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by Nicholas VALCESCHINI

The model uncertainty is not always taken into account in the engineering fields, notwith-
standing, it plays a key role in practical applications. The importance of the uncertainty
has led to the creation of specific kinds of literature, such as robust control or robust fault
diagnosis. In the beginning, the uncertainty information was given by the knowledge of the
user. Instead, in the last decades, the system identification community has sought different
ways to model the uncertainty. This branch takes the name of Robust identification. The
results of the uncertainty quantification and Robust identification procedures are directly
related to the user’s choices. The wrong choices could lead to a useless robust controller or

robust fault diagnosis algorithm.

This Ph.D. thesis proposes an automatic way to model the uncertainty information by em-
ploying the innovative kernel-based system identification. The resulting data-driven uncer-
tainty model is then applied to the robust control design. Specifically, the mixed-sensitivity
loop-shaping procedure is adopted to develop a robust controller for Single input Single out-
put (SISO) and multi-model dynamic systems. The rationale of these works is that the user
is relieved from difficult choices, such as the model family selection of the uncertainty (as
in Robust identification) or the uncertainty quantification (as in traditional robust control).
The effectiveness of the proposed methodologies is proven by testing them on a bench-
mark problem (for SISO systems) and on a real application (for multi-model systems). The
developed methods show good performance. Furthermore, the proposed data-driven uncer-
tainty modeling is employed to design an algorithm for a robust model-based fault diagnosis
problem. The resulting robust residual generator is evaluated on a benchmark problem. The
proposed technique is able to reduce false alarms and shows good fault detectability. The
other two contributions deal with practical applications. A model-based fault diagnosis sys-
tem is developed for an Electro-Mechanical Actuator employed in a sliding gate system. In
particular, we propose an innovative residual evaluation strategy. This exhibits good perfor-
mance of fault detectability on the real system. Instead, the other practical work is devoted
to study a signal-based fault diagnosis system to detect and isolate some faults of a complex

rotating machine.
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In this last contribution, we develop the residual generation, residual evaluation and de-
cision logic procedures. The proposed technique detects and isolates the faults with high

accuracy.

Keywords. Robust control, Robust fault diagnosis, Model uncertainty, Data-driven un-

certainty, Mixed-sensitivity loop-shaping, kernel-based system identification
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LisT oF NOTATIONS

IMPORTANT SETS

N is the set of all natural numbers;

Z is the set of all integer numbers;

7 is the set of all strictly-positive integer numbers;

Q is the set of all rational numbers;

Q' is the set of all strictly-positive rational numbers;

R is the set of all real numbers;

R is the set of all strictly-positive real numbers;

C is the set of all complex numbers;

C™ is the set of all complex numbers in the right half plane;
Other sets X" are denoted by calligraphic letters;

Hoo = Hoo(CT) is the Hardy space of scalar of matrix valued functions which are
bounded in C;

RH is the subspace of H o, consisting of real-rational scalar or matrix valued func-

tions.

VECTORS AND MATRICES

Let n;m € N\{0}

Generic scalars are indicated with a lower-case letter, e.g. a;
Generic vectors are indicated with a lower-case bold letter, e.g. x;
x; denotes the ¢-th element of the vector x;

Generic matrices are indicated with a upper-case bold letter, e.g. A;

a;; denotes the element of the matrix A, with ¢-th row and j-th column;

XV



« The set of all real matrices with n rows and m columns: R"*™;
« Identity matrix with n rows: I,, € R™*";

« Matrix with suitable rows and columns, in which all elements are equal to 0, is de-

noted as 0;
« The transpose of a matrix A: A';
« The conjugate transpose (or Hermitian transpose) of a matrix A: A*;
« The inverse of an invertible square matrix A: A~!;
« The determinant of a square matrix A: det(A);
« The trace of a square matrix A: Tr(A);

« The rank of a matrix A: rank(A).

DYNAMICAL SYSTEM THEORY

« The transfer functions are denoted with an upper-case letter, e.g. G(-);
+ The Laplace variable is indicated with s € C;

« The Z-transform variable is indicated with z € C;

« The magnitude of a transfer function is indicated as | - |;
« The phase of a transfer function is indicated as Z(-);

« A continuos-time dynamic system transfer function is represented by G(s);
« A discrete-time dynamic system transfer function is represented by G(z)

« The Laplace transform of z(t) is indicated with X (s) = L[z(t)];

« The Laplace anti-transform of X (s) is indicated with z(t) = L7[X (s)];

« The Z-transform of x(t) is indicated with X (z) = Z[z(t)];

« The inverse of Z-transform of X (z) is indicated with z(t) = Z71[X (2)];

« The convolution of two functions is indicated with [a * b](¢);

« The frequency response of a continuos-time dynamic system is indicated with G(jw)

at frequency w € R;

« The frequency response of a discrete-time dynamic system is indicated with G (/%)

at frequency w € [0, 7 f].

Throughout the Thesis, with a little abuse of notation, the equations that ties the input with

output of a discrete dynamic system are denoted, for instance, as: y(t) = G(z)u(t).
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NORMS

The norms properties are the following:
1l = 0;
2. |lul| =0 u(t) =0 Vt;
3. [laul| = lallul  Va € R;

4. Ju+ ol < flul + (o]l

NORMS FOR SIGNALS

Consider a signals u(t), where t is the temporal instant. They are assumed to be piecewise

continuos. The norms for these signals are:

 1-Nomm: [lull, = [°2, Ju(t)] dt;

N

« 2-Norm: ||lul|, = (foo |u(t)]2 dt) ;

—00

« oo-Norm: ||ul|,, = sup; |u(t)].

NORMS FOR VECTOR

Given a vector x of length n the most important norms are:

« 1-Norm: |||, = |z1| + ... + |zn

5

N

« 2-Norm: ||z||, = (]a:1|2 +...+ \xn\Q) . It can be seen as the Frobenius norm (in the

vector case);
« 0o-Norm: HQZHOO = mMaXxj<i<n ’.’L‘Z‘

Figure 1 depicts the norms shape of a two dimensional vector x € R?*!,

NORMS FOR SYSTEMS

Consider a system G(s) that is Linear Time-Invariant (LTI) and Single input Single output
(SISO). Two norms of G(s) are:

1
+ 2-Norm: [|G(s)ly = (3 [, 1GGw)P dw)

« oo-Norm: ||G(s)]|,, = max |G(jw)|.

Now, let a Linear Time-Invariant (LTI) Multiple input Multiple output (MIMO) system G (s).

Two norms of G(s) are:

« 2-Norm: ||G(s)||, = \/% I lg(t)||% dt, where g(t) is the impulse response of the
system and is the Frobenius norm, defined as ||A||, = y/Tr(A - A) with a generic

matrix A;

Xvii



« oco-Norm: [|G(s)]|,, = max 7 (G(jw)), where 7(-), denotes the maximum singular

o0
value.
xz A
x| |E3|P
X1
Il x4

FIGURE 1: Contours of ||z

p» Where p=1,2, 00 and = [z1, 22].
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GLOSSARY OF THE MOST REPEATED SYMBOLS

GENERIC SYMBOLS

Symbol
t

Description

time index

frequency index

sampled frequencies

state space matrices of a dynamical system
states

estimated states

controller

nominal loop function

nominal sensitivity function

nominal complementary sensitivity function
nominal control sensitivity function
control input signal

sensed output signal

additive noise signal

estimated output signal

white noise signal

generic output

generic input

uncertain system

true system

nominal model

nominal model identified with black-box identification
variance of e(t)

frequency sampling

time sampling
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CHAPTER 1

INTRODUCTION

Since the birth of humankind, the desire to understand the natural phenomena around us
has played a key role in our existence. In the beginning, the representation of nature was
entrusted to artists through their paintings or sculptures. Then, with the advent of the sci-
entific method, the artist was replaced by the scientist. For centuries, the latter drew natural
phenomena with mathematical relations, called models, validated by certain experimental
tests. This method represents reality in an understandable way: however, it is applica-
ble only on simple systems and it requires a great effort. This approach is called white-
box modeling (or first principle approach). Nowadays, thanks to computer, it is still widely
used. Neverthless, scientific research has investigated an alternative way, due to the limited
real-world applications. Leveraging the huge amount of collectable data and exploiting the
statistical literature, the researchers have defined the innovative black-box modeling. This
method develops a model through some algorithms that build a representation of the real
system, starting from the examination of a dataset acquired on the real plant. Doing so, no
prior knowledge is required, but the resulting model has lost any physical interpretation.
A third method, called grey-box modeling relies on a model, made with the first principle
approach, coupled with a black-box modeling that identifies the parameters. This method

funnel the main pros of the other two branches, but it is slower than the black-box approach.

A system is defined as a process that transforms inputs into outputs. The systems can be
static or dynamic. The first represent those systems where the input and output have no
temporal relationships. Systems where the output is explained by the input and the state of
the system, belong to the second type. Dynamic systems are the most spread in the modeling
of natural phenomena. The literature that studies the modeling of dynamic systems takes

the name of system identification [93, 155].

Black-box modeling is useful and widely used, but it conceals a problem that is usually
overlooked. This consists in the uncertainty quantification of the resulting model. Often,
the acquired data are the results of some experiments performed on the true system, where
the input signal is a priori chosen and the output is sensed by a sensor. This setting produces

a noisy dataset, due to the nature of the sensors and actuators. The uncertainty due to
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this source is called variance. This is not the only source of the model uncertainty. Often,
the model has a structural mismatch with respect to the real system or even is endowed
with unpredictable events. The latter cannot be assessed during the model identification

procedure, but the former, called bias, depends directly on the identification algorithms.

The most widespread system identification framework is that of Prediction Error Methods
[94, 155]. It assumes to identify a parameters vector (and its variance) of a selected model
family and model complexity. These choices are usually done by the user and therefore
the wrong decisions causes bias. Instead, the Set Membership identification [112, 149], in
addition to the model structure and complexity choices, assumes a unknown but bounded
output noise. It is useful to quantify the variance, but the bias term (if present) cannot be
avoided. However, not all identification algorithms deals with the bias criticality. For in-
stance, the state-of-the-art method, called kernel-based identification [58, 134, 135], identifies
a non-parametric model that has, by definition, low-bias. Due to the Bayesian interpreta-
tion of this methodology, the variance is assessed since the results are given as a model

distribution.

The branch of identification literature that evaluates both bias and variance during system
identification is called Robust identification. Three main approaches are: Stochastic Embed-
ding (SE)[65], Model Error Modeling (MEM)[142] and a variation of Set Membership [169].
Nevertheless, this field is also dependent with respect to the user’s choices. Furthermore,
there are some methods that aim to reduce the bias and/or variance, for instance Akaike
Information Criterion [2], Bayesian Information Criterion[148], Cross Validation [70][156]

and regularization methods, but these do not avoid the uncertainty problem.

The uncertainty quantification is crucial for real-world applications, since the difference
between the model and the real plant can often cause problems. For instance, the model may
be used for control purposes: in this situation, a mismatch between model and plant can
cause unexpected actions or even system instability. Therefore, by leveraging the (bounded)
uncertainty information, we have the assurance that the resulting controller performs ever
as we expect. This problem is called robust control synthesis [85, 109, 153, 175]. Another use
of the uncertainty information consists in producing a robust residual generator [28, 128, 129,
130], which estimates the state of a machinery under analysis. This application is widely
spread with the advent of industry 4.0. The model mismatch causes false alarms, therefore
the uncertainty assessment guarantees a reduction of these. This is helpful to reduce the

machine stops and so to minimize the loss of money.

MAIN CONTRIBUTIONS

All system identification techniques have their own depiction of uncertainty. These rep-
resentations differ from the uncertainty depiction employed in robust control design or
robust fault detection. Therefore, the first contribution of this Thesis aims to bridge this
representation gap in an automatic way, i.e. design a controller or residual generator with-

out engaging the user in difficult structural choices that translate into poor results when
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the wrong choices are selected. In particular, the entire proposed procedure is data-driven.
It is fundamental since, often in robust control and robust fault diagnosis literature, the un-
certainty is considered a priori known, derived from the user’s knowledge. To quantify the
uncertainty, manual selection is often carried out using a trial and error procedure. This can
cause: an underestimation that produces some unwanted events (such as: system instabil-
ity or false alarm detection) or even an overestimation which is less catastrophic than the
other case. The latter leads to a performance reduction, compared to the real capabilities of
the plant. Instead, with a data-driven method, the uncertainty quantification is estimated
directly from the available dataset, therefore it avoids underestimation and overestimation
phenomena. Furthermore, it is easier to apply since no iterative procedure is needed. The
proposed method exploits the kernel based identification, which allows estimating a low-
bias model without choosing the model family or complexity. Doing so, the uncertainty is
(mostly) only due to variance. Thanks to this characteristic, our method solves the problem
of Robust identification in a simpler and automatic way. This is valid because, in Robust
identification literature, the uncertainty is represented by a parametric model. So, this pro-
cedure needs the selection of the model family of the uncertainty model. We have developed
an algorithm that translates the uncertainty information into an understandable represen-
tation from the robust control and fault detection point of view. The proposed method,
for control design aims, employs the S/T mixed-sensitivity loop-shaping problem to design
a controller that guarantees some robustness and performance requirements [153]. The
proposed technique is developed for Single input Single output for nominal performance,
robust stability and robust performance aims [43, 179, 180]. Furthermore, we have extended
our method to multi-model systems, by considering it as a single uncertain system. The pro-
posed algorithm deals with respect to multiple sources of uncertainty, i.e. the parameters
uncertainty and the model identification uncertainty. Therefore, the resulting closed-loop
system is stable and meets the performance requirements for all systems that belongs to the

general uncertain system.

The second main theoretical contribution consists of using the same uncertainty informa-
tion, adopted in the proposed data-driven robust control design, to produce a model-based
fault detection that is robust with respect to the model uncertainty. In particular, we solve
the Approximate Fault Detection Problem to design the residual generator [40, 167]. When
the uncertainty cannot be completely avoided through the robust residual generator, the
fault is diagnosed through a threshold. This operation is not always straightforward, since
an incorrect threshold selection can cause wrong fault detection, therefore we propose also

a simple threshold selection technique that minimize the false alarms.

Finally, three practical applications are presented. The first is an application of the proposed
data-driven robust control for multi-model system. The plant is a reconfigurable industrial
oven. To characterize the various configurations of the highly complex industrial oven, the
system is considered as a multi-model system. We aim to design a robust controller capable
of handling the uncertainty resulting from the model identification and the uncertainties of

the model parameters.
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The other two practical contributions are fault detection applications for: a rotating ma-
chine and a sliding gate system. The former proposes a signal-based fault detection [107],
where signal processing carries out the core work of the detection algorithm. Specifically,
the system under analysis is a part of an entire PolyEthylene Terephthalate bottles produc-
tion line, sensed with accelerometers. The latter describes a complete model-based fault
detection work, from the Failures Mode, Effects and Criticality Analysis to the final fault
detection algorithm. Also, the fault injection procedure is presented. The considered plant

is an Electro-Mechanical Actuator, which is employed to actuate a sliding gate.

THESIS OUTLINE

Chapter 2 gives an overview of the uncertainty representation, usage and design in
the system identification procedure. In particular, the uncertainty representation in
system modeling, the uncertainty in robust control design, the uncertainty in robust
fault detection and the uncertainty in system identification are illustrated. The last
focuses on uncertainty modeling with Prediction Error Method, kernel-based system
identification and Stochastic Embedding approaches. This chapter is endowed with
Appendices A and B, in which some fundamentals of the functional analysis and some

knowledge on the model complexity selection are described.

Chapter 3 shows the proposed methodology for designing a data-driven robust con-
troller. The concept of S/T mixed-sensitivity loop-shaping is introduced and the
transformation from the a priori knowledge approach into the automatic data-driven
methodology are illustrated. Furthermore, the proposed method is tested on a bench-

mark problem.

Chapter 4 describes an extension of the previous chapter’s methodology for multi-

model dynamic systems.

Chapter 5 shows the second main theoretical contribution, i.e. the data-driven robust
fault detection design. The effectiveness of the proposed procedure is then shown on

a benchmark problem.

Chapter 6 shows the application of the proposed data-driven S/T" mixed-sensitivity
loop-shaping for multi-model systems. The plant is a reconfigurable industrial oven

for heat shrinking.

Chapter 7 describes a signal-based fault detection algorithm applied to a rotating
machine, which belongs to a PolyEthylene Terephthalate (PET) bottle production line.

Chapter 8 describes a model-based fault diagnosis algorithm applied to Electro-
Mechanical Actuator, highlighting the entire design procedure: Failures Mode, Effects

and Criticality Analysis, fault injection, fault detection design and fault isolation.



CHAPTER 2

STATE OF THE ART

This chapter reviews the state of the art: uncertainty modeling, uncertainty in robust con-
trol, uncertainty in fault diagnosis and uncertainty in system identification. As can be easily
guessed, the "fil rouge" between all sections is uncertainty information. The first section de-
scribes how the uncertainty in dynamical systems is modeled. Instead, the second and third
sections review how the uncertainty information, coupled with the model, can be used to
design a robust controller or a robust fault diagnosis algorithm. The results of these ro-
bust methods consist of: a controller that operates under different conditions, limited by
the uncertainty specification, and a residual generator that diagnoses a fault, that occurs
to the system, by rejecting the uncertainties, modeled as fictitious noise. The fourth argu-
ment focuses on the generation of uncertainty information during the system identification
step. In this section, we review also two black-box identification methods: the state-of-the-
art method, called kernel-based system identification, and the most popular and traditional
Prediction Error Method (PEM). This recap is helpful to understand better the uncertainty
sources and computation in the identification literature. To complete this literature analysis,
the Robust identification methods are shown. This section is completed by the appendices
A and B, which review the model complexity selection and functional analysis. Notice that
almost all state of the art is described for Single input Single output (SISO) systems, but it
is also scalable for Multiple input Multiple output (MIMO) systems.

2.1 UNCERTAINTY IN SYSTEM MODELING

The sources of uncertainty can be grouped into three categories:

« Unpredictable events: they are typically due to some perturbations generated by the

external environment;

« Unmodeled dynamics: the model that represents the system, usually, must be tractable
(for instance, with the aim of: designing a controller, designing a fault detection al-
gorithm and so on). This specifications leads to oversimplified models that neglect

some complex dynamics;
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o Poor available data: the dataset usually is not informative enough for system identi-
fication. In a real-world applications, often, is not possible to design an identification
experiment that identifies a model with the lowest possible estimation uncertainty.
As we will describe in Section 2.4.3, the experiment design is an important step to

produce a model endowed with low uncertainty.

Not all of these categories are assessed during the system identification procedure. Nonethe-
less, it is important to know all possible sources of uncertainty, since this leads to a better un-
derstanding of the limits of the uncertainty representation in system identification. Mainly,

the model uncertainty representations are grouped in two categories [14]:

« Parametric uncertainties or Structured uncertainties: deal with a parametric class of
models (see Section 2.4.1). In this case the uncertainty information is given as bounds

on model’s parameters;

« Non-parametric uncertainties or Unstructured uncertainties: deal with systems in which
some complex dynamics are neglected or with systems affected by measurement

noise. The information is provided as a single constraint.

2.1.1 STRUCTURED UNCERTAINTY

Assume that the uncertainty is represented by the uncertain parameters vector g(t), defined
as [11, Chapter 2]:

q(t) = [ (t), q2(), ., ()] € R WE >0, (2.1)
where ¢ is the time index. This leads to two major parametric uncertainty dynamic system
representations:

« The state space representation:

; (2.2)

with A € R=Xne B ¢ Rtexl C ¢ R1*"e D e R, x € R™*! are the state space
matrices, w(t) € R is a generic input, z(¢) € R is a generic output and n, € N
the number of states. In case of this system is an open loop system the notation
becomes w(t) = u(t) and z(t) = y(t), where y(t) is the sensed output and u(t) is the
system input. From now, with a little abuse of notation, we will refer to the uncertain

parameters vector without clarifying the time index ¢;

« The space of Laplace transforms:

Z(s) =G(s,q)W(s), (2.3)
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where G (s, @) is an uncertain rational transfer function. The latter can be written as:

-1 il () gt
6(s.0)=0(@)(sL.~A(@) Bla)+ Dla)= =D~ 220 2l gy
gi> j=0 @g;\d)$

where:
— Ny(s, q) is the numerator of order n,;
- Dy(s, q) is the denominator of order ng;
- ng, and dg, are the coefficients of numerator and denominator.

Note that the uncertainty may afflict the numerator and denominator with different
uncertain parameters. In this more general case, the parametric uncertainty becomes:

G(s,q,r) = %, with 7 € R!"*! is the second vector of uncertain parameters.

The parametric uncertainty with linear systems can be rearranged in a more clear repre-
sentation using the so-called A — M model. The structure of this model is represented
in Figure 2.1, where: M (s) € RHC()ZZA—MZ)X(nwA—mw) (for SISO systems n, = n, = 1,
which respectively are the number of z signals and w signals) is a transfer function matrix
that represents how the uncertainty affects the system, instead A defines the uncertainty

and it belongs to a block-diagonal structure set C:

C={A e RHU" "> A = bdiag (T, a1, Tyar) | (2.5)

with: n,, € NT and n,, € NT are the number of signals that connect M (s) with A.
Note that the uncertain parameters ¢, can be repeated with multiplicity m,,, v = 1, ..., 1.
Usually, they are n,,, = n.,. In this way, the structured uncertainty roughly corresponds

to multiple constraints on the uncertain system.
The space RH oo™ "2 i defined in [159, Chapter 3] as:

Definition 2.1: RH ¢

RHLS, with generic r, ¢ € Z, is the space of stable proper real rational r x ¢ matrix

transfer functions F'(s), where exists the H, norm of F(s):

|F(s) 1.0 = sup [F(juw)] = esssup a(F(juw)) (26)
weR weR

where 7 (-) denotes the largest singular value of the frequency response of the F'(s)

and ess represents the supremum (or least upper bound).

The A — M model establishes the relation wa (t) = Aza(t), which describes how the

uncertainty acts on the vector of scalar signals za € R™a*! to produce wa € R™wa*!,
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A
Wals) ZA(s)
o M(s) :

FIGURE 2.1: A — M model resulting from the linear fractional transformation.

By partitioning the transfer function matrix M (s), Figure 2.1 can be written as:

ZA(S) MH(S)Mlg(S) WA(S)
= (2.7)

Z(S) Mgl(s)Mgg(S) W(S)

with M1 (s) € RH™a*"wa Mys(s) € RH"™ a1, My (s) € RH™wa, May(s) € RH
and Za(s), Z(s), Wa(s), W(s) are the Laplace transformation of the respectively signals.
With the representation (2.7), it is possible to employ a mathematical framework called
upper Linear Fractional Transformation (LFT), which allows defining the transfer function
that ties W (s) with Z(s):

Fu(M(s), A) = Maa(s) + Moy (s)A(T,

TLwA

— M1 (s)A) " Mia(s) . (2.8)

This representation is well-posed if (I,,,, — Mi1(jw)A) is non-singular VA and with w =

T p
0. Furthermore, if (I — Myi(s)A(s))™t € RHoA ™A, then Mi(s)
€ RH&Z“H)X(”'“’A“) and A € RHo2™ ™A a5 defined in (2.5). Hence, the feedback

interconnection of the upper LFT is internally stable [159, Chapter 3]. The definition of the

interanlly stability adjective is:
Definition 2.2: Internally stable

A feedback interconnection is internally stable if all signals in the system are

bounded provided that the injected signals at any location are bounded.

The upper LFT (2.8) is in the space of Laplace transforms, but it is also applicable in the

state space as:

x(t) = Axz(t) + Biwa(t) + Baw(t)

za(t) = Ciz(t) + Diiwa(t) + Diaw(t) : (2.9)
2(t) = Cyx(t) + Daywal(t)

wa(t) = Aza(t)
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with B1 c Rnwxn“’A,BQ € RTLle,Cl € R™a Xn”,DH c RTLZAXTL“’A,DQ € RIXH‘ZA,
Cy € R Dy € RPX™wa [159].

The example 2.1 shows the efficiency of the LFT representation.

Example 2.1: Linear Fractional Transformation (LFT) for pulling out the

parametric uncertainty

Consider an open loop system described by the following transfer function

s+ 3+ q1

: (2.10)
24+ q1)s+5+q2

G(s;q) = o

where the vector ¢ = [q1, QQ]T € R?*! represents the parametric uncertainty vec-
tor. The graphical representation of (2.10) is depicted in Figure 2.2. The green area
distinguishes the uncertainty parameters from well-known parts. By employing the
upper LFT, it is possible to redraw the transfer function as depicted in Figure 2.3.

Thus, we obtain:

—1 —1 1
524+2s+5 s2+4+2s+5 | s2+2s5+5
g 0 O
—s —s s
s2425+5  s24+2s+5 | s24+2s+H
M(S) = A= 0 q1 0 (2.11)
—1 —1 1
s2425+5  s242s+5 | 5242545
0 0 ¢
—(s+3) —(s+3) s+3 -
524+2s+5 s2+4+2s+5 | s2+2s5+5

Doing so, we put all the uncertainties in A matrix. The lines in M (s) highlight the
sub matrices M1 (s), M12(s), Ma1(s), Maa(s).

3
hia 1 1
Wis) + > 2
—2
+
Jr
—q1
—5
%+
= —q2

FIGURE 2.2: Block scheme representation of the considered system.
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A

Wa, (s) Zn,(s)

qi
WAz (S) ZAz (S)

qi
WAs (S) ZAs (S)

q2

M (s)
— > N
W(s) Z(s)

FIGURE 2.3: Upper LFT scheme of the example system.

The structure of the uncertainty can be generalized as:

Q1Im1 0

0 cee quml
A(s) = (2.12)

with Aq1(s), ..., Ac(s) € RH represent the bounded (]| A;(s)

transfer functions. This allows considering both linear uncertainty that afflicts the param-

< 1), stable and proper

oo

eters and nonlinear uncertainties, represented by A;(s), ..., A.(s) with ¢ € N*.

Another more general and complex representation redesigns the state space domain by

replacing the fourth equation of (2.9),with:

wal(t) = A(ac(-),w(-),t) 2a(t) (213

by assuming D1; = 0. This uncertainty representation is admissible for (2.9) if, given a
locally square integrable input w(-) and any corresponding solutions to (2.9), with (2.13)

defined on an existence interval (0, ), there exist a sequence ¢7°, and constants d; > ... >

10
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dn,,, > 0, such thatt; — t,t; > 1and

t; t;
/0 o, () dtg/o o, (82 dt + dy (2.14)

where wa, (t) and za, () are the k-th element of respectively wa () and za(t) , with
k = 1,...,ny, (considering n,, = n.,). This representation is called IQC uncertainty
description [110, 133]. It is useful to exploit structural information (such as uncertainty of
some parameters) for characterizing the property of wa and za and for studying the non-
linear uncertainties. In particular, there are two ways to implement it: in time domain or

frequency domain. The choice depends on the application under analysis.

Remark 2.1

The structured uncertainty matrix A can be an unknown (real or complex) matrix
subject to a matrix norm bound ||A|| < 1, as defined in (2.5), or even an unknown

transfer function matrix subject to a norm bound ||A(s)|| < 1.

2.1.2 UNSTRUCTURED UNCERTAINTY

The LFT provides also a representation for the unstructured uncertainties. This typology of
uncertainty is defined by a norm that bounds A! with a single constraint. A type of uncer-
tainty model that belongs to this group is called Norm bounded uncertainty. This works with
a non-dynamic time-varying nonlinear uncertainty, specified by an induced norm bound,
ie. ||A(z,t)||, < 1Vt in state space representation [132]. Instead, a more general un-
structured uncertainty model is defined as a dynamic nonlinear uncertainty, denoted by
the transfer function A(s), constrained as ||A(s)||,, < 1. This type is called Bounded real

uncertainty.

Assume that M (s) represents an open-loop system (ie. w(t) = u(y) and z(t) = y(t)
of Figure 2.1), the most common types of Bounded real unstructured uncertainty are [180,
Chapter 9] [43, Chapter 4]:

« Additive uncertainty: which is derived from the upper LFT equation (2.8) by letting
Mji1(s) = 0, Maa(s) = Go(s), Mi2(s) = 1 and by choosing a suitable weight trans-
fer function to define Ms (s), denoted by W, (s). Hence, the output of the uncertain

system is defined as
Y (s) = |Go(s) + Wa(s)A(s) |U(s) (2.15)

where Gy (s) represents the nominal model. Figure 2.4 depicts the graphical repre-

sentation of the additive uncertainty.

'Note that A is written without the bold symbol, because for the unstructured uncertainty in SISO case it
is not a matrix.

TWith SISO systems M (s) € RH2X?, since ny, = Nns, = M. = Ny = 1, the sub-matrices of M (s) are
all scalars transfer functions.

11
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Go(s) +

U(s) Y(s)

FIGURE 2.4: Graphical representation of additive uncertainty.

« Multiplicative input uncertainty: which is derived from (2.8) by setting Mj1(s) =
0, M21(s) = Go(s), Maa(s) = Go(s), and by choosing a suitable weight transfer
function matrix to define M2(s), denoted by W;(s). Thus

Y (s) = Go(s) [1 + A(S)Wi(s)] U(s) . (2.16)

Figure 2.5 depicts the graphical representation of the multiplicative input uncertainty.

Wi(s) A(s)

+ Go(s) ———

U(s) Y(s)

FIGURE 2.5: Graphical representation of multiplicative input uncertainty.

« Multiplicative output uncertainty: which is derived from (2.8) by imposing M;1(s) =
0, Mia(s) = Go(s), Maa(s) = Go(s), and by choosing suitable weight transfer
function matrix to define Ms; (s), denoted by W, (s), so

Y(s)= [1 + A(s)Wo(s)} Go(s)U(s) . (2.17)

Wo(s) A(s)

+
o6 ] P

Y(s)
FIGURE 2.6: Graphical representation of multiplicative output uncertainty.

In the SISO case the multiplicative output and input uncertainty coincide, instead with
MIMO systems they differ. Figure 2.6 shows the block scheme of the multiplicative

output uncertainty.

+ Inverse multiplicative output uncertainty: which is computed from (2.8) by setting

12
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Mia(s) = Go(s), Maa(s) = Go(s), and by choosing a suitable weight transfer func-
tion matrix to define Ms;(s) = Mi1(s) = Wio(s). Thus

i —1
Y(s) = |Go(s)+ Wio(s)A(s) <1 - WIO(S)A(5)> Go} U(s)

= :1 + Wio(s)A(s) (1 - Wfo(sm(s)) 1} Go(s)U(s)

(2.18)

- :1 + <1 — I/Vlo(s)A(s))_1 — 1} Go(s)U(s)
= (1 - WIO(S)A(S)) _lGo(s)U (s)

Figure 2.7 shows the graphic interpretation of the inverse multiplicative output un-

certainty.

Wio(s) A(s)

+ »
U(s) Gols) Y(s)

FIGURE 2.7: Graphical representation of inverse multiplicative output uncertainty.

« Left coprime factor uncertainty: by imposing Go(s) = Djf(s) ' Nj.f(s) (see Defi-
nition 2.8) and by having two different A,,(s), A4(s) uncertainty transfer functions,

one for N r(s) and one for D;.f(s), that comply with

oo

The input-output relations of M (s) (see Figure 2.1), considered as an open loop sys-

<1. (2.19)

o0

tem, becomes

V(o) = |Duers) + 8] h Nepls) + A0 @2
by setting ] ]
Dk | ~Gols)
M(s) = 0 - (2.21)

13
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The uncertainty in left coprime factorization can be also weighted, such as the previ-

ous forms, by setting Wy(s), Wy, (s). Therefore, the formulation (2.20) becomes
~1
Y(s) = chf(S) + Wd(S)Ad(S)] |:Nlcf(8) + Wa(s)Ap(s)|U(s) . (2.22)

These two representations of the left coprime factorization are useful for different aim.
The unweighted form is employed in H ., loop-shaping design and robust stability
analysis, instead the weighted form is used for the mixed-sensitivity loop-shaping

(see Section 2.2).

Ay (s) Ag(s)

Nlcf(5> Dl_c}(‘g) >

U(s)

FIGURE 2.8: Graphical representation of weighted left coprime factorization uncertainty.

Figure 2.8 illustrates the graphical representation of the weighted left coprime factorization

uncertainty.

There are also other representations of uncertainty, such as inverse multiplicative input
uncertainty, inverse additive uncertainty and right coprime factorization, but they are less
used. The most employed form is the multiplicative output uncertainty. Table 2.1 reports
a recap that shows which types of physical sources are characterized by the corresponding

unstructured uncertainty scheme.

Another two types of unstructured uncertainties, in addition to the norm bounded uncer-
tainty and the bounded real uncertainty, are: Positive real uncertainty and Negative imagi-
nary uncertainty. Positive real uncertainty considers a stable transfer function matrix A(s)

that complies with the condition:
A(jw) + A(jw)* =0 VYw, (2.23)

where A > 0 denotes that the matrix A is Hermitian and positive semidefinite. Negative
imaginary uncertainty is similar to Positive real uncertainty, but the uncertainty constraint
is:

JA(jw) + A(jw)*) =0 Yw >0. (2.24)
The equations (2.23) and (2.24) are used mainly with MIMO systems, specifically with me-
chanical systems. For instance, Negative imaginary uncertainty is used when the input-

output data are force and position; instead, Positive real uncertainty is used when the avail-

able data are force and speed [91].

14
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TaBLE 2.1: Physical sources of uncertainty accounted by the uncertainty models.

