .

2. Br = ∅.

It is largely known that a nice tree decomposition can be obtained from a tree decompos-
ition without increasing the width. We refer the reader to [5] for a very good introduction
about how to obtain algorithms that run in FPT time when parameterized by the treewidth.

3 Hardness and Tractability of Temporal Edge Cover

In this section, we study the complexity of Temporal Edge Cover. Specifically, we show
that Temporal Edge Cover is NP-complete when the lifetime τ of graph is 2, and then
we show that it is NP-complete even when the underlying graph is a tree. This suggests that
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Figure 3 Graph Li.

j k l

Figure 4 Graph Tj,k,l.

both the lifetime τ and the treewidth w of a graph play an important role in the complexity
of Temporal Edge Cover. Indeed, we describe an FPT algorithm in τ and w which solves
the problem.

3.1 Hardness for τ = 2
We prove that Temporal Edge Cover restricted to τ = 2 is NP-complete by giving a
reduction from 3-SAT(2,2). We first describe some (non temporal) graphs needed by our
reduction, that have some edges marked (note that the marking is not the time labelling λ).

▶ Definition 5. Let i be a positive integer. We define the graph Li = (Vi, Ei) to be a cycle
with 10 edges such that (1) two edges of Ei are marked i and two edges of Ei are marked −i

and (2) there is one unmarked edge between edges with the same marking, and two unmarked
edges between edges of opposite marking.

Graph Li is shown in Figure 3. Note that, since it has ten vertices and ten edges, its
vertices can be covered using five edges in two ways, denoted by E′

i,1 and E′
i,2:

E′
i,1 contains both edges marked by i and no edge marked by −i

E′
i,2 contains both edges marked by −i and no edge marked by i

Given three integers j, k, l we define the graph Tj,k,l, with edges marked j, k, l as in
Figure 4.

We use the graphs Li and Ti,j,k to define an instance of Temporal Edge Cover with
lifetime 2 corresponding to an instance of 3-SAT(2,2). Consider an instance F of 3-SAT(2,2)
consisting of clauses C1, . . . , Cm over n variables x1, . . . , xn. Recall that each Cj , j ∈ [m]
has three literals and each variable xi, i ∈ [n], appears in exactly two clauses as a positive
literal and in exactly two clauses as a negative literal. We construct a corresponding temporal
graph G, with lifetime τ = 2, associated with F as follows:

At time 1, G is defined as a graph G1 that contains, for each variable xi, i ∈ [n], a cycle
Li, as defined in Definition 5. Note that these cycles are all vertex disjoint.
At time 2, G is defined as a graph G2 that contains, for each clause Cp, p ∈ [m], over
variables xi ,xj , xk, with i, j, k ∈ [n], a graph T p

j,k,l isomorphic to Tj,k,l. The marked edges
of T p

j,k,l are defined as follows. First, T p
j,k,l shares marked edges with Lq, q ∈ {j, k, l},

in G1. For each q ∈ {j, k, l}, if xq is positive in Cp, then T p
j,k,l and Lq share an edge

marked q, if xq is negative in Cp, then T p
j,k,l and Lq share an edge marked −q. Note that

we define a one-to-one correspondence between the marked edges of graphs T q
j,k,l and

of the graphs Li, since each Li has two edges marked i and two edges marked −i, and
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Figure 5 The temporal graph obtained from an instance of Set Cover.

a formula in 3-SAT(2,2) has precisely two positive occurrences of each variable xi and
two occurrences of its negation. Thus, two distinct edges of Li with the same marking
corresponds to two distinct edges of some T p

i,j,k, T r
i,j′,k′ .

The resulting temporal graph can be constructed in polynomial starting from an instance
F of 3-SAT(2,2). Using this reduction, we can prove that F is satisfiable if and only if there
exists an edge cover of G having at most 5n + 6m edges. The idea behind the proof is that
each Li can be covered with 5 edges by E′

i,1 or E′
i,2, while each T p

j,k,l must be covered using
at least 6 non marked edges, with 6 being achieved only if at least one marked edge is part
of the covering. Depending on which E′

i,a is used for the covering, true or false is assigned to
the corresponding variable xi.

