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Abstract
This paper considers an extension of the common asset universe of a pension fund to
investment certificates. Investment certificates are a class of structured products particularly
interesting for their special payoff structures and they are acquiring relevancy in theworldwide
markets. In fact, some subclasses of certificates offer loss protection and show high liquidity
and, thus, they can be very appreciated by pension fund managers. We consider the problem
of a pension fund manager who has to implement an Asset and Liability Management model
trying to achieve a long-term sustainability. Therefore, we formulate a multi-stage stochastic
programming problem adopting a discrete scenario tree and a multi-objective function. We
propose a technique to price highly structured products such as investment certificates on a
discrete scenario tree. Finally, we solve the investment problem considering some investment
certificate types both in term of payoff structure and protection level, andwe test whether they
are preferred or not to standard hedging contract such as put options. Moreover, we test the
inclusion of first-order and second-order stochastic dominance constraints on multiple stages
with respect to a benchmark portfolio. Numerical results show that the portfolio composition
reacts to the inclusion of the stochastic dominance constraints, and that the optimal portfolio
is efficiently able to reach several targets such as liquidity, returns, sponsor’s extraordinary
contribution and funding gap.

Keywords Stochastic programming · Portfolio selection · Sensitivity analysis · Asset and
liability management · Pension fund · Investment certificates · Discrete pricing
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1 Introduction

Pension funds must be managed investing the assets that the pensioners paid during their
working life and ensuring the payments of the pensions. Thus, a pension fund management
can be addressed via Asset and Liability Management (ALM) models which have been
deeply explored in last fifty years. The introduction to ALM models for the management
of an investing portfolio started with the BONDS model proposed in Bradley and Crane
(1972), Bradley and Crane (1980). Still, for a deeper analysis of the liability side, we have to
wait until the MIDAS model in Dempster and Ireland (1988), Dempster and Ireland (1989),
Dempster and Ireland (1991), and other models such as in Kusy and Ziemba (1986). Then,
it appeared natural to adopt a multistage stochastic formulation to tackle the uncertainty that
characterises such type of problem. The milestone Russell-Yasuda Kasai Model described
in Cariño et al. (1994) and then analysed in Cariño and Ziemba (1998a) and Cariño et al.
(1998b) developed an ALM within a multistage stochastic framework. In the same years
other models and analysis have been proposed, see e.g. Mulvey (1994a), Mulvey (1994b),
Nielsen and Zenios (1996) and Zenios (1995), among which the Towers Perrin-Tillinghast
ALM model and the Tower Perrin scenario generation system had a great relevance, see
(Mulvey et al. 2000).

ALM models can be formulated to face the specificity of a pension fund. For instance,
Pflug and Świetanowski (1999) proposed a ALMmodel for pension funds paying a particular
attention to both the asset and the liability side modelling. Consigli and Dempster (1998a),
Consigli and Dempster (1998b) introduced the CALM model which handle the pension
fund management problem considering a long-term objective and different types of pension
contracts. A similar approach appeared in Dempster et al. (2003).

The two main features that characterize a pension fund are: the defined benefit or defined
contribution schema, and the pillar the pension fund belongs to. In a defined contribution
pension fund the final pension benefit is unknown at the beginning and it will be the results
of the contribution investment, i.e. the pensioner bears the risk; in a defined benefit pension
fund the final benefit is known since the beginning of the pension contract, i.e. the pension
fund sponsor bears the risk. A specific focus on the defined benefit pension fund can be found
in Dert (1998). The second distinction relies on the considered pension pillar. There exist
three pension pillars. The first is the State Pension system, the second is based on the worker
category and/or on the employee’s employer, the third is composed of private insurance
contracts. For instance, the InnoALM model proposed in Ziemba (2007) and Geyer and
Ziemba (2008) considers a second pillar pension fund since it is built to manage the pension
fund of an electricity company. Our work develops within the defined benefit framework and
considers a second pillar pension fund.

The suitability of multistage approach to deal with ALM problems has been proved in
multiple works during the last decades.Mulvey et al. (2006) suggested amultiperiodmodel to
increase the understanding of risk and reward in a long-term horizon framework for pension
plans and other long-term investors, see also (Mulvey et al. 2007, 2008). Comprehensive
collections are in Ziemba and Mulvey (1998) and Zenios and Ziemba (2006), Zenios and
Ziemba (2007). More recent developments are in Kopa and Rusỳ (2020) that formulated an
ALM model to tackle the consumer loan problem; in Consigli et al. (2011), Consigli and
di Tria (2012), Consigli and Moriggia (2014), and in Consigli et al. (2017) that analysed
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a Property & Casualty insurance fund; and in other papers that discussed the pension fund
from different point of view such as the issuer of the pension fund, see e.g Vitali et al. (2017)
and Devolder et al. (2020), and the individual pension problem, see e.g. Consigli (2007),
Consigli et al. (2012), Kopa et al. (2018) and Consigli et al. (2019).