Type of wuncertainty

Uncertainty physical
modeling of Section 2.1.2 neertatnty physicat source

« Additive plant errors
« Neglected high frequency dynamics

EAHITE (119 « Uncertain right half plane zeros

« Actuators errors

Input multiplicative < Neglected high frequency dynamics
(2.16) « Uncertain right half plane zeros

+ Sensors errors
Output multiplicative - Neglected high frequency dynamics
(2.17) + Uncertain right half plane zeros

« Low frequency parameter errors

Inverse output multi- Uncertain right half plane poles

plicative (2.18)

« Low frequency parameter errors
Left coprime factoriza- - Neglected high frequency dynamics
tion (2.20) « Uncertain right half plane poles and zeros

2.2 UNCERTAINTY FOR ROBUST CONTROL

Models endowed with the uncertainty information, represented by the LFT, as described
in Section 2.1, can be used to design a control that guarantees the robust stability of an
uncertain system. The link between the uncertain model and control design is represented
by the Small gain theorem. Before introducing this, it is necessary to state the definition of

robust stability:

Definition 2.3: Robust stability [133]

Consider the system in Figure 2.1 with M (s) € RH&ZZAH)X(TWAH) and the un-

structured uncertainty A(s) € RHoo. This interconnection is said robust stable if

it is stable for all uncertainties A(s) in a given norm bounded set
Ba(v) = {A(s) € RHoo : ||A(s)|| oo < v}, (2.25)

where v is a fixed radius.

15
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Note that v is a measure of the robustness of the uncertain system. Usually, the largest value

of v that guarantees the robust stability of the system is called robustness margin.

Theorem 2.1: Small gain theorem [176]
Consider the system in Figure 2.1 with M (s) € RH&Z 2t (s +1) and an un-
known unstructured uncertainty A(s) with » > 0. The interconnection is well-
posed and internally stable for all A(s) € RH o with:

« [|A(s)| < vifand only if || M(s)||, < L

. |A(s)|lo, < v ifand only if || M(s)],, < 2

o = p°

It follows that the stability radius for uncertain Linear Time-Invariant (LTI) systems
vrrr (M (s)) is given by:

1
1M (5)l] oo

o0

virr (M(s))

(2.26)

where the stability radius is defined as follows:

Definition 2.4: Stability radius [133]

The stability radius is the smallest value of v such that exists A(s) € Ba(v).

The Small gain theorem, described in Theorem 2.1, establishes an equivalence between the

dynamic uncertainty A(s) € R'H o and static complex uncertainty A(jw) € C:

Definition 2.5: Static and dynamic uncertainty [133]

. . . . (nzA+l)><(nwA+1) .
Consider the system in Figure 2.1 with M (s) € RHso with v >
0. The interconnection is well-posed and internally stable VA(s) € RHo with

|A(s)|loo < v, if and only if the interconnection is well-posed and internally stable
VA(jw) € C with ||A(jw)| < v.

So, the robust stability feature of system, depicted in Figure 2.1, with static complex un-
certainty A(jw) is necessary and sufficient for having also the robust stability of the same

system under general dynamic uncertainty A(s) € RH .

As described previously in Section 2.1, the LFT with unstructured uncertainty can be de-
clined in various types of uncertainty models. Hence, also the Small gain theorem can be

developed into different robust stability tests:

« Additive uncertainty G(s) = Go(s) + A(s)W,(s): by having a stabilizing controller
K (s) for G(s), the closed loop is well-posed and internally stable VA(s) € RH o
with

- |A(s)|loo < 1ifand only if ||[Wa(s)K(5)So(s)|l < 1,

- |A(s)|loo < lifand only if ||[We(s)K(5)So(s)|l < 1,

16
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where Sy(s) = m is the nominal sensitivity function.

« Multiplicative uncertainty G(s) = (1 + A(s)Wo(s)> Go(s): by having a stabilizing
controller K (s) for Go(s), the closed loop is well-posed and internally stable VA(s) €
RHs with

- |A(s)|l, < 1ifand only if ||[W,Tp(s)|l, < 1,
= [[A(8) [l < T [WoTo(s)]lo <1,
= [[A(s)llo < Lonly if [[W,To(s)l| o < 1,

where Tp(s) = 1 — Sp(s) is the nominal complementary sensitivity function. Output

and input multiplicative uncertainty modeling share the same robust stability test.

Remark 2.2: [180, Chapter 9]

The robust stability of the closed loop system for all VA(s) € RH with
|A(s)|loo < 1 does not necessary imply ||W,To(s)||,, < 1.

-1

« Left coprime uncertainty G(s) = [chf 5) + Ad(s)] {Nlcf(s) + An(s)]: by hav-

(s)
ing a stabilizing controller K (s) for G(s), the closed-loop system is well-posed and

internally stable VA sc(s) = [A4(s), An(s)] € RHZX! with | Are(s)]| < Lifand
only if
K(s)
So(s)Dyp(s)|| <1. (2.27)
1

o
Again, in this uncertain system model, the weight functions, depicted in Figure 2.8, are
considered external from the uncertain model for control design purposes. Therefore,

the robust stability test does not account those weights.

All proofs are reported in [180, Chapter 9]. Table 2.2 resumes a series of robust stability tests
of almost all types of perturbed system, by letting W, (s), Wy(s), Wi(s) , Wio(s) € RHeo
and A(s) € RHoo with [|A(s)|, < 1.

The resulting components of the right coprime factorization of M (s) are denoted as D,..f(s)
Nycf(s). Notice that all rows in Table 2.2 can be resumed by the unstructured analysis the-

orem:

Theorem 2.2: Unstructured analysis theorem

Given a uncertain system G(s) and a controller K (s) that stabilizes the nominal
plant Gy (s), closed-loop robust stability is achieved if and only if the robust stability

test of the employed uncertainty modeling is valid.
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TABLE 2.2: Robust stability test at varying the unstructured uncertainty model.

Type of uncertainty modeling Robust stability test
Additive [Wa(s)EK(5)So(s)|l <1
Input multiplicative |Wi(s)To(s)|l, <1
Output multiplicative [Wo(s)To(s)|lo <1
Inverse output multiplicative Wro(s)So(s)|| <1
Right coprime factorization ‘ D;c}(S)So(S) [K(S), 1 H <1
- (e o]
K(s)
Left coprime factorization So(S)Dl;le(s) <1
1
[©.]

Considering the multiplicative uncertainty™ with || A(s)||, < 1, itis possible to generalize

the Small gain theorem as the Nyquist criterion for the stability of a feedback system:

Wo(jw)Lg(jw
IWo(s)To(s)]| o < 1 %‘ <1 Vw

, (2.28)
& [Wo(jw)Lo(jw)| < [1+4 Lo(jw)| Vw

with Lo(s) = Gp(s)K(s). Notice that the distance between —1 and L(s) is represented
by |1 + Lo(jw)| Vw, therefore, thanks to the Nyquist stability theorem, the closed loop sys-
tem is stable if the Nyquist plot does not encircle the critical point —1. So, the system is
robust stable if the distance between —1 and Lo(jw) is higher than the absolute value of
Wo(jw)Lo(jw). These propositions are true if Lo(s) has not right half plane poles. The
graphical representation is depicted in Figure 2.9. For simplicity, Lo(jw) and W,(jw) de-

pendencies with respect to the frequency are not reported.

The literature shows also the possibility of adding some performance requirements to robust

stability, such as:

MSince for the SISO systems the input multiplicative uncertainty and output multiplicative uncertainty are
equivalent, often the input/output adjectives are omitted.
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FIGURE 2.9: Nyquist representation of robust stability with multiplicative unstructured

uncertainty.
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FIGURE 2.10: Nyquist representation of robust performance with multiplicative unstruc-
tured uncertainty.

+ Nominal performance: some performance objectives are satisfied for the nominal plant
G() (S);

1V

 Robust performance™’: some performance objectives are satisfied for every plant in

the uncertainty model G(s), with A(s) € Ba(v) and v = 1.

Usually, the performance requirements are designed with suitable weight functions that
shape open-loop or closed-loop frequency responses [179, Chapter 8]. The robust per-
formance test changes by varying the unstructured uncertainty scheme employed and by
changing the nominal performance test. Figure 2.10 depicts the robust performance rep-
resentation in the Nyquist plot. To obtain a controller which have this property, the two

circles must not have an intersection.

In literature, there is a variation of Small gain theorem called Small p theorem, used for
systems with structured uncertainty. To describe this theorem, it is necessary to explain the
different structured uncertainty sets. With the more general uncertainty matrix described

in (2.12), the corresponding structured set is:

A = {A(s) = bdiag (I, 1, -, I, @1, A1(5), .., Ac(s))} (2.29)

Y'The prerequisites of the robust performance are nominal performance and robust stability.
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where ¢, are real (or complex) uncertain parameters, with multiplicity m, withu =1, ...,
and A;(s) with ¢ = 1, ..., c are real (or complex) transfer functions. If we replace the last
¢ transfer functions with the corresponding static real (or complex) A;(jw) for a fixed fre-

quency w, the structured set becomes:
A= {A(jw) = bdiag (I, q1, -, I, q1, A1 (Jjw), ..., Ac(jw))} - (2.30)

Therefore, the corresponding norm bounded set is equal to:
Ba={A(w) € A lall, < 1,5(Ai(jw) < Li=1,..c} ; (2:31)

with &(-) the largest singular value and |||, the p-norm.

Furthermore, the Small i theorem relies on the definition of the Structured singular value:
Definition 2.6: Structured singular value
Letting the complex matrix M (jw) € Cn=a+l) X(”wAH), considered as the evalu-

ation of M (s) for s = jw with w > 0, the structured singular value of M (jw)
with respect to A is:

1
My = .
HAM () = e R o))+ detlT — M(jw)AGa)) = 0, Ajw) € AT
(2.32)
An alternative expression of (2.32) corresponds to:
pa(M(jw) = max p(M(jw)A(jw)) | (233)
A(jw)EBA
with p(-) the maximum modulus of the eigenvalues, called Spectral radius.
Now, it is possible to enunciate the Small p theorem:
Theorem 2.3: Small 1 theorem
Consider the system of Figure 2.1 with M (s) € RHC(,::ZAH)X(nMAH) and an un-

known structured uncertainty A(s) with v > 0. The interconnection is said inter-

nally stable and well-posed VA (s) € A with || A(s)]|, < v if and only if

sup jua (M (jw) < = . (234)
w€eR v

The Small i theorem, in Theorem 2.3, counterpart explains the same equivalence between
the static and dynamic uncertainty with structured uncertainty, i.e. it establishes an equiv-
alence between the dynamic uncertainty A(s) and static complex uncertainty A (jw) (see
Definition 2.5).
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2.2. Uncertainty for robust control

Also with structured uncertainty, it is possible to design a controller that complies with the
robust performance specifications. In [45], the authors modeled the performance require-
ments as a fictitious uncertainty A¢(s). In doing so, the robust performance is shifted as a

robust stability problem by letting:

App(s) = ; (2.35)

= Ag(s) e
Wa(s) | As) | ZA(s)
M(s) _
W(s) Z(s)

FIGURE 2.11: Robust performance represented by fictitious uncertainty for structured un-
certainty systems.

2.2.1 ROBUST CONTROL SYNTHESIS

After explaining the connection between the uncertainty system and the robust stability, the
question is: How does the robust controller design work? The general representation of the
upper LFT can be redesigned for robust control synthesis purposes. Again, M (s) can be an
open-loop or closed-loop system V.. If we consider a closed-loop, we denote the open-loop

system as P(s) and the controller K (s)"!

, as illustrated in Figure 2.12. By grouping P(s)
with the uncertainty block A(s), the LFT representation (Figure 2.12) can be considered as
the classical control synthesis scheme, depicted in Figure 2.13. This grouped system is de-
noted as N (s) € RH2X? (for SISO systems and Unstructured uncertainty). The state space
form (derived from (2.9)) of P(s) becomes: After explaining the connection between the
uncertainty system and the robust stability, the question is: How does the robust controller

design work? The general representation of the upper LFT can be redesigned for robust

VAf(s) € RHM ™™= with n, = n, # 1 for MIMO systems.
VIIf M (s) is considered as a closed-loop system, M (s) should be also not in RH
VITherefore, M (s) represents transfer function of the group composed by P(s) and K (s).
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control synthesis purposes. Again, M (s) can be an open-loop or closed-loop system. If we

consider a closed-loop, we denote the open-loop system as P(s) and the controller K (s)

VIII

as illustrated in Figure 2.12. By grouping P(s) with the uncertainty block A(s), the LFT

representation (Figure 2.12) can be considered as the classical control synthesis scheme, de-

picted in Figure 2.13. This grouped system is denoted as N (s) € RH2X? (for SISO systems

and Unstructured uncertainty). The state space form (derived from (2.9)) of P(s) becomes:

a(t) Ax(t) + Biwa(t) + Bou(t) + By,w(t)
Cix(t) + Diiwa(t) + Dygu(t)

Cox(t) + Daywa(t)
C.a(

Lx(t) + D ul(t)

N
>
—~

~
S~—

Il

, (2.36)

where:

w(t) is the exogenous input, such as disturbance, noise or reference signal;

z(t) is the exogenous output, which represents the system performance signal, for

instance tracking error or controlled signal;
u(t) is the control input signal;

y(t) is the sensed output;

unstructured uncertainty A(s);

A e RW* g e R™*1 By € R™*! By € R™*! B, € R™*! C| € RV Cy
R*ne C, e R D, € R,Dy; € R, D12 € R, Dy € R.

In case of structured uncertainty, the uncertainty is a matrix and the signals wa (¢) and

za (t) become vectors, as already seen in Section 2.1.1.

Remark 2.3

In this setting, P(s) is coupled with a controller as represented in Figure 2.12, there-
fore z(t) # y(t) and w(t) # wu(t).

The robust control literature shows different methodologies to solve the control synthesis:

‘Ho optimal control: this type of control design aims to regulate the transfer function

between W (s) and Z(s), defined as the lower Linear Fractional Transformation:
Fi(N(s), K(s)) = Nui(s) + Niz(s) K (s)(1 = NogK(s)) ' Nai(s) . (2.37)

The robust controller is obtained by finding a stabilizing controller that minimizes
the 2-norm of the lower LFT: || F;(IN(s), K(s))||5. This optimization problem corre-
sponds to minimize the total energy of the impulse response of

Fi(N(s),K(s)). Given w(t) as stationary noise, the Ho optimal control is often

Vi Therefore, M (s) represents transfer function of the group composed by P(s) and K (s).
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A(s)

T O 2(5)

| Wal(s) Za(s) ; (s)

W(s) Z(s), U(s) Y (s)
B P

Ul(s) Y (s)

| | K(s)

| K(s) 1 . — )

‘M (8) | FIGURE 2.13.th’(1;:iasd;tcll§):naqle.control syn

FIGURE 2.12: Linear Fractional Trans-
formation for robust control synthesis.

called Linear Quadratic Gaussian (LQG) control [47, Chapter 6]. Furthermore, 2 can
be solved by two Riccati equations without iterative procedure and, doing so, the

resulting controller is unique [179, Chapter 13].

+ H optimal control: using the representation described with the #H design, the ro-
bust controller is designed by finding a stabilizing controller that minimizes the in-
finity norm of the lower LFT: || F;(IN(s), K(s))||.,%. As described in [61], finding
an optimal controller with H..-norm is usually complicated. Therefore, this control
design is translated into searching the suboptimal controllers that are close, in norm
sense, to the optimal one [109, 179, Chapter 14]. The suboptimal Ho control is de-
fined as: given ay > 0, find all stabilizing controllers K (s), if there are any, such that
[FL (N (s), K(s)]l oo < -

« Hoo loop-shaping: this method adds a loop shaping design to the H, optimization
problem. Usually, to study this methodology the uncertainty is represented as the

unweighted left coprime factorization. Thus, the design procedure corresponds to:

1. Choose, by the user’s knowledge, two weight functions W (s) and Ws(s), called
pre-compensator and post-compensator. The aim of this consist of giving a
desired open-loop shape to the system. Doing so, the shaped plant becomes
Gs(s) = Wa(s)G(s)Wi(s), where G(s) = Y(s)/U(s) and it is defined as in
(2.20);

2. Solve the robust stabilization with the H ., optimization to obtain v/, using:

-1

'max — inf 1 B K D*l ‘ 938
Y Kstallllalilizing ( +G (S) (S)) lcf(s) ( )

[e.e]

™The H o norm corresponds to the worst case of the gain of F; (N (s), K (s)).
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Note that v,,4, represents the stability margin. Therefore, if v,4; is not big
enough, the final controller would be not compatible with the robust stability re-

quirements. If this happens, we should redesign the pre and post-compensator.

3. Select v < V4, and synthesize a controller K (s) by exploiting the robust

stability test;
4. The final controller is made as K (s) = W1 (s) Koo (s)Wa(s).

With this methodology, v is used as a design indicator that measures both the closed-

loop stability and the loop shaping specs, drawn by the pre and post-compensator.

A more stringent method of H ., loop-shaping is S/KS mixed sensitivity loop-shaping
[85]. This employs the weighted left coprime uncertainty model (2.22). Specifically,
the weight functions W (s) and W, (s) shape the robustness of D f(s) and Nj.¢(s).
Often, Wy(s) is also denoted as Wg(s), while W,,(s) as Wg(s). By grouping the
left coprime terms and the weight functions together, as depicted in Figure 2.14, we
obtain H (s) € RH2!, i.e. the transfer function from zx = [2a1, 2a2] | € R**! to

wa, where Ajro(s) = [An(s), —Aq(s)]. It corresponds to:

W4(s)So(s
H(S) _ WA(S) _ d( ) 0( ) ; (2‘39)

Wi (s)Qo(s)

where Qo(s) = K(s)So(s) is the control sensitivity function. Hence, the controller

Ajpe(s)

FIGURE 2.14: Graphic representation of left coprime factorization uncertainty for mixed-
sensitivity loop-shaping [85].

K (s) is designed with the H, optimization of H (s)X. In literature, there are also
some variations of this mixed-sensitivity loop-shaping, such as: S/T mixed-sensitivity
loop-shaping or S/T/KS mixed-sensitivity loop-shaping [153, Chapter 3]. In these alter-

natives, the weight functions represent some desired closed-loop shapes: sensitivity

*If the designed controller K (s) does not guarantees | H (s)|| . < 1, then no controller exists that stabilizes

the system for all perturbations A.
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2.2. Uncertainty for robust control

function, control sensitivity function or complementary sensitivity function. Further-
more, in these case the weight functions are denoted respectively as: Wg(s), Wg(s)
and Wr(s) (see Section 3).

« 1 synthesis: is a control synthesis that works with structured uncertainty (modeled
as (2.12) or (2.5)). It minimizes the structured singular value of F;(IN (s), K (s)) [44]

by solving the Ho, optimization problem:

K(s) = m}én D(s),Diﬂfs)eHw | D(s)Fi(IN (s), K(s))D(s)_lHoo , (2.40)
where inf is a standard convex optimization problem that can be solved pointwise in
frequency domain. The lower LFT is scaled with a stable and minimum phase transfer
function D(s), called scaling transfer function!. The entire optimization problem is
solved iteratively by the D-K iteration technique [179, Chapter 10]. Specifically, the
procedure is composed of: (i) minimize over K (s) with a fixed D(s), (ii) minimize
pointwise over D(s) with a fixed K (s). Figure 2.15 represents the block scheme em-

ployed in the pu-synthesis controller design solved by the D — K iteration procedure.

— D(s) N (s) D7Y(s) —>

FIGURE 2.15: Graphical representation of the p-synthesis employing the scaling transfer
function.

« Mixed Ha/H o or Mixed H oo / Hoo optimal control: these methods are used with MIMO
systems. They split the system IN () into two parts, such as N1 (s) and Na(s). In this
way, the relationship between the exogenous input w; () and the exogenous output
z1(t) (which belong to the subsystem INj(s)) are treated differently from the signals
wo(t) and z5(t) (which belong to the subsystem N3 (s)). The general optimization

problem that solves these two types of controller design is:

min H‘Flwﬁﬂ (N1(s), K(s))

a

st [y, (Vo) K (D) <7 (2.41)

o0

K (s) stabilize internally N (s)

where a = 2, 00 [6].

X'With MIMO systems, the choice of the scaled transfer function must agree with D(s)A(s) = A(s)D(s).
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For completeness, in literature, there are other control approaches for uncertain systems,
such as: game-theoretic or minimimax [41] , guaranteed-cost control [26], norm uncertainty

[24], quantitative-feedback theory [75], the new polynomial and probabilistic techniques [133].

Often, in robust control design, the resulting controller has high order, typical comparable
with the highly complex uncertain system under analysis. Therefore, for practical pur-
poses, order reduction is widely used since a low-order controller is easily understandable
and implementable in a real process. Another possible way to solve this problem consists
of: identifying a low-order model and then synthesizing a low-order controller using the
identified model. However, this methodology does not guarantee that the controller de-
signed with the low-order model stabilizes also the full-order plant. Hence, the authors of
[179, Chapter 19] report some techniques to reduce the controller order without losing the
robust stability property of the high order controller. Another novel way, proposed in [5],
corresponds to solving the H o, loop-shaping by adding a constraint that selects the struc-
ture of the controller. This is more conservative than the free control structure synthesis,

but for real application development, it is more practical.

2.3 UNCERTAINTY FOR ROBUST FAULT DIAGNOSIS

This section briefly reviews some fundamentals of the fault diagnosis literature and its tax-
onomy, with focus on model-based fault diagnosis. Specifically we describe both robust
and not robust residual generation. A fault is a not permitted deviation of at least one
characteristic of a system, from the acceptable, usual, standard condition. A fault causes a
malfunction or a failure. The malfunction is an intermittent irregularity in the fulfillment
of a system’s function. Instead, the failure is a permanent interruption of a component or
of the entire system. Note that the difference between the failure and the malfunction is
represented by the time of the interruption. Figure 2.16 recaps the distinction between the

fault and failure/malfunction definitions.

Function

Failure L

Fault I
1
0
t

Malfunction ——»

FIGURE 2.16: Fault evolution scheme [78, 113, chapter 2].

Figure 2.17 depicts three different approaches to fix faults. The upper and middle methods
were applied before the advent of industry 4.0. In particular, the Reactive maintenance per-
spective fixes malfunctions/failures only when they occur. This method causes a large waste
of time. Instead, with Preventive maintenance, the factories plan a time-based maintenance
schedule. It prevents malfunctions/failures occurrence, but it is not optimal, because this

program is usually more conservative than the machinery necessities. Instead, Predictive
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2.3. Uncertainty for robust fault diagnosis

maintenance exploits some algorithms that generate alarms before the fault occurrence. In

this way, the maintenance intervention is done only when the system needs it.

Reactive maintenance (run to failure)

Downtime
—— i i
Working again
- £ -O >
Start of Failure 1° Maintenance Time
«working life» i intervention
Preventive maintenance (time-based)
=) = -
—O =0 -@—O eI 2
1° 2° 3° Time
Predictive maintenance (condition-based)
=
T @ (D= )mrrmmnssssssssssssssnnnnnnn e nnnnnnnnnnnnnas »
Failure predicted  1° Time

FIGURE 2.17: Representation of some types of maintenance strategies.

The definition of Fault diagnosis is defined as:
Definition 2.7: Fault diagnosis [107, Chapter 3]

Fault diagnosis refers to the usage of techniques to evaluate the status of a system

with respect to possible faults.

Fault diagnosis methods perform the following tasks:

« Fault detection: indicates if a fault arise or not. It also determines the time of the fault

occurrence;

o Fault isolation: determines the location of the fault;

o Fault analysis or identification: estimates the size and nature of the detected fault;
o Fault estimation: reconstructs the behavior of the fault.

The list is ordered by complexity, from the lowest to the highest. The first task is mandatory
to implement a fault diagnosis algorithm, while the others are optional. Often, the last two
are used as synonyms. Notice that the nomenclature is not consistent across the kinds of
literature, such as for industry [120, 138], for control system community [79] [167, Chapter
3] [15, Chapter 1].

Figure 2.18 [107, Chapter 3] reports the scheme of the fault diagnosis taxonomy, specifically:

 Hardware redundancy: which provides the physical replication of the critical compo-
nents of the system, for example: actuators, sensors or even software. These com-
ponents are in parallel with the standard system, they are fed by the same input, but
they work only when a fault occurs. This is useful for those systems that work in a

critical environment, as in electric aircraft [174] or nuclear power plants [69].
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o Analytical redundancy: which solves the fault diagnosis problem by feeding the input
and output signals of the critical system to an algorithm that predicts the status of the
considered system. It is less expensive than the hardware redundancy. Usually, the
algorithm compares the healthy state with respect to the state of the working system.
The healthy state has different representations which depend on the employed algo-
rithm, e.g.: white box model, black box model, a priori known signal pattern, signal
behaviors, a priori known information, and so on. As depicted in Figure 2.18, the ana-
lytical redundancy scheme has a broad range of methodologies. They can be grouped
in [40, Chapter 1]:

1. Plausibility tests: the fault diagnosis is done by checking some physical laws that
govern the system. If the machinery does not pass these tests, it is said that the

system lose its plausibility and therefore it is faulty;

2. Model-based: the healthy system is modeled by a mathematical model. The
model-based procedure is mainly composed of two steps: residual generation
and residual evaluation [34]. A residual is a signal generated by processing the
input and output data with the employment of the mathematical model (during
the residual generation step). The evaluation procedure decides if there is a fault
or not by studying the behaviour of the residual signal. Ideally, if the residual

signal differs from zero, a fault occurs;

3. Signal-based: assumes that the signals carry information about the state of the
system. The fault diagnosis compares some features, called symptoms, extracted
from the acquired signals, with respect to a priori known values which represent
the healthy state;

4. Knowledge-based: assumes that a large amount of historical data is available.
The user does not know any prior knowledge or behaviour of the system. The
only thing that he or she can do is to learn some knowledge from the histor-
ical data and consequentially evaluate the data acquired online by exploiting
the extrapolated information. These two phases are called: training and online

evaluation;

5. Hybrid: is a combination of two or more methods: signal-based, model-based,
plausibility test and knowledge-based. Doing so, the resulting approach takes
the benefits of the considered algorithms;

6. Active: assumes that the input can be chosen and injected, thereby the fault can

be detected more easily.

The most widespread approaches are: model-based and signal based. Specifically, the for-
mer is used with dynamic processes and the latter is employed with steady-state or complex

processes. In light of this, those are reviewed deeply, with more focus on model-based.

Figure 2.19 depicts the signal-based fault diagnosis scheme. From the output signal, the

algorithm generates some features called fault symptoms. The fault diagnosis is done by
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Fault Diagnosis

Hardware redundancy schemes Analytical redundancy schemes
]
v  ——
Tt || bt | | ot | | b | | Tobd || i

FIGURE 2.18: Representation of the taxonomy of the fault diagnosis algorithm.

performing an analysis of the symptoms. In particular, the measured fault symptoms are
compared with a priori known fault symptoms values which represent the healthy state.
Signal-based algorithms are grouped according to the domain to which their symptoms

belong [59], such as:

« Time domain approach: computes the statistics of the signal in the time domain, such
as: mean, variance, peak to peak, Root Mean Square, kurtosis, crest factor and so on.
For instance, these types of symptoms are used with gear fault diagnosis [74], power
converters of switched reluctance motors [27] and permanent magnet synchronous

generators in wind turbine applications [54];

« Frequency domain approach: obtains a more clear representation of the symptoms in
frequency domain and thus designs an efficient symptoms analysis. Nevertheless, it
is also possible to compute some statistical features employed in the time-domain
approach, such as: Root Mean Square, mean and standard deviation. A famous tool
that belongs to this methodology is Motor-Current Signature Analysis (MCSA). It is
used to diagnose the broken rotor bars of an electrical motor by performing the spec-
tral analysis of the stator current [117]. Another well-known approach, described in
[140], is vibration analysis for gearbox faults and bearing faults. Note that, acoustic
signals are also employed with this approach since they are also a vibrational signals.
The authors of [126] propose an example of frequency domain signal-based fault di-

agnosis based on acoustic signals;

« Time-Frequency domain approach: this approach is useful with transient dynamic
conditions. These variable situations cause a time-varying frequency spectrum. The
time-frequency analysis identifies the signal frequency components and reveals their
time-varying characteristics. Some methodologies that employs this approaches are:
STFT [90], WT [68], HHT [173] and WVD [37].

The definition of model-based fault diagnosis is the determination of faults through the
comparison of the available system measurements with respect to a priori information pro-
vided by a mathematical model [28, Chapter 1]. The model acts as a digital twin of the health
system. Figure 2.20 represents the overall scheme of the model-based fault diagnosis. As

already said, the two major steps of these techniques are: residual generation and residual
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FIGURE 2.19: Representation of the general signal-based scheme [40, Chapter 1].

evaluation. The residual generator produces the residual signal r(t) by processing the mea-
sured input u(t) and output y(¢) signals. The signal 7(¢) contains the information useful
to diagnose the system state. The residual evaluation strategy helps to enhance the fault
information by performing some signal processing strategies. After that, during the deci-
sion logic step, the processed residual 6(t) is compared with respect to a selected threshold.
The popular approaches of this methodology are: deterministic fault diagnosis and stochas-
tic fault diagnosis. In literature, there are also discrete events and hybrid, networked and

distributed methods, but they are less widespread.

Faults  d(t) v(t)

oy

Residuals evaluation

u(t) y(t)
Plant
N T4 T
! + L) Residuals | 0(t) Decision L[ () _
; . . : >
| Residuals | processing logic ' | Diagnostic
| Process | i | decision
|
| |
|
| | |
|
|
|

|
|
|
|
model |
|
|
|
|

Model based fault diagnosis system

FIGURE 2.20: Representation of the general model-based scheme [40, Chapter 1].

The deterministic branch replaces the process model with a deterministic model. Specifi-
cally, it can be described by: stable coprime factorization, observers scheme and parity rela-
tions. The stochastic approach models the process with a stochastic method, for instance:
Kalman filter and Parameters estimation. Ideally, the Kalman filter method is the stochas-
tic counterpart of the observers. With this setting, the changes in the distribution of the
residuals represent the fault symptoms. Often, the residual evaluation is made by some
statistical tests, such as: x? test, cumulative sum algorithm or multiple hypothesis test.

Furthermore, there exist also some extensions of the Kalman filter that account the system
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non-linearities [51]. In [172], the authors have proposed a residual evaluation based on the

Generalized Likelihood Ratio coupled with a Kalman residual generator.

The parameter estimation, introduced by [10], performs the system identification, which
estimates online the model parameters. The rationale is that the variation of system param-
eters reflects the faults. If the model parameters have an explicit mapping in the physical
coefficients, this procedure can be very efficient and simple, but usually the parameter map-
ping is difficult to obtain, as described in [76]. Furthermore, the fault evaluation is done by
verifying the variations in the parameters vector against the estimated parameters under
healthy conditions [151].

The next subsections describe briefly the deterministic approaches with SISO system and
single-fault, but as before the concepts are easily scalable for MIMO systems and multiple

faults detections.

2.3.1 STABLE COPRIME FACTORIZATION

This technique relies on the coprime factorization [40, Chapter 3] of a transfer function,
defined as:

Definition 2.8: Coprime factorization

Two discrete? transfer functions M(z) € RMs N(z) € RHoo are called left
coprime over RH., if there exist another two transfer functions X (z) € RHo and
Y (2) € RHoo such that:

=1. (2.42)

By letting A(z) be a proper real-rational transfer function, the Left Coprime Fac-
torization (LFC) of A(z) results into two stable and coprime transfer functions.
Similarly, there exists a counterpart of the LFC called Right Coprime Factoriza-
tion (RFC). It is defined as:

=1. (2.43)
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Where the transfer functions M (z), N(z),Y (z), X (z) have the same properties as
with the LFC. The relation that ties the model of the system A(z) with the left co-
prime pair (M(z), N(z)) is:

A(z) = MY (2)N(z2). (2.44)
Instead, the relation with the right coprime pair <M (2), N (z)) becomes:

A(z) = N71(2)M(z). (2.45)

The coprime factorization has also the state space representation. In the robust con-
trol theory, the RFC has a feedback control interpretation, while the LFC has an
observer interpretation [40, Chapter 3].

“This definition is valid also for continuous transfer functions.

By considering the estimation error r(t) = y(t) — §(t) as the residual signal, the residual
generator is [M(z) - N(z)}, computed from the system model G(z). Therefore, r(t) is
computed by:

y(t)
r(t) = [M(z) _ N(z)] : (2.46)

In literature, this residual generator is also called kernel representation of the system. Usu-
ally, if 7(¢) is equal to zero then the system is healthy, instead, if r(¢) differs from zero
then the system has a fault. This consideration is only ideal because, in real applications,
disturbances and uncertainties arise, therefore this fault diagnosis scheme can reveal false
alarms. This problem is addressed by the robust residual generator, which generates the

residual signal by decoupling disturbances and uncertainties.

Before proceeding to the analysis of the robust residual generator counterpart, the modeling

of faults, disturbance and uncertainties, in the fault diagnosis literature, must be faced.

The disturbances d(t¢) and noise v(t), which afflict the process under analysis, are usually

designed as unknown input vectors. Thus, the input-output model in the healthy state is:
y(t) = Go(2)u(t) + Ga(2)d(t) + Gu(2)v(t) ; (2:47)

where: G(2) is the model of the system, G4(z) is a known transfer function from distur-
bance to output, G, (2) is a known transfer function from noise to output, d(¢) € R is the
deterministic unknown input signal, v(t) ~ N (0, 0,) is a noise signal or represents a ficti-

tious noise which models the uncertainties [167, Chapter 2]. Hence, the input-output model
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in faulty conditions is:

y(t) = Go(2)u(t) + Ga(2)d(t) + Gu(2)v(t) + G (2) f(t) ; (2.48)
where: f(t) € R is an unknown signal that represents the fault, while G¢(2) is a known
transfer function from fault to output.

The taxonomy of the fault is:
« Actuator fault : which is a fault that acts on the actuator component;
« Sensor fault : which is a fault that acts on the sensor component;
« Process fault: which is a fault that acts directly on the process.