▶ Theorem 6. Temporal Edge Cover for graphs of lifetime 2 is NP-complete.

3.2 Hardness when the Underlying Graph is a Tree
We show that Temporal Edge Cover is NP-complete when the underlying graph is a tree
by giving a reduction from Set Cover to Temporal Edge Cover.

Given an instance (U,S, k) of Set Cover, where U = [n] and S consists of m sets
S1,. . . , Sm (Si ⊆ [n], for each i ∈ [m], ), we construct a corresponding temporal graph G
(see Figure 5). G has an underlying graph G which is is a tree rooted in r; r has m children
x1, . . . , xm, and each xi has a single child yi, with i ∈ [m]. Function λ associates time label
to each edge as follows: λ(xiyi) = Si and λ(rxi) = U , for each i ∈ [m]. The idea of the
reduction is that each edge xiyi, i ∈ [m], must be in a temporal edge cover, and that the
temporal vertices (r, j), j ∈ [m], are covered by edges incident in r that encode a set cover.

▶ Theorem 7. Temporal Edge Cover is NP-complete even when the underlying graph is
a tree.

3.3 FPT algorithm in τ and treewidth for Temporal Edge Cover
In this subsection we present an FPT algorithm that finds the minimum cardinality of a
temporal edge cover of G. Note that we can assume, without loss of generality, that each
temporal vertex of the temporal graph G can be covered by at least one edge. That is, we
can assume that there are no independent temporal vertex in G, since those would not need
to be covered and can be ignored during the computation.
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8:8 Matching and Edge Cover in Temporal Graphs

Let G = (G, λ) be a temporal graph and consider a nice tree decomposition
(T, {Xt}t∈V (T )), with T rooted at r, of a G. For each t ∈ V (T ), let Gt be the subgraph
of G containing all the vertices v ∈ Xt′ for any t′ in the subtree rooted at t. Also, for
any X ⊆ V (G), let E(X) denote the set of edges with some endpoint in X (formally,
E(X) = {uv ∈ E(G) | u, v ∈ X}).

Given R ⊆ V (G), we denote by V T (R) the set of temporal vertices R× [τ ]; for simplicity,
we write V T (G) to denote V T (V (G)). Given S ⊆ E(G), we denote by V T (S) the set of
temporal vertices which are endpoints of S, i.e., V T (S) =

⋃
e∈S{(u, i) | i ∈ λ(e), u ∈ e}.

Additionally, given S ⊆ E(G) and (u, i) ∈ V T (G), we say that S covers (u, i) if there exists
e ∈ S such that u ∈ e and i ∈ λ(e). Observe that S covers V T (S).

As is usual the case when using tree decomposition, we work with partial solutions, i.e.,
with sets of edges that only partially cover the temporal vertices of Gt. This is because
we might cover some temporal vertex (u, i) ∈ Xt × [τ ] only with an edge introduced later,
i.e., with an edge uv such that v /∈ V (Gt). Therefore, for each node of T , we keep track of
the temporal vertices within Xt × [τ ] that are covered and of the edges within E(X) that
are chosen. Formally, given t ∈ V (T ), for each S ⊆ E(Xt) and each C ⊆ Xt × [τ ] with
V T (S) ⊆ C, we define:

If there is no such set S′, then Tt(S, C) = +∞. Essentially, the function gives the
minimum cardinality of a partial edge cover S′ for the temporal graph (Gt, λ ↾E(Gt)) such
that:

S is exactly the set of edges in E(Xt) that are selected by S′;
C is exactly the set of temporal vertices in Xt × [τ ] covered by S′. Observe that these
must include the endpoints of the temporal edges related to the edges selected in S, and
this is why we ask for V T (S) to be contained in C; and
Each temporal vertex related to some vertex in Gt \Xt must be covered by S′.