A particular focus have been dedicate to follow the evolution of the asset universe accord-
ing to regulatory updates, cf. McKendall et al. (1994), Davis (2000), Guiso et al. (2002),
Hardy (2003), Gollier (2008), Broeders et al. (2009). Following this path, our aim is to pro-
pose an extension of themodel proposed in Consigli et al. (2017) and inMoriggia et al. (2019)
to include a relatively new class of investment opportunities, i.e. the investment certificates.

Investment certificates are financial instruments that offer a competitive yield and usually
include some safety clause regarding the principal amount. These instruments can replicate
a wide range of investment strategies and, therefore, they provide to investors a wide variety
of risk–return profiles. More specifically, an investment certificate is a securitised derivative
instrument issued by an investment bank that replicates the trend of the underlying with the
possibility of having a leverage effect, a premium in the case of market stability and/or a
protection property. Recently, these products have become particularly attractive to investors,
both institutional and retail, for several reasons: their asymmetric payoff, their not long-only
behaviour, and, for instance in the Italian system, because they allow a fiscal optimisation of
the portfolio. In the contest of a pension fund, following the classification proposed by the
European Structured Investment Products Association (EUSIPA)1, our purpose is to inves-
tigate the inclusion in the asset universe of three types of investment certificates: the capital
protection, the yield enhancement, and the participation classes. Indeed, we want to restrict
our analysis to those investment certificates that have a protection effect either total or partial.
Moreover, to stress the fact that these contracts can be used only for protection purposes,
we forbid the selling, i.e. the speculation on their market price: once the products has been
bought, it must be kept until its maturity. We assume that in the market there exist investment
certificates on the two most risky assets that are also in the asset universe: Public Equity
and Real Estate. This hypothesis is needed to test if such products could really be of interest
for a pension fund. In this case, also in the real world, the pension fund manager will ask a
financial institution to issue such kind of products that will be bought by the pension fund
itself at the fair price. Therefore, another issue that this paper is addressing is the pricing of
these products considering the discrete scenario tree on which the model is formulated and
solved. Moreover, we will compare the results obtained with investment certificates with the
results we would obtain using standard hedging contracts such as put option as in Moriggia
et al. (2019). In particular, we observe whether the investment certificates can substitute the
put options to hedge the most risky portfolio positions. Finally, following Moriggia et al.
(2019), we test the inclusion of second-order stochastic dominance constraints with respect
to a benchmark portfolio, and, for a more complete analysis, we include also first-order
stochastic dominance. The inclusion of stochastic dominance in Economics and Finance
goes back to the seminal work of Quirk and Saposnik (1962), and then of Hadar and Russell
(1969) and Hanoch and Levy (1969). Later on, the first-order stochastic dominance con-
straints were applied in stochastic programming problem in Kuosmanen (2004), Dentcheva
and Ruszczyński (2004) and Dupačová and Kopa (2014). Similarly, second-order stochastic
dominance constraints were used in Dentcheva and Ruszczynski (2003) and Luedtke (2008)
and to portfolio efficiency analysis in Post (2003), Kuosmanen (2004), Dupačová and Kopa
(2012) and Kopa and Post (2015). In multistage stochastic programming, the second-order
stochastic dominance constraints were applied to asset-liability modelling in Yang et al.

1 www.eusipa.org.
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(2010) and in Moriggia et al. (2019), and in an individual pension allocation problem in
Kopa et al. (2018) and Consigli et al. (2019).

To summarize, the contributions of this work are:

– to propose how to price highly structured financial products, such as investment certifi-
cates, on a discrete scenario tree,

– to observe if the inclusion of three types of investment certificates within an ALMmodel
for pension fund can improve the performance of the portfolio,

– to compare the impact in terms of portfolio protection of the investment certificates with
respect to standard put options,

– to study the sensitivity of the investment strategy with respect to stochastic dominance,
both first-order and second-order stochastic dominance.

The paper is structured as follows. Section 2 introduces: the formulation of the ALM
model, a specific focus on stochastic dominance constraints, the structure of the investment
certificate adopted in this work, and the technique to price highly structured products on a
discrete scenario tree. Section 3 presents the settings of the model and the definition of the
portfolio benchmark. In Sect. 4 we show the results of the model comparing the performance
under different settings, we analyse the sensitivity of the portfolio with respect to the structure
of the derivatives within the asset universe, and we observe the stability of the stochastic
solution with respect to the generated scenario tree. The paper concludes in Sect. 5.