The sensor fault is considered as an additive term, so the transfer function from output
to fault is set as G(z) = 1. Instead, with a process or actuator fault, the fault term is
multiplicative and thus G¢(2) = Go(z). Note that the additive term does not affect the
system stability, while the multiplicative term can cause system instability. As introduced
in [40, Chapter 3], the multiplicative fault can be readapted as an additive fault. For this

reason, a fault is often represented by an additive term.

The residual generation, described with (2.46), does not decouple the model uncertainties,
therefore the latter input-output model needs of a further filter, called post-filter Q(z) €
R'H~, which makes robust the residual generator with respect to the uncertainties. Figure
2.21 represents the robust residual generation obtained by the stable coprime factorization

scheme, where G7(z) is the true system. It corresponds to write:

r() = Q) (M()y(t) - N)u()) - (249)

This equation is called implementation form and it has an equivalent and alternative form
called internal form. The former is used to generate the residual signal online, instead the

latter is used to design the post-filter. The internal form is equal to:

r(t) = Q(2)M(2)Gy(2)v(t) + Q(z)M(z)Gf(z)f(t) + Q(2)M(2)Gq(2)d(t) .  (2.50)

The proof of the equivalence between the internal and the implementation forms are re-

ported in the following.
Proof 2.1: Internal form and implementation form are equivalent

By substituting the input-output model (2.48) into the implementation form (2.49)
[40, Chapter 5], we get:

r(t) :Q(Z)<M (Z)(GO(Z)u(t)+Gd(z)d(t)+Gv(z)v(t)+Gf(Z)f (t)> -N (Z)u(t)> -
(2.51)
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Then, by applying the coprime factorization Go(z) = M(2)"'N(z) — N(z) =
Go(2)M (%), the equation (2.51) becomes:

r(t)=Q(z)(ww(z)(cd(z)d@+Gu<z>v(t>+Gf(z)f(t>) W) :
(2.52)
Thus, the internal form (2.49) is obtained.

u(t) y(t)
GT(Z)

\j

r(t)
Q) —*

FIGURE 2.21: Representation of the robust residual generator scheme with stable coprime
factorization.

Post filter design goals are to decouple the residual signal from u(¢) and d(t). These re-
quirements are called decoupling conditions. Note that, with the presented formulation, the
decoupling of u(t) is automatically obtained, indeed in (2.49) the residual signal does not

depend on u(t). So the latter condition is:
Ga(2)M(2)Q(z) =0. (2.53)

The author in [167] have described two different methods to design
Q(2) = |Q(2)M(2), ~Q(2)N(2) :

« Exact Fault Detection Problem (EFDP): which develops a suitable and stable Q(z) in
absence of v(t), such that:

The residual is sensitive to fault;

The decoupling conditions are hold;

The detection condition is Gf(z)M(z)Q(z) # 0;

- Gf(2)M(2)Q(z) is stable.

« Approximate Fault Detection Problem (AFDP): which develops a suitable and stable
Q(z) such that:

— The residual is sensitive to a fault and noise input because v(t) can not be fully

decoupled but negligible;
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— The decoupling conditions are hold,;
~ The detection condition are G t(2) M (2)Q(z) # 0 and G, (2) M (2)Q(z) =~ 0;
- G(2)M(2)Q(z) and G, (2) M (2)Q(~) are stable.

Since ()(z) ensures that the contribution of the disturbances and the control input

are null, the implementation form (2.49) in the case of AFDP becomes:

r(t) = Q(2)M(2)Gy(2)v(t) + Q(2) M (2)Gf(2) f(2) . (2.54)

The cost function for designing Q)(z) is defined as [28, 167, Chapter 3]:

A |e@aree )|
: . (2.55)
Q) HQ(z)M(z)Gv(z)

a

where a = 2,00. Doing so, the post filter enhances the sensibility of the residual
signal r(¢) with respect to the fault signal and reduces the influences of the fictitious
noise in the residual signal. A similar robust fault residual generator that solves AFDP
is derived from the H, theory, defined as:

5 @) = F@Olly

Q(z) = min

o el (2.56)

These two optimization procedures take also the name H, robust fault diagnosis [56].

There exists a variation of (2.56) where the f(t) signal is replaced by r,(t) = R(z)f(t),

where 7,(t) represents the desired behavior of the residual signal, modeled by R(z)XI.

This problem is solved as a robust controller synthesis. Doing so the resulting controller is

considered as the residual generator, as depicted in Figure 2.12. The input is composed of
T

w(t) = [ f@),d(t), v(t)] , respectively: fault, noise and input signals. Instead, the output
of the general system is z(t) = 7,(t) — r(t) and the output of the filter Q)(z) (that replaces
K (z)) is the residual signal r(¢) [101]. With this representation, the cost function becomes

J = sup,y ||||Z((?)||||Z = ||G2w(2)|| o thus the filter design can be done by  or Hoo synthe-

sis. This method does not work with all applications: therefore, two functions that weight
the signals w(t) and z(¢) are designed to avoid this problem. In [56, 116], the authors have
proposed an extension of this approach by coupling the filter Q(s) with a controller K (z),
where the general output is composed of 7,(t) — r(t) and a performance signal, denoted by
Ye(t). This scheme is depicted in Figure 2.22. The choice of the Q)(z) structure and weight

functions are critical and done by the user*!,

*IThe structure of R(z) must contain the filter Q(2).
X R(2) can be derived from Q(2)nom, which represents the filter computed with the nominal model [55,
Chapter 6].
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A(z)
f(t)
o r(t) — ro(t)
R E] | Ep—— e v
P(z) g

FIGURE 2.22: Representation of the robust control scheme for robust residual generator
synthesis with stable coprime factorization.

2.3.2 OBSERVER SCHEMES

The second scheme exploits the so-called output observer. Notice that the output observer
differs from the state observer employed in the control literature, nevertheless in the his-
tory usually are considered as the same object, but as reported in [40, Chapter 2] this is a
mistake. Furthermore, the state observer is not always applicable since it assumes that all
states x(t) are measurable. Thus, the output observer is useful to perform fault diagnosis
by comparing the measured output with respect to the observed output. In the last three
decades, the observer schemes have achieved certain popularity for being able to decouple
residual signals from certain disturbances and modelling errors (uncertainties). This robust

method is called Unknown input observer [29].

The precursor of the observer-based residual generation is the Fault Detection Filter, pro-

posed by [12, 80]. The well-known full-order state observer is defined as:

&(t) = A&(t) + Bu(t)+ L <y(t) — Cx(t) — Du(t)) o5
2.57

9(t) = CZ(t) + Du(t)

with A € R%*"% B ¢ R%=X1 C € R D € Rand L € R™%*! is a suitable chosen
matrix that ensures a limited difference between the real output y(¢) € R and the estimated
(t) € R. The symbol £(t) € R"*! denotes the estimated states. The observer acts as a

feedback loop that ensures:
« () = y(t) — 4(t) = y(t) = CZ(t) — Du(t) =0 Vu(t);

« Unbiased estimation lim;_, (Jr(t) — i") =0, with A — LC stable.
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The matrix L is the only degree of freedom of this procedure, indeed usually the output

estimation error is weighted with a designed weight V/, as:

)=V ()~ 000). (2.59)

The choice of L and V must be done to ensure the stability of the full-order observer.

The advantage of this method consists of the simplicity of implementation, but the drawback
is due to the difficulty to develop the full-order observer in an online application. This is
the reason why a lot of work has been done to propose an evolution of the Fault detection
filter, called Diagnostic Observer. The construction of the diagnostic observer-based residual
generator is well-known and explicated in [40, Chapter 5]. Specifically, the procedure is
quite similar, but by employing a Luenberger output observer a reduced order observer is
obtainable [36]. The Diagnostic Observer offers a greater degree of design freedom than the
older Fault Detection Filter.

Remark 2.4

The system composed by (2.57) and (2.58) can be seen as a state space representation
of (2.46).

As for the previous scheme, we also present the robust counterpart of the Fault detection

filter approach. It models disturbances, time-varying term and parameter variation, noise,

XIV
b

non-linear terms and model reduction error with the additive terms E,v(t)™", as:

(t) = Ax(t) + Bu(t) + Ey(t) + E¢ f(t)
; (2.59)

y(t) = Cx(t) + Du(t) + Fr f(t)
where the terms Fy f(t) and Ey f(t) (Ey € R"*1) represent the impact of the fault on the

system.

By employing the Fault Detection filter ((2.57) and (2.58) equations), the Unknown input

decoupling is obtained by a suitable choice of V" and L, such as:

« The Fault Detection Filter is stable;

~1
- VC <3Inm — A+ LC’) E, = 0 is guaranteed;

-V (C(sInm — A+ LC) Y (E; — LFy) + Ff> # 0 is hold.

Two algorithms are studied to solve this design problem: eigenstructure assignment and ge-

ometric approach. The former is explained in [130]. It develops a linear state space feedback

XVThis representation does not consider the influence of the noise applied to the input.
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system by exploring its: eigenvalues, left and right eigenvectors. Instead, the geometric ap-
proach seeks L which makes (A — LC, E,, C) maximally uncontrollableXV by v(t) [102].
There exist also the Unknown Input Diagnostic Observer [29] that shares the same goal with
the Unknown Input Fault Detection Filter with a reducer order observer, such for the not

robust counterpart.

2.3.3 PARITY EQUATION SCHEMES

The parity space framework has the peculiarity of presenting the residual signals in the form
of algebraic equations, therefore the solutions can be achieved with linear algebra tools. By
considering the state space model (2.59), with: v(t) = f(¢) = 0 and b > 0, the output can

be seen as:
y(t —b) = Cx(t —b) + Du(t — b)
y(t—b+1) =CAx(t—b)+ CBu(t—0b)+ Du(t—b+1)

y(t —b+2) =CA%x(t—b)+ CABu(t —b) + CBu(t — b+ 1) + Du(t — b+ 2)

(2.60)
By generalizing, it becomes:
y(t) = CA’x(t — b) + CA* 'Bu(t — b) + ... + CBu(t + 1) + Du(t) . (2.61)
It corresponds to write:
Yu(t) = Hopx(t — b) + Hypup(t) ; (2.62)

X¥Maximally uncontrollable means the uncontrollable subspace with the maximal dimension.
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where: ~ _ ~ _
y(t —b) u(t - b)
y(t—b+1) u(t—b+1)
y(t) = , wp(t) =
y(t) u(t)
: (2.63)
C D 0 0
CA CB D
Ho,b - ) Hu,b =
0
CAb CA™'B ... CB D

with: yp(t) € ROFDXL qyy () € ROFIXLF € ROFD>na p, e ROFDX(HD) Notice
that the equation (2.62) is called parity relation, which describes the input-output relation-
ship by exploiting the past state vector (¢ — b). Furthermore, H, 1, H,, 3, y5(t) and us(?)
are known, therefore the only unknown vector is x(t — b). For n, < b, where n, is the

number of states, the following ranking condition holds:
rank(H, ;) < n, < number of rows of H, . (2.64)
Therefore, there exists a vector V;)T € Rlx(bﬂ), Vi, # 0, called parity vector such that:
V, H,, =0. (2.65)

The parity vector can be found by solving (2.65). However, V; is not guaranteed unique.

The residual generator is designed as:

T(t) = V;)T (yb(t) — Huybub(t)> . (2.66)

The set P, = {V,|V, H,, = 0} is called parity space.

To complete the parity space algorithm analysis, we need to consider the influences of f(t)
and v(t) by modeling the output as: y(t) = Cx(t) + Du(t) + F,v(t) + F f(t). Therefore,
(2.62) becomes:

yu(t) = Hopx(t — b) + Hypuy(t) + Hyp fi(t) + Hy pop(t) ; (2.67)
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with:
f(t—0) Fy 0 . 0
ft—=b+1) CEf Fy
fo(t) = , Hy), =
: 0
f(t) CAb_lEf CEf Ff
: (2.68)
v(t —b) F, 0 0
v(t—b+1) CE, F,
vy(t) = , H,, =
0
v(t) CA"'E, ... CE, F,

with: fy(t) € ROTDX H e ROFDXCHD) (1) € ROFUXT |, € ROFDX G+ The

residual generator (2.66) becomes:

n(0) = Vi Hpufit) - Huwlt)). Ve . (2.69)

The diagnosis detects a fault when the residual signal differs from zero. This condition
arises when there is a fault or due to the noise, therefore this is not robust. Furthermore,

this form is not ideal for online implementation.

The robust counterpart is achieved if there exists a parity vector, such that:

V,'H;, 70 and V,"H,; =0. (2.70)

This treatise is exposed in state space, but it is also applicable to transfer function models.
The main difference with respect to the observer methods lies in no output error correction.
Furthermore, the parity space leads to a discrete-time observer, such as dead-beat observer
[128]. The parity space design can be solved by AFDP, which exploits the parity equations

to minimize a cost function similar to the optimization problem (2.55) [40, Chapter 7].

2.3.4 PASSIVE ROBUSTNESS IN FAULT DIAGNOSIS

The above presented three robust methods belong to active robustness in fault diagnosis,

in which the robustness is guaranteed by the residual generation procedure. Nevertheless,
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the robustness can be handled also by the residual evaluation step, called passive robustness
in fault diagnosis. Again, the residual evaluation is a composition of residual processing
and decision logic. The residual processing procedure consists of producing (t) from r(¢),
which improves the fault detectability. Instead, the decision logic is a comparison between
the processed residual with respect to a selected threshold 7. For fault detection aim, this is
structured as:

f(t)=0 for 6O(t)<T
f(t)#0 for 6(t) >

(2.71)

Instead, for fault isolation goal, as:

fz(t) =0 for Hz(t) < T
fi(t) #0 for 0;(t) >

and 1=1,...,a; (2.72)

where: f;(t) represent the a faults, 0;(t) are preprocessed residual signals produced by the
residuals generator and 7; is the i-th suitable threshold. The presented decision logic belongs
to the norm-based approach, but in literature there is also the statistical-based decision logic
[40, Chapter 2].

Passive robustness develops a robust threshold coupled with a non-robust residual gener-
ator. This methodology has been introduced in [50], where the authors develops the RMS
norm and derived a sort of adaptive threshold via a mechanism called threshold selector. An-
other examples of passive robustness are proposed in [53] and [52] which employ a fuzzy

logic procedure to make a robust decision logic.

Remark 2.5

These methodologies are also applicable when the unknown input cannot be exactly
decoupled, but only approximate decoupled. Therefore, to reduce further the false
alarms probability, we can couple the approximate decouple residual generator with
a passive robust fault evaluation. This is true especially with unstructured uncer-
tainties [129].

2.4 UNCERTAINTY IN SYSTEM IDENTIFICATION

This section briefly reviews the system identification literature. Sections 2.4.1 reports the
black-box traditional approach Prediction Error Method (PEM), which identifies a paramet-
ric model with a chosen model structure and a fixed model order. As described in Appendix
A, the model structure selection is done by the user’s knowledge, while the model order
selection can be obtained by some techniques that define a "hard threshold" or with regu-
larization approaches. Sections 2.4.2 describes the state-of-the-art technique, called kernel-
based identification. In particular, we will show the time-domain non-parametric approach,
based on the Reproducing Kernel Hilbert Space (RKHS) framework. Kernel-based identifica-

tion identifies a model without any prior knowledge of the model structure. This technique

41



Chapter 2. State of the art

derives from the machine learning literature. Specifically, the problem casts from a system
identification problem to a function estimation perspective. As for the parametric method,
in Section 2.4.2, the regularization technique for non-parametric system identification will
be described. A briefly functional analysis framework review is described in Appendix B:

for more details see [145].

All black-box models are endowed by the identification uncertainties, but these pieces of
information are not always taken into account. The last part of this section describes the
sources of the identification uncertainties and the different methods to represents these
information. Primarily, the identification uncertainties are composed of two terms, called
bias and variance. The Section 2.4.3 describes various methods that represent uncertainties

without bias or with bias.

2.4.1 PrebpicTioN ERROR METHOD (PEM)

Prediction Error Method (PEM) is a parametric system identification approach that relies
on a model class and selected orders. Both are represented by the model family M that
corresponds to a set of models that describe the relationship between the input u(t), fed to
the plant, and the output y(¢), produced by the plant. The set of parameters of the model
family are denoted as 3 € R™*!, where m is the number of parameters. The variable m

represents the model order, called also model complexity.

The general model is depicted in Figure 2.23. The represented model is an Linear Time-
Invariant (LTI) and Single input Single output (SISO) dynamic system. The taxonomy of
the dynamic system models are well-known in the system identification literature, for more

information about that see [155, Chapter 6].

e(t)

—> H(%,B)

FIGURE 2.23: General model of an Linear Time-Invariant (LTI) Single input Single output
(SISO) dynamic system.

The model family M, parametrized by its parameters vector (3, is denoted by M(83) € M.

The general model, represented in Figure 2.23, can be expressed in the following form:
M(B) : y(t) = G(z, B)u(t) + H(z, Ble(t) ; (2.73)

where:
« e(t) represents the zero mean withe noise;

« G(z,3) is the transfer function from input to output;
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« H(z, ) is the transfer function from e(t) to the output additive noise v(t).

Usually, the transfer functions are chosen to be rational, as:

C(z0) .
D(z,8)’

H(z,8) = (2.74)
where B(z), F(z),C(z), D(z) are polynomials functions. The measured output y(¢) cor-
responds to the real output model plus the uncertainties and disturbances which the model

G(z,3) cannot explain. They are accounted by the signal v(¢). The impulse responses of

both systems, by employing the inverse of the shift operator®V!, are:
o0
G(z,8) = az", (2.75)
k=1
o
H(z,B)=ho+ Y hgz ", withhg=1; (2.76)

k=1
where hj and gj, belongs to 3. By substituting the rational form of the transfer functions

and by explicating the output signal, the general model becomes:

C(2B)
D(z,B)

u(t — k) + e(t) . (2.77)
The first term is called deterministic term, while the second stochastic term, since H(z, (3)
is fed by white noise e(t); therefore, v(t) is seen as as a stationary stochastic process. This

interpretation is derived from the spectral factorization theorem [155, Chapter 6].
Definition 2.9: Stochastic process, Strictly stationary

A stochastic process v(t, ¢) is a sequence of random variables produced by the same
random experiment c. Usually, c is omitted. Furthermore, a stochastic process is
strictly stationary if its joint probability distribution does not change when shifted

in time.

The model classes are reported in table 2.3. All of these are well-known in the system
identification literature. For instance: AR contains an AutoRegressive term described by the
polynomial A(z,3) =1+ a1z~ + ... + an, 2~ ", ARX corresponds to the composition of
an AR model with an eXogenous part defined as fg’g; or even ARMAX is the composition

of MA with ARX.

The standard approach to identify the parameters vector 3 from a set of measured data D =
{u(1),...,u(n),y(1),...,y(n)}, is known as Prediction Error Method (PEM). It minimizes
the difference between the measured output and the estimated output. The estimation is

performed by an one-step-ahead predictor. This model representation aims of performing

XVIThe transfer functions are represented in the discrete time domain using z as the shift operator, i.e. y(t +
1) =z-y(®).
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TABLE 2.3: Model classes.

Name

Moving Average (MA)

AutoRegressive (AR)

Structure
y(t) = C(z, Be(?)

y(t) = aige(®)

B(z,8)

AutoRegressive with an eXoge- y(t) = A f})u(t —k)+ e ﬂ)e(t)

nous variable (ARX)

AutoRegressive Moving Average y(t) = B(z’mu(t —k)+ ig’g;e(t)
with an eXogenous variable (AR-

MAX)

_ B@B) ., p
Output Error (OE) y(t) = e ﬁ)u(t k) + e(t)
Finite Impulse Response (FIR) y(t) = B(z,B)u(t — k) +e(t)

Box-Jenkins (B])

z C(z
1) = Bt 1)+ Gt

the prediction of the future output and it corresponds to write [92, Chapter 7]:

gltlt = 1,8) =

H(Zaﬁ) —1
H(z,B)

G(2,08)

y(t) + H(z.0)

u(t) ;

(2.78)

This is valid under the assumption of the inverse stability of H(z,3). Furthermore, given

a dataset D, the parameters vector is obtained by optimizing:

N

B3 = arg mﬁin Jn(B) ,

where the cost function takes the form of:

n

=Y () -9t —1,8))* .

t=1

(2.79)

(2.80)

Note that the parameters vector is obtained by exploiting a finite length dataset D, however

the goal is to learn a model that performs well on unseen data. To estimate this performance,
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the so-called out-of-sample error is evaluated. This corresponds to:

2
(ﬂ(t)> . (2.81)

Eyy: cannot be computed using D, therefore a new dataset, called test set, is needed. This
is denoted as Dyesr = {u(7),§(i)};F,, with np is the number of the data in the test set.
The higher nr is, the more accurate the estimate of F,,; will be. The counterpart of the

out-of-sample error is in-sample-error, computed with E;,, = J,,(3), by exploiting D. This

indicator, taken alone, is a bad estimation of the out-of-sample performance.

Figure 2.24 depicts the out-of-sample error and the in-sample error curves. As can be seen,
these errors vary as the complexity of the model increases. In particular, by fixing a model

class, when the model complexity is:

« High: the estimated model, usually, approximates the plant well. This means F;, is
low. However, the complex model fits also the observed error dynamics*V! which do
not belong to the true system. This results into a high E,,; since the error dynamics
depend on the realizations of the measured data. Thus, changing the dataset, E,z >>

FEip. This phenomenon is called variance.

« Low: the estimated model, usually, misses the relevant dynamics of the plant and

therefore it results in an high FE;;,. This phenomenon is called bias.

The minimization of the out-of-sample error takes the name of bias-variance trade-off. Un-
fortunately, the bias and variance cannot be computed, because they depend on the input
and target probability distribution [1, Chapter 2]. Appendix A reports a conceptual tool
called bias-variance decomposition, which explains the connection between bias, variance
and the expected F,,;. Specifically, this trade-off helps us to avoid the so-called overfitting
phenomenon. This occurs when, as the complexity of the model increases, F,,; increases
and FEj, decrease. Figure 2.24 highlights in red the overfitting area. The main cause of

overfitting is model variance [1, Chapter 4].

The main idea behind the bias-variance trade-off is that the model complexity must be cor-
related with the number of data in D and not with the target dynamic system complexity.
In light of this, there is a heuristics rule which ties the number of data that the PEM needs

n with respect to the number of parameters m:
n>10-m. (2.82)

This is simple, but shows a lot of limits. In literature, there are more reliable methods which
solve the bias-variance trade-off, such as: Akaike Information Criterion (AIC), Bayesian In-
formation Criterion (BIC), Cross Validation (CV) and regularization. These are described
in Appendix A. Specifically, the first two methods obtain a threshold that selects the best

X¥VIlRemember that the measured data are noisy (see (2.73)).
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High bias Low bias
Low variance High variance

Error

Out of sample error

' Overfitting

Low Model complexity High

FIGURE 2.24: Out-of-sample error vs in-sample error curves, the red area highlights the
overfitting phenomenon.

model complexities, by comparing some indicators between a pool of different model com-
plexity, but with same model class. Instead, the Regularization is a constrained version of

(2.79), that reduce drastically the variance at the cost of an introduction of a small bias.
Remark 2.6

Note that, if we assume that e(t) is a Gaussian white noise, PEM coincides with the
Maximum Likelihood (ML) approach [94].

2.4.2 KERNEL-BASED SYSTEM IDENTIFICATION

The main problem of the parametric model estimation is to choose the model family, which
can cause unintended phenomena. The Reproducing Kernel Hilbert Space (RKHS) framework
is employed to perform a time-domain non-parametric identification that ties input and
output signals as y = g(z), where ¢ is not constrained into a specific parametric structure
gg € R™X 1 but it is searched in a infinite-dimensional function space I', which defines the

hypothesis space.

By considering a function g € I, a static non-parametric learning problem is defined as:

Go = arg min (Z (v — g(a:))* + AJ(Q)) ; (2.83)

i=1
where the dataset of length n € N is composed of (z;,v;) € I' C R, with ¢; = x(¢;) €
R™*! and y; = y(t;) € R. These are the i-th observed data which belong, respectively, to
the regression matrix ® € R”*" and output vector y € R"*!. The regression matrix is the
composition of the observed regressors x stacked in m rows. This formulation is similar to

(A.10), indeed: the hyperparameter A € R™ modulates the regularization strength, J(g) is

the regularization term and the first term measures the function’s fit to data. If I" is a RKHS,
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the problem (2.83) becomes:

n
2 2
= ; — ; A p . 2.84
go = arg min (; (yi — g(@:)” + |g|=/f> (2:84)
To understand this equality, the RKHS definition must enunciated [8]:

Definition 2.10: Reproducing Kernel Hilbert Space (RKHS)

A Reproducing Kernel Hilbert Space (RKHS) is a Hilbert space .7 (its definition
is reported in Appendix B) where its element g : {2 — R are functions, such that the

pointwise evaluations are continuous linear functional L, on JZ, i.e.:
VeeQ, 3L <oo:|g(x)| < Lgllgll,y, VgeH; (2.85)

with (2 is a non-empty set.

The term ||g||%, is computable since that the Hilbert space is endowed with an inner prod-
uct (-, ) ,», which is complete with respect to the induced norm HgHZf = (9,9).x ( see
Appendix B).

An important property that help us to solve the problem (2.84), is that a RKHS is linked with

a reproducing kernel, defined in Definition 2.11.

Definition 2.11: Positive semidefinite kernel, Reproducing kernel and Ker-

nel section

Let {2 denote a non-empty set. A symmetric function K : {2 x {2 — R is a positive
semidefinite kernel, if, for any finite p € N, it holds:

p p
> bibiK (@i, @) >0, V(g by) € (2,R),k=1,2,...,p. (2.86)
i=1 j=1

If a semidefinite positive kernel holds the reproducing property:

g(l‘) - <galcz>-)f7 V(x,g) € ('Qv%) . (2.87)

The kernel is called Reproducing kernel.

The notation K, € JZ represents the kernel section centered in z. It corresponds

to Kp(a) = K(x,a),Va € 2°

“The kernel section will be written as K (a) or K.

In particular, the following theorem describes the connection between RKHS and a repro-

ducing kernel [39]:
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Theorem 2.4: Moore-Aronszajn theorem

A RKHS corresponds to a unique reproducing kernel. Conversely, given a reproduc-
ing kernel defines a unique RKHS.

The Moore-Aronszajn theorem, in Theorem 2.4, explains that, if we define a reproducing
kernel, we also know that exists a related RKHS, and by encoding the desired characteristic
to the kernel function, we also define the properties of the functions that belong to the
RKHS.

If we define g in a RKHS, the functions that belong to this space are infinite since the space
is infinite-dimensional. The so-called Representer theorem defines how the regularization
problem (2.84), that exploits the RKHS, admits a solution with a finite-dimensional repre-

sentation [83]:
Theorem 2.5: Representer theorem

If 77 is a RKHS, the minimizer of (2.84) is:
n
do=Y ciks, . (2.88)
i=1
where ¢ = [cy, ¢a, ..., ] € R™X1

Thus, the minimizer corresponds to a linear combination of K, called also basis functions.
Hence, by applying the Representer theorem, the kernel choice defines also the resulting
functions properties. Note that cis a vector of length n, therefore the problem of the infinite-
dimensional estimation boils down to a n coefficients estimation. The estimator (2.88) is also

called as regularization network [136] or least square support vector machine [157].

The Representer theorem (2.88) gives us a reformulation of ||g||%,:
2
lgll5 = {9, 9)r
= <Z?=1 ¢ila,, Z?:l lecxj>3f
(2.89)

= Z?:l Z?:l CiCj (Ka,, Kxj>jf

=c'Ke
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K < R™ " is a positive semidefinite matrix, such that K;; = KC(x;, «;). This is called

Kernel matrix (or Gram matrix). Thus:

g =lg(z1),9(z2), ..., g(n)]

= [Z?:l cilq, (1), s Z?:l ke, (:En)]

(2.90)
= [0 cil(@i, 21), s 200 (@i, )]
=c'K
Thanks to (2.89) and (2.90), the problem (2.84) can be rewrite as:
T |2 T
¢ =arg min ‘y—c KH +Ac' Kc. (2.91)
CER”XI 2

This is a quadratic optimization problem that can be solved in closed form. Specifically, the
problem (2.91) can be rewritten by exploiting the partial derivatives with respect to ¢ to

Zero, i.e.:

(K+M,)é=1y. (2.92)

Furthermore, if the kernel is non-degenerate, then K is positive definite and therefore in-

vertible. Thus, we can write the final form of the estimator as:

é=(K+\,) y. (2.93)

As already mentioned, the reproducing kernel choice is a very crucial step to perform a

correct estimation. Some examples of reproducing kernels are reported in Table 2.4.

TABLE 2.4: Some examples of reproducing kernel structure.

Name Structure

Constant kernel K(x,z) =

Linear kernel Kx,z)=x" -z
Gaussian kernel K(xz,z)=e" ”23“2
Polynomial kernel K(z,z)=(x -z +1)
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T. 2 and if the kernel matrix is chosen

If the employed kernel is a linear one, i.e. K(x,2) =«
as K = &' P® with P € R™*"™ is symmetric semidefinite positive, then, by employing
the theorem 2.4, the space RKHS contains only linear functions g : R™*! — R. Thus, the

problem (2.91) becomes:

¢ =arg min

2
‘y _ cT<I>TP'1>H NBVAR 3= %5 (2.94)
CeRnXl 2

Furthermore, by defining 8 = c'® " P, we obtain:

B =arg min lly — B<I>||§ + A\B®Pc (2.95a)
ﬁeRTFLXl

—arg min |y — 88|35+ \BP'8 (2.95b)
ﬁERmXI

This problem is equal to Regularized Least Squares (ReLS) (A.15), therefore has the same

closed forms, i.e.:

N -1
3= P® (<1>TP<I> + /\In) y or (2.96a)

- <P<§<I>T i )\Im> ~ pay (2.96b)

Remark 2.7

The solution of RKHS regularization via linear kernel (2.96) corresponds to the solu-
tion of regularized FIR estimation (A.15) and the MAP (A.17b) of the Bayesian linear
model problem with Gaussian prior on the parameters. Specifically, the RKHS is a

generalization of the FIR regularized estimation.

The kernel and the regularization parameters usually are contained in a hyperparameters
vector 7). This can be estimated using the Marginalized Likelihood (MargLik) (A.18), as for
the regularized parametric estimation. This operation is the counterpart of the model order

selection in the classical parametric approach [135].

2.4.3 MODEL ESTIMATION UNCERTAINTY

The identified models are affected by an error composed of variance and bias (see Appendix
A). The method which accounts for both variance and bias is Robust identification. This is
described in the next subsection. By choosing the correct model family, a full-order model
and a sufficiently exciting input signal, the estimated model has zero bias. As already de-
scribed, the model family is defined by the order and the model class (for PEM). Since, the
model class is chosen by the user, PEM does not always guarantee the identified model has
not some bias, instead the regularized kernel methods return a low bias model. Thus, the
uncertainties derived from the bias are not considered in this subsection. In this way, we

assume that the unmodeled dynamics do not arise and therefore the remaining sources of
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uncertainty are: unpredictable events and poor quality of the available data, see Section 2.1.
Unpredictable events cannot be considered since they are not identifiable from the available
information. Instead, the last source of uncertainty is highly tied with the variance error.
In fact, in literature, the variance error is called also the noise-induced error. Usually, this
error is introduced by the sensors that measure the signals. If the data are noiseless or the
number of data is infinite, the variance error is equal to zero. Some system identification
methodologies assume that the dataset is noise-free, therefore the uncertainty estimation
with these cannot be evaluated. As described in [96], the uncertainty estimation methods
assume different prior information, for instance: the so-called H o, identification needs of
some frequency data at certain frequencies, with their confidence intervals, acquired by
the real system [71, 72]. Another example is PEM, it finds a "soft" uncertainty bound, with
given probability confidence and some assumption on the cost function. Instead, by apply-

ing the Set membership methodology, the main assumption is that the noise is unknown but

bounded.

The uncertainty analysis in the system identification literature is well known for the PEM
and therefore we proceed to review the uncertainty with this standard approach. In light
of this, the relationship between the other identification methods and the model estimation
uncertainty is reviewed. To obtain a bias free model we should impose some assumptions,

these are described in Assumption 2.1.
Assumption 2.1: Bias-free assumptions

As already sad, we assume that:

« ST € M, with St denotes the plant family:
Sr 1 y(t) = Gr(2)u(t) + Hr(z)e(?) , (2.97)

where G7(z), Hr(z) are the true system’s transfer functions
« Number n of the sensed data is finite;
. e(t) ~ (0,0?) is a white noise;

+ An unique global minimum of (2.79) exists.

The experimental design plays an important role to guarantee the last assumption. The
input signal must be enough exciting to prevent the bias phenomenon. Even if S € M(3),
but the experimental design is poor, the identified model is endowed of bias. For instance,

the main relationship between the input signal and the PEM cost function is:
Proposition 2.1: Experimental design rule

If a signal is sufficiently exciting, then the applied identification criterion (such as:
PEM) has an unique solution B;4eq; = B, when Sy € M(3). A signal u(t) is said
sufficiently exciting if ns > m, where n is the order of the input signal® and m is
the number of parameters. Usually, the order n, is computed by plotting the power

spectrum of u(t).
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“For instance: white noise has order ns; = oo and a sinusoidal signal ns = 2.