Observe that Tr(∅, ∅) gives us the minimum cardinality of a temporal edge cover for G.
In what follows, we show how to recursively compute Tt(S, C) for each t ∈ V (T ), S ⊆ E(Xt),
and C ⊆ (Xt × [τ)) with V T (S) ⊆ C, depending of the type of node t.

leaf: if t is a leaf, then Tt(∅, ∅) = 0;
introduce node: let v ∈ V (G) be the vertex introduced by t and t′ be its only child. Also,
let D be the set of temporal vertices (u, i) with u ̸= v covered by some edge incident
to v. Formally, D = V T (S ∩ δG(v)) \ ({v} × [τ ]). Additionally, let S′ = S \ δG(v),
C ′ = C \ ({v} × [τ ]), and k = |S ∩ δG(v)|. We have that:

Tt(S, C) =
{

k + minD̂⊆D Tt′(S′, C ′ \ D̂) , if V T (S) ∩ ({v} × [τ ]) = C ∩ ({v} × [τ ])
+∞ , otherwise

forget node: let v ∈ V (G) be the vertex forgotten by t and let t′ be its only child. Also,
let S′ = δG(v) ∩ E(Xt′). Then:

Tt(S, C) = min
Ŝ⊆S′

Tt′(S ∪ Ŝ, C ∪ ({v} × [τ ])).

join node: let t1 and t2 be the two children of t. By definition, we know that Xt1 = Xt2 .
Then:

Tt(S, C) = −|S|+ min{Tt1(S, C1) + Tt2(S, C2) | C1 ∪C2 = C and V T (S) ⊆ C1 ∩C2}.

▶ Theorem 8. Temporal Edge Cover can be computed in time O∗(2w2 · 8w·τ ).
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Figure 6 The temporal graph obtained from an instance of Set Cover. Some edges are dotted
for readability, and we are not showing the labels on those edges for the same reason.

4 Approximation of Temporal Edge Cover

In this section we consider the approximability of Temporal Edge Cover. First, we show
a bound on the approximation (b log τ , for any constant 0 < b < 1), then we present an
approximation algorithm of factor O(log τ).

4.1 Inapproximability
We show that Temporal Edge Cover cannot be approximated within factor b log τ ,
for any constant 0 < b < 1. We prove this result by giving an approximation preserving
reduction from the Set Cover problem3. Consider an instance (U,S) of Set Cover, where
U = {u1, . . . , un} and S = {S1, . . . , Sm}. We can assume U = [n], therefore each Si, i ∈ [m]
is a subset of [n]. We define a corresponding instance G = (G, λ) of Temporal Edge
Cover as follows (see Figure 6):

V (G) = {ri | i ∈ [m2]} ∪ {xi | i ∈ [m]} ∪ {yi | i ∈ [m]}
E(G) = {rixj | i ∈ [m2], j ∈ [m]} ∪ {xiyi | i ∈ [m]}

λ : E(G)→ P([n]), λ(e) =
{

Sj if e = rixj for some i ∈ [m2], j ∈ m,
U if e = xiyi for some i ∈ [m].

Note that G has lifetime τ = n. We now show the main properties of the reduction.

▶ Lemma 9. Consider an instance (U,S) of Set Cover and a corresponding instance G
of Temporal Edge Cover. Given a solution S ′ of Set Cover on instance (U,S), we
can compute in polynomial time a solution of Temporal Edge Cover on instance G that
consists of at most m + |S ′|m2 edges.

▶ Lemma 10. Consider an instance (U,S) of Set Cover and a corresponding instance G
of Temporal Edge Cover. Given a solution E′ of Temporal Edge Cover on instance
G, then there exists a positive integer k such that |E′| = m + km2. Then we can compute in
polynomial time a solution of Set Cover on instance (U,S) that consists of at most k sets.