2 Model description

Following Consigli et al. (2017), the stochastic tree is differentiated between decisional
nodes and intermediate nodes. In the decisional nodes buying and selling are allowed, while
in intermediate nodes no multiple branching originates and we account pension payments
and portfolio income. The decisional stages are denoted th, h = 0, ..., H , where t0 = 0
represents the initial stage. The scenario tree is represented with the nodal notation, for more
details refer to Consigli et al. (2017). In particular, we denote each node with index n, the set
of its descendant nodes C(n), while t(n) expresses the stage of node n. Each node contains
the nodal price returns and the nodal income returns for each asset.With nodal price (income)
return wemean the return ρi,n,ñ generated by an asset i from a node n to its descendant nodes
ñ ∈ C(n). FollowingMoriggia et al. (2019), we generate the nodal price returns and the nodal
income returns with a multivariate and hierarchical linear regression, and the nodal returns
generated by the put options that will be included in the model for the sake of comparison.

Moving from this approach, for the purpose of the current analysis we need to develop a
technique to define the return generated by highly structured products on a discrete scenario
tree. As it has been done for the pricing of the put options, also for highly structured products
we cannot use a model derived by the classic Black and Scholes (B&S) formula since we
deal with a discrete (and relatively low) amount of possible paths for underlyings that do not
follow a Brownian Motion process. However, whereas for the pricing of the put options it
is possible to use the payoff at maturity of the option, when we have to compute the return
generated by an investment certificate i , we need to account its possible values - and not the
payoffs - at its maturity m(i). The final value of each investment certificate depends on a
complex structure that takes as input the movements of the underlying asset. Assuming that
the investment certificate i has as underlying the asset j , we define a map f (·) that relates
the return ρ j,n,ñ , generated by the underlying from node n and its descendant ñ ∈ C(n) with
t(ñ) − t(n) = m(i), with the value p(i, ñ) at the maturity of the investment certificate:
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pi,ñ = f (ρ j,n,ñ) (1)

Once we have computed the final value pi,ñ for every ñ ∈ C(n), t(ñ) − t(n) = m(i), we
compute the current fair value pi,n of the investment certificate discounting its expected final
value with the risk-free interest rate rn,ñ from node ñ to n:

pi,n = E

[
e−rn,ñ [t(ñ)−t(n)] · pi,ñ

]
(2)

Finally, the returns produced by the investment certificate are computed by

ρi,n,ñ = pi,ñ − pi,n
pi,n

(3)

In this way, knowing the price return for the underlying, we are able to populate the scenario
tree with the returns of the investment certificates. As it will be shown in the subsequent
section, each investment certificate is defined by a specific map f (·).

Following the suggestion in Consigli et al. (2017), we define a multicriteria objective
function that aggregates a short-term risk control, a medium-term profitability and a long-
term sustainability. The objective function aims to minimize the expected shortfall of a set A
of variables Ya, a ∈ A with respect to a specific threshold Ȳa . The a-th variable is accounted
only in a specific stage τa . The expected shortfalls are combined associating a weight λa to
each objective variable, with

∑
a∈A λa = 1. Therefore, the objective function is:

min

{∑
a∈A

λa · E[Ȳa − Ya,n |Ya,n < Ȳa], ∀n|t(n) = τa

}
. (4)

The other constraints of the ALM model is based on the original model in Consigli et al.
(2017) and its modification presented and explained in Moriggia et al. (2019) concerning
the liability evaluation, the inclusion of hedging contracts within the selection problem and
the first-order stochastic dominance and the second-order stochastic dominance constraints.
The detailed definition of the stochastic dominance constraints is specified in the subsequent
section.

2.1 Stochastic dominance constraints

The stochastic dominance (SD) is a statistical tool that can be used to compare and rank
random variables. There exist several definitions of stochastic dominance. Each of them cor-
responds to a specific class of utility function. In particular, the definition of the first-order
stochastic dominance (FSD) relation is as follows: A random variable A FSD dominates a
random variable B if the cumulative distribution function of A is below that of B. This is
equivalent to state that every agent with an increasing utility function prefers A to B. Sim-
ilarly, the definition of the second-order stochastic dominance (SSD) relation is as follows:
A random variable A SSD dominates a random variable B if the integrated cumulative dis-
tribution function of A is below that of B. Again, this is equivalent to state that every agent
with an increasing and concave utility function prefers A to B. Given these definitions, it
is clear that if A FSD dominates B, then A SSD dominates B, while the opposite is not
always true. There exists several other declinations of stochastic dominance, for example the
third-order stochastic dominance, see Post and Kopa (2017), and the recent DARA stochastic
dominance, see (Post et al. 2015).