Remember that, by having a stochastic noise e(t), which corrupts the output data, B, ex-
plicated in (2.79), is a random variable. Hence, changing the dataset D, Jé; changes too.
Since the estimated model has no bias, the average parameters estimation is asymptotically

E [,é} = Br, where B7 € R™*! represents the real parameters vector. Therefore, the

distribution of 3, obtained with the PEM estimation, converges asymptotically to:
B~ N (Br, P3) . (2.98)

Pg € R™*™ ig the covariance matrix of the parameters vector, defined as:

D 3 Q T e p—1

P;=E [(ﬂ—ﬁ:r) (8-8r) ]z R;. (299)
Rj € R™*™ represents the asymptotic autocorrelation of 87, computed by:

Rﬂ =E [\Il(t’ﬁT)‘Il(t7BT)T] : (2.100)

W (t, Br) € R™*! is the partial derivative of the one step identification error (¢, 3) =
y(t) —g(tlt — 1, 8):

(1. Br) = <t,ﬂ>‘ . (2.101)

B=Br
If v(t) = Hr(z)e(t) is a gaussian noise, PEM is asymptotically statistically efficient, there-

d
a8

fore the equation (2.99) corresponds to the Cramer-Rao lower bound [155, Chapter 7]. All el-
ements that compose the equation (2.99) depend on the real parameters vector 37, therefore

in practice (2.99) is not computable. Thus, an approximation is necessary, so 1%/3 becomes:

n

g = %Z (y(t) —y(tt — 1,5’))2 ; (2.102)
t=1
Ry = % 2 (t,B)w(t,B)". (2.103)
t=

.2
Py~ R (2.104)
e B .

Notice that:
- By increasing n decrease Pg;
. By increasing 62 increase 135.

To clarify these two observations, the Example 2.2 explains this phenomenon.
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Example 2.2: Example of covariance in PEM identification at varying the

properties of dataset D

Given the true system:

Sri )= 2" s — L1 e (2.105)
T Y T T 041 1+042-1° ‘
and ARX model of order ARX(1,1,1):
M G( B)—L H( ﬁ)—#' (2.106)
' %  14az7! % C14az )

with: B = [a,b] ", u(t) and e(t) are white noise signals. All assumptions to neglect
the bias are respected. We feed the system with different numbers of data n and noise
variance az . Then, we estimate the parameters vector 50 times for each conditions,
by varying the u(t) and e(t) realizations. To perform the system identification, we
employ the PEM method and the dataset is cut off from the transient data. Further-
more, the sampling time is Ts = 1 and the variance of the input is 02 = 0.4. The
next figures depict the true values of a and b, denoted by the red circle and the blue
crosses represent the 50 estimations. In particular:

« Figure 2.25 represents B with n = 200 and 02 = 0.4;

» Figure 2.26 represents B with n = 200 and o — 1L

« Figure 2.27 represents B with n = 1300 and o2 =0.4;

« Figure 2.28 represents B with n = 1300 and o2 =1.

As we expect, the variance increases by increasing o2 and decreases with high n.

1 1
0.8 0.8 .
xR x X xx ¥% 0%
0.6} . £ 0.6+ X Ko x
x X I X % X % X XX
o % ) %
0.4+ 0416
0.2+ 0.2}
0 L L L L | 0 L L L L |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
a a
FIGURE 2.25: (3 estimation with low FIGURE 2.26: 3 estimation with low
number of data and low variance of number of data and high variance of
noise. noise.

The Example 2.2 reports the solutions in the parameters space. The confidence interval in

the parameter space is defined as:

Csla) = {5 e R™x1

(B_B>TPB_1 (8-8) Sa} : (2.107)
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FIGURE 2.27: 3 estimation with high FIGURE 2.28: 3 estimation with high
number of data and low variance of number of data and high variance of
noise. noise.

with:
« « is the size of the confident region and it is such that Pr(X?(m) < a) = pg;

« pg is the probability that the confidence interval contains Br;

AT - A
. X%~ (,6 - ,6) Py ! (B - ,6), where X2(m) is the chi-square probability density

function with m degrees of freedom.

Cp in the parameters space is an ellipsoid centered at the identified parameters vector @ and
shaped by Pj. Usually pg = 0.95: it means that the real parameters vector is in Cg with a

probability of 95%. An example of this variance representation is described in 2.3.
Example 2.3: Cont’d of Example 2.2

The confidence interval of the previous example with pg = 0.95, represented in the
parameters space, is depicted in:

» Figure 2.29 represents B with n = 200 and o2 =1;

« Figure 2.30 represents B with n = 1300 and o2 =0.4.

The cross represents the identified parameters and so the center of the ellipsoid.

The uncertainty of PEM can be also represented in the frequency domain by exploiting the
transfer function space. This is possible since the parameters vector B is a random variable
vector, therefore also the transfer function G(e/%, 3) = Go(e/*) is a random variable. So,

the covariance matrix of the transfer function in frequency domain is:

_ L. o , 2

Py(w) = Cov (G (e]‘”,,B)) _E UG(@J“’,ﬂ) _ G(eW,ﬁT)‘ } . (2.108)
Also in this domain, the covariance matrix of transfer function can be estimated using 155

and B:
Cov (G (ej”,f})) ~ Ag (ej”,,@}) PsAL (ej“,3> : (2.109)

54



2.4. Uncertainty in system identification

1 1
0.8 0.8+
0.6+ 0.6
Q Q
0.4+ 0.4}
0.2+ 0.2}
0 L L L L | 0 L L L L |
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
a a
FIGURE 2.29: Confidence interval in the FI1GURE 2.30: Confidence interval in the
parameters space with low number of parameters space with high number of
data and high variance of noise. data and low variance of noise.

with Ag (ej“’, B) = %G(ejw, B) € C™*!. The same considerations of parameters do-

main are valid in frequency domain.

By assuming: S7 € M(3), u(t) and e(t) are uncorrelated, the authors in [92, Chapter 9]

proposed an approximation of (2.108) as:

3

2 [o(w)

Var(G (%)) ~ T

(2.110)

with:
« I';(w) is the power spectral density of noise v(t);
« T'y(w) is the input density spectrum;
« ng is the number of states of the system G(z, 3).

This is valid only if n, is large, the real system can be described as a piecewise constant
function of frequency w and these constants are independent over the different frequency
intervals. Due to these considerations, often, the approximation (2.110) cannot be applica-

ble. An improvement of (2.110) is proposed by [63].

As for the covariance of the parameters, the transfer function covariance has a graphical

representation. By denoting the frequency response of the model G(z, 3) as:

| Re (G (¢, 8))
a(e,B) = (2.111)
Im (G (ej“,,ﬂ))

and by using the same assumptions as before, the distribution of a (ejw, [3) is Gaussian:

a(e,8) ~ N (a (¢, Br) , Ps(w)) - (2.112)
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So, the confidence region can be easily built by drawing an ellipse C3(a, w) for each fre-
quency of a(e/*, Br) in the Nyquist plane. This guarantees that a(e/*, B7) is inside Cg(av, w),

Vw, with probability pg. The confidence region in frequency domain becomes:
AN T = 1 N
Csla,w) = {a‘ (a — a(e]“’,ﬂ)) Py (a — a(e]“’,ﬁ)) < a} : (2.113)

The Example 2.3 shows the confidence interval representation of the problem described in

Example 2.2.
Example 2.4: Cont’d of Example 2.2

The confidence interval of the previous example with pg = 0.95, represented in
frequency response space, is depicted in:

» Figure 2.31 represents B with n = 200 and o2 =1;

« Figure 2.32 represents B with n = 1300 and 02 =0.4.
The true system is represented in red line, the identified model in blue line and the

uncertainty region in black lines.

0.5 ‘ ‘ ‘ ‘ 0.5 I I
——ARX model —— ARX model
——True system ——True system
i 0 ¢ 0
£ Z
&0 &b
a ]
5_0_5 £-0.5
g g
-1 ‘ ‘ ‘ ‘ -1
-1.5 -1 0.5 0 0.5 1 -1.5 -1 -0.5 0 0.5 1
Real axes Real axes
F1GURE 2.31: Confidence interval in fre- F1GURE 2.32: Confidence interval in fre-
quency domain with low number of quency domain with high number of
data and high variance of noise. data and low variance of noise.

The authors of [16] have shown that this methodology does not maintain the probability
level of the region Cg(c,w) with respect to the parameters domain. They have proposed a
two steps projection to obtain the uncertainty in the Nyquist space that maintains the cor-
rect membership probability of the real transfer function. Instead, the authors of [17] have
explained how the variance changes by choosing a general model (such as Box Jenkins) or
by varying the signal-to-noise ratio and not only the noise variance. This leads to selecting

a correct input variance, during the experimental design, by the noise variance knowledge.

Kernel system identification, as for PEM, suffers from the variance of the identification since

the available dataset is noised. By assuming:

« (B1isaGaussian random variable 3 ~ N (0, X), with zero mean and covariance matrix
DW= Rmxm’
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« ¢(t) is Gaussian and independent from 3,
« ¢(t) and ® are known,

the y and 3 are jointly Gaussian variable [35, Chapter 2], as described in A, therefore the
parameters vector can be seen as a posterior distribution Bly ~ N (B, 2) Mean and
variance are compute respectively by the closed forms (A.17b) (A.17c). In this way, kernel-
based identification is endowed with the uncertainty represented by the variance of the
posterior distribution. This representation is enough even if we consider all uncertainty

sources (bias and variance) since the resulting model has low bias.

As for PEM, the input design can induce a variation in the covariance of the posterior 3
(A.17¢c). In [57], the authors have explained how the input can be shaped when the kernel
choice is known before the experiment design step. This is reasonable since most kernel
methods employ the Empirical Bayes Method to tune the hyperparameters (Appendix A).

The same is done in frequency domain, in [58].

Notice that PEM and kernel based produce a noise-induced bound called soft bounds (or
probabilistic bounds), this is defined as:

Var(G(e/*)) € N(0, W), (2.114)
A further bound is the so-called hard bounds:
|Var(G(e™))|, <O, (2.115)

where [ = 1,2,00 and O is a finite number or a transfer function evaluated in frequency

domain.

A system identification methodology that produces a hard bound of the variance is called
Set Membership estimation [149]. The main assumption is that e(¢) is unknown but bounded.
the signal e(t) can be energy bounded or component-wise bounded. Specifically, the norm
applied to e(t) shapes the uncertainty set B, in the error space. The two most used norm

choices are:

« oo-norm: which shapes B2° as a cube, in the measurement spaces. The formalization

of the uncertainty space is:
BX={ec R :|e|] , <e}. (2.116)

where e = [e(1),e(2), ..., e(n)] and the cube side is equal to 2e.

« 2-norm: which shapes B? as a sphere, in the measurement spaces. It is defined as:
B2={ecR"™ :|el, <€} . (2.117)

The sphere radius is €.
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The uncertainty space B, is represented in measurement space by placing the center of B,
in the measured values y and by constructing a sphere or cube according to the type of
norm. This representation is called Measurement Uncertainty Set (MUS). Another graphical
portrayal of B, called Estimated Uncertainty Set (EUS), corresponds to a projection into
the parameters spaces [112]. This is done by employing a function A : R — R™ that
makes the projection. The norm choice has also an implication in the form of MUS and
EUS, therefore, we highlight the distinction with:

« oo-norm: the sets are denoted MU S and EU S°°;
« 2-norm: the sets are denoted MU S? and EU S2.

The first type is depicted in Figure 2.33, as illustrated at the left of the image, highlighted
in red, is reported MU S, its shape is a cube centered in y, instead £EU S is a polytope.
The second type is reported in Figure 2.34, MU S? is in the left graph, highlighted in green.
As we expected, the shape of MU S? is a sphere, instead EUS? is an ellipse. The EUS size
gives us an indication of the "quality" of the estimation. The blue arrow, in both MUS*® and

MUSZ, represents the noise vector e = yr — y, where yr represents the true output values.

The range of each parameter 3; is defined as Bé < Br; < BAJ“ since the real parameters
vector is B € EUS, by assuming zero bias and by defining the Estimate Uncertainty Interval
(EUI) as:

a : Al Au .
Bty = | i A 5] <[4 € j=lm. enw

with a = 2, co. The upper bound of the estimation error of the parameters is:

qu _ 3l
< b 5 % . (2.119)

‘Bj — By

Therefore, the symmetric center of EUS is 5’ i.e. the mean of the set. This highlights that if
yr is in MUS, the corresponding EUS contains 37.

The EUS is not the smallest set in the parameters domain that contains B7. To find this, we
have to construct a further set that is consistent with both prior knowledge and measured
data, called Feasible Parameter Set (FPS). If the parameter estimation is computed through
the Least Square optimization, therefore the outputis y = ®' B + e and A becomes A =
(¢T<I>)_1 ® . Doing so, FPS is defined as:

FPS* = {ﬂ e RmxL . (y - @TB) € B‘;} , (2.120)

where a = 2, 00. Hence, a general parameters vector 3, that is in FPS, is said to be feasible.
The relationship that ties the Estimated Uncertainty Set with the Feasible Parameter Set is
FPS® C EUS® [170]. From FPS, it is possible to create its parameters interval by computing:

PUL — | min 8. ‘:[l. U} R, j=1,.. 2.121
= Lo | = ] <R gmnoms e
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with a = 2, cc.

Since FPS® C EUS?, therefore PUI? - EUI?. Thank to this, it is demonstrable that FPS
contains 37, since:
BL< Bl < Br, <pr<pr. (2.122)

ﬁé- and [}’ can be found by a linear programming problem.

The optimal estimation B°P* of the Set membership identification is given by the minimiza-

tion of the estimated error e(@) with an estimated (3, defined as:

€(B) = sup Hﬁ—BH : (2.123)

BEFPS

In particular, B°P" is such that e(BOpt) < B VB eR™! So,the optimal estimation is the

A N u_ gl
central estimation of FPS , i.e. the mean /37° b= Bjc = %

J

A

Vs

FIGURE 2.33: Graphical representations of 52° in the measurements space and parameters
space.

FIGURE 2.34: Graphical representations of B2 in the measurements space and parameters
space.

Often, the bound choice for linear systems is 2-norm, since the ellipse is easier to handle

than the polytope [18].
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Figure 2.35 represents the shape of the distribution in the stochastic case and the Set mem-
bership. The Set membership probability density of the noise e(t) is unknown but bounded,
instead using the stochastic model is unbounded, but assumed known (in this case Gaus-
sian). In [119], a combination of the probability densities between the stochastic identifica-

tion and the Set membership identification is studied, to model a multi-sensor system.

PEM / Kernel-based Set Membership

pdf(e) | pdf(e)}

>
> >

e e

FIGURE 2.35: Analysis of the probability density function of all possible values of the noise.

Remark 2.8

The uncertainty sources are mainly the same between the robust control world and
the system identification literature, but there is a gap between the uncertainty rep-

resentations of the two kinds of literature.

ROBUST IDENTIFICATION

The Robust identification identifies the nominal model and error model, i.e. a model that rep-
resents both bias and variance. The most famous robust modeling approaches are: Stochas-
tic Embedding (SE), Model Error Modeling (MEM) and Set Membership [142]. Note that
kernel-based system identification is not applied in this literature because the main assump-

tion is low bias, therefore the error model is approximated by the variance error.

Stochastic Embedding [66] defines the true system frequency response Gr(jw) as a ran-
dom variable: Gr(jw) = Go(jw) + Ag(jw), where Ag(jw) is the true model error model
(i.e. the bias term) designed as a random variable independent from the identified nominal
model Go(jw). The uncertainty region of the model error model is the variance term. If we
consider that the data are noisy, the model of the true system, evaluated in frequencies wy,
is G(jwk) = Gr(jwg) +ex, k=1,...,m, with e, is the noise of the frequency response
observations independent from Gr(jw) and Ag(jw). Hence, by combining the noise term

and the bias term, the model can be represented as:

G’(]wk) = Go(jwk) + Ag(jwk) +er, k=1,....m. (2.124)
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The authors of [65] use the linear regression to parametrize the nominal model as Go(ﬁ) =
Z:»il 0; 3, where: ©@ = [o1, ..., 0] are m-dimensional vector of orthonormal basis func-
tions and B € R™ is the parameters vector. Furthermore, the magnitude of model error
model is greater as w increases. This is accounted by the basis functions. Hence, the bias
error can be modeled as @B/, where A is a random walk process over w and 3 € R™*! a

priori known parameters.

In light of this, the identification procedure is composed of:

« Perform a pointwise Least-Squares, which delivers G (jwi), where: k =1, ...,n fXVIH

and the input signal is enough exciting for the system;
« Compute the statistical properties of the output noise e, usually assumed Gaussian;
« Choose a set of basis functions O;
« Estimate 3 and A, with é(jwk, B) = OB + OBA + e, and chosen O. Specifically:

- B is found based on the knowledge of G (jwg). So, the nominal model is a least-

square approximation of G (jwy) in the subspace spanned by the basis functions;

— When no a priori information on the bias term is available, the model error

model parameters vector is chosen as 3 = (3;

- Ais chosen in such a way that the variance of Ag(jw) increases linearly after
a chosen critical frequency. Doing so, the undermodeling can be represented as

a multiplicative error;
— Compute the statistical properties of @3A.

The second approach, MEM, estimates the nominal model by adopting PEM method [93].

After, the model error modeling is done by computing the residual signal as:
e(s) =Y (s) — Go(s)U(s) . (2.125)

Then, the model error model G.(s) is identified using input and error observations. This
represents the model of the bias term. The confidence region of G.(s) is given by exploiting
the uncertainty region of Go(s), identified by PEM (see Section 2.1), centered in G (s) and

truncated at 99% percentile. This is valid only if the model is unfalsified, which means:
Definition 2.12: Unfalsified model

A falsifying test is a test where the measured real system output is compared with
the signal estimated by the identified model and fed by the same chosen input®. If
this difference is low, then the model is called unfalsified. Thus, if the model error
model is unfalsified, the model explains correctly the relation between the residual

and the input signal.

“The dataset employed to perform this test differs from the system identification dataset.

XVl ¢ is the number of frequency samples.
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The final model, i.e. the identified model that accounts also the bias and the variance, is
computed by frequency sampling the model error model and after that, these are added to
the model Go(s) (sampled with the same frequency vector). The construction of the final

model uncertainty region can be done in two ways [142]:

« The uncertain region of the final model corresponds to the uncertainty region of

model error model centered in the final model, depicted in Figure 2.36;

+ Endowing the frequency response of the final model with a symmetric uncertain re-
gion. It is more conservative than the first option. The values of the uncertainty re-
gion boundary correspond the maximum value between the distances from the lower
and upper uncertainty boundary of the uncertainty region, found with the first way,

to the final model. This is done for each sampled frequency.

Note that the nominal model is unfalsified only if this is inside the final model uncertainty
region. It corresponds to saying that the uncertainty region centered in the model error

model contains the 0 value.

Magnitude

Frequency

FIGURE 2.36: Graphical final model (nominal model plus model error model) endowed of
the uncertainty region (dashed lines).

Another observation is that, as already said, the residual can be seen as a sum of bias and
variance terms, as:

e(s) = Ag(s)U(s) + E(s) . (2.126)

where E(s) is the laplace transform of the signal e(t). Therefore, the model error model
Ge(s) endowed with its uncertainty is an estimation of Ag(s). The model family must be
enough flexible to obtain an unbiased model, but the flexibility must be not unnecessary

flexible to avoid the overfitting phenomenon. Hence, the model family choice is not trivial.

The third methodology employs the Set membership estimation in a model error modeling
framework [169]. The procedure assumes the unknown but bounded of both residual and
noise signals. The strategy relies on: identifying the nominal model using the Set member-
ship estimation, then computing the residual as in (2.125). The third step is critical because it
chooses the noise bound and the model error model structure. After that, the nominal model

error G(s) is identified. Specifically, if G¢(s) is parametrized as: G, (s; B) =", 5:3;,

then the Feasible Parameter Set of the model error model is given by:

FPS? = {B e R™*! He(s) -G, (5;,[:3)

. < l/} ; (2.127)
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where:

« |le|l, < v foragivenv > 0;

« O = o1, ...,05)] is the vector of basis function of the model error model;
. B € R™*! is the parameters vector of the model error model;
e a=2,00.

Thus, the model error model is identified using optimal or suboptimal estimator based on
(2.127). The last step consists of mapping the nominal model plus the model error model

onto the frequency domain [142].

A huge problem in practical applications is that the bound v is set by the knowledge of the

user, so it may be too conservative or too small, leading to an empty FPSZ.

Remark 2.9

The Robust identification allows modeling the bias error and the variance error terms
in an undermodeling setting. Some critical choices, such as the model family of the
model error model in SE or MEM or even the bound of the input noise in model
error modeling, with the Set membership method, make this methodology heavily

dependent on the prior knowledge of the real system.

2.5 CONCLUSIONS

Different kinds of literature are reviewed focusing on the role of the uncertainty, from the
modeling to the usage passing through the representation. Figure 2.37 depicts a scheme of
the concepts described in the Chapter 2. The straight arrows and lines represent a direct
connection between the terms/nodes, instead the dashed arrows represent a conceptual con-
nection. Specifically, the upper arrow between the uncertainty and LFT corresponds to the
uncertainty derived from the user’s knowledge, whereas the lower dashed arrow represents
the connection between the uncertainty derived from the identification methodologies. This
distinction means that the representation of the upper case is well defined in the literature,
instead the lower case has a gap between the two uncertainties representations. The other
dashed line represents the connection between the signal-based fault detection and robust
fault detection: these are not directly connected, but the signal-based one belongs to the

more general fault detection approach.
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Small gain theorem

User’s knowledge ——»

Uncertainty LFT

Kernel-based ]
Variance .

PEM Structured uncertainty

Set Membership %

Stochastic Embedding — Robust identifcation Input/output multiplicative
Model Error Modeling 7 P P P

Additive
Left/right coprime factor
Inverse multiplicative

Unstructured uncertainty

Robust
control

I~ H, optimal control
I H optimal control
I H loop-shaping
— Mixed Hy/Hq
— u synthesis

Fictive Noise

Robust Fault
Detection

h_/\_o%_.g.ﬁmn_

Stable coprime factorization
Observer

Parity equation

Passive robustness

Signal-based (not robust)

FIGURE 2.37: Graphical resume of the state of the art.
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CHAPTER 3

DATA-DRIVEN MIXED-SENSITIVITY CONTROL OF LTI SYSTEMS WITH

AUTOMATED WEIGHTING FUNCTIONS SELECTION

In this chapter, we present our theoretical contribution. The idea is to design a robust
controller through H., loop-shaping, specifically using a declination called S/T" mixed-
sensitivity approach. The aim is to bridge the gap between system identification and robust
control synthesis, where uncertainty regions provided by the estimation methods can be
used to define an uncertainty set for robust stability. Typically, a model error model is used
to represent the modeling bias along with its variance (see 2.4.3). Instead, we propose to
employ kernel-system identification to perform a low-bias Robust identification. Doing so,

the user is relieved from:
+ The model family and complexity selection;
+ The model error modeling choices;
« The weights functions design of the S/7T" mixed-sensitivity algorithm.

Furthermore, the weight functions are data-driven designed with the aim to obtain both
robust stability-nominal performance and robust performance. For both design problems,
we compare our approach with PEM in a simulation benchmark. Results show how kernel
methods provide a more reliable uncertainty representation for robust control, due to their
low bias modeling capability. Finally, we describe also an extension of the proposed method,

where the goal becomes to deal with multiple uncertainty sources.

3.1 MOTIVATION

Mixed-sensitivity control design [85] refers to a class of optimization based control problems
where the sensitivity function is shaped along with other closed-loop transfer functions
[153, Chapter 9]. Standard results in robust control theory [180] link the mixed-sensitivity
problem to the design of controllers that guarantee robust stability and performance under

bounded uncertainties [43, Chapter 4].
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However, the S/T mixed-sensitivity approach requires the selection of stable and proper
transfer functions that define stability and performance requirements of the feedback system,
and finding suitable instances of such weights is known to be the most critical task within
this framework. To this purpose, some general guidelines for the tuning of such weights
are given in the reference texts [67, 99], while specific ones for second-order plants and for
tracking sinusoidal signals are provided, respectively, in [13] and [123]. A common sugges-
tion is to first define the weighting transfer function for robust stability Wr(z) based on
such guidelines, and then manually aim for an adequate weight Wg(z) for control perfor-

mance [81, 98].

Although this rationale might sometimes lead to acceptable results in practice, its draw-
back is that Wg(z) depends on the previously fixed Wr(z), so that - if this weight is too
conservative- the designed controller will exhibit poor performance. The authors of [124]
faced the problem of tuning Wy (z) based on the discrepancy among the models identified
at several operating regimes. The uncertainty information provided by the identification
approach is not leveraged, and the selection of the number and type of operating points
is a user choice. The weight Wg(z) is still manually tuned based on the reconstructed
Wr(z). The joint optimization of Wr(z) and Wg(z), along with the controller, is faced in

[87, 88, 125] under a robust performance constraint.

All the above approaches are based on the key assumption that a mathematical descrip-
tion of the system is available for control design. When this is not the case, a model is
usually identified from data through black-box approaches using some collections of mea-
surements. Since identification is here motivated by robust-control design, the model order
is usually selected to be relatively low [142] in order to keep the complexity of the controller
limited. However, in this way, undermodeling errors become usually not negligible and in-
put/output data prefiltering has to be employed to shape the arising bias error, although the
tuning of the prefilter band is nontrivial [168]. If not properly taken into account, the mod-
eling bias can compromise the uncertainty region that might not contain the true system,
thus jeopardizing the design of robust controllers. As an alternative solution, kernel-based
learning methods can be employed to identify an high-order low-bias modelKernel-based
methods are regularized approaches endowed with the Bayesian interpretation of Gaus-
sian Processes (GP), so that a posterior Gaussian distribution on the plant impulse response
can be obtained. The use of the kernel/GP approach allows one to get rid of the bias er-
ror (which is still present but practically negligible) and of its modeling, only assuming a

Gaussian output noise distribution (see also the recent works [95, 97]).

This work investigates the use of kernel-based learning methods for S/T" mixed-sensitivity
Ho control design as well as the opportunities offered by this approach for the selection
of the weighting functions, see Figure 3.1. More specifically, the derived uncertainty mea-
sure is used to determine the stability weight Wr(z), based on which Wg(2) is tuned by
a multi-objective optimization for maximum attainable control performance. In the pro-
posed approach, the data-driven design of the mixed-sensitivity weights has thus been au-

tomated and made non-iterative by reducing the user choices to the minimum. Specifically,
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only some configuration parameters must be selected by the user. The automated design of
Wr(z) relies on a randomized algorithm rationale that depends on an accuracy and confi-
dence levels for the reconstruction of the uncertainty bound. The design is first performed
non-parametrically in the frequency domain, so that it is necessary to specify a discrete
frequency grid for the transfer function evaluation. Then, a parametric model for Wr(z)
is fit by specifying a model order. The automated design of Wg(z) is performed solving
an optimization problem requiring the specification of the maximum allowed settling time
and minimum allowed overshoot, in terms of closed-loop step-response. The optimization

problem is considered feasible depending on a slack threshold.
Differently from the reviewed literature:

+ We jointly consider a robust stability/nominal performance (or robust performance)
control objective, without limiting the use of the uncertainty set provided by identi-
fication to the robust stability aim. Rather, it serves for the purpose of Wg(z) opti-

mization;

« As little as possible conservatism is encoded in Wr(z), since it directly derives from
the kernel-based identification, where bias is negligible, so that only Wg(z) is opti-

mized for the maximum attainable performance without affecting robust stability.

a) W (z)
L > . vr Parametric | Model G+A Robust | f¢(z)
u Prefiltering | ¢ estimator error control ——p
> estimator design
Ws(z)
—_—
configuration parameters
b) g p l
Wr(z)
E .
y_. Kernel /gl Projection |G £ A | Weights Robust K(z)
u . . c . control ——»
— g estimator |Var [f|y] into FIR design |Ws(2) design

~

FIGURE 3.1: (a) Identification for robust control approach common to many benchmark
methodologies, like stochastic embedding (SE) [64], model-error modeling (MEM) [92] and
Set membership (SM). The system input and output are denoted by u(t) and y(t) respec-
tively, with ug(t), yr () being their filtered versions. Go(z) denotes an estimated model of
the plant, while A(z) is the estimated model uncertainty. (b) Our approach. E [f(¢)|y(t)]
and Var [f(t)|y(t)] denote respectively the posterior mean and autocovariance of the im-
pulse response. Wr(z) and Wgs(z) are weights functions in the S/T mixed-sensitivity
rationale, and K (z) is the designed robust controller. Blue lines indicate the information
needed from the user.

Remark 3.1

Note that, as said by Hjalmarsson in [73], for the separation principle when the iden-

tification procedure is done to obtain a controller, the user should first try to model
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as well as possible. After that any simplification can be performed without jeop-
ardizing the statistical accuracy. So, by the kernel-based system identification, the
best accurate model is identified and then the resulting non parametric function is
projected into an high-order Finite Impulse Response model to obtain a finite order

model without loosing any statistical accuracy.

Usually, the H o, approaches lead to a controller of the same order of the augmented model
(nominal model and weighting filters). Note that by exploiting the kernel-based system
identification the resulting model is an high-order low-bias model, so it could jeopardizing
the applicability of the proposed method to a real world problem. To solve this, we have
employed the hinfstruct optimization method, doing so the user fixes the control struc-

tures as desired.

3.1.1 S/T MIXED-SENSITIVITY LOOP-SHAPING

Consider the unknown stable LTI SISO plant G'7(z), where z~! denotes the backward shift
operator, and two stable proper scalar weighting functions Wg(z), Wr(z). The control aim
considered in this work is to design a LTI fixed-order controller K (z, p), parametrized by

the parameters vector p € R™*! 5o as to minimize

Ws(2)S(z, p)
J(p,Gr) = [|H(z,p)l o = : (3.1)

WT(Z)T(Zv p)
oo
where S(z,p) = [1+ K(z,p)Gr(z)]"" is the sensitivity function and T(z,p) = 1 —
S(z, p) is the complementary sensitivity function of the closed-loop system. The choice of

Ws(z), Wr(2) is critical and directly influences K (z, p).

The S/T mixed-sensitivity problem (3.1) is often employed in robust control design for ro-
bust stability against multiplicative uncertainty at plant output [153, Chapter 9]. Let A(z)
a stable transfer function that satisfies the bounded real condition ||A(z)||,, < 1, and con-

sider a multiplicative output uncertainty model set:
G(z) = (1 + A(Z)Wo(z))GT(z) , (3.2)

where G(z) denotes a the perturbed SISO plant model and A(z) describes a normalized
bounded frequency-domain uncertainty with W, (2) its frequency magnitude [153, Chapter
7],[180, Chapter 9] (for further information see Section 2.1). As described in Section 2.2, this

method is declined from more general H ., loop-shaping.

The cost function (3.1) is similar to (2.39) by letting Wy(2) = Ws(2)". This represents the

'This description is written with discrete time systems, but is also valid for continuos time system.
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performance test. Instead, the robust stability test for the multiplicative uncertainty (de-
scribed in Section 2.1) is obtained as ||Wr(2)T'(2, p)|| ., this results by choosing W,(z) =
Wr(z) = Wi(z)Gr(z) (where W,,(2) is defined in (2.39) and W,(2) is defined in (2.17)).
With this representation: Wy (z) shapes the uncertainty and Wg/(z) shapes the performance

requirements.

If, in (3.1), we consider also the ||Wq(2)Q(2)|,, term, the problem shifts to S/T/KS
mixed-sensitivity loop-shaping. Doing so, we can shape some desired control performance

requirements by choosing properly Wy(z).

Under these settings, the problem (3.1) is solved imposing that [43, Chapter 4]

J(p,Gr(z)) < 1, for robust stability and nominal performance (3.3a)
J(p,Gr(2)) < 1/v2, for robust performance (3.3b)

The demonstration is the following proposition:

Proposition 3.1: Design a robust performance controller by employing the

mixed-sensitivity cost function (3.1)

Before explaining how the robust performance can be obtained with the employment
of the mixed-sensitivity loop-shaping, we recap the sufficient and necessary condi-
tions of the stability and performance aims with multiplicative output uncertainty:

+ Robust stability test:

Wr(2)T (2 p)ll0 <1, [A(E) o <1, (3.4)
this corresponds to: ‘T(ej“’7p)‘ < ‘W Vw.
+ Nominal performance test:
Ws(2)S(z,p)llo < 1, (3.5)

« Robust stability and nominal performance test:

Wr(2)T (2, p)llo0 < 1& [[Ws(2)S(2, )0 <1, AR <1, (3.6)
+ Robust performance test*:

|H (e, p)||, = |[Wr(e?)T (e, p)| + |Ws(e!*)S(e’, p)| < 1Vw , (3.7)

this is a sufficient and necessary condition resulting from:

WS(Z)S(Zv P)
1+ AR)Wr(2)T(z, p

W ()T )< 1 | )Hm< LA, <1

(3.8)
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where the second inequality is found by considering the uncertain system in

the sensitivity functions:
1 _ S(z)
1+ <1 + A(Z)WT(Z)> Cr()K(sp) L TAEWIETE )

(3.9)

By minimizing the cost function (3.1), the resulting controller K (z, p) guarantees

the robust stability and nominal performance if K (z, p) comply with:
”H(zvﬁ)uoo <l (3‘10)

This equation (3.10) corresponds to guarantee (3.6).

The robust performance test is quite similar to the cost function (3.1), since the only
variation consists of the type of the norm. So, the general relationships between
the norms help us to understand how to translate the inequality (3.10) for robust
performance aim.