3 In this section we consider the optimization version of Set Cover, thus we omit k from the instance of
the problem.
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8:10 Matching and Edge Cover in Temporal Graphs

Algorithm 1 Approximation algorithm for Temporal Edge Cover
Input: a temporal graph G = (G, λ) with lifetime τ .
Output: an edge cover E′ of G of approximation factor O(log τ)

Mark each temporal vertex (vi, t), i ∈ [n], t ∈ [τ ] as uncovered
i← 1;
E′ ← ∅;
foreach i ∈ [n] do

Define an instance (U i,Si) of Set Cover corresponding to vi;
Compute (via a greedy approximation algorithm) an approximated solution Ci of
Set Cover on instance (U i,Si);

Compute an approximation edge cover E′
i, by adding an edge eh to E′

i if and only
if Si

h ∈ Ci;
E′ ← E′ ∪ E′

i;
Mark each temporal vertex covered by E′

i as covered;
i← i + 1;

end
Output E′

▶ Theorem 11. Temporal Edge Cover cannot be approximated within factor b log τ , for
any b with 0 < b < 1, unless P = NP .

4.2 A O(log τ )-Approximation Algorithm
In this section we present an approximation algorithm for Temporal Edge Cover of factor
O(log τ). Given a temporal graph G = (G, λ), with lifetime τ and G = (V, E), the algorithm
assumes that the vertices are ordered – the specific order is not relevant – so we denote
them as v1, . . . , vn. The approximation algorithm, described in Algorithm 1, computes an
edge cover E′ by greedily covering the uncovered temporal vertices of each vertex vi, i ∈ [n],
following the order (first it covers the uncovered temporal vertices of v1, then of v2 and so on,
until all the temporal vertices are covered). In order to cover the temporal vertices of each vi,
it applies the greedy algorithm of Set Cover on an instance that contains an element for
each uncovered temporal vertex (vi, t) and a set, for each edge vivj ∈ E, that covers (vi, t)
for each t ∈ λ(vivj).

More precisely, consider the i-th iteration, i ∈ [n], of Algorithm 1. Given the set E′ of
edges computed by the first i− 1-iterations of the algorithm, we define an instance (U i,Si)
of Set Cover, where U i is the universe set and Si is a collection of sets over U i. For each
i ∈ [n], the universe set U i is defined as

U i = {t ∈ [τ ] | (vi, t) is not covered by E′ and there exists a vivj ∈ E such that t ∈ λ(vivj)}.

The collection of sets Si is defined as Si = {Si
e1

, . . . , Si
ez
}, where e1,. . . , ez are the edges

incident in vi and each Si
h ⊆ [τ ] is defined as Si

h = {t ∈ [τ ] | t ∈ λ(eh)}.
Algorithm 1 marks each temporal vertex as covered when it adds to solution E′ an edge

that covers it.
Now, we show the correctness of Algorithm 1.

▶ Lemma 12. Let E′ be a solution computed by Algorithm 1. Then, denoted by E∗ an
optimal solution of Temporal Edge Cover on instance G, it holds that
1. E′ is an edge cover of G
2. |E′| ≤ log τ |E∗|.
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Figure 8 Temporal graph associated to an instance of Set Packing.

5 Temporal Matching: Hardness and Tractability

In this section we consider the Temporal Matching problem and provide hardness results
and tractability. The outline is the same as Temporal Edge Cover; we show that
Temporal Matching is NP-complete when the lifetime τ of graph is 2, and then we show
that it is NP-complete even when the underlying graph is a tree. Finally, we describe an
FPT algorithm in τ and w (treewidth) which solves Temporal Matching.

5.1 Hardness for τ = 2
We show the NP-hardness of Temporal Matching restricted to lifetime 2 with reduction
from 3-SAT(2,2) similar to the one given in Section 3.1. This reduction follows the same
idea as that of Theorem 6. Indeed, we still use the graph Li defined in Definition 5 and
showed in Figure 3. For this reduction we do not encode clauses with graphs isomorphic to
Tj,k,l, but graphs isomorphic to Cj,k,l, shown in Figure 7. Cj,k,l has three edges marked with
integers j, k, l.

Let F be an instance of 3-SAT(2,2), with n variables x1, . . . , xn and m clauses C1, . . . , Cm.
We construct an associated temporal graph with lifetime τ = 2 defined in the following way.
At time 1, G contains a graph G1 consisting of the disjoint union of cycles Li, i ∈ [n], one for
each variable xi. At time 2, G contains a graph G2 that for each clause Cp over variables
xj , xk and xl, j, k, l ∈ [n], contains graph Cp

j,k,l isomorphic to Cj,k,l. As in Section 3.1, the
marked edges of Cp

j,k,l are shared with cycles Li, i ∈ {j, k, l} that encode the variables xj ,
xk and xl. The shared marked edge between Cp

j,k,l and Li has mark −i if xi is negated in
the clause, i if the variable is positive in the clause. Note that Cp

j,k,l’s are build so that the
marked edges of Li are in one-to-one correspondence with marked edges of Cj,k,l’s.