Stochastic dominance can be easily checked ex-post, once the distributions of the random
variables are known, or can be included in the optimization model as constraints. In our case,
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we want to compare the vector wth of the optimal portfolio wealth realizations occurring
in all nodes at stage th , with the vector wB

th of a benchmark portfolio wealth realizations.
These random variables are clearly discrete with equiprobable realizations. Thus, it is useful
to formulate the FSD and SSD conditions using a double stochastic matrix as proposed in
Kuosmanen (2004) including the following constraint:

wth ≥ Q · wB
th (5)

for some matrix Q which is double stochastic, i.e. it satisfies the following conditions:
∑
i

Qi, j = 1 (6)

∑
j

Qi, j = 1. (7)

Then, if we impose that the elements ofQ are binary, we obtain the FSD; while if we impose
that the elements ofQ belong to the interval [0, 1], we obtain the SSD. In the case of SSD, all
these constraints are linear and, thus, the model remains, typically, tractable. In the case of
FSD, the problem becomes mixed-integer and the computational burden could easily make
the problem intractable.

As we will show later on, we include stochastic dominance constraints on two different
stages. Thus, the stochastic dominance constraints are imposed simultaneously but disjointly.

2.2 Investment certificate description and evaluation

Investment certificates are a newclass of investment and, for someaspects, similar to exchange
traded funds (ETFs). Indeed, the two can provide passive investment strategies and can be
traded on exchanges both by institutional investors and by retailers. BothETFs and investment
certificates can pay a coupon, either in the form of dividend or in the form of fixed amount
subject to the achievement of certain conditions. Typically, ETFs do not have amaturity, while
investment certificates do have. Moreover, the buyer of an investment certificate assumes the
risk of default, but does not pay any management fee. Certificates, as well as ETFs, can have
various types of underlying: corporate bonds, sovereign bonds, indexes, equities, currencies,
commodities. Therefore, consequently, when investors trade certificates, they are also trading
many risk sources, see Guillaume (2015), Chang et al. (2013), Chen (2003) and Viganò
et al. (2019). Many certificates also include capital protection, and this can be exploited
effectively in portfolio strategies, see Albeverio et al. (2017). A comprehensive classification
of certificates, proposed by EUSIPA, divides certificates into four classes: capital protection,
yield enhancement, participation and leverage products. Since the latter is an intrinsically
speculative class,we focus our attention to one investment certificate for eachof the other three
classes that, moreover, were the most appreciated in the last years by investors2, and that can
satisfy the protection purpose we are looking for. Thus, the three investment certificates that
we consider are: the Uncapped Capital Protection (UCP) of the capital protection class, the
Capped Bonus Certificates (CBC) in the yield enhancement class, and the Bonus Certificates
(BC) in the participation class.

As previously mentioned, the pricing technique that we propose for highly structured
products and, in particular, for investment certificate, needs to specify the map f (·) in (1)

2 See quarterly reports in EUSIPA webpage, www.eusipa.org/category/market-reports.
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Fig. 1 Payoff for the UCP
investment certificate. Source:
www.eusipa.org

that characterizes the structure of the link between the value of the investment certificate at
maturity and the return of its underlying.
Uncapped Capital Protection Let’s consider first the UCP investment certificates, its payoff
is depicted in Fig. 1.

This investment certificate provides a full protection of the nominal amount when the
underlying value goes below a certain strike K and follows the return of the underlying when
its value goes above K . Then, assuming a nominal value of 1 and transforming the strike K
in the corresponding strike return k, to define the value of this contract in each node ñ ∈ C(n)

with t(ñ) − t(n) = m(i) we apply the following formula:3

pi,ñ =
{
1 if ρ j,n,ñ ≤ k

1 + ρ j,n,ñ, if ρ j,n,ñ > k
(8)

Then, the fair current value of the instrument and its returns are computed applying (2) and
(3).
Bonus Certificates Let’s now consider the BC investment certificates, its payoff is depicted
in Fig. 2.

This investment certificate provides a partial protection of the nominal amount when the
underlying value is between a threshold W and a strike K , while it follows the return of the
underlying when its value goes below W or above K . In case of protection, the final value
of the instrument is set at K . Then, assuming a nominal value of 1 and transforming the
amounts W and K in the corresponding returns w and k, to define the value of this contract
in each node ñ ∈ C(n) with t(ñ) − t(n) = m(i) we apply the following formula:

pi,ñ =
{
1 + k if w ≤ ρ j,n,ñ ≤ k

1 + ρ j,n,ñ, if ρ j,n,ñ < w ∨ ρ j,n,ñ > k
(9)

Then, the fair current value of the instrument and its returns are computed applying (2) and
(3).
Capped Bonus Certificates Considering the CBC investment certificates, Fig. 3 shows its
payoff.