By considering the Cauchy-Schwartz inequality [62, Chapter 2], the norms inequal-

ities can be written as:
Idllo < lldlly < lldll, < VIIid], (3.11)

where d € C'*!. Figure 3.2 shows the rationale of the norm inequalities. In light of
this, the robust performance test HH (e7, p)H1 < 1 Vw can be approximated by

employing the 2-norm as:

|H (e, p)||, < \2 ~(.707 Vw. (3.12)

where H (¢?“, p) € C?*!. Furthermore, to tie the equation approximate robust
stability test (3.12) with the mixed sensitivity cost function (3.1), we need to consider

the computation of the infinity norm for a dynamic system, computed as:
1H (2, p)l|o = max & (H (e, p)) (3.13)

where (H (e/%, p) returns a vector of complex number evaluated in w. By consider-

ing SISO systems, the infinity norm computation (3.13) becomes:
1 (2, p) | = max [|H (e, p), - (3.14)

This resolution shows a direct relation between the infinity norm and the 2-norm

of a SISO dynamic system. Thus, by considering the equations (3.14) and (3.12), the
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robust performance controller can be obtained with the S/7T" mixed-sensitivity loop-

shaping?, if K (z, p) comply with:
L
7

Note that, this is a conservative approximation of the real robust performance test,

1H (2, p)o < (3.15)

because there exist some solutions that meet the robust performance test (3.7), but

not agree with (3.15), as depicted in Figure 3.2.

“The robust performance test shows that the prerequisites are nominal performance and robust
stability.

*With S/T/ K S mixed-sensitivity the robust performance is obtained by bounding the cost func-
tion with %

Wld <1

08 mdll, < 75

0.6

|da|

0.4

0.2

0 0.2 0.4 0.6 0.8 1
|da

FIGURE 3.2: Comparison between ||d||, < 1 and ||d|, < !/v2, where d € C2.

Since G (z) is assumed to be unknown, practical use of (3.1) for robust control under the
uncertainty description (3.2) requires the development of a plant model. Here we focus on
the case where a data-driven model & (z) is identified from a set of n input/output data

D = {u(t),y(t)};_, collected from an open-loop experiment on the plat, so that
y(t) = Gr(z)u(t) + e(t), (3.16)

where n is the number of measurements and e(t) is a random measurement noise satisfying
the following assumption.

Assumption 3.1: Bounded noise assumption

The noise e(t) in (3.16), acting at plant output, is possibly stochastic and norm-
bounded with |e(t)| < d¢, Vt.

The randomness in e(t) influences the estimate of G (z), thereby acting as a source of model

uncertainty. We describe such uncertainty as in (3.2), where the boundedness of A(2)W (z)
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derives from the bounded nature of e(¢). The aim of this work is to provide an automatic
data-driven tuning of the weight functions Wg(z), Wr(z) to design a controller K(z, p)
by minimizing the mixed-sensitivity cost .J(p, Go) in (3.1), with Go(z) in place of G (z),
so that the feedback system 7T'(z) is robust to the modeling uncertainty endowed in the

identification process under Assumption 3.1, described by the uncertain model (3.2).

FIGURE 3.3: S/T mixed-sensitivity scheme with multiplicative uncertainty and identified

model G (z) for the design of the controller K (z, p). The term Wy (z) represents the

uncertainty weight function in the identification of Go(z). Instead, the term Wg(z) depicts
the performance specification.

Figure 3.3 depicts the considered feedback system model with output multiplicative uncer-

tain systems. This model can be employed to design a controller which:

« Attenuates the disturbance d(t), with w(t) = d(t) = A(z)z1(t). In this configuration
the reference signal is r(t) = 0 V¢;

« Tracks a reference signal, with w(t) = —r(t).
In our work, we consider the tracking problem.
Proof 3.1: Lower LFT representation for S/7' mixed-sensitivity loop-shaping

By considering the lower LFT equation (2.37) and by studying the resulting tradi-

tional control synthesis scheme (depicted in Figure 2.13):

Ws(z) | =Ws(2)Go(z)

N(z) = 0 Wr(2)Go(z) | - (3.17)

By substituting the elements of the matrix N (z) in the lower LFT form, we obtain:
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Ws(z) ~Ws(2)Go(z) N
F(N(), K(2) = + K(2)(1+Go(2)K(2))
0 WT(Z)G()(Z)
- Ws(z) . ~Ws(2)Go(2)K (2)50(2)
0 Wr(2)Go(2)K (2)S0(2)

i Wr(2)To(z)
- Ws(2)S0(2)
Wy (2)Th(2)
) (3.18)
where Sy(2) = b and Ty(2) = %

This is equal to the cost function of the S/7T" mixed-sensitivity loop-shaping.

Assumption 3.1 would call for a Set membership identification approach, in this framework
there is no guarantee that G (z) is close to G7(z) in Ly-norm [142], which is required for
the minimization of J(p, Go) to lead to the required robust control design, since modeling
bias might still be present. Thus, we investigate the research problem using stochastic ap-
proaches, were Go(z) ~ Gr(z) if the model is flexible enough. We focus our description
on low-bias kernel-based methods, where the only assumption is on the gaussianity of the

output noise e(t).
Assumption 3.2: Data-generating system and model assumptions

In Assumption 3.1 we assume a bounded-amplitude noise, this prior information is
not leveraged by standard kernel methods, which instead assume a Gaussian output
noise. However, the price paid for ignoring this information is way lower than the
price paid by using a model with high bias in robust control design routines, as shown

in Section 3.3.
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3.2 DATA-DRIVEN DESIGN OF MIXED-SENSITIVITY

WEIGHTS

This section shows the automatic design of mixed-sensitivity weights. Specifically, it em-
ploys the uncertainty information given by regularized kernel identification from a Bayesian
regression point of view considering finite impulse response (FIR) models. The methodol-

ogy is well described in sections 2.4.2, 2.4.3 and A.3; but we resume the methodology setup.

Consider (3.16) with d(t) ~ N (0, 02), where o2 is the Gaussian noise variance, and the
FIR model of order m

Go(z.B) =) gz, B=lnga- . gm) . (3.19)
=1

Assume that a prior distribution 3 ~ N (0, K) is placed on 3 € R™*!, where K € R™*™
is chosen as a tuned-correlated kernel [135], where the (i,0) element of K is defined as
Kip =0 - a™(:9) with § > 0,0 < a < 1 are the kernel hyperparameters (for further info
see Table A.1). The posterior distribution 3|y ~ N (ﬁ, ﬁ]) where 3 and 3 are computed
by the closed forms, respectively, (A.17b) and (A.17c). Where:

® = [z(1), 2(2), ... z(n)]" e R™", (3.20a)
x(t) = [ult—1), ... u(t —m)] e R™*! (3.20D)
y=[y(1), y(2), ... y(n)]T e R, (3.20c)

The kernel’s hyperparameters 7 = [, ] (along with the noise variance o'2) can be esti-
mated by employing an Empirical Bayes scheme, by maximizing the log-marginal likelihood
of the data, see (A.18).

The parameters B are identified by (A.17b). The nominal model is denoted as Go(z) =
Go(z, ,(:}) Relying on (A.17c) to estimate the modeling uncertainty set, the next section
presents the proposed scheme for data-driven tuning of Wr(z) and Wg(z).

Remark 3.2

The result of the kernel-based identification is the posterior distribution

vy, defined
by the mean 6 and variance 3. These will be used in Section 3.2. Specifically, 0
defines the nominal model G/(z), while 3 allows to design Wy (z) by estimating the

uncertainty bound through a random sampling of the posterior distribution 6|y.
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3.2.1 DESIGN OF THE STABILITY WEIGHT

Let Gp(z) = G(z,Bp), with 3, a random sample drawn from the posterior distribution
Bly ~N (B, ﬁ]) . Define

: Jjw
Q (ej“’) = max Cfp (6, ) -1, (3.21)
p Go (e7v)

where Go(z) := G(z, B) is the nominal identified model. Robust stability against the mul-
tiplicative uncertainty model (3.2) requires that [180, Chapter 9]

Q(e) < |Wr (e2°)|, Vwel0,nfs, (3.22)

where w is specific pulse in rad/s and fs is the sampling frequency. The magnitude of the
least conservative Wr(z) can be estimated evaluating (3.21) in a discrete grid of n,,, € N*
frequencies W = {w1,ws, ... wp,, } C [0,7fs] for a set of n, € N samples. A nonpara-

metric sampled estimate of the magnitude of Wr(z) is thus

‘WT (ejwm)

=Q (), Y, €W. (3.23)

A stable and proper parametric model WT(z) can then be obtained by fitting a model of
adequate order to the magnitude frequency points (3.23), taking care that the magnitude of
the fitted model lies above (or is equal to) (3.23), see Section 3.4 for practical details.

The following proposition suggests how to select n,".
Proposition 3.2: Uncertainty bound reconstruction

Define a fixed confidence level ¢ € (0, 1) and accuracy level € € (0, 1). Let

1 2
Then, with probability > 1 — (, it holds that
‘WT (ej‘”m) — Wr (ej‘“)) <e, VYw,wnm €W.

Figure 3.4 represents a snippet of the lower bound curve of n, with ( = ¢ =
[0.001,0.002, ...,0.05]. The red highlighted point represents the chosen values in
Section 3.3. The proof of this proposition is reported in Proof 3.2.

UThe choice of n, is not critical. It suffices for the frequency grid to be resolute enough.
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€ | 0 ¢

FIGURE 3.4: Lower bound curve of n, with a subset of ¢ and (.

Proof 3.2: Chernoff bound

The proof of the Proposition 3.2 is a direct application of the Hoeffding inequality

[159, Chapter 8]. Let n,, independent random variables x1, ..., 7, defined as:
z; = Tp, (A(i)(z)> (3.25)

where:

« TIp, (A (z)) is an indicator function associated with the good value set:

if A
IBG (A(i)(z)> _ 1 ifA (Z) € Ba ; (3.26)

0 otherwise

« Good value set is Bg = {A(2) € B4 : [|[Fu(M(z), A(2))]| o, < @} where:
B4 is described in (2.31), Fy,(M (z), A(z)) is the upper LFT defined in (2.8)
and w is a performance level;

« A®(2) are the uncertainty samples;
ci=1,...,n.

Since z; € [0,1], letting s,, = >..”; x;, E[] the average operator and ap-

plying the two-sided Hoeffding inequality, we get the bound of the probability

P {|sn, —E [sn,])| > €} as:

—2e2

P {lsn, B [omy))] 2} <27 . 620
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3.2. Data-driven design of mixed-sensitivity weights

where € and n,, are defined in Proposition 3.2. Instead, putting Wr (ej‘”m) = ?—5
and Wr (ejw) =E [Sn%] , the inequality (3.27) becomes:
P {‘WT (ej“m) — Wr (ej“)’ > 5} < 22"y (3.28)

Since ( = P {‘WT (eij) — Wr (ejw)‘ > Z—I} (as defined in Proposition 3.2), the
inequality is:
¢ < 2e % (3.29)

Doing so, the Chernoff bound follows straightforwardly.

“This set is valid for non-linear structured uncertainties, but in SISO systems with a single non-
linear uncertainty it coincides to an unstructured uncertainty.

Algorithm 3.1 summarizes the steps for the design of the uncertainty weight WT(Z).

Algorithm 3.1: Design of Wy (z)

[

w

N

=)

~

Input: B, W, ny

p=20

while p < n, do

Draw 3, ~ N (B, ﬁ]) using By

Set G, = G(z,3)) as in (3.19)

end while

W (em)

Fit a stable proper parametric model WT(Z) on frequency domain magnitude data
in Step 7

Output: Wy ()

Compute

from (3.21) and (3.23) using W

3.2.2 DESIGN OF THE PERFORMANCE WEIGHT FOR NOMINAL

PERFORMANCE

As described in Section 3.2, the proposed method is applicable to a general class of systems.

However, in practical applications, a second-order reference model is often sufficient to

express the main dynamics of a desired closed-loop behaviour, in terms of step-response

settling time and overshoot. For this reason, we consider a continuous-time second-order

reference model T}(s) for the closed-loop system T'(s)

w2

Tu(s) :

T 2+ 2Lwps + w2’

n (3.30)
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where w,, is the natural frequency of the poles and ¢ is their damping factor, that can also
be expressed as

§= w, (3.31a)

72 +1n? (0)

4
v - = (3.31b)

Wp = - )
Jvagrri-ae ¢

with o, ¢ denoting the step response overshoot and settling time of 7'(s), respectively, and

w, denotes its critical frequency.

A simple approach to define the performance weight Wg(s) in continuous time is to employ

the inverse of the sensitivity function from the reference model (3.30), so that
Ws(s) == (1 —Ty(s,0,0))"" . (3.32)

Then, Wg(z) can be obtained by discretization of (3.32).

Remark 3.3

Doing so, we obtain a correspondence between the frequency domain and the time
domain. Thus, the nominal performances of the resulting robust controller can be

easily evaluated in both domains.

Since | (e/*) 4+ T (e/*)| = 1 Vw, the robust performance condition under (3.2), see [180],
max W () S (/)| + [Wr () T (¢)] < 1 (3.33)
implies that [43]
min (|Ws (¢?)], [Wr (e7)]) <1 Vw e [0,7f,] . (3.34)

Given w, yj, € [0,7f,] the critical frequency™ of TWr(z) attained from Algorithm 3.1,
relation (3.34) poses a performance limit on the bandwidth of Wg(z), that cannot exceed of
Wi (z). The automatic design of Ws(z) aims to find the best values of (0, ¢) so that Wg(z)
is stable and (3.3), (3.34) are satisfied.

Let opmin # 0 be a user-defined minimum allowable overshoot level. The minimum allowable

settling time {1, can be computed from (3.31) using oy in (3.31a) and subsequently w, W

in (3.31b). Then, the following multi-objective optimization problem is solved to design
Wi (2):

TWith the term “critical frequency” we denote the frequency where the magnitude of a transfer function
crosses the 0 dB axis.
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(O,L) = arg miﬁn (0,0) (3.35a)
s.t. min J (p, Go, Wr, WS(0,€)> <147, (3.35b)
p
Omin <0<1, (3.35¢)
gmin <Il< gmax ) (3.35(31)

where (O, L) are two sets of Pareto-optimal dominant solutions for the overshoot and set-

tling time, respectively. Problem (3.35) is subject to the following constraints:

« (3.35b) requires the satisfaction of the robust stability and nominal performance con-

dition (3.3a), based on the nominal model Gg(z) and the tuned stability weight W (z).
Remark 3.4

The sensitivity function has the property of: S(e/*) — 1 with w — 7fs,
therefore, Wg(e/*) has the same behavior. Hence, the robust stability con-
straint is not feasible for frequencies near to 7 f5. The constraint (3.35b) solves
this problem by introducing a small positive slack quantity v € R™. This guar-
antees the feasibility of the optimization problem, also in spite of numerical

inaccuracies.

+ (3.35¢) and (3.35d) bound the overshoot and settling time in feasible ranges. The value

lmax can be defined by the user and it is not critical.

The estimates (0, @) € (O, L) are chosen as the point closest (in Euclidean distance) to
(Omin, Ymin) in the space defined by overshoot and settling time, see Figure 3.5. Thus, the

tuned performance weight Ws(s) is set as
-1
Ws(s) = (1 ~Ty(s, 6, e)) (3.36)

and Wg(z) follows from discretization of (3.36). Algorithm 3.2 summarizes the steps for the
tuning of the performance weight Ws(z). Finally, the designed controller K (z) = K(z, p)
is found by solving (3.1) using Go(z), Wr(z) and Ws(z).

Remark 3.5: Performance weight stability

Each iteration of (3.35b), as well as discretization of (3.36), requires a stable and
proper Wg(z, 0, ). To guarantee this, the following steps are followed:
+ A continuous-time reference model T,;(s) as in (3.30) is computed using the
current values of (o, £),
+ The magnitude of (3.32) is evaluated into the frequencies grid in W,
+ A stable and proper parametric model is fit on frequency magnitude data, as
in Step 8. of Algorithm 3.1.
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A -
B Chosen solution
o O Feasible solution
é m Ideal point
£ —=— Pareto frontier
E Infeasible region
fmin

Omin Overshoot o

FIGURE 3.5: Multi-objective optimization with Pareto frontier and selection of the chosen
solution in the set of dominant ones.

See Section 3.4 for details.

Algorithm 3.2: Estimation of Wg(z) for nominal performance and robust stability

Input: WT(«Z), ¥, W, Omins Ymax
1 Setw, yj, as the critical frequency of Wi (z). If Wy (z) does not cross 0 dB, we set
wc,VVT = 71—fs

|In (Omin) | We Wi

4
>, Wn = Emin =
/72 + In? (Omin) \/ VAEL+1 - 2¢2 Sn

3 Solve (3.35) to get (O, L), considering Remark 3.5
4 Select point estimates (0, é) € (0, L) closest to (0min, fmin)

. —1n(0) . 4
5 Compute { = ————, O, = é—é using (3.31)

72 +1n? (6)

2 Set& = using (3.31)

~2
Wy,

6 Set the reference model T};(s) = ~
52 + 245(.:}113 + (.IJ%

7 Set Wg(s) = (1 — Ty(s))~" as in (3.36)
8 Evaluate ‘WS ( jwm)‘ using W
9 Fit a stable proper parametric model Ws(z) on frequency domain magnitude data
in Step 8
Output: Wg(z)

3.2.3 DESIGN OF THE PERFORMANCE WEIGHT FOR ROBUST

PERFORMANCE

The weight function Wg(z) designed with (3.36), cannot be used with robust performance
aims, since the performance requirements will be too stringent. This is due to the feasibility

problem explained in Remark 3.4. Thus, the performance requirements must be embedded

82



3.2. Data-driven design of mixed-sensitivity weights

in Wg(s) in a different way. Another simple technique directly defines: low-frequency gain
lg, critical frequency w. and high-frequency gain h, of a discrete filter with a monotonic gain
profile. Specifically, we bound the domain of the high frequency gain and critical frequency
by: hy € [hg min; Mg max) and We € |We min, W R where: We min, lg, g max; g min are

user-defined!.

Furthermore, a robust performance controller designed with S/T" mixed-sensitivity loop-
shaping usually guarantees J(z, p) < 1/v2, but this is an approximation and it overcon-
straints the problem, as described in Proposition 3.1. Our proposed method instead employs

directly the sufficient and necessary condition || H (z, p)||; < 1.

Doing so, the optimization problem (3.35) becomes:

(Z,Q) =arg g},g (—we, —hg) (3.37a)
st lH(z p)l, <1, (3.37b)

We_min < We < W, 37,5 (3.37¢)

hg min < hg < hg max- (3.37d)

Remark 3.6

or each iteration of (3.37), the controller parameters p are obtained by minimizing

J(p, Go(2)).

Where:

« (Z,Q) are respectively critical frequency and high-frequency gain sets of Pareto-

optimal dominant solutions;
« The constraint (3.37b) guarantees robust performance feature.

+ The cost functions aim to find the highest feasible values of high-frequency gain and
critical frequency, therefore the objective functions become the minimization of —w,
and —h,. Remember that the inverse of the uncertainty weight shapes the band and
gain of the sensitivity function since the constraint |1/Ws(e/«)| < S'O(ej‘”)‘ must be
guaranteed for all frequencies. Therefore, if 1/Ws(z) has an high gain profile, then
the allowable gain profile of Sy(z) is high, otherwise with low values of |1/1i’s(e7*)),
the ‘S’O(ej “)| is low (under the gain profile of the inverse of the uncertainty weight).
Since the ideal choice of a controller aims to shape the sensitivity functionas S(z) = 0

[122], the goal is to obtain the highest values of h,4 and w..

Finally, the estimates (&, hy) € (Z, Q) are found trough the minimum Euclidean distance

from (w, W hg max), then the performance weight is defined as a filter with a monotonic

1, has a high value as desired. hy max, By mn < 0dB, where the max value is near to 0dB. Instead, Ry min
and w¢ min are low as desired. Their choices are not critical if the two domains are big enough.
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gain profile, defined by: [4, w. and ilg. The practical aspects to design Wg(2), from @, [,

and Bg, will be shown in 3.4.

Algorithm 3.3: Estimation of Wg(z) for robust performance

InPUt: WT(Z), s W, hfgimax: hgimin: We mins lg
1 Compute w, 5, , the critical frequency of Wr(z). If Wr(z) does not cross 0 dB, we
setw,yj, =T fs
2 Solve (3.37) to get (£, Q), considering Remark 3.5 and Remark 3.6

3 Select the couple (w¢, hy) € (Z, Q) closest to (w,, 1. s g max)
4 Set Ws(z) as a filter with monotonic gain profile, defined by: I,, &, and iLg

Output: Ws(z)

Remark 3.7

Both multi-objective problems (3.35) and (3.37) can be cast to a single-objective prob-
lem by multiplying the less important cost function by zero. This leads to high cus-
tomization according to user needs. For instance, if the user would like to obtain a
controller that guarantees robust stability and nominal performance and minimize
the settling time without caring about overshoot the cost functions of (3.35) becomes

arg mi€n (0,0 - £). Doing so, the Pareto-front will be composed of a single point and
o

S0 stef) 4 of Algorithm 3.2 or step 3 of Algorithm 3.3 are negligible.

3.3 NUMERICAL EXAMPLE

3.3.1 EXPERIMENTAL SETUP

Consider the following benchmark system [86]

0.28261z + 0.50666
“O=" o

y(t) = Gr(2)u(t) + e(t) = yr(t) + e(t), (3.38b)

(3.38a)

D(z) = 2*—1.418332341.5893922 — 1.316082 4 0.88642, sampled at Ts = 1/ fs = 0.01s.
We simulated n = 5000 data from (3.38) using a zero mean white noise input and a bounded
zero mean white noise disturbance e(t) with SNR = var [yp(t)] /var [e(t)] = 25. The
boundaries were set so that no saturation in e(t) was present. The first 1000 data are dis-
carded to remove the transient effects from the data. The FIR order for kernel identification

is set as m = 100.

We compared kernel identification with PEM using an Output Error (OE) model set G, con-

sidering two cases:

« Gr ¢ G (PEM undermodeling): the OE orders are chosen from 1 to 3 selected by
Akaike Information Criterion (AIC);

84



3.3. Numerical example

« Gr € G (PEM full): the OE orders are chosen from 1 to 10 selected by AIC;

In the PEM cases, we follow the same procedure devised in Section 3.2 for estimating the
uncertainty weight Wr(z). In both PEM and kernel cases, we assume to know the true

value of the noise variance".

By selecting ¢ = 0.05 and € = 0.05 the number of sampled system is set as n, = 738
following (3.24), and the number of sampled frequencies is set to n,,, = 600, logarithmically

spaced in the range [10*3, wfs] rad/s.
For all the three identification settings, we test the following weights design strategies:
« DS1). Manual design of Wg(z) and Wp(z2);

« DS2). Manual design of Wg(z) and automatic design of Wr(z) using the approach
of Section 3.2.1;

« DS3 - Proposed). Automatic design of Wg(z) and Wrp(2).

For the design strategy DS1), we use the following settings: the Wr(z) shape is set as a
discrete filter with a gain monotonic profile, made by low-frequency gain of 10dB and a
high-frequency gain of 40 dB. The cut off frequency is fixed to a bit less than the first reso-
nant peak of Gp(2), i.e. 40rad/s. The manual setting of Wg(2) is established by imposing

a settling time of ¢ = 1 s and an overshoot of 0 = 0.01.

The chosen controller structure is :

T 1
K =k, + k— k 3.39
(Z,p) p+ zz_1+ de+ Tslv ( )

z—

where p = [kp, ki, kq, Nd]—r € R**! and T} is the sampling time. The performance of the
controllers K(z), designed by solving problem (3.35) with v = 0.1, opin = 0.01, £pax = 55
in all the aforementioned conditions, are evaluated by drawing n,, = 200 random open-loop
systems from the Gaussian distributions A/ (B , ﬁ]) of PEM and kernel parameters estimates,

centered at the respective estimate Go(z)w.

3.3.2 ROBUST STABILITY AND NOMINAL PERFORMANCE RESULTS AND

DISCUSSION

Figure 3.6 shows the estimate Go(z) of the open-loop transfer function G7(z). The PEM-
undermodeling (denoted as PEM u.m.) case is able to fit only the first resonance peak, while

the full PEM and kernel identifications attain almost perfect results.

The images of Figure 3.7 depict frequency responses of some G)(z) extracted from the

estimated distributions of all three identified systems.

VThis assumption is not critical since the noise variance can be estimated with good accuracy from data.
VIFor the PEM case, this assumes that G € G.
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Open loop system identification

T
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T

20 -

10 -

Magnitude [dB]
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Go(z) - PEM u.m.
30| éo(z) - PEM full
a0l Go(z) - Kernel
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Frequency [Hz]

FIGURE 3.6: Identification of the transfer function Gr(z). The PEM undermodeling ap-
proach cannot model the second resonance peak. The PEM full approach perfectly rep-
resents the true system due to its exact structure selection. The kernel approach attains
almost perfect results, apart of a slight bias at low frequencies due to its regularized nature.
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(A) Gp(z) extracted from PEM with undermodeling

(B) Gp(#) extracted from PEM-full identification.
identification.
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(c) Gp(z) extracted from kernel identification.

FIGURE 3.7: Frequency response of 50 G),(2).

The images of Figure 3.8 show the estimates of the uncertainty weight WT(Z), using a
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. PEM u.m. PEM full
60 ‘ — 60 ‘ S
- Nonparametric upper bound Q(e’“n) +  Nonparametric upper bound Q(e/“m)
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(a) Wr(2) obtained with PEM with undermodeling  (8) W (z) obtained with PEM-full identification.
identification.
Kernel
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(c) Wr(z) obtained with kernel identification.

FIGURE 3.8: Uncertainty weight Wr(z) estimation. (Continuous line) Magnitude of the
parametric model Wr(z). (Dots) Nonparametric estimate 2(e/“). (Dashed line) The

gain of the frequency response of gp—g'zi — 1, where the systems G, (z) are drawn from the
[1%4

sampling distribution of the parameters estimates. The dashed lines are a subset of the n,,
systems for graphical purposes.

second order proper transfer function model. In all the cases, the estimate lies above (or it is
equal to) the upper bound Q(e/“™) in (3.23), which is computed considering n,, extractions
of systems from the respective parameters distribution of each identification method. We
notice how PEM-undermodeling attains a similar uncertainty level as PEM-full; however,
in the former case also a bias contribution is present in the identified model. The bias is
negligible in the PEM-full and kernel cases, the latter of whose attains the highest modeling

uncertainty V1,
The images of Figure 3.9 show:

« Left: a comparison of the complementary sensitivity function 7y(z, K (z)) obtained
with the designed controller K (z) against its bound 1/1i"r(z) with margin ~ defined
in problem (3.35);

« Right: a comparison of the sensitivity function Sy(z, K (z)) against its bound 1/1¥s(z)

with margin .

VI'We remark here that the PEM-full case is able to perfectly represent the true system G (z).
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(c) Constraints analisys of kernel identification.

FIGURE 3.9: (Left) (continuous line) Closed-loop complementary sensitivity function T (2)

using the estimated controller K (z). (Dashed line) Inverse of the uncertainty weight

Wi (z), that should lie above Tp () for robust stability with margin ~y. (Right) (continuous

line) Closed-loop sensitivity function S () using the estimated controller K (z). (Dashed

line) Inverse of the performance weight Wg(z), that should lie above Sy(z) for nominal
performance with margin .

First, we note how all the controllers provide robust stability and nominal performance.
Second, the controller designed in the PEM-undermodeling case lead to a closed-loop sys-

tem with higher bandwidth with respect to the PEM-full and kernel cases. This derives from
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F1GURE 3.10: Integral Absolute Error of the closed-loop unit step response, over n,, = 200

randomly sampled systems from the estimated parameters distribution. PEM u.m. stands

for PEM undermodeling. (Left) Design strategy DS1): manual design of Wg(z) and W (2).

(Center) Design strategy DS2): manual design of Wg(z) and automatic design of Wr(z).
(Right). Design strategy DS3): automatic design of Ws(z) and Wrp(z).
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(a) Settling time index analisys. (B) Overshoot index analisys.

FIGURE 3.11: Performance indices analysis of the closed-loop unit step response, over n,, =
200 randomly sampled systems from the estimated parameters distribution. PEM u.m.
stands for PEM undermodeling. (Left) Design strategy DS1): manual design of Wg(z) and
Wr(2). (Center) Design strategy DS2): manual design of Wg(z) and automatic design of
Wr(2). (Right). Design strategy DS3): automatic design of Wg(z) and Wy (2).

constraint (3.35d), where the lack of the second resonance peak in the PEM-undermodeling

nominal model makes possible to the controller to attain an higher control bandwidth.

Figure 3.10 evaluates n, closed-loop unit step responses fsiep(t) in terms of the Integral
Absolute Error (IAE) over a period of 4 s:

4. Ty
IAE = > |1 = futep(t)] - (3.40)
t=1

No relevant difference in performance can be observed in the design conditions DS1) and

DS2). In the DS3) design, all the identification approaches lead to a significantly better
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closed-loop performance. As already noticed, the PEM undermodeling case is the best one,
due to its higher control bandwidth. The PEM-full design performs slightly better than the

kernel method, but it has access to the true system parametrization.
Remark 3.8

The automatic Wy (z) design leads to a high performance Wg(z), since the manual

choice of Wr(z) usually is more conservative than the real system needs.

Results in Figure 3.10 might suggest that it is better to have a model with modeling bias
for robust control design. However, these performance are evaluated to systems sampled
from the parameters distribution centered on the Gg(z) found by each respective identifi-
cation method. Instead good, if a modeling bias is present, the true system Gr(z) might
not be included in the uncertainty set considered for robust control. Figure 3.12 compares
the closed-loop unit step responses of the design strategy DS3) using each identification
scheme. The PEM-undermodeling scheme performs fine on the nominal model G’g(z), but
it is unstable on G7(z). The PEM full and kernel methods, instead, performs equally good
on the respective G(z) and o G7(z). Again, the PEM-full approach has an advantage in

having access to the true system parameterization.
Remark 3.9: Bias and model error modeling

The presence of a large bias in the PEM-undermodeling and of a low bias in the
kernel cases should bring to the employment of a model error model approach to
describe the modeling uncertainty set (see Section 2.4.3). However, the main use of
kernel methods is exactly to avoid this bias modeling due to its negligible nature with
respect to the modeling variance. In the PEM-undermodeling case, an uncertainty
region that considers also a model error model would bring WT(Z) to increase con-
siderably, thus attaining a lower critical frequency We Ty that would have impacted
negatively the design of the performance weight Wg(z), leading to a not adequate

controller tuning.

3.3.3 ROBUST PERFORMANCE RESULTS AND DISCUSSION

The robust performance simulation is done with the same setup of the robust stability
and nominal performance. Furthermore, the parameters of the robust performance multi-
objective problem is set as: l; = 120dB, hg min = —50dB and w¢ pmin = 17ad/s. We simu-
lated only our proposed method with the three identification setup, since the disadvantages
of manual design are already explained in the robust stability and nominal performance

simulation.

The images of Figure 3.13 show the | H (z, p)||, (straight line) resulting from the robust per-
formance design with data-driven S/T mixed-sensitivity loop-shaping. All colored curves
are below to the constraint (dashed line), this means that the three controllers (one of each

identification setup) guarantee that all systems, that belong to the uncertainty model, agree
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3.3. Numerical example
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(c) Closed-loop step responses of kernel.

FIGURE 3.12: (Continuous line) Closed-loop unit step responses on nominal model Go(z).

(Dotted line) Closed-loop unit step responses on the true system Gr(z). (Dashed

lines) Performance requirements (0, Z) estimated from problem (3.35). In the PEM-

undermodeling case the designed controller makes the true system unstable. In the PEM-
full case, the response on the nominal model and true system overlap.

with the performance requirements. For a further analysis, the images of Figure 3.17 illus-
trate the robust performance tests (3.8) for all three cases by using WT(z) As we expect, all
solutions meet the two robust performance constraints. Another graphical representation
of the robust performance condition is depicted in the images of Figure 3.14: these show
the sensitivity function of all dynamic systems of the validation set. Since the controller has
the robust performance aim, all sampled curves are less than Wg(z). Nevertheless, due to
the bias in the PEM undermodeling identification, this is misleading, since the performance

of Gr(z) in the time domain are different respect to the identified uncertain model.

Figure 3.15 reports the IAE (see equation (3.40)) distribution for the PEM undermodeling
(left), PEM full (center) and kernel (right) of the n,, closed-loop unit step responses Jgzep ().
The black and green stars represent the IAE of the closed-loop unit step responses of the real
system coupled with the controllers resulted from the three mixed sensitivity loop-shaping,
one for each identification setting. Using the kernel and PEM full identification methods,
the star belongs to the validation distribution of the n, closed-loop system. Instead, with

the PEM undermodeling the star does not belongs to the distribution, since the bias cause the
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FIGURE 3.13: Analysis of the robust performance test |Wg(2)So(z, K(2))| +

Wr(2)To(z, K(2))| < 1 with all identification methods. Specifically, the images repre-

sent the results obtained with the three identification methods: (Left) PEM undermodeling
(Center) PEM-full and (Right) kernel-based.
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FIGURE 3.14: Performance analysis of the sensitivity functions computed by the sampled

system from the validation set, denoted as S, (z, K'(z)) = m All sampled sys-

tems are compared to the inverse of the performance weight. Specifically, the images
represent the results obtained with the three identification methods: (Left) PEM under-
modeling (Center) PEM-full and (Right) kernel-based.

instability of the true closed-loop system and so the overshoot and settling time of the true step
response is out of scale. The images of Figure 3.16 depict the same representation of Figure

3.15, but considering the settling time (Figure 3.16a) and overshoot (Figure 3.11b) indices.

Remark 3.10

The proposed method for the robust performance problem gives an automatic design
of the performance requirements, found by the optimization problem (3.37). These
are not so interpretable as in the nominal performance and robust stability setting.
Indeed, we cannot check if whole distribution complies with some time domain con-

straints.
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3.4. Computational aspects
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F1GURE 3.15: Integral Absolute Error of the closed-loop unit step response, over n,, = 200

sampled systems from the estimated parameters distributions. PEM u.m. stands for PEM

undermodeling. The black and green stars correspond to the performance indices obtained
with G7(%). The PEM u.m. star is out of scale.
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(a) Settling time index analisys. (B) Overshoot index analisys.