The correctness of the reduction follows from the fact that a maximum temporal matching
of each Li, i ∈ [n], contains five edges, one including positively marked edges and one
including negatively marked edges. This encodes an assignment to the variables. The
temporal matching of each Cp

j,k,l contains at most one unmarked edge. However, a temporal
matching M of G contains one unmarked edge of Cp

j,k,l only if there is a marked edge shared
by Cp

j,k,l and some Li that does not belong to M . This encodes the fact that at least one
literal of each clause must be satisfied. This reduction allows us to prove the following result.

▶ Theorem 13. Temporal Matching for graphs with lifetime 2 is NP-complete.

5.2 Hardness when the Underlying Graph is a Tree
We show a reduction from Set Packing to Temporal Matching. Given an instance
(U,S, k) of Set Packing with S = {S1, . . . , Sn} a collection of sets over a universe set U ,
we construct a temporal graph G = (G, λ) such that there exists k disjoint sets in S if and
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only if there exists a temporal matching M of G of size at least k. Without loss of generality,
we assume that U = [n] and that each Si ⊆ [n], for each i ∈ [m].
G = (G, λ) is defined as follows (the resulting temporal is presented in Figure 8):
G is a tree rooted at a vertex r, which has n children x1, . . . , xn

For each i ∈ [n], λ(rxi) = Si

The idea of the reduction is that since any pair of edges rxi and rxj of G, where i, j ∈ [n]
and i ̸= j, share vertex r, then they can be in a temporal matching only if they are defined in
different times, thus they are related to two disjoint subsets Si and Sj in an instance of Set
Packing. Then, since Set Packing is NP-complete [9], we can prove the following result.

▶ Theorem 14. Temporal Matching is NP-complete even when the underlying graph G

is a tree.

5.3 FPT algorithm in τ and treewidth for Temporal Matching
In this subsection we show an algorithm that finds the maximum cardinality of a temporal
matching of G in FPT time when parameterized by τ plus the treewidth. The approach
follows the same idea as the Temporal Edge Cover one (see Section 3.3).

Again, let G = (G, λ) be a temporal graph and consider a nice tree decomposition
(T, {Xt}t∈V (T )) of G, with T rooted at r. We use the same notation as the one used in
Section 3.3. Given a matching M ⊆ E(G) and a temporal vertex (u, i) ∈ V T (G), observe
that (u, i) can be covered by M at most once, i.e., there is at most one edge e ∈ M such
that u ∈ e and i ∈ λ. If such an edge exists, we say that M saturates (u, i).

We define the dynamic programming table Tt related to each t ∈ V (T ) as follows. For
each N ⊆ E(Xt) and C ⊆ V T (Xt) with V T (N) ⊆ C:

Tt(N, C) = max{k | ∃ a temporal matching M ⊆ E(Gt) s.t. |M | = k,

M ∩ E(Xt) = N , and V T (M) ∩ V T (Xt) = C}.

If there exists no such set M (e.g., it could happen that no temporal matching saturates
exactly C), then Tt(N, C) = 0. Essentially, the function gives the maximum cardinality of a
temporal matching M for the temporal graph (Gt, λ ↾E(Gt)) such that:

N is exactly the set of selected edges in E(Xt);
C is exactly the set of temporal vertices in V T (Xt) saturated by M .