3 The conversion from a strike price K to its corresponding strike return k is forced by the fact that the scenario
tree contains the returns of the assets. If, e.g., the underlying value at the issue date is 15000 and the strike is
set at K = 18000, the corresponding return return is computed as k = 18000−15000

15000 = 0.2.
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Fig. 2 Payoff for the BC
investment certificate. Source:
www.eusipa.org

Fig. 3 Payoff for the CBC
investment certificate. Source:
www.eusipa.org

Th CBC investment certificate provides a partial protection as the BC investment certifi-
cate, but, moreover, when the value of the underlying exceeds an amount C , the return of
the investment certificate is capped by the corresponding return c. Therefore, considering
again a nominal value of 1, to define the value of this contract in each node ñ ∈ C(n) with
t(ñ) − t(n) = m(i) we apply the following formula:

pi,ñ =

⎧⎪⎨
⎪⎩

1 + k if w ≤ ρ j,n,ñ ≤ k

1 + ρ j,n,ñ, if ρ j,n,ñ < w ∨ k < ρ j,n,ñ < c

1 + c, if ρ j,n,ñ ≥ c

(10)

Then, the fair current value of the instrument and its returns are computed applying (2) and
(3). In themarket, most of CBC investment certificates are tradedwith K = C , then, we adopt
the same structure in our empirical analysis and the pricing formula simplifies as follows:

pi,ñ =
{
1 + ρ j,n,ñ, if ρ j,n,ñ < w

1 + c, if ρ j,n,ñ ≥ w
(11)

Once the returns have been computed, the investment certificates and the put options are
used in the model as any other asset. The pension fund manager can buy these instruments
and income their value at maturity. An additional constraint for these assets is that their sale is
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Table 1 Asset universe adopted for the portfolio problem with asset, related asset type, corresponding Index,
allocation upper bound and proportion of the initial portfolio used in the model

forbidden. This means that the pension fund manager cannot use the instruments to speculate
and get an extra income by their intra-stage price change. In other words, the manager can
use them only as hedging contracts, i.e. buying different levels of protection on a certain
horizon against an unexpected fall of the underlying asset value.

3 Asset universe, derivative universe and other settings

The asset universe is the same considered in Moriggia et al. (2019) and includes 11 assets
split in 4 classes: Cash, i = 1; Bonds, i = 2, ..., 9; Real Estate, i = 10; Public Equity,
i = 11. The Treasury bonds are represented by five different maturity buckets. The Corporate
bonds are subdivided into investment grade, i.e. rating higher than Baa3 Moody’s or BBB-
Standard&Poor’s, and high yield, i.e. rating in the interval (Ba1, B3) Moody’s or (BB+,
B-) Standard&Poor’s, see (Bertocchi et al. 2013 [Chapter 5]). The list of all assets with the
corresponding upper bounds is reported in Table 1. We also include the derivatives in the
form of put options on Real Estate and on Public Equity. We consider put options with 1-year
and with 2-year maturity and with strike at 0%, i.e. they protect from any possible loss on the
underlying. For the purpose of this analysis, we add the investment certificates introduced
in Sect. 2.2 written on Real Estate or on Public Equity. Thus, the investment certificates
are of the three types: UCP, BC and CBC. Each investment certificates is considered with
either 1-year or 2-year maturity. Thematurities are chosen according to the tree discretization
and to the market liquidity. The inclusion of investment certificates is tested with different
combinations of the values of w, k = c. In particular, the value of w is tested at either -10%
or -5% combined with the values of k (and c for the CBC) at 5% or at 10%. Each derivative
has an upper bound of 5% in terms of allocation, and the whole class of derivative has a total
upper bound of 20%. To summarize, we consider the four put options and the 12 investment
certificates reported in Table 2.

3.1 Other parameters and objective function

The scenario tree is constructed with a final horizon tH = 20 years and we account five
decisional stages at time 1, 2, 3, 5 and 10, while the intermediate stages are every year.
The branching structure of the stochastic tree (also called bushiness) is 8-4-2-2-2-2, i.e. the
root node has 8 children, each of them has 4 children, etc. Then, the tree is composed of
512 scenarios which grow over the 7 stages. Such choice is consistent with the number of
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Table 2 Derivative universe adopted for the portfolio problem with asset type, corresponding underlying,
strike w, barrier/cap k = c, allocation upper bound and proportion of the initial portfolio used in the model

scenarios adopted in practice by an insurance company that manages a pension fund and,
thus, it is considered as representative of the degree of uncertainty faced by the portfolio
manager, see Consigli et al. (2017). Comparing to that choice, we reduce the branching in
the first stage to compensate the complexity induced by the stochastic dominance constraints.

In the objective function (4), we consider four target variables Ya,n :

Y1,n : a joint measure of the ALM risk and of the liquidity gap,
Y2,n : a measure of the return adjusted by the risk,
Y3,n : the cumulative sponsor contribution,
Y4,n : the difference between the Defined Benefit Obligation and the portfolio value.

The stages in which we account these variables are τ1 = 1, τ2 = 3, τ3 = 10, τ4 = 20 and
we assign the weights λ1 = 10%, λ2 = 30%, λ3 = 40% and λ4 = 20%.