FIGURE 3.16: Performance indices analysis of the closed-loop unit step response, over n,, =

200 randomly sampled systems from the estimated parameters distribution. PEM u.m.

stands for PEM undermodeling. The black and green stars correspond to the performance
indices obtained with G (z). The PEM w.m. stars are out of scale.

3.4 COMPUTATIONAL ASPECTS

This section describes practical aspects that might be of interest to the practitioner. The

results were obtained using Matlab software packages.

3.4.1 COMPUTATION OF G(2)

In the PEM cases, we fixed an OE(n;, ny) model structure with ny, n¢ the numerator and
denominator orders, respectively, with 0 pure input/output delay. The search for the optimal

model is performed by fixing the same n,. = ny = ny value for both the model orders.

In the kernel identification, first the kernel hyperparameters are estimated by optimizing the

marginal likelihood developed with the Cholesky decomposition (A.19), assuming a known
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(c) Constraints analisys of kernel identification.

FIGURE 3.17: (Left) (continuous line) Closed-loop complementary sensitivity function
Tp(z) using the estimated controller K'(2). (Dashed line) Inverse of the uncertainty weight
Wr(2), that should lie above T (z). (Right) (continuous line) Uncertain closed-loop sensi-
So0(2)
14+Wr(2)To(2,K (2
that should lie above the uncertain closed-loop sensitivity function.

tivity function

. (Dashed line) Inverse of the performance weight Ws(2),
)

noise variance. The optimization is performed by fmincon where positiveness bound are

placed on the hyperparameters. Then, a FIR model of order m = 100 is estimated.
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3.5. Conclusion

3.4.2 COMPUTATION OF Wy (z)

The uncertainty weight estimation is based on fitting the frequency domain data (e/“™)
in (3.21) with the function fitmagfrd, that estimates a stable proper continuous time
transfer function model, solving a log-Chebyshev magnitude filter design [20, Chapter 6].
The function allows constraints on the filter magnitude, so we imposed that [Wr(s)| >
Q(e/“m) +¢, with e = 2.2-10716, We also weighted 100 times more the fit to the frequencies
in the range [1073,10°] rad/s. The order of Wi (s) is fixed to 2. Then, Wi (s) is converted

to discrete time using the ' matched’ option of the c2d command.

3.43 COMPUTATION OF Wg(z)

The estimation of the performance weight is the most computational cumbersome part of
the proposed algorithm, The resolution of robust stability and nominal performance prob-
lem (3.35) is implemented using the function gamult i obj with a limit of 50 iterations. The
nonlinear constraint (3.35b) requires to solve an Ho, control design problem with WT(z)
the actual value of Wg(z). This is solved by the hinfstruct function, considering 10
different initializations of the optimization procedure. This command solves the ., norm

with a fixed controller structure.

The design of Wg(z) follows this rationale. First, a continuous time reference model T}(s)
(3.30) is defined using the actual values of (6, /). The magnitude of Wg(s) = 1 — Ty(s)
is sampled in the frequency grid W. Then, a continuous-time transfer function of order
20 is fit with the fitmagfrd command (with default options). This guarantees that the
resulting transfer function is stable and proper. Note that the samples are injected to the
function as lower bound data. The function is then converted to discrete time obtaining

Wys(z), using the " mat ched’ option of the c2d command.

The robust performance problem (3.37) is solved with the computational aspects as the
nominal performance and robust stability, while the design of Wy (2) from Iy, hg, w, is done

with the makeweight command specifying the sampling time and default options.

For both problems the final designed controller is again fit with the hinfstruct com-
mand, with G(z), Wr(z) and Wg(z).

3.5 CONCLUSION

We presented a data-driven mixed-sensitivity control design approach for SISO LTI sys-
tems embedded with automated tuning of the weighting functions. The approach leverages
concepts from Robust identification and methods for assessing the bias and variance of the
estimated model. We show how kernel methods can cope well with the bias problem, al-
lowing an estimation of the model uncertainty region without the explicit need for building
amodel error model as in standard literature. We propose two multi-objective optimization

problems for tuning the performance weight: one that guarantees the nominal performance
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and robust stability and another that designs a robust performance controller. The former
optimization problem allows to design the performance weight whose requirements are in-
terpretable for the designer and given in terms of closed-loop unit step response overshoot
and settling time. The performance weight resulting from the latter is less interpretable
since the requirements are given in terms frequency parameters of a monotonic gain pro-
file filter.
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CHAPTER 4

DATA-DRIVEN MIXED-SENSITIVITY LOOP-SHAPING FOR MULTI-MODEL

SYSTEMS

This chapter presents an extension of the proposed method explained in Chapter 3. In par-
ticular, the data-driven S/7T" mixed-sensitivity loop-shaping deals only with the uncertainty
introduced by the measurement noise. In some practical applications, the proposed method
is not enough flexible. This extension aims to design a robust controller which guarantees

robust stability to deal with multiple sources of uncertainties.

Remark 4.1

This chapter describes the theoretical contributions of the proposed method. Instead,

the practical application will be described in Section 6.

4.1 MOTIVATION

Often, some complex systems are afflicted by multiple sources of uncertainty, in addition to
the plant model uncertainty. These translate into a large variation of the model parameters
or of the model structure. Usually, in the control theory literature, this typology of models
is designed as a multi-model dynamic system. Specifically, this is defined as the combination
of a finite number of simple local models endowed by an uncertainty region [163, Chaper
9]. This region is called validity region and it is defined by choosing an upper bound that
constraints the euclidean norm of the model error. To assess which validity region contains
the local model, a validity function is defined. This can be modeled as a probability function
or as a fuzzy function. The latter is applicable if the validity regions are seen as fuzzy sets

[19]. Note that, the fuzzy logic theory is useful with a priori qualitative knowledge.

The multi-model can be casted to a single global model by using an interpolation technique.
This procedure is complex and it needs of local models with same model structure. However,
it allows to simplify the control design, since the global model is more easy to handle than

the multi-model.
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In literature, the multi-model design is also used to represent the nonlinear systems with
multiple linear local models that approximates the true systems in different operational
points [163, Chaper 9].

Note that each local model, endowed by its validity region, can be seen as an uncertain
system (Section 2.1), so the multi-model dynamic system can be represented also as an
A — M model by using the Linear Fractional Transformation. The elements of the diagonal
of the matrix A contain the information of the validity region. Instead, M (s) is a matrix
in which each element of the diagonal is the nominal transfer function of a local model.
In doing so, the robust control techniques can be used. An example of this methodology
applied to a flight control system is described in [89]. The main disadvantage of this method
is to select the weighting filters for each local model. An alternative technique is to design
a matrix of controllers, i.e. one for each local model. This is called nonlinear structured
controller. The so called two-stage interpolation algorithm is employed to limit the usage of
the active controllers. It selects which controllers are active in accordance with which local
models are currently used [163, Chaper 9]. The latter control design technique is closely
related to the gain-scheduling controller design. Typically, these methods employ a fixed
single or multi-loop control structures. The gain values of the controllers are embedded in
lookup tables and the functions that selects the gain values are called scheduling variables.
A withdraw of the gain scheduling control is that it does not guarantee any stability or

performance during a rapid change of the variables [150].

Our proposed method identifies a single system endowed with a global output multiplicative
unstructured uncertainty, which assesses the variability region of all local models, through
multiple kernel-based identifications. In particular, it avoids the design on multiple weight-
ing filters and it simplifies also the interpolation technique of local models. The resulting

single robust controllers avoids the usage of the scheduling variables.

4.2 DATA-DRIVEN WEIGHTS DESIGN FOR S/T
MIXED-SENSITIVITY LOOP-SHAPING FOR

MULTI-MODEL SYSTEMS

Consider a multi-model system, the goal is to design a fixed-order controller K (z, p), parametrized
by the parameters vector p € R *! by minimizing the S/T" mixed-sensitivity cost func-

tion (3.1), as described in Section 3.1.1.

With multi-model systems, the problem shifts from unstructured uncertainty modeling to
structured uncertainty modeling with linear and nonlinear uncertainties. As suggested by
[153, Chaper 7], this general structured uncertainty can be also represented as a general out-

put multiplicative! unstructured uncertainty, provided that the uncertainty poles (if exist),

'The multiplicative uncertainty is preferred to the additive uncertainty model because their numerical values
are more informative.
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systems

which belong to the uncertainty set, do not change the half-planes (from right half plane to
left half plane and vice-versa)". This consideration plays a key role to cast the multi-model
dynamic system into a single general system endowed with unstructured uncertainty that
models both parameter variations and model variance. Thus, the innovation aims to identify

this general model by exploiting the low-bias kernel-based identification.

Note that, the experimental design is fundamental. Thus, we assume that the user only
knows the boundary configurations, i.e. the configurations which are considered as the limit

operational point. This assumption is not essential but allows us to handle the problem in
a simpler way.

Remark 4.2

From a practical point of view, the boundary configurations knowledge is more com-
mon to recognize with respect to the traditional approach, where the parametric

model is evaluated by its parameters range.

Figure 4.1 shows the frequency response of the boundary configurations. The boundary
configurations are denoted with G g7 (2) the highest condition, represented in the red line,
and Gpr(z) for the lowest condition, depicted in the blue line. The highlighted yellow

region contains the other configurations.

Magnitude [dB]

Frequency [Hz]

FIGURE 4.1: Example of the boundary conditions frequency response.

The experimental design involves two experiments, one for each condition, linked by a
transient sector. The overall dataset is chosen as:

D.= {u(l), (1), 0, .., 0,u(1), ..oy u(n), ypu (1), ..., YU <n+g> ,ysr(1),...,yBL (n-l—g)} , (4.1)

where b is the number of samples that belong to the null sector. The transient sector is set up
as a null sector, which avoids possible discontinuities between the two configurations. The
input given to the two conditions is quite similar since the only variation is that: the upper
boundary condition input ends with half of the null sector, instead the lower boundary

condition begins with the half of the null sector.

Thus, using the kernel-based identification, the following dynamic systems are identified:

UIf the system has this characteristic, the unstructured uncertainty should be designed as inverse multiplica-
tive output model.
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« G pu(2) by employing the sub-dataset D, = {u(1), ..., u(n), ypr (1), .., ypr(n)};
« GpL(2) by employing the sub-dataset D; = {u(1), ...,u(n), ysr(1), ..., ysr(n)};

. Gog(z) by employing the dataset D.. This represents the average dynamic system

between the boundary conditions™V.

Remark 4.3

If the boundary conditions are not known, this procedure is easily scalable to design a
single huge experiment which contains all configurations. Then, the above multiple

identification procedures can be adapted.

A nonparametric sampled estimation of the magnitude of the overall uncertainty is com-

puted by exploiting the equations (3.21) (3.23), where:

« The parameters vector of the high-order FIR G, (z) is sampled from the two posterior

distributions:
Brulysy ~ N (BBU7 2BU) and Bprlypr ~ N (BBL, SBL>;

+ The number of extraction n, (see the proposition 3.2) are equally sampled between

the two distributions;

+ The nominal dynamic system used in (3.21) is replaced by the mean dynamic system
Gog(2).

Therefore, the computation of the overall nonparametric sampled estimate of the magnitude

of Wr(z) becomes:

~ . Jwm
‘WT(GJWM)’ = max g;p(ei,) 1|, Vw,eW. (4.2)
Gog(e7m)

p

After, as for SISO systems, a stable and proper parametric model is obtained by fitting a

model to the resulting magnitude, as in Section 3.2.1.
Remark 4.4

The proposed procedure is convenient due to the low-bias nature of the kernel-based
identification, otherwise, in presence of bias, the construction of the general distri-

bution is not reliable and therefore, the resulting robust controller is useless.

Finally, the automatic design of the performance weight for nominal performance (described
in Section 3.2.2) or robust performance (described in Section 3.2.3) is applied using the av-

erage dynamic system Gy, (z) and the overall uncertainty W (2).

'The kernel-based identification applied to a dataset composed of two experiments performed on two dif-
ferent systems returns a model that is the average of the two systems.
Note that the average model shouldn’t represent real systems, but this is used only as a mathematical tool.
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4.3. Conclusion and final remarks

Algorithm 4.1: Design of Wy (z) and Wg(z) for multi-model systems
Input: Go,(2), Bev, Epv. Brr, Xz W, np

p=0

while p < n,/2do

Draw 3, ~ N (BBU, iBU> using Bpu|YsU

Set G, = G(z,3p) as in (3.19)

end while

while p < n,/2 do

Draw 3, ~ N (BBL, 2BL) using Bp1|YBL
Set G, = G(z,3,) as in (3.19)

9 end while

‘WT (ejw*”) H from (4.2) using W

[CR

w

N

N

N

[~]

10 Compute

11 Fit a stable proper parametric model WT(Z) on frequency domain magnitude data
obtained in Step 12

12 Perform Algorithm 3.2 or Algorithm 3.3 to compute Wg(z) for robust stability and
nominal performance or robust performance

Output: Wr(z), Ws(z)

Remark 4.5

This methodology is also applicable to designing a fault-tolerant controller. The
two boundary configurations represent the healthy and faulty states. It is possible
since the fault condition is a priori known. Therefore, the robust controller works
in both states, without any unexpected behaviour. The main advantage of a robust
methodology employed to design a fault-tolerant controller is that the resulting ro-

bust controller does not change according to plant conditions [78, 121].

4.3 (CONCLUSION AND FINAL REMARKS

We presented an extension of the methodology described in the previous chapter. The ro-
bust controller deals with the control of multi-model systems. The rationale consists of de-
signing a general experiment, which contains information about the boundary conditions
(given by the knowledge of the system). The boundary conditions allow to simplify the
problem, but their knowledge is not mandatory. Then, the automatic uncertainty weight
is given by multiple kernel-based system identification. Doing so, the multi-model sys-
tem can be represented as an uncertain LTI SISO system, where the uncertainty contains
both variance uncertainty and parameters uncertainty. This general uncertain system is em-
ployed to automatically design the weight functions employed in the S/7T" mixed-sensitivity
loop-shaping since the overall uncertainty is converted into an unstructured output mul-
tiplicative uncertainty. In Chapter 6, our proposed method is tested in a real multi-model

system.
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CHAPTER 5

DATA-DRIVEN ROBUST RESIDUAL GENERATOR

This chapter presents another theoretical contribution. The idea is to design a robust resid-
ual generator based on the model uncertainty information, designed by the automatic un-
certainty weight design, proposed in Chapter 3. The robust residual generator is modeled
by the stable coprime factorization methodology. Specifically, we employ the Approximate
Fault Detection Problem (AFDP) [167]. Finally, we test the proposed method on a bench-

mark problem to evaluate the diagnosis performances.

5.1 MOTIVATION

Model-based fault diagnosis employs a model that acts as a digital twin of the fault-free
plant. The model is developed by a model identification procedure. In this way, the model
uncertainties are implicitly accepted, as described in Section 2.1. Usually, in literature, the
uncertainties can be seen as an additive fictitious noise'. With this insight, the robust coun-
terparts of the three fault diagnosis methods, described in Section 2.3, can be employed to
generate a robust residual generator which decouples the noise with respect to the residual
signal. Note that, the robustness of a residual generator is important because allows for

reducing false alarms.

In fault diagnosis literature, the uncertainty information is considered known and modeled
in Gy(2) (the transfer function from noise v(t) to the output y(¢)). In this setting, the
so-called Approximate Fault Detection Problem (AFDP) is applicable, since v(t) # 0. This
method guarantees that the generated residual is insensitive to disturbance and low sensible
to noise. As reviewed in Section 2.3.1, AFDP designs a filter by minimizing a cost function
which is proportional to the sensitivity of the residual to a fault and inversely proportional
to the uncertainties, described as unknown input noise. In [101], the authors solved AFDP
by employing the robust synthesis method. Instead, in [56] and [116], the robust residual

generator is coupled with a robust controller both designed with robust control synthesis.

'The authors of [40] models the uncertainty as fictitious disturbance, but the meaning does not change,
since the only difference is that the disturbance can be fully decoupled from the residuals, instead the input
noise cannot be fully decoupled, but only reduced.
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By modeling the uncertainties as unknown but bounded noise, the Set membership identi-
fication can be used to develop a robust fault diagnosis technique, as proposed in [38, 137].
Specifically, these solve the problem of robustness by the passive technique (see Section
2.3.4). The paper [82] proposes a method that reconstructs the input and output signals of
A(z) block in an LFT representation. In particular, by assuming that the uncertainty block
is bounded by 1, the output signal must be less than the input in a fault-free case, otherwise,

the system has a fault.

We propose a method which exploits the kernel-based identification to obtain a nominal
model endowed by its uncertainty quantity. Therefore, using the LFT representation, i.e.
modeling the uncertainty as an unstructured output multiplicative uncertainty, the Ap-
proximate Fault Detection Problem is solved by employing the identified uncertainty. The
resulting robust residual generator is obtained without exploiting any user’s knowledge.
Furthermore, we propose an automatic threshold design to compensate for the remaining

noise components in the residual signal.

5.2 DATA-DRIVEN ROBUST RESIDUAL DESIGN

Let a SISO LTI dynamic system by considering an additive output noise term and the fault:

y(t) = Gr(z)u(t) + Gf(2) f(t) +e(t) (5.1)

with:
« f(t) represents the unknown fault signal;

+ G(z) is a stable transfer function which describes the relation between the fault
and the output y(t) signals. Usually, with a sensor fault G¢(z) = 1, instead with an
actuator fault G¢(2) = G(2). Since G'7(2) is not available G ¢(2) is chosen equal to
the identified nominal model Go(z);

« ¢(t) is the bounded additive noise signal (see Remark 3.1).

If we consider an uncertain system modeled by an output multiplicative uncertainty, the

equation (5.1) becomes:

y(t) = Go(2) <1 + A(z)WT(z)>u(t) + Gy(2)f(t) +e(t), (5.2)

where: ||Al| (z) < 1represents the uncertainty (unknown and bounded), Wr(z) is a proper
and stable transfer function which describes the uncertainty weight function and Go(z) is

the nominal transfer function.

As described in [167, Chapter 2], the uncertainties are modeled as a fictitious noise v(t), so

the output signal can be written as:

y(t) = Go(2)u(t) + Gu(2)v(t) + Gy (2) f(1) , (5.3)
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where G (2) is a transfer function between the unknown noise v(t) and y(t).

By matching the two output representations (5.2) and (5.3), we implicitly impose the fol-
lowing equality:

Gu(2)o(t) = Go(2)A()Wr(2)u(t) + e(t) (5.4)

where the noise term contains both output noise and fictitious noise. Our proposed method
employs the kernel-based identification to estimate Go(z) and WT(z) through the algo-
rithm 3.1 from the dataset D = {u(1),...,u(n),y(1),...,y(n)} modeled by (5.1), where:
n number of measured sampled, y(¢) noisy measurements in healthy state and u(t) is the

input signal.
We estimate the uncertainty weight WT(Z) as in 3.2.1, thus the equality (5.4) becomes:
Gu2)u(t) = Go()Wr(2)ult) + e(t) 55)

Thanks to this equality, we set G,(z) = [Go(z)WT(z) , 1] and v(t) = [u(t), e(t)]". In
light of this, the robust residual generator can be designed by rewriting the cost function of
AFDP (2.55), as:

A HQ (2165,
€O Q)M (2) [Go(2)Wr(2) , 1]

(5.6)

where M (z) is derived from the left coprime factorization of G(z) and Q(z) € RH is
the post filter.

The optimization problem (5.6) can be solved as proposed in [167, Chapter 5.3]. The authors
assume that the denominator is infinity norm bounded, this meets our Assumption 3.1 on
the additive noise applied to y(). Specifically, the filter synthesis goal is to find the optimal

Q(z) that maximizes the fault sensitivity, given:

|@@11G) [GolpWr(=) 1] | < 5.7

with a priori known v > 0. Thus, the optimal filter produces 8 > 0, such that:

= ma {H@<z>m ‘HQ ) [ 1] 9} 69

The value 5/~ is a decoupling performance index, with v = 0 the AFDP corresponds to
EFDP. This means that if 8/ is high, the decoupling performance will be better. The solution
of the optimization problem (5.6), proposed in [167, Chapter 5.3], returns the least order

robust residual generator filter Q(z) Specifically, the resulting residual generator filter is
composed as §(2) = [Q(=)NI(2),~Q() N (=),
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Remark 5.1

Due to the low bias of the kernel-based system identification the model uncertainty
corresponds to the noise-induced uncertainty, therefore the generated robust resid-

ual generator works also with the true plant.

Algorithm 5.1: Synthesis of Q(z) with automatic design of Wy (z)
Input: B, ﬁ], W, ny, v

1 Compute Wr(z) by using the Algorithm 3.1

2 Synthesis of the least-order robust residual generator filter Q(z) by optimizing
ACN [QAM ()G (=),
@) = o0y Te@M@Go@Wr(2), 1]

proposed in [167, Chapter 5.3], by setting ~. This algorithm returns also the

performance indicator 5/5.

Output: Q(z),5/+

. This is done through the algorithm

Since the fictitious noise in our case is well known, we propose also an automatic threshold

selection method, in line with the advice of [167, Chapter 5]:

7=y max (u(®) o)) - 59)

This is useful since the optimization of (5.6) reduces the impact of the fictitious noise, but
does not avoid it entirely. So, the residual signal can be different from zero when the sys-
tem is healthy. As described in Section 2.3, there is a necessity to implement a thresh-
old that further reduces false alarms. Our choice is devoted to detecting the worst case of
the residual signal in healthy conditions. Therefore, by multiplying the maximum measur-
able peak of the input and measurement noise signals with respect to the peak gain v of
Q(2)M(2)G,(2), the worst case of the residual signal in the healthy state is computed and
it is set as the threshold value. Finally, if the residual signal overtakes the selected threshold

7, the system is considered faulty.

Note that the knowledge of the fictitious noise is not employed during the post filter es-
timation, but in the threshold selection, therefore we exploit all the information gathered

during the system identification procedure.

Algorithm 5.2: Fault detection algorithm
Input: Q(z), Go(2), 7. u(t), y(t)
1 Compute the threshold 7 using (5.9)
2 Compute the residual signal r(¢) = Q(2) M (2)y(t) — Q(2) N (2)u(t)
3 Compare 7 with respect to |r(t)]:
« If |7(t)| > 7 then f(t) = 1;
o« If |r(t)] < 7 then f(t) = 0.

Output: f(t)
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5.3 EXPERIMENTAL RESULTS

The proposed method is tested on a benchmark plant, proposed in [40, Chapter 3]:

B 47619
34 234.013652 + 6857.1s + 5442.2

Gr(s) (5.10)

The identification is done with a white noise input signal with mean 0, variance 1, sam-
ple time 7Ty = 0.1s and n = 5000 samples. The output signal is corrupted with additive
bounded noise e(t). The signal to noise ratio of the output signal is
SNR = var[yp(t)] /var[e(t)] = 9. The first 1000 samples are not considered to avoid
the trasitory effect. The FIR order for the kernel-based identification is m = 100.

The automatic design of WT(Z) is done by choosing ¢ = 0.05 and € = 0.01, the number of
sampled system is set as n,, = 18445 by following (3.24). Instead, the number of sampled

frequencies is set to n,, = 600, logarithmically spaced in the range [10*3, T fs] rad/s.

Figure 5.1 shows on the left image the identification results and on the right image the

uncertainty weight resulting from the automatic design.

30 ‘ ‘ 60 _
- Nonparametric upper bound 2(e/“n)
401 Drawn model
20 Parametric model Wp(z)
g . g |
101
< < ol
& O 5 201
S E
= =
10} - | 40 F
—Go(2) \
- - Gr(s) \ 60 L
-20 ! . . |
1072 100 10-2 100
Frequency [Hz] Frequency[Hz]

F1GURE 5.1: (Left) Identification results, where: the dashed line is the true system instead
the straight line represents the identified discrete model by using the kernel based identi-
fication (Right) Uncertainty weight W (z) estimation, where: the continuous line is the
magnitude of the parametric model WT(Z) the dots line is the nonparametric estimate
Gp(z

&gt
where the systems G),(z) are drawn from the sampling distribution of the parameters es-

timates. The dashed lines are a subset of the n,, systems for graphical purposes.

Q(e’“m) and the dashed lines represent The gain of the frequency response of

Figure 5.2 depicts the resulting filter (z) generated from the Algorithm 5.1. The filter, as we
expect, has the inverse frequency response of the uncertainty weight WT(z). This means
that Q(z) filters out the components of the residual signal that belong to the most relevant

frequencies in the frequency response of the uncertainty weight.

The threshold is chosen as the proposed automatic method (5.9). Since all required infor-

mation to produce the threshold should be a priori known, the computation is very trivial.
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FIGURE 5.2: Comparison between W (z) and the resulting Q(z).

The resulting residual generator is compared with the non-robust stable coprime factor-
ization residual generator, modeled as: 7(t) = M (z)u(t) — N(2)y(t). To proof of the
robustness of the proposed methodology, we have applied a sensor fault modeled as an ad-
ditive step fault signal that arises at time 250 s with two different amplitudes: 30 and 3. The
images of Figure 5.3 depict:

« On the top plot the output healthy signal (black dashed line) compared with the faulty

output signal (red line);

« On the middle plot the absolute value of the residual generated by the non-robust

residual generator;

+ On the bottom the absolute value generated by the robust residual generator, resulting

by our proposed method, compared to the threshold, selected as in (5.9).

The results show the robustness of our proposed methodology with respect to the non-
robust method. Specifically, both robust and not robust residual signals can detect f(t) =
30 - step(t + 25007s). However, the robust residual generator decouples better the noise
w.r.t [r(t)| since the sector of signal |r(¢5)| (with ¢, < 250s) differs little with respect to the
sector |r(ts)| (with ¢ty > 250s) computed with the not robust residual generator. Instead,
the second simulation shows that the not robust residual generator cannot detect the fault,

while the robust proposed technique detects correctly the fault.

5.4 CONCLUSIONS

The proposed method aims to design a data-driven robust residual generator using the sys-
tem identification results. The algorithm exploits a kernel-based system identification to
model the uncertainty information as an unstructured multiplicative uncertainty. Further-
more, the uncertainty information is used to design the least order filter that decouples the
uncertainty from the residual signal. The filter design is done by solving the Approximate
Fault Detection Problem (AFDP), since the uncertainty model is translated as an additive
fictitious noise. Furthermore, we propose also an automatic threshold design. The effec-

tiveness of the proposed method is shown on a benchmark dynamic system. The results
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f(t) =30 - step(t + 25007)
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(a) Analisys of residual signal with fault step amplitude as 30

f(t) =3 - step(t + 25007%)
20

Faulty output
— ——-Output
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Not robust residual generator
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Time [s]
(B) Analisys of residual signal with fault step amplitude as 3
FIGURE 5.3: Comparison between robust and not robust stable coprime factorization vary-
ing the amplitude of the fault signal. The top image depicts healthy (black line) and faulty
(red line) sensed output signals. The bottom image shows the module of the residual signal
computed with the not robust residual generator. The bottom image illustrates the module

of the residual signal computed with the proposed robust residual generator (black line)
and the proposed threshold (red dashed line).

prove that the data-driven robust residual generation detects a sensor fault with the both

proposed fault signals, modeled as an additive step signal. Instead, with low amplitude fault,
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the not robust technique fails. Furthermore, the proposed threshold detects correctly the
faults.
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CHAPTER 6

ROBUST CONTROL DESIGN FOR A RECONFIGURABLE INDUSTRIAL OVEN

This chapter describes a real application that exploits the methodology proposed in Chap-
ter 4. The rationale is to design a robust controller through the data-driven S/T mixed-
sensitivity loop-shaping for multi-model systems. The plant under analysis is an oven for
heat shrinking. This system is complex and configurable. The aim is to design a controller
that guarantees robust stability for all configurations and nominal performance of some
requirements automatically designed. The results are evaluated by comparing the step re-
sponse of the closed-loop system obtained with the proposed method and with a manual

choice of the uncertainty weight.

6.1 MOTIVATION

The industrial world is a competitive field. This industrial "race" leads to building the
cutting-edge machinery, which often translates into the development of customizable ma-
chines. This phenomenon is not trivial for the control community since these configurations

require a complex controller to guarantee that the plant works with all configurations.

Often, these configurable systems are translated into multi-model systems by the controls
engineers. These multi-model systems can be controlled in different ways, such as gain
scheduling control, Model Predictive Control (MPC) of even by robust control. As already
said in Chapter 4, the former does not guarantee any stability or performance during a rapid
change of the variables [150]. Instead, MPC controls the plant by solving an online opti-
mization problem in real-time [21]. Always, in the industrial context, the hardware is not
sufficient to solve real-time problems. The robust control literature helps us to avoid these
problems by guaranteeing stability and some performance requirements. We develop a con-
troller which stabilizes the plant under all configurations by solving an offline optimization

problem.

In this work, we apply the methodology presented in Chapter 4 to an industrial oven for

shrinking plastique films.
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6.2 APPLICATION CONTEXT

The industrial oven context is considered part of the thermal engineering literature. The
thermal systems taxonomy is mainly: Heat, ventilation and air conditioning system (HVAC),
industrial furnace and industrial oven. HVAC controls the temperature, humidity, and pu-
rity of the air in an enclosed space. The authors of [4] and [177] have developed a mixed-
sensitivity loop-shaping for an HVAC. In both works, the weight functions are designed
manually. Specifically, the first work models the HVAC with a MIMO dynamic system.
These systems are complex to control with mixed-sensitivity loop-shaping because it leads
to a high number of manually tuned weight functions. The second work exploits a robust
control design for an HVAC system applied to an automotive air conditioning system. The
same robust control loop-shaping approach is developed for a thermoforming oven field
[60].

Notwithstanding the cons of the gain scheduling and MPC, in [178] and [118], the authors
have developed an MPC controller to regulate the temperature for a different types of fur-

nace. In [84], a Gain scheduling control is applied to control an HVAC.

Before evaluating the proposed method’s performance, in the next subsection, we describe

the properties of the oven under analysis.

6.3 OVEN FOR HEAT SHRINKING

The plant under analysis is an industrial oven. This item is developed for heat shrinking
of plastique film. The plastique film cover different typologies of products, for instance:

plastique bottles, glass bottles or tin cans, etc.

FIGURE 6.1: The industrial oven for heat shrinking with the highlighted hot and cold air
flows.

The oven is composed of:

« Main hole: which is the biggest part of the system. It covers all the length of the
oven. The products, wrapped with the film, pass through it and thanks to the high

temperature the plastique film shrinks;
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6.3. Oven for heat shrinking

Three internal fans: which are positioned on the top and equidistantly spaced. Two

of these are powered by a fixed signal, instead the third is controllable;

Conveyor belt: which feeds the oven with the products wrapped by the plastique film.
Mainly, it is inside the main hole'. The height position is about at 1/4 (from the floor
of the main hole) of the total main hole height;

Four external fans: two out of four cool the conveyor belt! instead, the other two are

positioned over the oven entrance and exit, which cool the products;

The oven temperature is measured by a single thermocouple positioned at the top

center of the main hole;

The main hole is flanked by two cavities. They are two parallelepipeds which have the
same height and length as the main hole. These cavities are connected to the main
hole with some lateral slots positioned at 3/4 (from the floor of the main hole) of the
total main hole height. They share the area between the floor of the main hole and

the conveyor belt. The slots of the cavities can be totally closed or totally open;

Some air deflectors: which are positioned inside the area shared between the cavities
and the main hole shared (under the conveyor belt and over the floor oven). These

direct the airflow without changing the amount of flow;

Six thermoresistances: which heat the oven. They are powered by the same Pulse-
Width Modulation (PWM) signal. Their positions are into the concavities, three for

each. Their lengths are long as the main hole size;

Input and output PVC strip curtains: which allow isolating the hot air inside the oven
with respect to the colder ambient air. If the industrial oven is in manufacturing, then
the PVC strip curtains remain open almost all the time (since the wrapped products
enter and exit), otherwise, in the "out of the production" condition, the curtains are

closed. They are positioned on the oven exit and oven entrance.

Figure 6.1 illustrates the industrial oven. The hot air flows are represented in red arrows

and the cold air flows in blue arrows. The following list explains the meaning of each arrow.

Specifically, each list item number corresponds to the number depicted in Figure 6.1. The

main air flows are:

3.

The air inside the oven heats up in the concavities and it flows into the main hole
through the lower shared area. If the lateral slots are open the air recycling is higher

since the internal fans feed the concavities with the main hole air through the slots;

. The hot air goes out of the oven through the input and output PVC strip curtains.

Obviously, if the oven is in production, then the quantity of this flow is higher than

the "out of the production” condition because the position of the curtains changes;

The three internal fans move down the hot air;

TA small part of the belt is outside the oven, specifically at the oven entrance and exit.
UThey are positioned under the external part of the conveyor belt.
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4. The movement of the conveyor belt brings the outside air into the oven;
5. The external fans move up the clod air next to the PVC strip curtains.

A robust controller is needed to control all the oven configurations. A non-robust controller
can be ineffective, because the huge configuration variability can lead to undesired oven

behaviors.

The main assumptions of the proposed methodology are valid since the boundary config-
urations are known and the input and output dataset can be acquired in both conditions.

Table 6.1 reports the best and worst configurations.

TABLE 6.1: Boundary conditions features.

Worst Best
Conveyor belt ON ON
Conveyor belt fans ON OFF
Power frequency internal fans 50H z 50H z
Lateral slots Open Closed
Input and output PVC strip curtains  Open Closed

Remark 6.1

The air deflector configurations are not considered in the analysis of the boundary
conditions, because their impact is much less than the effect of the other features

since they direct the flows without changing the quantity.