Because Gr = G, the value of Tr(∅, ∅) tells us the maximum cardinality of a temporal
matching for G. We show how to recursively compute Tt(N, C) for each t ∈ V (T ), N ⊆ E(Xt),
and C ⊆ V T (Xt), depending on the type of node t.

leaf: if t is a leaf, then Tt(∅, ∅) = 0;
introduce node: let v ∈ V (G) be introduced by t and let t′ be its only child. Also, let
F = N ∩ δG(v) be the set of edges in N incident to v. Then:

Tt(N, C) =
{

Tt′(N \ F, C \ V T (F )) + |F | , if V T (F ) ∩ ({v} × [τ ]) = C ∩ ({v} × [τ ])
0 , otherwise.

forget node: let v ∈ V (G) be forgotten by t and let t′ be its only child. To define the
recursive function, letN contain every N̂ ⊆ δG(v)∩E(Xt′) such that V T (N̂)\({v}×[τ ]) ⊆
C and such that N̂ is a matching. In words, it contains every subset of edges of E(Xt′)
incident to v whose other endpoints are temporal vertices within C, while also not having
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any edges sharing the same temporal vertices. Also, for any N̂ ∈ N , let CN̂ contain every
Ĉ ⊆ {v} × [τ ] such that V T (N̂) ∩ ({v} × [τ ]) ⊆ Ĉ. Then

Tt(N, C) = max{Tt′(N ∪ N̂ , C ∪ Ĉ) | N̂ ∈ N and Ĉ ∈ CN̂}.

join node: let t1 and t2 be the children of t. Recall that Xt1 = Xt2 . Then:

Tt(N, C) = −|N |+max{Tt1(N, C1)+Tt2(N, C2) | C1∩C2 = V T (N) and C1∪C2 = C}.

▶ Theorem 15. Temporal Matching can be computed in time O∗(2w2 · 8w·τ ).

6 Approximation of Temporal Matching

In this section we consider the approximability of Temporal Matching. We start by
discussing a bound on the approximability of the problem. Since the reduction described
in Section 5.2 is also approximation preserving (note that it defines τ = n) and since Set
Packing is hard to approximated within factor O(n1−ε) [9, 17], for any ε > 0, unless P =
NP, then we have the following result.

▶ Corollary 16. Temporal Matching cannot be approximated within factor O(τ1−ε), for
any ε > 0, unless P = NP.

On the positive side, we can prove that Temporal Matching can be easily approximated
within factor τ , by computing a maximum matching in each snapshot and returning as
approximated solution the one having maximum cardinality.

▶ Theorem 17. Temporal Matching can be approximated in polynomial time within
factor τ .

Proof. Consider the following approximation algorithm. For each t ∈ [τ ], the approximation
algorithm computes a maximum matching Mt of the static graph Gt, defined as G restricted
to time t (i.e. Gt is the snapshot of G in t). Then the approximation algorithm returns as
an approximated solution, denoted by M , a matching of maximum cardinality among Mt,
t ∈ [τ ].

First, note that M is a feasible solution of Temporal Matching. Indeed, since M is
a matching in a static graph, each pair of edges in M is vertex disjoint, hence M is also a
temporal matching. Now, we prove that the approximation factor is indeed τ . Consider a
maximum temporal matching M∗ in G. Consider the set of edges M∗

t ⊆M∗ defined at time
t, t ∈ [τ ]. By definition of temporal matching, the edges in M∗

t must be vertex disjoint, thus
they must be a matching in Gt. Since for each t ∈ [τ ] Mt is a maximum matching of Gt, it
follows that |M∗

t | ≤ |Mt|. By construction of M , we have∑
t∈[τ ]

|M∗
t | ≤

∑
t∈[τ ]

|Mt| ≤ τ |M |,

thus concluding the proof. ◀

7 Relation between Max Temporal Matching and Min Temporal Edge
Cover

In this section, we show that having a minimal temporal edge cover does not facilitate the
computation of a maximum temporal matching, and vice versa.