When active, the SD constraints are imposed on the stages with t = 3 and t = 10. Indeed,
our purpose is to test the quality of the solutionwith respect to a benchmark at an intermediate
stage and in the long-term. For the long-term we do not apply SD in t = 20 because, on the
one hand, the results are very similar to the case when SD is imposed at t = 10, and, on the
other hand, to impose the SD at t = 20 would induce too much computational complexity
making the model intractable, especially in the FSD case. For the SD, the benchmark is
created assuming as reference portfolio the strategy given by the initial portfolio, see Table 1
and Table 2. Indeed, the initial portfolio is the current strategy of the pension fund and, thus, it
represents the investment that the pension fund manager considers to be the best. Therefore,
we observe the evolution of this portfolio over the scenario tree imposing a fix-rebalancing
in each decisional node to restore the initial proportions among the assets. We remark that
in the initial portfolio there are not derivatives because we want to observe and quantify the
benefit given by their inclusion.

4 Empirical results

In this Section, we perform several analysis to understand whether the investment certificates
could improve the performance of the pension fund and efficiently substitute the put options
as hedging instruments.
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4.1 Stochastic dominance and derivatives

We analyse and compare the characteristics of the solutions applying the different definitions
of stochastic dominance and including in the asset universe either all the derivatives or only
the investment certificates. Figure 4 shows the first set of results. In particular, we repre-
sent the optimal here-and-now (H&N) solution, i.e. the optimal portfolio in the root node,
obtained under different combination of constraints and derivative universe. Moreover, for
each solution, we report the statistics of the distribution of the wealth of the portfolio in the
stage t = 10 where, when imposed, the SD constraints have a more relevant impact. Finally,
for each case, we show the value of the objective function that summarizes the expected
shortfall of the variables mentioned in the previous section. The investment certificates con-
sidered in these results are with w = − 5% and k = c = 5%. The first result on the left is the
unprotected optimal portfolio that corresponds to the case in which neither the SD constraints
nor the derivatives are included in the model. Therefore, it represents the solution we obtain
with the original model. Even if the portfolio wealth is not a target of the model, we compare
the statistics of this variable at t = 10. Moving to the right of Fig. 4, we find the two cases
in which the derivatives are included while the SD constraints are not. In the case, where
the derivatives are also available, we notice that the objective value benefits remarkably by
their protection (26,973 vs 34,616). Indeed, both the two put options with 1-year maturity
are used in the H&N solution touching the upper bound of 5% and only a small portion,
the 1%, is allocated in the BC on Public Equity. The wealth distribution is slightly worst
than the unprotected case because the protection ensured by the derivatives has a cost, but
the expected shortfalls of the variables in the objective function decrease as remarked by the
decreasing objective value. In particular, the put options give a huge protection but their cost
is quite relevant. In the trade-off protection/cost, the optimal solution considers the former
more relevant. However, when only the investment certificates are available, it is still possible
to improve the objective value (32,599 vs 34,615) investing the 4.8% of the H&N portfolio
in the BC on Real Estate. Moreover, the wealth distribution is slightly better than in the case
with put options. This means that the investment certificates give a more limited protection
but at a lower cost.

Let’s introduce now the benchmark in the model and let’s implement the SD constraints.
As we can notice, the H&N portfolio of the benchmark is very aggressive. The 60% of the
portfolio is allocated in the two most risky assets. Indeed, the unprotected portfolio, i.e. the
solution with the original model, already moved the portfolio to a much more safety assets.
However, such aggressive portfolio is able to generate wealth distributions at t = 3 and,
more relevant, at t = 10 that have a higher mean value than the unprotected portfolio, even
if the tail indicators are worse. Therefore, let’s assume that the pension fund manager would
like to account not only for the variables in the objective function, but also would like to
have an optimal portfolio that generates a wealth distribution better, in the SD sense, than
the benchmark.

The further two results on the right of Fig. 4 show the optimal solution when the FSDwith
respect to the benchmark wealth distribution are active at t = 3 and t = 10. As we mention
above, these solutions are obtained through a mixed-integer problem and, to be able to solve
it within few hours, we had to set the relative gap at 15%. However, it is possible to find a
portfolio whose wealth distribution dominates the wealth distribution of the benchmark in the
FSD sense. Indeed, all the statistics of thewealth distribution at t = 10 are better: the averages
are 532,952 and 537,346 vs 500,657, the V@Rs are 278,933 and 286,454 vs 238,172, the
AV@Rs are 255,331 and 261,606 vs 199,244. Clearly, to satisfy the FSD constraints the
objective function gets remarkably worse than the cases without the SD. This worsening is
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Fig. 4 Optimal solution obtained solving the unprotected model (without SD and without derivatives), solving
the model with and without FSD, with and without SSD. Each case with and without put options. We present
the H&N portfolios, the detail of the allocation in derivatives, the statistics of the wealth distribution at t = 10
and the value of the objective function. The investment certificates are with w = −5% and k = c = 5%

the cost to satisfy the FSD constraints. Thus, the pension fund manager can choose whether
it is an acceptable cost or not. The differences between the portfolio with or without put
options are similar to the ones highlighted for the case without SD: the put options provide
more protection at a higher cost. This effect is clear comparing the statistics of the wealth
distribution and the objective functions.