6.4 EXPERIMENTAL SETUP

The input and output signals are acquired through a simulator that simulates both condi-
tions, where the input is the duty cycle of the PWM of the six thermoresistances and the
output is the sensed temperature. The input signal can vary between 0% to 100%. The
simulator is developed to represents all possible configurations and it faithfully represents

the real plant.
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According to the experimental design, described in Section 4.2, Figure 6.2 shows the mea-

sured output data, sampled with sampling time 75 = 60 s. Specifically:
« We simulated n = 4800 samples for each configuration;
+ The first and the last 400 samples for both configurations are acquired with null input;

« The first and last 1000 data of the general dataset are discarded to remove initial and

final transitory effects.

Note that the first sector corresponds the output of the industrial oven in the worst condi-
tion, instead, the second represents the output of the best condition. Since the most used
duty cycle values are between the 30% and 90%, the chosen input is an amplitude bounded

noise with mean 60 and standard deviation 30 for both segments.
Remark 6.2

It is important to highlight that the output signal does not contain some discontinu-
ities. This is fundamental to identifying the mean dynamic system with the kernel-

based identification.

Temperature [°C]|
&
o

0 1 1 1 1
0 1 2 3 4 5

Time [s] x10°

FIGURE 6.2: The measured output signal of the general experiment.

The FIR order is set as m = 100.
The chosen controller structure is :

T 1
K(z,p) =k, + k; +k
(z,p) P S 1 de+

— (6.1)
—1

z

where p = [kp, ki, kq, N,]" € R**1. The multi-objective problem (3.35) is solved by setting
v = 0.15, 0min = 0.01, £max = 10000s.
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6.5 EXPERIMENTAL RESULTS

The design of Ws(z) is designed for robust stability and nominal performance, however

the entire procedure is also applicable for the robust performance aim.

Figure 6.3a depicts the results of the identification procedure: the best condition is high-

lighted in orange, the worst condition in light blue and the average system in grey.

Figure 6.3b depicts the overall uncertainty WT( z) estimated by the Algorithm 4.1.
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. Drawn model from best condition
Qlé 20 Drawn model from worst condition ]
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(a) Frequency response of the boundary condi-
tions G pu (2) (in orange), Gpr (2) (in light blue)
and the average system Gog4(z) (in grey).

(B) Overall uncertainty weight Wr(z) estima-
tion. (Continuous line) Magnitude of the para-
metric model Wr(z). (Dots) Nonparametric es-

timate Q(e?“™). (Dashed line) The gain of the

Gp(2)
frequency response of oy (2)

tems G (z) are drawn from the sampling distri-
bution of the parameters estimates, in particular,
the orange lines depict the frequency responses
with G (z) drawn from the best condition distri-
bution, instead, the light blue lines illustrate the
frequency responses with G (z) drawn from the
worst condition distribution. The dashed lines
are a subset of the n, systems for graphical pur-

— 1, where the sys-

poses.

FIGURE 6.3: Kernel-based identification and estimation of Wy () results.

The controller parameters are estimated by exploiting the Algorithm 3.2. The images of Fig-
ure 6.4 show the graphical representation of robust stability and nominal performance con-
straints. The resulting controller guarantees the nominal performance and robust stability
since the inverse of the weight functions plus v stay-over, respectively, the complementary

sensitivity function and the sensitivity function computed using the average model @Og(z).

The performance evaluation are done by random sampling the open-loop systems from the
Gaussian distributions N (B pr, pu) and N/ (B 5L, 2B 1), specifically n,, = 200 for both.
The step responses of the resulting 2 - n,, closed loop systems are depicted in Figure 6.5.
Observe that the performance constraints (black dashed lines) are valid only for the closed-
loop of the system Gy, () denoted as Ty, (2) (grey dashed line) and, as we expect, both

constraints are respected.
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FiGUre 6.4: (Left) (Continuous line) Closed-loop complementary sensitivity function

Tog(2) using the estimated controller K () and the average system. (Dashed line)

147/Wr(2), that should lie above Ty, (). (Right) (Continuous line) Uncertain closed-loop

sensitivity function So, (), computed with the estimated controller K'(z) and the average

system. (Dashed line) 1+7/Ws(z), that should lie above the uncertain closed-loop sensitiv-
ity function.

The performances of the resulting controller obtained with the data-driven mixed-sensitivity
loop-shaping are compared to the performances of a controller synthesized with a manual
choice of Wr(z). Usually, the manual weight function is defined by three parameters: crit-
ical frequency w,, high-frequency gain h, and low-frequency gain /,. In this application

example, we consider that:

« Ws(2) is equal to the Wg(z), i.e. the performance weight resulting from the auto-

matic weight function design;

« The critical frequency of the manual uncertainty weight is assumed equal to the crit-

ical frequency of W (z).

In this way, we greatly simplify the real problem, since we reduce the tuning parameters
from 6 (three for each weight) to 2. Furthermore, we reproduce the trial and error design
for the last two tunable parameters by testing the S/7T" mixed-sensitivity loop-shaping on
all pairs of a test grid, structured as h, chosen from the vector [10, 20, 30, ..., 100] and
chosen from the vector [—50, —45, —40, ..., —5].

Figures 6.6 represents the cost function J(p, Goy(2)) resulting from the manual design for
all combinations of hy and ;. The red curve represents 1 + 7: the constraint of the data-
driven mixed-sensitivity loop-shaping. As depicted, only a small subset of the considered

manual choices of Wr(z) agrees with the constraint.

The images of Figure 6.7 represent respectively the curves of the indices: IAE, settling time
and overshoot. In all images, the green curve illustrates the performance of the proposed
design, instead the colored curve depicts the performance obtained with the controller de-
signed with the manual choice of Wr(z). Both curves illustrate the average performance
indices obtained with the sampled 2-n,, closed-loop systems. Specifically, the colored curves

in:
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Closed loop step responses
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FIGURE 6.5: Step responses of the 2-n, (n, for each boundary condition) sampled systems
coupled with the resulting controller /(z), compared to the step response of the average
dynamic system denoted as T4(z). The black dashed lines represent the performance

constraints for Gog(z).

+ The left images represent the curve obtained with the manual design for all couples

of hy and [,

« The right images depict a sections of the colored curves represented in the left images.
The couples h, and [, compose the right curves, if the corresponding cost functions
J(p, Gog (2)) computed with the manual Wr(2) (designed with hgy and [;) are less
than 1 4 ~. Since the couples that agree with the cost function constraint are six and

all of these share the same h, value, the right curves are a represented as lines.

For all performance indices, the proposed method behave better than the manual design con-
sidering that Ws(z) and the critical frequency of Wr(z) are chosen by employing the results

of our automatic weights design.

6.6 CONCLUSIONS

The automatic weight functions design via kernel-based system identification applied to the
mixed-sensitivity loop-shaping, proposed in Chapter 3, is adapted to handle multi-model
systems. To do so, a general distribution, which embeds all parameters uncertainties and
model identification uncertainties, is developed. A key role is played by the experimental

design, as described in Chapter 4.

The proposed methodology is applied to an industrial oven which shrinks plastique films.
This application is complex since the oven has many configurations to operate with different
types of films and wrapped products. The result demonstrates that the data-driven weight

functions design:

+ Avoids the trial and error procedure;
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FIGURE 6.6: Graphical representation of J(p, éog(z)) by varying h, and [ . The red curve
depicts the relaxed constraint value 1 + ~.

« Outperforms all combinations of manual design of Wr(z), despite, in this case, the
degrees of freedom of the problem of weight functions selection are reduced to sim-

plify the comparison.

As already mentioned, the overall uncertain system can be employed to control aims, thanks
to the low bias property of kernel-based identification. On the other hand, if we use a para-
metric identification with a wrong selected model family, the resulting overall distribution
is biased and thus the uncertain multi-model system does not represent the real plant. This
phenomenon leads to a useless controller that works with the model, but not with the real

plant.
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(c) Graphical representation of the average of overshoot curve index.

FIGURE 6.7: All images depict the average values of the performance indices computed on

the closed-loop system obtained by K (z) and the sampled 2 - n,, dynamic systems. The

colored curves represent the results obtained with the manual design, instead the green

curve the results obtained with the proposed design. Specifically: (Left) Illustrates the

performance indices obtained with all couples of h, and [,, (Right) Report a portion of the

curves depicted in left images. This section is composed of the couples that meet with the
constraint J (5, Go,(2)) < 1+~ (see Figure 6.6).
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CHAPTER 7

EXPERIMENTAL FAULT DETECTION OF INPUT GRIPPING PLIERS IN

BOTTLING PLANTS

This chapter presents a signal-based fault detection scheme for input gripping pliers of the
blow molding machine in plastic bottling plants, using accelerometers data. The focus of
the diagnosis is on the bearings that support the pliers movements on their mechanical cam.
The rationale of the algorithm lies in interpreting the pliers’ bearings as the balls in a tra-
ditional rolling bearing. Then, strategies inspired by bearing diagnosis are employed and
adapted to the specific case of this work. The developed algorithm is validated with exper-

imental tests, following a fault injection step, directly on the real blow molding machine

7.1 INTRODUCTION

A bottling plant is a complex system that manages the entire production cycle for the sale
of beverages. These plants can be large, distributed, and have a complex layout, see [131].
This work focuses on the production process of PolyEthylene Terephthalate (PET) plastic
bottles. In this case, the input material is usually a rigid plastic preform. The process is
composed by a series of sequential operations, covering e.g.: (i) preform feeding; (ii) heat-
ing; (iv) blowing; (iv) bottles filling and capping; (v) labeling; (vi) transportation along the
production line; (vii) packaging and (viii) palletizing, see Figure 7.1. Each one of these pro-
cessing steps is performed by a specialized machine, with their respective mechanical and
electrical components. These machines are most of the times independently controlled, and

their synchronization is performed during the first setup of the plant by an expert operator.

The entire process stops if a machine or a component fails in one the main production steps,
often causing large wastes of wrecked bottles, liquid and caps. Furthermore, if e.g., bottles
get stuck in the blow molding machine, the operator has to manually extract them from
the molds or from the pliers, wasting a lot of useful production time. As an example, the
filling and capping machine stops if there is a lack of bottles from the input pliers, or if
there is a tailback of filled bottles at output pliers. The works of [25, 165] showed how
the unscheduled downtime in bottling plants can vary between 10% and 60% of the total
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production time. Thus, a fault diagnosis system is highly envisaged to reduce (and prevent)

the time wastes in this kind of production lines.

FILLING & Blow molding

LABELING | CAPPING ELOHIING HSA\'ﬁEG §§§ Input conveyor
& o= | (preforms feeding)

1RO e

4 Output pliers 4 Input pliers

PALLETIZING

i Conveyor belt E—J} i
PACKAGING

@:LI

FIGURE 7.1: Example of a bottling plant with main machines. The blow molding machine
is highlighted as the main machine considered in this work.

The concept of fault diagnosis refers to the general usage of specific techniques to assess
the status of a system with respect to its possible faults (for further information see Section
2.3).

Fault diagnosis approaches in bottling plants have been relatively little addressed in the
literature. Models of chained production lines can be found in the queuing theory of [127].
In [162], the authors focused on the diagnosis of the filling machine, by employing a type of
model-based fault diagnosis known as consistency-based approach. Here, the whole plant
has been modeled with a set of components, and anomalies in the bottle transport flows are
detected. An alternative modeling of the plant is proposed in [143], where Petri-nets are
employed for the detection of bottle overflows, improver filling valve operation and Infra-
Red (IR) sensors monitoring. A decision-tree expert system is employed in [164], where

transition time data are used for detecting faults in a brewery plant.

This work presents a signal-based FD scheme for gripping pliers in bottling plants. The pli-
ers are present in the blow molding machine. The aim of the input and output pliers is to
carry the preforms and the bottles, respectively, from the input conveyor belt into the blow
molding machine and from the blow molding machine to further processing. The presented
literature investigated the modeling the entire production process, mainly with an higher-
level outlook and a focus on the flow of the bottles material. Instead, we focus our attention
on a specific component and on its working behavior. The aim of this work is to detect the
degradation of the posterior bearings used for the movement of pliers that carry the heated
preforms from the oven into the molds of the blow molding machine. The devised FD al-
gorithm interprets the pliers’ bearing like the ball element in a traditional rolling bearing.
Thanks to this interpretation, signal processing techniques can be employed on accelerom-
eters data to extract diagnostic information. The application of the proposed diagnostic

algorithm on experimental data shows the goodness of the method.
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7.2. Experimental setup

7.2 EXPERIMENTAL SETUP

This section shows: the machinery description, the fault injection design, the testing pro-

cedure and the characteristics of the employed sensors.

7.2.1 SYSTEM DESCRIPTION

The bottling plant under consideration is composed by the following components, see also

Figure 7.2:

1.

2.

/ 8 Statioh
* mold
AN

Input conveyor, that feeds the raw plastic preforms into the plant;
Oven, used to heat the plastic preforms;

A set of input gripping pliers, that take the overheat preforms and bring them into the

blow molding stage;

Blow molding machine, that blows the preforms, now fixed in a mold, into the final
bottle format;

A set of output gripping pliers, that take the blown bottles from the blow molding

machine and bring them into the filling stage;
Filling and capping machine, that fills the blown bottles with a liquid and put the caps;
Conveyor belt, that transports the filled and capped bottles;

Packing and palletizing machines, that create bottles packs and arrange them for load-

ing and transportation.

blowing
Carousel * rod
000
To filling and Conveyor belt
capping i
1) L O el EAIIR =

N Heater Heater Heater ﬁ
g Q g Q Heater Heater Heater ﬁ

I =

________ LS e
4 Output pllers 4 Input pllers i ﬁ
Focus of the study 0
| Blow molding ‘

From Input conveyor
(preforms feeding)

FIGURE 7.2: Schematic of the oven and blow molding machines for a plastic bottling plant.
The steps of the production process, from (1) to (8), are highlighted with respect to the
components responsible for each step.
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In this work, we consider only the blow molding machine, see Figure 7.2. This machine is

composed by three important components:
« Carousel, a rotating component that supports one or more stations;

« Stations, i.e. the main component for blowing the preforms. Each station is made up

of:
— Mold, that defines the form of the blown bottle;
— Rod, which is used to stretch the heated preform prior to its blowing;
- the blowing system;
« The output and input gripping pliers (the main focus of this study).

The blow molding machine under consideration has 8 stations and 4 input/output pliers. An
example of a gripping plier is depicted in Figure 7.3-(left). The pliers lie on a mechanical cam
via two sets of bearings: two posterior and a frontal one. The arms of the plier, responsible
for the gripping, are connected to the frontal bearing. The two sets of bearings (posterior
and frontal) are connected by two springs. The cam is made in such a way that, when the
springs stretch (i.e. when the distance between the two set of bearings is large), the plier
arms open due to the retracting of the springs. When this happens, the preform can enter
between the arms. Then, the cam mechanics release the tension on the springs and the arms

close, this time holding the preform. This behaviour is schematized in Figure 7.4.

s ‘] ;
\ s e »
- ""H'U‘H'\‘VM|Hll\\\\‘\‘!‘l‘l‘l\l\lvllHlHM\((ﬁ“l I

1

= |

1 -

. TF+ Ll s

. g :\POSIEFIOI’ Ir T g
> P silubearings— SRS 7 i

™ Front béaring
Cam inner race

F1GURE 7.3: (Left) Upper-view of an input gripping plier with front bearing detail. (Right)
Upside down side-view with posterior bearings, springs and cam detail.

When the springs are stretched and the pliers arms open, the posterior and frontal bearings
are tightly attached to the cam structure. In all other cases, the bearings may not be always
in contact with the cam. Thus, we expect to detect a damage on the posterior bearings in
the first case, i.e. when the plier arms are fully open. From Figure 7.4 we observe that the
pliers arms are open when the plier has to take a preform from the oven, or when it has to

release a preform inside the mold of a station.

7.2.2 FAULT INJECTION AND TESTING PROCEDURE

A damage was injected on posterior bearings in the plier mechanism, by partially removing

material from the bearing surface, see Figure 7.5.
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FIGURE 7.4: Opening and closing mechanism of the pliers arms as function of the plier
position on the cam.

|

FIGURE 7.5: Fault injection of posterior pliers bearings.

The blow molding machine operates at a set of production rates. We performed experi-
ments at 1800 rph (revolutions per hour), where each test lasts about 3 min. The tests were
performed both with all healthy pliers and a faulty one. The first preform arrives at the
input pliers after 40s, since they need to travel inside the oven. Thus, the first 40s of the

input pliers operation are without the load given by the heated preform.

As can be seen in Figure 7.5, the fault on the plier bearings can be interpreted as a fault
on rolling balls inside a mechanical bearing. Thus, accelerometers are the best candidate

sensor to monitor this specific kind of fault, see [140].

7.2.3 SENSORS AND DATA ACQUISITION

We employed a single axis Hansford HS-170S piezoelectric accelerometer to measure the
vibrations produced by the pliers during their operation. The accelerometer sense over the

Z axis, which is the one orthogonal to the rotation axis of the pliers bearings. Since the pliers
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rotate, it was necessary to insert the accelerometer on the fixed structure that supports the
pliers mechanics, see Figure 7.6. The accelerometers data are then acquired at 12.8 kHz

using a NI CompactDAQ hardware.

i
By

FIGURE 7.6: Considered accelerometer over the Z axis and its positioning on the pliers
structure.

The blow molding machine is able to store variables related to the motors that actuate the
input/output pliers and the carousel. Specifically, it is possible to measure the following
motor-related variables: (i) quadrature current, proportional to their torque; (ii) reference

and measured positions; (iii) temperature.

Furthermore, a binary indicator signal i(t) is present, that changes logical status (from 0 to
1) when a plier passes in front of a Infrared Sensor sensor, where ¢ is the time index. Thus,
there are 4 impulses of this indicator signal for each complete round of the input/output

pliers. These machine-related signals are sampled sampled at 1 kHz.

Due to the fact that the accelerometers and the machine-related signals are sampled with
different sampling frequencies, a synchronization signal has been devised to synchronize

the accelerometer and motors measurements.

7.3 FAULT DETECTION OF GRIPPING PLIERS

The accelerometer signals a(t) can be divided into segments relying on the indicator sig-
nal i(¢). Each segment contains the data between two consecutive impulses in i(¢). Each
complete round of the pliers is thus divided into four segments, that correspond to the four

“working quadrants” of the gripping plier mechanism, see Figure 7.7.

Suppose that the damaged plier is the third one (P3). The bearings of the damaged plier
are in close contact with the inner race of the cam where the springs of the damaged plier
are stretched and its arms are open. This happens in the in the Q3 and Q4 quadrants. So,
we expect the accelerometer measurements to be sensitive to the fault in these operating

conditions.

128
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IR sensor

Damaged

Accelerometer

FIGURE 7.7: Schematic of the pliers mechanism. The plier P3 is supposed to have damaged
posterior bearings.

The main idea behind the fault detection algorithm is to consider the entire gripping pliers
machinery as like as a rolling bearing structure. The analogies between these two mechanical

systems are:
« Posterior bearings that support the pliers are thought as a ball inside a rolling bearing;
« Inner race of mechanical cam of the pliers is thought as the inner race of the bearing;
« Outer race of mechanical cam of the pliers is thought as the outer race of the bearing.

Using this abstraction, the accelerometer signals are processed with techniques inspired

from bearing fault diagnosis.

Remark 7.1

As in standard bearing diagnosis, the accelerometer data are relative to a constant

rotation speed.

7.3.1 FAULT DETECTION ALGORITHM

Inspired from bearing diagnosis, see [139], the proposed algorithm for posterior bearings
fault detection in input gripping pliers involves the following steps: (i) filtering the raw

accelerometer data; (ii) envelope analysis; (iii) computation of fault indicators.

DATA FILTERING

As a first processing step, it is often useful to bandpass-filter the raw vibration signal, in or-
der to enhance the fault symptoms with respect to background noise and normal operational
vibrations. The Spectral Kurtosis (SK) provides a mean to determine which frequency bands
contain a signal of “highest impulsiveness”. These impulsive behaviours are supposed to be

originated from a fault. The SK algorithm divides the spectrogram of the signal in frequency
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bands. For each of these frequency bands, the kurtosis with respect to time is computed.
The result is a kurtosis as function of the frequency. The kurtogram plot allows to evaluate
the kurtosis for different frequencies and frequency resolutions (length of the frequency
window considered for the computation). The kurtogram is used to select the frequency

band [f.— by, f.+ by] for filtering the raw vibration signal a(t) into its filtered version r(t).

ENVELOPE COMPUTATION

A consolidated technique is that of envelope analysis, where the signal is amplitude de-
modulated to form the envelope r.(t), that can be more suitable for diagnostic purposes.
In standard bearing analysis, the spectrum of the envelope is computed to look for specific
fault frequencies. In our case, time-domain indicators are more useful since, due to the low

rotation speed, it is hard to distinguish frequency components sensitive to the fault.

FAULT INDICATORS EXTRACTION

We propose two indicators to monitor the posterior bearings of the pliers:
1. The kurtosis values K of the envelope signal 7,(¢);
2. The Root Mean Square (RMS) value R of r.(t).

The steps for computing the indicators are summarized in Algorithm 7.1. Then, fault de-
tection is achieved by comparing one or more of the indicators with specified thresholds
defined on healthy data.

Algorithm 7.1: Fault indicators for gripping pliers
Input: a(t), f., by

7(t) < Filter the signal a(t) in [f. — bs, fo + by] Hz
re(t) < Compute the envelope signal of ()

K < Extract the Kurtosis of 7¢(t)

R + Extract the RMS of r(t)

RY + Extract the RMS of each quadrant ¢ of 7¢(t)

Output: K, R

G e W N =

7.4 EXPERIMENTAL RESULTS

The experimental campaign, as described in Section 7.2.2, is conducted only on the input
gripping pliers. Figure 7.8 represents the first 40 s of healthy and faulty vibration signals.
Although a difference is already visible on raw data, the proposed processing steps allow to

enhance the diagnostic capabilities of the extracted indicators.

To this end, the raw signal a(t) is bandpass filtered after bandwith selection with the kur-
togram method. Figure 7.9 depicts the kurtogram of a faulty signal, where the optimal
bandwith with f. = 1533 Hz and by = 133 Hz is highlighted.
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Figure 7.10 depicts the computed envelope r.(t) of the filtered vibration signal r(¢). Based
on this, the kurtosis and RMS indicators are computed on two healthy experiments (test H1
and test H2) and a faulty one (test F). The results, summarized in Table 7.1, indicate that
the kurtosis is particularly sensitive to the fault, with a percentage variation of about 1617%
between healthy and faulty tests. This variation is computed (both for K and R) between

the average value of the indicators from the two healthy tests, and the indicator from the

faulty test.

=
=]
8
2
<
1
[}
@
Q
[$)
<
Fault
2r Health ||
0 5 10 15 20 25 30 35 40

Time [s]

F1GURE 7.8: Example of healthy and faulty vibration signals.

Kmax = 64.2457 at level , Optimal Window Length = 96,
Center Frequency = 1.5333 kHz, Bandwidth = 0.13333 kHz
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FIGURE 7.9: Kurtogram on faulty data, with indication of the best filtering bandwith.

To better assess the validity of the proposed rationale, we selected the segments of data
over one full round of the pliers, for one healthy and one faulty test. These segments were

aligned over a common time axis for visualization purposes in Figure 7.11.

First, it can be noticed that the envelope signal presents a very high repeatability. Second,
the faulty envelope clearly presents fault symptoms when the damaged plier P3 passes
in the quadrants Q3 and Q4. We detect higher spikes when P3 steps over Q3 since the

accelerometer is placed closer to Q3. When P3 steps over Q4, we detect a lower spike.
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FIGURE 7.10: Envelope of healthy and faulty vibration signals.

TaBLE 7.1: Kurtosis and RMS of 7. () for each tests.

H1 H2 F % variation

Kurtosis 6.1 5.7 101.3 +1617%

RMS 0.0075 0.0075 0.0165 +120%
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FIGURE 7.11: Overlapped portions of data for each full round of the pliers. The indicator
signal i(t) groups the data into the four operating quadrant of the pliers. The passages of
the faulty plier P3 over the quadrants are showed.
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7.5. Conclusions

Thus, a further possibility would be to compute the kurtosis or the RMS indicators only in
the quadrants Q3 or Q4, i.e. where the springs stretches and fault is more detectable. Figure
7.12 shows the boxplots of RMS value of the signal portions depicted in Figure 7.11, in each
one of the four quadrants. The plot suggests the same conclusions of Figure 7.11, i.e. the
fault is mainly detectable in Q3, due to the proximity of the accelerometer to the regions of

the plier mechanics that are most sensible to the fault.
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FIGURE 7.12: Boxplots of the RMS of the envelope signal over each quadrant.

Remark 7.2

Fault isolation, that is, to understand which plier is faulty, can be accomplished by
an additional sensor able to differentiate the passage of one plier with respect to the
others, e.g. by generating an impulsive signal with a different pulse length for one

of the pliers.

7.5 CONCLUSIONS

We presented a signal-based approach for detecting the fault of the posterior bearings in an
input plier mechanism for a blow molding machine in a bottling system. The approach em-
ploys accelerometers data, processed with a workflow inspired by the diagnostic of mechan-

ical bearings. Experimental data validated the effectiveness of the fault detection method.
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CHAPTER 8

MODEL-BASED FAULT DIAGNOSIS OF SLIDING GATES
ELECTRO-MECHANICAL ACTUATORS TRANSMISSION COMPONENTS

WITH MOTOR-SIDE MEASUREMENTS

This chapter presents a model-based fault detection and isolation scheme for the transmis-
sion components of Electro-Mechanical Actuator (EMA), applied to the actuation of sliding
gates. The most important failures are investigated by a Failures Mode, Effects and Crit-
icality Analysis (FMECA) procedure. Following FMECA, the components selected for the
development of the diagnostic algorithm are the nylon gear and pinion of the EMA, and the
rack of the gate. The proposed diagnostic algorithm is able to isolate two out of the three

types of faults. The overall procedure is validated by experimental results.

8.1 INTRODUCTION

The present work is devoted to the development of a model-based fault detection and iso-
lation algorithm for the transmission components of Electro-Mechanical Actuator (EMA).
Specifically, we mainly focus on the diagnosis of gear wheels-like transmission components.
The proposed diagnostic scheme is applied to an experimental setup of EMAs that actu-
ate sliding gates, where components, and their failures, have been selected using a Failures
Mode, Effects and Criticality Analysis (FMECA). This applicative context is characterized
by the employment of low-cost components. Thus, a major challenge is to detect faults

without additional measurements.

The diagnosis of gears has been the focus of many studies in the literature, see [140, Chapter
5.4]. Starting from [154], who proposed a number of indicators for gearbox diagnostics
based on Time Synchronous Averaging (TSA) and frequency analysis of a vibration signal,
many other works followed with same diagnostic rationale, see [108, 171]. In [42], the
author introduces the use of Hilbert transformation to demodulate the vibration signal for
a diagnostic purpose. The computation of a signal envelope by amplitude demodulation is
one of the main techniques for detecting faults also in rolling bearings [107, 140, 147]. The

aforementioned works consider the measurement of a vibration signal. Other methods for
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transmission components with motor-side measurements

gear diagnosis make use of the so-called transmission error signal [140, Chapter 5.4], and
then analyze its envelope in frequency domain, as in [46]. The transmission error represents
the difference between the angular motion of a driven gear and that which it would have if

the transmission were perfectly conjugate, that is constant speed out for constant speed in.

However, as in our application, it is not possible to compute this signal, since e.g. only a
single encoder is present (usually motor-side), and it is not possible to add accelerometers
due to the low-cost of the EMA equipments and envelope constraints, see [166]. The use of
only motor-related measurements to perform diagnosis of EMA has been previously inves-
tigated in the literature, especially for critical applications such as the aerospace industry
[103, 105]. Contrary to signal-based or knowledge-based methods for fault diagnosis, as in
[104, 106], here we propose a model-based fault detection and isolation scheme for EMA, that

relies only on common motor-side measurements such as input voltage and motor speed.

The main contribution of this work relies in the residual evaluation: after the residual sig-
nal has been generated, it is processed by an envelope analysis to highlight the main fault
frequencies that can raise when a component of the transmission chain is damaged. Then,
a classifier is trained on features extracted on the frequency representation of the resid-
ual signal envelope. The designed classifier isolates two out of three faults, along with the

healthy condition.

8.2 FAILURE MODE, EFFECTS, AND CRITICALITY

ANALYSIS

In this work, we applied a Failures Mode, Effects and Criticality Analysis (FMECA) to in-
vestigate the failures of the EMA and gate system. The FMECA is a reliability procedure
that determines all potential failure modes of the various system’s components, their ef-
fects, causes and degree of criticality. The criticality analysis in the FMECA aids to define
the so-called criticality matrix, used to classify the failures into a severity and frequency of
occurrence levels, see [141]. This classification will be used to guide the selection of which

failures should be considered by the proposed diagnostic algorithm.

The most occurring failures, appearing in years of maintenance reports, are: (1) Rack with
broken tooth; (2) Pinion with broken tooth; (3) Broken shaft; (4) Broken nylon gear; (5)
Short circuit of Direct Current Motor; (6) Corrupted wheel. The resulting criticality matrix
is depicted in Figure 8.1. By using this representation, each failure is allocated to a matrix
cell, with assigned probability level (frequency of occurrence) and a severity level (critical-
ity). The probability level is qualitatively defined as (A) probable, (B) remote, (C) extremely
remote, (D) extremely improbable. The severity level is qualitatively described as indicating
(D) catastrophic, (II) hazardous, (III) major and (IV) minor consequences, respectively. These
qualitative levels should be understood as dependent on the specific system considered, see
[107, 111, 141].
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Corrective action
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| Shaft
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FIGURE 8.1: Criticality matrix resulting from FMECA on the considered actuation system.

The (3) Broken shaft failure is classified in the cell (C-I) in the probability/severity table,
since it occurs with extremely remote frequency and, moreover, it is a catastrophic phe-
nomenon, because the shaft is disrupted into two pieces. Thus, in this condition, the EMA
does not work. Another catastrophic event, that compromises the electronic of Direct Cur-
rent Motor (DCM), is the failure (5) Short circuit of the DCM. Since this failure happens

remotely, it was classified as (B-I).

Two failures that are not catastrophic, but still have major consequences on the system,
are: (4) broken gear, classified as (C-IIT) and (6) corrupted wheel, classified as (B-III). These
failures do not stop the EMA operation, but they make difficult the sliding of the gate. The
operators common knowledge is that a broken nylon gear is the result of a natural notch on
the gear that breaks through the entire gear radius. Due to this, the gear structure becomes
weaker. After some movements, the less solid gear causes a misalignment that induces other
cracks in the gear structure, leading to its disruption. Instead, the (6) corrupted wheel fault
is due to the environmental corrosion that exhausts the wheel bearing. The failures that
have minor consequences on the system are: (1) Rack broken tooth and (2) Pinion broken
tooth, both classified as (D-IV). These are failures of the same type, i.e. a tooth breaks totally,
on two different but connected components, see Figure 8.4. The EMA works properly with

these failures.

The criticality matrix is used to assign a qualitative risk level for each failure, denoted by
the cell color in Figure 8.1. Green and yellow cells contain the failures that do not require
redesign of the actuation system. Instead, the red cells indicate the failures that can be
prevented only by a system redesign, since those failures are too critical and/or too probable.
The focus of the diagnostic algorithms will therefore be on the failures that are not at the
maximum risk level, i.e. those in the green and yellow cells of the criticality matrix: (1) Rack

with broken tooth, (2) Pinion with broken tooth and (4) Broken nylon gear.
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8.3 EXPERIMENTAL SETUP

The system setup consists of a sliding gate actuated by a Direct Current Motor (DCM) with
nominal voltage of Vj = 24 V. The control of the DCM is made possible by a Pulse-Width
Modulation (PWM) at 100 Hz of the input voltage signal. The gate moves by means of
steel wheels on a steel rail. The motor is connected to the gate through a transmission that
converts the DCM rotation to a linear movement. The transmission is composed of: (i) a
worm gear, (ii) a nylon gear, (iii) a shaft, (iv) a pinion and (v) a rack. We denote with the
term Electro-Mechanical Actuator (EMA) the connection of the DCM with the transmission

elements (i)-(iv), while the rack is a component that belongs to the gate.

FIGURE 8.2: Schematic representation of the overall system.

Figure 8.2 depicts how these elements are connected. In particular, the worm gear is welded
to the rotor of the DCM and it is coupled to the nylon gear with a primitive radius of r =
28 - 1073 m, that consists of 44 teeth, see Figure 8.3-(left). Since the rack is external to
the EMA cover, a shaft connects the gear to the pinion, which in turn it is paired with the
gate’s rack. The rotation at the output of the EMA is transformed into linear motion by
the pinon and the rack. The pinion is made of stainless steel and it has 14 teeth, see Figure
8.3-(right). An encoder measures the motor speed wys(t). The conversion from wy/(t) to
axial speed vj/(t) can be made by the transmission ratio 7 = 1/47 - r. The motor resistance
is R =0.7473Q, and k; = k. = K = 0.0696 are the mechanical and electrical constants

of the motor, respectively.

8.4 FAULT INJECTION AND TEST PROTOCOL

8.4.1 FAULT INJECTION

A fault injection procedure has been devised in order to collect measurements from a faulty

system, considering the rack, pinion and nylon gear components. The rack and pinion
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FIGURE 8.3: Healthy nylon gear (left) and pinion (right).

faults were injected by removing a tooth using a vise, see Figure 8.4-(left) and 8.4-(right)

respectively.

FIGURE 8.4: Faulty rack (left) and pinion (right).

To reproduce the break of the nylon gear, we performed about one hundred gate movements
(opening and closing) to break-in the component. After that, the fault is injected by carving
perpendicularly the 80% of the total gear radius using a saw. The width of this notch is about
1 mm, see Figure 8.5-(left) where the area that contains the injected notch is highlighted in
blue. In Figure 8.5-(left), it is possible to notice four mechanical housings, which aim is to
hold the shaft joint. These are the most critical parts of the gear because they are subject
to the force applied by the shaft through its joint. Thus, the fault is injected in this area. In
this notched condition, the inner ring of the gear, i.e. the part that delimits the shaft slot, is
still not broken. Thus, to induce its breakage, the carved gear is mounted on the EMA and

about fifty openings and fifty closings are performed.