SAND 2025
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For a static graph, the problem of finding the maximum size of a matching and the
problem of finding the minimum size of an edge cover are complementary. More specifically,
given a graph G on n vertices and denoting the size of a minimum edge cover by β′(G) and
the size of maximum matching by α′(G), it is known that α′(G) + β′(G) = n. Indeed, we
can even construct a matching from an edge cover, and vice-versa. To see this, let M be
a matching of size k. Picking M plus one edge incident to each non-saturated vertex gives
us an edge cover of size k + n − 2k, thus implying that β′(G) ≤ n − α′(G). On the other
hand, if N is a minimal edge cover of cardinality k, observe that G′ = (V (G), N) is a forest
of stars. Indeed, G′ contains no cycles as removing an edge of a cycle in G′ would cover the
same vertices. Additionally, if G′ contains a path P = (v1, v2, v3, v4), then N − v2v3 still
covers V (G). Let k′ be the number of components of G′ and observe that we can construct
a matching of size k′ by picking one edge of each star of G′. Finally, it is known that a forest
on n vertices and k′ components has exactly n− k′ edges, i.e., k = n− k′, from which we get
α′(G) ≥ n− β′(G).

We now see that the temporal variants of matchings and edge covers are not related as in
the static case. That is, given a temporal graph G and a temporal matching of maximum
cardinality, the problem of finding a minimum temporal edge cover for G is still NP-complete.
The opposite is also true, which means that if we are given a minimum temporal edge cover
then the problem of finding a maximum temporal matching is still NP-complete. To see this,
we use some of the reductions presented throughout the paper.

Let S1, . . . , Sm be an instance of Set Cover. Theorem 7 and Figure 5 detail a reduction
to Temporal Edge Cover, where the resulting temporal graph G = (G, λ) has lifetime
τ = max{k | k ∈ Si, 1 ≤ i ≤ m}. We now construct a temporal graph Ĝ = (G, µ) with
lifetime τ + 1 where µ(e) = λ(e) ∪ {τ + 1}, for each e ∈ E(G). That is, we add τ + 1 to each
label. Then any temporal matching of maximum cardinality for Ĝ contains all the edges xiyi,
1 ≤ i ≤ m for each i except for at most one j, and in that case it contains rxj . This does
not depend on the specific instance S1, . . . , Sm considered. Still, any temporal edge cover of
minimum cardinality is a solution for our instance of Set Cover, since the addition of the
same element τ + 1 to all labels does not change which edges are a solution. Therefore having
a temporal matching of maximum cardinality does not change the complexity of finding a
temporal edge cover of minimum cardinality.

On the other hand, suppose that for a temporal graph we know all its temporal edge
covers of minimum cardinality, and we want to find a temporal matching of maximum
cardinality. Then we can use the reduction from packing set detailed in Theorem 14 and
Figure 8. Indeed, the only edge cover takes all the edges of the graph, but the matching
depends on the specific sets S1, . . . , Sn. Thus having a temporal edge cover of minimum
cardinality does not change the complexity of finding a temporal matching of maximum
cardinality.

8 Conclusion

In this paper, we have investigated the computational complexity of Edge Cover in tem-
poral graphs. We quickly identified the most interesting case (see again Table 1), which we
simply named Temporal Edge Cover. We presented two NP-completeness results for this
problem, one which uses lifetime τ = 2, and another where the underlying graph is a tree (i.e.
treewidth equals 1). These results complement our following FPT result, as the parameters
considered in our proposed algorithm are τ and treewidth. Then, we have explored approx-
imation of Temporal Edge Cover and provided an approximation algorithm with an
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asymptotically tight approximation factor of O(log τ). Inspired by the intrinsic connection
between Edge Cover and Matching in (non-temporal) graphs, we also have provided such
results for Temporal Matching. Surprisingly, even though the problems are shown to be
distinct and unrelated to each other in the temporal setting, we have proved very similar
results for both (albeit through different reductions and observations).
Although we have presented a comprehensive overview, covering classical complexity, para-
meterized complexity in terms of lifetime and treewidth, and approximation, we identify the
following directions for future research. It may be interesting to identify specific classes of
temporal graphs for which tractability of the (non-parametrised) problems is possible, and
even more so if these classes correspond to a natural setting for real-life applications of our
problems (e.g. Temporal Edge Cover in planar graphs possibly representing surveillance
of a building floor). In terms of parametrized complexity, other parameters can be considered,
such as some recently introduced parameters specifically for temporal graphs (see, e.g., the
parameters studied and mentioned in [6]).
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