The last two results on the right hand side of Fig. 4 show the optimal solution when the
SSD are imposed at t = 3 and t = 10. Again, all the statistics of the wealth distribution at
t = 10 are better than the benchmark: the averages are 501,386 and 501,836 vs 500,657,
the V@Rs are 277,003 and 280,685 vs 238,172, the AV@Rs are 254,313 and 260,340 vs
199,244. As in the FSD case, also using the SSD constraints the objective function gets
slightly worse. And the differences between the portfolio with or without put options remark
again that the put options provide better protection but at a higher cost.

We can conclude that the SSD is somehow in the middle between the case without SD
and the FSD case: it is possible to dominate the benchmark, but the optimal objective value
is still close to the case without SD.

In Fig. 5, we show the quantile function of the wealth for the three cases that include
put options: the case without SD, the case with FSD, and the case with SSD. We remark
that, comparing the quantile function of the optimal portfolio and of the benchmark, we are
basically checking the presence of FSD. We can notice that in the case without SD and in the
case with SSD, the FSD is not imposed, and, thus, achieved neither at t = 3 nor at t = 10.
In particular, the imposition of the SSD makes the two distribution closer but not enough to
guarantee the FSD, while in the case without SD the quantile function of the optimal portfolio
wealth is remarkably worst than the benchmark. Considering the FSD case, we observe that
constraints (5) are active in particular in t = 10, meaning that to impose the FSD in t = 10
basically implies that the FSD is achieved also in t = 3, implicitly.

In Fig. 6, we show the integrated quantile function of the wealth for the three cases that
include put options: the case without SD, the case with FSD, and the case with SSD. We
remark that, comparing the integrated quantile function of the optimal portfolio and of the
benchmark, we are basically checking the presence of SSD. We notice that, in the case with
FSD, the SSD is automatically implied as it is described in Sect. 2.1. In the case without SD,

123



Annals of Operations Research

without SD

t = 3 t = 10
with FSD

t = 3 t = 10
with SSD

t = 3 t = 10

Fig. 5 Quantile function of the wealth for the cases without SD, with FSD, and with SSD, all with put options.
We consider the wealth distributions at t = 3 and at t = 10. The solid line represents the wealth of the optimal
portfolio, the dashed line represents the wealth of the benchmark

the SSD is not achieved. Considering the SSD case, we observe that constraints (5) are active
for almost all the nodes in t = 10, while in t = 3 it is active only in the very left part of the
distribution meaning that the SSD constraints in t = 3 have an impact on the solution, even
if not very relevant.

All the results shown above are obtained by implementing and solving a linear program-
ming model with CPLEX 12.6.0.1 in GAMS 24.3.3, with an Intel(R) Core(TM) i7-8650U
CPU 1.90GHz with 16GB RAM running Windows 10. All the input for the optimization are
computed in MATLAB R2019b. CPLEX generates the original model with 1388426 single
equations, 1525955 single variables, 5736390 non zero elements and generates the model
with stochastic dominance constraints with 1389386 single equations, 1595587 single vari-
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without SD

t = 3 t = 10
with FSD

t = 3 t = 10
with SSD

t = 3 t = 10

Fig. 6 Integrated quantile function of the wealth for the cases without SD, with FSD, and with SSD, all with
put options. We consider the wealth distributions at t = 3 and at t = 10. The solid line represents the wealth
of the optimal portfolio, the dashed line represents the wealth of the benchmark

ables, 5945606 non zero elements. Then, the FSD case has 69632 binary variables and the
CPLEX solver was not able to reach the 10% of relative gap in 24 hours, so the relative gap
has been set at 15% and the solver found a solution within 2 hours. The SSD case takes
approximately 30 minutes to solve, the case without SD approximately 10 minutes. Problem
instances with larger dimension gave similar results but inducing memory issues.

4.2 Sensitivity to the parameters of the investment certificates

Let’s now consider in the derivative universe other investment certificates having different
combinations of the parameters w, k and c. We perform this sensitivity analysis considering
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only the case without SD and with SSD. We do not include the FSD because their computa-
tional burden and because in the few tests that we did their results are similar to the SSD case.
Moreover, we do not display the evidences in terms of wealth distribution and objective value
because the comments would be aligned to the ones already deeply analysed in Fig. 4. There-
fore, in Table 3, we compare types and quantities of hedging assets in the H&N portfolio. We
can notice that the investment certificates are never preferred to the put options. Indeed, when
the asset universe includes put options, these assets absorb all the allocation available (5%).
However, the investment certificates are not dominated by the put options and they represent
a complementary asset to mitigate the risk at a relatively lower cost. Moreover, the amount
allocated in investment certificates tends to increase as the values ofw and k = c diverge, i.e.
when they diversify from the behaviour both of the put options and of the underlying itself.
Similarly, the investment certificates appear to be more attractive when the SSD constraints
are imposed. However, among the 12 available investment certificates, only a very few are
used in the H&N solutions, and also in subsequent stages. These are: the CBC on Real Estate,
the BC on Public Equity and the UCP either on Real Estate or on Public Equity. Only in
few cases the investment certificates are combined with each other. Moreover, when the put
options are not available, the solution tends to disinvest in Real Estate and Public Equity to
move to safer assets. Then, the turnover flexibility is mainly exploited for this fly-to-safety,
and the residual risky investments requires less hedging with investment certificates.