Figure 8.5-(right) represents the condition of the gear after the 100 movements. As depicted,
the width of the natural notch is less than the width of the artificial one (highlighted in blue).
It is important to remark that if the inner ring is completely broken by an artificial carve,
e.g. with depth 100% of the gear radius, the structure would be too weak to perform any

useful experiment.

139



Chapter 8. Model-based fault diagnosis of sliding gates electro-mechanical actuators

transmission components with motor-side measurements

Artificial
notch

Inner
ring

|

FIGURE 8.5: Faulty nylon gear without breaking the inner ring (left); natural notch that
breaks the inner ring (right).

8.4.2 TEST PROTOCOL

The experimental protocol is composed of five different test plans: (i) healthy tests; (ii) gear
fault tests; (iii) pinion fault tests; (iv) rack fault tests. All experiments share the same gate,
binary and environment, but the fault injected is different. Only one fault at a time has been
considered. In order to validate the diagnostic algorithm, the test protocol is performed
twice with two different EMA.

Each test plan consist in opening and closing gate movements, interspersed with a break
of 7 seconds, in order to not overheat the motor. The motor is commanded in open-loop
with trapezoidal voltage profiles, that define acceleration, constant speed, and deceleration
phases. The rise and fall times of the acceleration and deceleration phases have been set
to 1s (the minimum settable acceleration/deceleration time). This choice is motivated by
two ideas: the first one is that we wanted to perform movements that were stressful for the
system (to enhance the fault detectability); the second reason regards the practical use of
the gates, where the fastest opening and closing movements (but within laws regulations)

are usually desirable.

The EMA hardware allows the acquisition of the following measurements with a sampling
frequency of f; = 5000 Hz:

1. Motor speed wy(t), measured by the motor encoder;

2. Motor working phase p(t), showing which working phase the motor is currently per-

forming (acceleration phase, constant velocity phase, deceleration phase);
3. Motor current i(t), flowing in the DCM coils;

4. Motor voltage V (t), powering the motor.
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8.5 MODEL-BASED FAULT DETECTION AND ISOLATION

ALGORITHM

This section describes the procedures employed to design the fault detection algorithm.
Since, the chosen fault detection methodology is model-based, the first part describes the
modeling and identification procedures. Instead the second part focus on the residual gen-

eration, evaluation and decision logic.

8.5.1 MODELING AND IDENTIFICATION

A mathematical model of the DCM is presented in Figure 8.6, where: F,(t) is the load force
opposing to the motor; L is the motor inductance; R is the motor resistance; D is the motor
equivalent friction coefficient; J is the motor equivalent inertia; T is the transmission ratio;
K = k; = k. represents the motor mechanical and electrical constants; V (), 2(t), Th(t),
war(t), 0pr(t) are the applied voltage input and simulated current, torque, motor rotational

speed and load axial speed, respectively.

F
V(t) . i(t) Tu() y T om® [T Jom(®)
I Ls+R K Js+D T >
K
F1GURE 8.6: Blocks scheme of the DC motor model.
Fault Fir(t)
Pass-band filtering Decision logic
+
V(t) r(t) En\flope o(f) Classification
Select constant speed data algorithm
+ +
Fast Fourier Transform l
o(t) Residual evaluation Fault isolation

Wy(s)

Residual generation

FIGURE 8.7: Proposed model-based fault diagnosis scheme.

It is interesting to notice that most of the parameters of this model are known from the
motor datasheet or can be computed. The motor equivalent inertia can be expressed, in

this rigid model, as J = Jy; + 72 - m, where Jj; is the motor inertia and m is the weight

141



Chapter 8. Model-based fault diagnosis of sliding gates electro-mechanical actuators

transmission components with motor-side measurements

of the gate. Both are known and correspond to Jy; = 3.5 - 10 °kg - m and m = 608 kg,
respectively. To obtain the simplest possible model, we set L = D = 0.

From these hypotheses, it is possible to compute the complete transfer function from the

input V'(¢) to the output /(t) as:

W(s) = (G(s) — A(s)) - 7 (8.1a)

_ K _ RT _ (8.1b)
“\JR s+ K2 JR-s+K2) " '

. G(s) = Lo gs) is the estimated transfer function from voltage V() to motor speed

. A(s) = 25 i the estimated transfer function from the load force F, .(t) to motor
Fr(s)

speed wys(t).

The force F(t) = m - g - Csteel represents the sliding friction force of steel wheels on steel
rail, with friction coefficient cgee) = 3 - 1074 (see [9]), and g is the gravitational force. We

assume F(t) to be a constant force equal to F,(t) = F, = 0.19N.

The model (8.1) is thus completely known, but experimental data reveal the presence of an

input-output delay. Thus, we identified a model of the form:

Ga(s) = %—H e, (8.2)

where 1 is the gain of G(s), T'is the time constant of G(s) and d is the delay of the system!.

A gray-box simulation error minimization is performed by minimizing the cost

1 N 2
NZ ) —9a(t))”, (8.3)

where the computed load axial speed v°(t) is obtained as v°(t) = wy(t) - T (by considering

the transmission as rigid), and 04(t) is the simulated output of the model

Wa(s) = Ga(s) — A(s) . (8.4)

The behaviour of the model in (8.4), for a opening gate movement not used for the identifi-

cation, is depicted in Figure 8.8, where good simulation results can be observed.

'In the literature there exists a fault diagnosis method that detect faults through recursive parameter estima-
tions, see [77]. This approach needs an input that excites the system sufficiently. Therefore, it is not applicable
to this problem, because the available step input is not enough exciting to be used in black-box identification
procedures.
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FiGURE 8.8: Computed axial speed v°(t) from measurements and simulated axial speed

4(t) by the model Wy(s).

8.5.2 MODEL-BASED FAULT DETECTION AND ISOLATION SCHEME

RESIDUAL GENERATION

Figure 8.7 shows the proposed model-based fault detection strategy. The residual 7(t) is
computed by an output-error based scheme, see [78, Chapter 10], that compares the com-
puted axial speed v°(t) (computed from the measure of wys(t)), with the simulated output
04(t) of model (8.4), given the same input V' (¢):

r(t) = v°(t) — dalt) - (8.5)

The employment of the model in (8.4) allows to generate a residual signal that is able to
compensate for variations in speed, even in the constant speed phase where speed oscillations
are visible, see Figure 8.8. The disturbance F(¢) can not be decoupled from the residual
since we only use one output measurement to perform fault detection. Instead, there exists
diagnostic schemes that try to reduce the effect of disturbances on the residuals, see [40,
Chapter 7], in our application the effect of F,(¢) on the true axial speed vy (t) is negligible
since the gain of A(s) can be found to be 14 = B7%/K2 ~ 5-1074, so that the signal FJ (t),
filtered through A(s), as an amplitude in the order of 1075 m/s, which is negligible with

respect to the amplitude of vy () (around 10! my/s).

RESIDUAL EVALUATION

The proposed residual evaluation scheme, that is the main methodological contribution of
this work, allows to detect all three fault types and to isolate them in two categories. The
starting point is the observation that the mechanical transmission components of interest
(e.g. rack, pinion and nylon gear) behave as a single component, since they are all con-
nected together and also linked to the motor through the nylon gear. We thus expect that
faults on the selected transmission components can be detected by using the same set of

input/output measurements. Furthermore, the nylon gear and the pinion are basically gear

143



Chapter 8. Model-based fault diagnosis of sliding gates electro-mechanical actuators

transmission components with motor-side measurements

wheels, where a tooth is removed by the fault injection procedure. As stated in the intro-
duction, the envelope analysis of the transmission error can be employed to diagnose faults

in gears.

The main idea of this work is to apply the envelope analysis on the residual signal r(t) in
(8.5). In this view, the signal 04(t) can be effectively interpreted as the axial speed that one
would have if the transmission were perfectly health and rigid, thus acting as a “virtual
load encoder” signal. The true axial speed vy (t) will be affected by faults, but since the
components are all linked together, we expect that also the computed axial speed v°(t) (or

equivalently, the measured motor speed wj/(t)) will be affected.

The aim of the envelope analysis is to look for specific fault frequencies, as commonly done
for rolling bearings [140, 147]. Here, we look for the fault frequency fryy that may appear
on the shaft that connects the nylon gear to the steel pinion (which is then linked to the
rack of the gate). Since, in our experiments, the rotational motor speed is known and it is
about wys(t) = 4100 rpm, the shaft rotational speed is 4100rpm/44 =~ 93 rpm, where 44 is the
ratio reduction from motor to shaft (i.e. the number of teeth of the nylon gear). Hence, the

fault frequency of the components that are coupled to the shaft is about fg = 1.55 Hz.

The envelope analysis of the residual signal r(¢) proceeds as follows. First, a bandpass fil-
tering with bandwidth [0.5,10] Hz is employed to remove the continuous frequency and
high-frequency noise. Then, the envelope of the filtered r(¢) signal (amplitude demodula-
tion) is computed and constant phase speed data are retained for frequency analysis. The
use of constant speed data allows to focus on a single fault frequency without employing
advanced techniques like orders tracking!, see [140, Chapter 3.6]. The constant speed phase
is always available in our application. A Fast Fourier Transform (FFT) of the envelope signal

is then computed, and its modulus 6( f) analyzed for fault detection and isolation.

Finally, it is important to remark that the nylon gear fault and pinion fault (missing tooth)
can be observed many times during the gate motion, but the faulty portion of the rack is
visible only one time per gate movement (so that a frequency analysis is of limited utility

in this case).

DECISION LOGIC

A linear Support Vector Machines (SVM) classification algorithm is used to perform fault

isolation. To this end, two features are computed from 6( f):

3 3 k- fraute-1.05
Fr=> 0k faa); Fo=Y_ > 00(). (8.6)
k=1 k=1 j=k- fau-0.95

"The importance of employing a model of the system relies in the fact that the residual signal in the constant
speed phase, contrary to the axial speed v (t), is much less subject to little variations due to external factors,
so that the effects due to the faults can be better assessed.
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The indicators in (8.6) extract the frequency amplitude at the first three harmonics of the
fault frequency fru; and the area in their neighborhoods, respectively. This idea is inspired

from [115], where those features are computed on the motor current signal.

The SVM algorithm classifies the features in (8.6) into three classes: health, pinion fault +
nylon gear fault, rack fault. The nylon gear and pinion faults are difficult to isolate since
these components are connected to the same shaft, so their rotation frequency is the same.

Thus, a single “fault condition” has been considered for their isolation.

8.6 EXPERIMENTAL RESULTS

As stated in Section 8.4, we have at disposal two datasets, from two exemplars of the same
EMA model. The first dataset is used to tune the parameters of the proposed procedure, such
as the filtering band for the bandpass filter in the residual evaluation state. The training of
the FFT classifier makes use of both the first and second datasets.

An example of FFT of the residual envelope 0( f) is depicted in Figure 8.9, where the fault fre-
quency frut appear visible for the nylon gear and pinion fault. As expected, this frequency
is not visible in the case of the rack fault, but a general increase of the frequency content is

visible. Figure 8.10 depicts the 2D-plane composed of F; and F» features, computed using

Gear fault
S Pinion fault
Health

............. Rack fault

Frequency [Hz|

FIGURE 8.9: Frequency analysis of the residual envelope of all EMA conditions.

both datasets. The classifier performance have been evaluated by 10-fold cross-validation,
resulting in an average cross-validation accuracy of 86.18% and variance of 0.33%. The
classification boundaries, of the classifier trained on all the data, show a good capability of
isolating the various kind of faulty conditions (considering the gear and pinion faults as a

s

unique category), with an accuracy of 96.15%". Table 8.1 presents the confusion matrix of

this classifier, using all the data.

"The model trained on all the data, its accuracy and confusion matrix should be considered as only a mean to
highlight its decision boundaries and to represent the feature space. A more correct evaluation of the classifier’s
performance is given by the cross-validation routine.
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FIGURE 8.10: Features plane and classification boundaries.

TasBLE 8.1: Confusion matrix of the classifier trained on all the data.
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8.7 CONCLUSIONS

We presented a model-based fault detection and isolation algorithm for the transmission
components of electro-mechanical actuators. The considered failures were chosen by a
FMECA procedure, and specific faults were artificially injected or induced. The procedure
employs only the input voltage and the motor speed, and it is based on the output speed
residuals generated by a model of the DCM. By adequately considering the type of faults to
be diagnosed, we proposed a residual evaluation strategy based on the envelope analysis of
the residual signal. Based on its frequency content, specific features have been extracted.
An experimentally validated classifier trained on those features was shown to perform fault

isolation of two out of three fault with good accuracy.
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CHAPTER 9

CONCLUSIONS AND FUTURE DEVELOPMENTS

This Thesis proposed three theoretical and three applicative contributions. Chapter 3 in-
troduced a data-driven robust control. We studied how to link robust control and system
identification worlds. In literature, there are some techniques, such as Robust identifica-
tion, which tie these two kinds of literature, but their developments are highly related to
the user’s choices. Instead, we proposed an automatic data-driven methodology that pro-
duces a robust controller without requiring any user’s knowledge. The kernel-based system
identification played a key role in this procedure, since it builds a low-bias model without
choosing the model family. Furthermore, it gives a posterior distribution that represents the
model variance. Therefore, we exploited these two characteristics to make a robust control
through the S/T mixed-sensitivity loop-shaping approach. The proposed methodology can
be applied to robust stability-nominal performance and robust performance aims. We tested
the method to a well-known benchmark dynamic system. The results proved the efficiency
with respect to the traditional method, where the uncertainty information is modeled man-
ually. Furthermore, a comparison with respect to the PEM is done. Specifically, this identi-
fication method was developed with a wrong and a correct model family, to show how the
user’s knowledge, applied to the identification procedure, affects the performance of the
resulting robust controller. The simulations showed that a wrong model family choice can
cause a catastrophic impact to the closed loop system obtained with the true plant coupled

with the robust controller.

An extension of the proposed method was described in Chapter 4. This dealt with multiple
uncertainty sources, in particular with respect to: the model identification uncertainty and
some parametric uncertainties considered as a multi-model dynamic system. The experi-
mental design was fundamental in the extended method, since, as with the identification
procedure of multi-model dynamic systems, it allows to gather the necessary information
to model correctly the plant. We proposed an experimental design with the aim to obtain
a nominal model endowed with a multiplicative unstructured uncertainty that represents
all multiple uncertainties. In this way, we designed a robust control that works with all the
systems that belong to the modeled uncertain system. In Chapter 6, we described a practical

application of the data-driven robust control procedure for multi-model dynamic systems.
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Chapter 9. Conclusions and future developments

This contribution showed the performance of the second theoretical contribution applied
to a real system. Furthermore, a comparison between the trial and error modeling (the
traditional weight functions design) with respect to the proposed method showed that the
obtainable performances, with the manual setting, were always worse than our proposed
method.

The last theoretical contribution was described in Chapter 5. We proposed a procedure
that exploits the uncertainty information derived from the model identification to the ro-
bust fault detection problem. In particular, the uncertainty information was considered as
a fictitious noise. So the uncertainty transfer function, derived from the kernel-based iden-
tification, was employed to define the impact of the fictitious noise to the residual signal.
Furthermore, we designed the robust residual generator through the Approximate Fault De-
tection Problem (AFDP). Also, we proposed a simple threshold tuning to further reduce the
false alarms. Our method was tested on a benchmark problem and the results were com-
pared to a not robust method. The goal was achieved since the robust detector avoided false

alarms and also detected those faults that were invisible to the not robust detector.

The other two applicative contributions was written in Chapters 7 and 8. Those showed
two proposed fault detection methodologies. The former was based on the signal-based
branch. In particular, we adapted an algorithm, developed for detecting the bearing faults,
to diagnose a fault of some gripping pliers belonging to a rotating machine. Instead, the
latter, described in Chapter 8, was based on the model-based fault diagnosis. We illustrated
the entire process of fault diagnosis: from the Failures Mode, Effects and Criticality Analysis
to the fault diagnosis algorithm, through the fault injection procedure. Furthermore, we
proposed a residual evaluation strategy based on the envelope analysis of the residual signal.

The experimental results validated our method.

The future developments, identified by the authors, are devoted to investigate the employ-
ment of kernel-based identification to model the uncertainty given by the residual signal
computed as the difference between the estimated output and the measured data, as in the
Model Error Modeling (MEM) problem. Doing so, we would like to avoid the user’s choices
to model the dynamic system that ties the input of the system to the residual signal. This
proposal should be an alternative way to our developed method. Another future develop-
ment is to design our proposed data-driven robust control, presented in Section 3, for MIMO
systems. Furthermore, we would like to replace the Chernoff bound with a more efficient
theorem, explained in [158]. It allows to obtain an uncertainty bound reconstruction with
minor number of samples. Instead, for the robust fault diagnosis theme, future works are
dedicated to comparing the proposed method with respect to another robust fault diagno-
sis procedure. Furthermore, we would like to expand the proposed robust fault detection

methodology to fault identification and fault estimation.

148



Appendices

149






APPENDIX A

MODEL COMPLEXITY SELECTION IN PARAMETRIC DYNAMIC SYSTEM

IDENTIFICATION

The bias-variance decomposition defines the relationship between bias, variance and the
expected F,y, see [35, Chapter 3] [1, Chapter 2]. The latter is defined by:

ED[E(M (G(D))} Ep [Em [(G(D) (@) — GT(m)ﬂ }

E, I:ED [(Gw)(w) — GT(a:))ﬂ } , (A1)
=E, [ED [GP)(z)?] —2Ep [GP)(z)] Gr(x) + Gr(x)?

where:

« E, denotes the expected value with respect to all possible points & € R™"*!, where x

is the input vector employed in the train phase;
+ D is the training dataset;
« Ep denotes the expected value with respect to all possible datasets D;
« G € M is a model that belongs to a chosen model family M;
« GD) are the identified model on different realizations of D;
« G represents the true plant.

If we consider the conceptual tool: Ep [G(D) (m)] as G (i.e. the mean model obtained by

averaging g models trained on ¢ different dataset.), the equation (A.1) can be rewrite as:

151



Appendix A. Model complexity selection in parametric dynamic system identification

ED[Eout (G(D))} =E, [ED [GP)(z)?] — 2Gy(x)Gr(z) + GT(m)z}

=F, [ED [GPXx)? —Gy(x)+Gy(x)?— 2G4 (2)Gr(z) +GT(:B)2]

)

=E, [variance(az) + bias(z)?

=variance + bias®

(A.2)
with:

bias(x)? = Gy (x)? — 2G,(2)Gr(@) + Gr(2)? = (Gyl@) — Gr(@)?.  (A3)

This term measures the distance between the true model and the average model G,. Specif-
ically, it contains both model bias and estimation bias [70, Chapter 7]. The model bias is due
to the poor complexity of the model family, instead the estimation bias represents the esti-
mation error of the model parameters. Specifically, the conceptual tool G, may not belong
to M. Since G, is made by averaging the ¢ models that belong to M, the only limit of G,
are the bounds imposed by M therefore, if ¢ — co. Thus, the bias represents how much

the model family can approximate the real model.

The variance is:
variance(x) = Ep [G(D) (:1;)2} — Gy(x)* =Ep [(G(D)(a:) - Gq(w)>2} . (A.4)

This term corresponds to a measure of the deviation between G, and the trained model
estimated with a defined D.

A graphical representation of bias and variance is reported in Figure A.1. The left image
shows the graphical concept of bias, i.e. the model family M is too small and so M does
not include the real model Gr. Instead, the right image depicts the variance, i.e. the area
highlighted in red. Note that the real model stands in the model family space, but since the
model family is too high, the obtainable model changes by varying D. The set of obtainable

models represents the variance.

® GT GT
Qﬁas )
M M
Variance

FIGURE A.1: The graphical representation of the bias and variance concepts.
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A.1. Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC)

Bias-variance decomposition is a conceptual tool and it is not applicable to a real problem,
since it requires the true plant G, which is usually unknown. Hence, this technique cannot
be used for the model complexity selection. In literature, there are different methodologies

that are usable with a real plant. Some of these are:
« Akaike Information Criterion (AIC) and Bayesian Information Criterion (BIC),
+ Cross Validation (CV),

+ Regularization.

A.1 AKAIKE INFORMATION CRITERION (AIC) AND

BAYESIAN INFORMATION CRITERION (BIC)

The model order selection can be performed by exploiting a metric which is proportional to
the complexity of the model, if the model family is fixed and the available dataset is limited.
The Akaike Information Criterion (AIC) is a metric term employed to penalize the model
complexity [3], i.e.

AIC = In (J,,(8)) + 2% , (A5)

with:
. B € R™*! is the parameters vector,
« n is the number of available data,

« J,(B) is the cost function of the employed method (for instance: the cost function of
PEM (2.80)).

The employment of this criteria is basically a comparison between the AIC values computed
on a pool of models which share the same model class, but have different model complex-
ity. Thus, the smallest AIC value corresponds to the model with the best selectable model

complexity.

Another metric is called Bayesian Information Criterion (BIC) [148] and it is defined as:
A m
BIC = In <Jn(ﬁ)> )2 (A.6)
n

The model complexity selection with BIC is identical to the procedure employed with AIC.

This criteria is also known as Rissanen’s Minimum Description Length (MDL) [144].

Both information criteria are evaluated by exploiting the train set, therefore the model se-
lection procedure and the model parameters estimation share the same dataset. This aspect
is the main advantage of these methods, since they works also with a small number of data.
Instead, the main con is that these methods are not accurate if the out-of-sample data are

too different from the training dataset. To overcome this phenomenon an estimation of F,,;
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can be obtained by applying the so-called Cross Validation (CV) approach. It is applicable

only if the dataset has a huge number of samples.

A.2 Cross-VALIDATION (CV)

The Cross Validation (CV) is one of the most widespread method for estimating F,,; of a
learning model [70, 156, Chapter 7]. This technique splits the dataset into K parts, called
folds. Iteratively, the model is trained on K — 1 folds and the out-of-sample error is esti-
mated on the held-out fold, i.e. the fold not employed during the model training. The final
estimation of E,,; consists of averaging the K estimations. The model complexity selection
is done by selecting the lowest value in a set of E,,; obtained by performing P times the

Cross Validation method, i.e. one for each model complexity [7].

CV is also applied in the machine learning literature to execute model performance eval-
uation and model selection. In [166], we have proposed a new CV method under dataset
shift, i.e. a condition where the train set is acquired on different items, which have different
statistical properties [114]. To solve this issue, we developed a variation of the CV, that we
named Object-wise Cross Validation (OCV). The main innovation is that the OCV composes
the folds with data that comes from a specific item, see Figure A.2, instead the traditional
method makes the folds randomly from the train set, thus, under the dataset shift condi-
tion, the model performance evaluation and model selection are problematic. Formally, let
6:{1,...,n} — {1,..., K} be an indexing function that indicates the item that generated

the j-th observation, with K number of folds. Then, the error is computed as:
ocv(f,8) = Zﬁ(yj,f* (2;.0)) . (A7)

where:
« x € R™! corresponds to the feature vector;
« y is the result of the machine learning algorithm;
« {(-) is the loss function;
. f is the trained machine learning model endowed with 3 € R"™*! parameters.

An alternative of CV are the Bootstrap methods. An example of these is the "632+" estimator
[48].

A.3 REGULARIZATION METHODS

Regularization is a methodology that differs from the information criterion and CV methods,
because this does not perform a comparison between some metrics computed on a pool of

model complexities. Instead, this method reduces the variance by introducing a small bias.
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Training data Validation data

1st 1teration | ma ma ms my ms

2nd iteration | mu ma m3 my Mg

3rd iteration | ™ e ms ms M

4th iteration | ™ ma My ms me

5th iteration | ma ms My ms me

6th iteration My ms3 uon ms me

Ficure A.2: Example of fold extraction using the Object-wise Cross Validation with six
items, denote with m;, ¢ = 1,...,6.

Consider a generic Finite Impulse Response (FIR) model:

y(t) =G(z,8) +e(t)
= S Brult — k) + elt) (A8)
Y =d'B+e

where:

+ B are the impulse response coefficients. The parameters vector is denoted as 3 €
Rmxl;

- m is the order of the FIR model;
« n is the number of acquired data;

e(t) is the additive noise (assumed independent from ®). The corresponding vector
is denoted by e € Rnx1.

« 7(t) is the output data. The corresponding vector is denoted as y € R™*!;
« u(t) is the input data;

« & € R™*" s the regression matrix’;

"The regression matrix is the composition of n observed u(t) stacked in m rows.
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This can be cast as a linear regression problem. In particular, we assume to exploit the PEM
method, with a FIR model:

~

B =argmink ly— o8]

= arg mgn Hy — <I>TBH§ .

Regularization aims to consider the impact of 3 directly in the optimization problem by
adding a term to the cost function. Thus, the result will be a solution which considers not
only the mismatch between the measured and the estimated values, but also the penalization

of 3. Therefore, the optimization problem becomes [152]:

~

2
B = arg min <Hy—¢'TﬂH2+>\l(ﬂ)> : (A.10)
with: A € RY is a hyperparameter that modulates the regularization impact and [(3) rep-
resents the regularization term.

The most common regularization terms are: Ridge regression and Lasso regression [160]. The

former considers the regularization term as a 2-norm squared, i.e.:

m—1
(B) =Bl =>_ 55 - (A.11)
=0
Instead,the latter corresponds to:
m—1
(B) =8I, = >_ 18] - (A.12)
7=0

Figure A.3 depicts the graphical representation of both methods from a geometrical point
of view with m = 2. The resulting regularized parameters are highlighted with the yellow
star. These are the intersection between the cost function!, represented by the red level
curves , and the bounded region defined by the applied regularization term, highlighted in
light blue. Ridge regression, depicted in the left image, allows to tighten 3 to low values,
instead Lasso regression, illustrated in the right image, aims to set some parameters to zero.

The center of the level curves, depicted as a red dot, is the estimation without regularization.

Another difference between the two regularization terms lies in the resolution because the
Ridge regression has a closed form [70, Chapter 3], instead the Lasso regression is solved

by quadratic programming [49].

"The cost function is supposed to be convex.
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FIGURE A.3: Geometric representation of Lasso and Ridge regression.

Note that the regularized optimization problem (A.10) can be cast into a constrained opti-

mization problem, as:

,é: arg min Hy—@TBHZ
B , (A.13)

st.:l(B)<C
where C' is inverse proportional of \.

Another typology of regularization is called Tikhonov regularization [161]. This is defined
as:

(B)=B"K'B. (A.14)

Tikhonov regularization corresponds to a more general formulation of the Ridge regression.
It is straightforwardly demonstrable by setting K € R™*™, called Kernel matrix, equal to
I,,,. The optimization problem (A.10) regularized with (A.14) is often referred as Regularized
Least Squares (ReLS) [135]. ReLS is solvable by the following closed forms:

B =arg mﬂin (Hy — <I>TBH§ + )\,BTKfl,B)
—K®(®K®+\,) 'y or (A.15)

= (K®®' +\I,)  K®y

The choice of K defines some priors of the problem. The priors are mainly the properties

that 8 must have. Table A.1 reports some types of Kernel matrices.

Since we considers a FIR model, the priors reflect the property of the impulse response

coeflicients fj. For instance, it is possible to assume that:
+ The system is exponentially stable, therefore 3 should decay exponentially;

+ The impulse response is smooth, hence the neighbouring values of ), should have a

positive correlation.
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TABLE A.1: Some types of Kernel matrix.

Name Structure Characteristics
DC Kij(n)zéa%g‘i_ﬂ d>0,0<a<lo <1l,m=1[0 a0
TC Kij(n) = damax() §>0,0<a<1l,n=][5q
SS  Ky(n) =0 (a””;“““’” _ ag’m?”’j)) §>0,0<a<1,n=q]

The Diagonal-Correlated Kernel (DC) [32] fits perfectly with these prior since « defines the
exponential decay of the impulse response coefficients, instead o describes the correlation

between neighbouring impulse response coefficients [135].

Note that, the Tuned/Correlated Kernel (TC) (or First-order Stable Spline) is equal to DC Kernel
by setting 0 = \/«, therefore TC Kernel is a special case of DC Kernel [22, 31]. Therefore,
also the TC Kernel can be used to model the prior of a FIR system.

The procedure to estimate the kernel matrix hyperparameters n € R™*! (with n, € N* is
the number of hyperparameters) can be defined by exploiting the Bayesian interpretation

of the Tikhonov regularization. This framework is applicable by assuming:

« (B1isaGaussian random variable 3 ~ N (0, X), with zero mean and covariance matrix
X e R,

« e(t) is Gaussian and independent from 3 with e ~ N'(0,021,,);
« e and ® are known.

Thus, y and 3 will be jointly Gaussian variable [35, Chapter 2], therefore:

8 0 by pIL
~N , . (A.16)

Yy 0| |’ ®'2® +02I,

Exploiting this property, the posterior distribution 3|y ~ (B ) f]) can be computed by:

N —1
B-xo (@E@ n agIn) y (A.17a)
T 2 -1
— <2<I><I> —l—aeIm) Sdy (A.17b)
~ -1 T
S-»_3o (qﬁzcb + agln) 'S (A17¢)
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If we choose the regularization matrix as K = X and the regularization term as A = o2 the
mean of the posterior distribution (Maximum A Posteriori (MAP) estimate) matches with
the ReLS closed form (A.15).

Finally, since y is a Gaussian random vector, as denoted in (A.16), the hyperparameters 1
can be estimated by maximizing the Marginalized Likelihood (MargLik) (called also Empirical
Bayes):

i =arg min (y"Z(m)"'y +log |Z(n)]) . (A.18)

where Z(n) = ®"2(n)® + 021, is the covariance matrix of y.

By solving optimization problem (A.18), some numerical errors can occur. This is due to
the computation of the log|Z(n)| term. Since Z(n) is positive definite, we can employ
the Cholesky decomposition, see [62, Chapter 4]. This method decomposes Z(n) € R™*"
into TT" = Z(n) such that: T € R"*" is lower triangular matrix with positive diagonal
elements, called Cholesky factor. Doing so, it is possible to replace the log | Z (n)| term with
2>, log(T};). Thus, the Empirical Bayes problem (A.18) becomes:

n

f=argmin [y é+2 Z log(Ti) | » (A.19)
" i=1

By performing the Cholesky decomposition we obtain the Cholesky factor, then we can

compute ¢ by solving two triangular systems:

(A.20)

The efficient computing of the MargLik estimation is explained in [23, 30].

In this description, the noise variance is assumed to be known, but usually it is unknown.
Nevertheless, it can be estimated in multiple ways. As suggested by [32], if a FIR model
is estimated using Least Squares the sample variance is equal to the estimation of o2. The
authors of [134] have explained that it is also possible to do so with a low bias ARX. Another
way is to consider o2 as an additional hyperparameter and estimating it by maximizing the
MargLik (A.18), e.g. see [33, 100].
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APPENDIX B

FUNCTIONAL ANALYSIS FUNDAMENTALS

This appendix reports some definitions of functional analysis. This literature can be found
in [145, 146].

Definition B.1: Vector Space

A vector space over the real field R is a set V' endowed with two operations:
1. Sum: V xV = V;
2. Inner product: R x V= V;
and that satisfies the following axioms:
cut+(vtw)=(u+v)+w, Yuv,welV;
e U+ vV =v-+ u;
e eV:iv+0=v, YveV,
e I(—v)eV:iv+(—v)=0, YweV;
e A1(A2v) = (M1 A2)u, VAL A eRveV;
edleV:1l-v=v, YveV;
e M(u+v) = Mu+ Mo, VA €Ru,veV;
e M+ XN)v= v+, VAL, eRveV.

By supposing V and W are two vector spaces, it is possible to define the following definition:
Definition B.2: Linear operator, Linear functional

F : V — W is a linear operator if, VA;, A2 € R one has that F'(Aju; + Agug) =
MF(up) + AoF(u2), Yuj,ug € V.If W is R the linear operator is called linear

functional.

Definition B.3: Bilinear form, Symmetric

A bilinear form is a function a : V x V' — R that is a linear in both arguments,
thatis: a(u,-) : V — Randa(-,v) : V — R are linear functionals where the former
has fixed v and Vu € V and the latter has fixed v and Vv € V. If the bilinear form a
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is a(u,v) = a(v,u),Yu,v € V, then it is said symmetric.

Definition B.4: Norm, Normed space

By letting a vector space V, the norm over V is a function ||-|| : V' — R that holds:
lul| >0; |u|=0<=u=0 Yuel;

o M)l = M- Jull, Yu e VYA € R;

 Nutoll < flull + ol ;. Vu,0 e V.

In this case (V,||-||) is called normed space.

Definition B.5: Convergent, Cauchy sequence

A sequence uy, is:

« Convergent: if Ju € V s.t. u,, — u, that is lim,,_, ||u, — ul| = 0;

. Cauchy sequence: if |u, — uy,|| < € with e € RT and when n, m — oo;
with the normed space (V||-||). Observe that: every convergent sequence is a

Cauchy sequence in a normed space.

Definition B.6: Complete, Banach space

A normed space is said to be complete if every Cauchy sequence converges (in the

same space). A Banach space is a complete normed space.

Definition B.7: Pre-Hilbert space, Induced norm, Hilbert space

A Pre-Hilbert space is a vector space V' endowed with a inner product of a bilinear
symmetric form (-,-) : V' x V' — R, subject to: (u,u) >0 Vu # 0.
| = v/(u, u). Furthermore, the following propo-

The induced norm is defined as ||u
sitions hold:
« Schwarz inequality: |(u,v)| < ||ul - ||v]] Vu,v € V;
+ The induced norm is effectively a norm.

An Hilbert space is a complete pre-Hilbert space.
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