Both the options and the investment certificates adopted in all the H&N portfolios
described above have 1-year maturity. Moreover, also in the subsequent stages, the port-
folio never uses 2-year maturity derivatives. This is consistent with what already found in
Moriggia et al. (2019) where the put options with 2-year maturity were never used in the
optimal portfolio. Indeed, since the selling of these instruments is forbidden, the optimal
portfolio prefers to remain flexible and to buy only 1-year derivatives and, in case the pro-
tection is needed also for the next year, to buy again another 1-year maturity derivative. Such
results could change in case of high transaction costs which are not included in this model
since, generally, a large pension fund pays a relatively small amount of transaction fees.

4.3 Stability of the H&N optimal portfolios

All the results shown in previous sections were computed for a single multistage stochastic
scenario tree to be able to compare the different cases in a unique stochastic framework.
However, once a new stochastic scenario tree is generated, running again the solver could
lead to a different optimal solution. In this section, we want to observe the stability of the
solution with respect to the stochastic scenario tree. Therefore, we generate 20 different
stochastic scenario trees and we solve the ALM model considering the case with all the
derivatives and imposing the SSD constraints.

In Table 4, we report the summary of the H&N allocations of the 20 solutions. In particu-
lar, we show the minimum allocation in each asset, the average allocation, and the maximum
allocation. We notice that the portfolio never invest in Cash and that the allocation in Corpo-
rates is always the same. The allocation in Treasury and Securitised is quite different among
the 20 portfolios, while the allocation in Public Equity and Real Estate varies, but it is more
stable.We decide to split the information about the derivatives to highlight that the investment
in Put Options is constant and touches always the upper bound of 10%, while the allocation
in Investment Certificates could change relevantly. In particular, the Investment Certificates
used across the 20 portfolios are mainly three: the BC 1-year on Public Equity, the UCP
1-year on Public Equity, the CBC 1-year on Public Equity.
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Table 4 Distribution of the
allocation of the H&N portfolios
for the 20 representative solutions

Asset class Min (%) Average (%) Max (%)

Cash – 0 –

Treasury 33.2 34.9 36.9

Securitised 5.9 7.0 9.1

Corporates – 8 –

Public equity 12.1 13.0 13.8

Real estate 22.8 23.5 24.4

Put options – 10 –

Investment certificates 1.4 3.6 4.8

Table 5 Distribution of the main
statistics on the wealth at t = 10
for the 20 representative solutions

Statistic Min Average Max

Mean 497,586 501,010 504,296

SD 198,850 203,079 205,759

V@R 268,165 275,249 279,319

AV@R 244,414 252,953 258,306

In Table 5, we report the summary of the statistics regarding the wealth distribution at
t = 10 achieved by the optimal portfolios in the 20 representative cases. We notice that all
the statistics are somehow stable and among the 20 portfolios and the 20 stochastic tree we
do not observe any extreme situation. This is due both to a stability of the stochastic scenario
tree generation technique and to the stability of the solution given by the ALMmodel. Indeed,
the scenario generation algorithm never produces extreme trajectories, and the ALM model
is able to face and manage also very volatile scenarios.

5 Conclusion

The paper proposes an extension of the Asset Liability Management model presented in
Consigli et al. (2017) and Moriggia et al. (2019). In particular, we suggest a technique to
define the value and the returns of highly structured products on a discrete scenario tree, and
we test the inclusion of investment certificates in a pension fund portfolio. These instruments
are analysed with respect to plain vanilla put options and in presence of FSD and SSD
constraints with respect to a benchmark portfolio. The empirical results show that the put
options are more effective to hedge the portfolio than the investment certificates. However,
the investment certificates still play a role to create the optimal portfolio and are used both in
the H&N solution and in the dynamic strategy. As far as the investment certificate features
are concerned, considering that we need to keep the model computationally tractable, it was
possible to test disjointly different payoff structures and two distinct maturities maintaining
the number of available assets below 27. On the one hand, the limit in the maturities did not
affect the solution since only 1-year maturities are actually used in the portfolio; on the other
hand, a wider selection of available investment certificates could prejudice the tractability of
the model. The issue could be addressed in a further work by considering the parameters w,
k and c to be decisional variable.
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