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Abstract: We consider a semantics based on the peculiar holistic features of the quantum formalism.
Any formula of the language gives rise to a quantum circuit that transforms the density operator
associated to the formula into the density operator associated to the atomic subformulas in a reversible
way. The procedure goes from the whole to the parts against the compositionality-principle and gives
rise to a semantic characterization for a new form of quantum logic that has been called “Lukasiewicz
quantum computational logic”. It is interesting to compare the logic based on qubit-semantics with
that on qudit-semantics. Having in mind the relationships between classical logic and Lukasiewicz-
many valued logics, one could expect that the former is stronger than the fragment of the latter.
However, this is not the case. From an intuitive point of view, this can be explained by recalling that
the former is a very weak form of logic. Many important logical arguments, which are valid either in
Birkhoff and von Neumann’s quantum logic or in classical logic, are generally violated.

Keywords: quantum logics; quantum gates; holistic semantics

1. Introduction

Quantum computational logics are new forms of quantum logics inspired by the
theory of quantum computation [1]. While sharp and unsharp quantum logics refer to
possible structures of physical events [2], the basic objects of quantum computational logics
are pieces of quantum information. The simplest piece of quantum information is a qubit
(state): a unit-vector of the Hilbert space C? that can be represented as a superposition
|¢) = ¢0|0) + ¢1]1). The two basis elements (|0) and |1)) represent the two classical
truth-values or, equivalently, the classical bits. The simplest generalization of qubits are
represented by qutrits: unit-vectors living in a space C3. In the many-valued generalization,
one can consider d truth-values and many-valued connectives which allow one to get
logical truths differently from the qubit-case [3].

The most natural semantics is a form of holistic semantics, based on the peculiar holistic
features of the quantum theory. Any formula of the language gives rise to a quantum
circuit that transforms in a reversible way the density operator associated to the formula
into the density operator associated to the atomic subformulas [1]. The procedure goes
from the whole to the parts and not the other way around, against the compositionality-
principle. This gives rise to a natural semantic characterization for a new form of quantum
logic that has been called “Lukasiewicz quantum computational logic ” (LQCL). In this
semantics, the entropy of a formula is the average level of information or uncertainty
inherent in the possible truth-values. Indeed, the truth-value associated to a formula is the
expected value. As expected, the language of LQCL is richer than the language of “Holistic
quantum computational logic” (HQCL), since some basic connectives (like negation and
conjunction) turn out to be split into different kinds of connectives. It is interesting to
compare the logic HQCL with the fragment LQCL* of LQCL whose formulas are expressed
in the language of HQCL. In [4], we showed, as expected, that the compositional logic
characterized by the qubit semantics is stronger than the compositional Lukasiewicz
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quantum computational logic by a counterexample. The holistic case is a different matter
because quantum uncertainties and holism play a fundamental role.

The paper is organized as follows. In Section 2, we recall some basic notions of
quantum computational logics and the qudit-semantics based on the Bertini gate and on
genuine quantum gates. In Section 3, we show some new results that are useful for proving
that HQCL and the fragment LQCL* characterize the same logic. Finally, the conclusion is
drawn in Section 4.

2. Basic Notions
Let us first recall some basics useful for quantum computational logics [5-9]. Asis well
known, the general mathematical environment is the Hilbert space ’Hén) =C'®..0C!
N——

n—times

(n-fold tensor product where d > 2 and n > 1) with the canonical orthonormal basis B (n);

B ={|x1,...,x,) :x1 €D,...,x, € D},

1 0

0 1 0
whereQ:{O,d%l,...,l},m): Sl =[O = | ¢ |, whilexy,...,xa)

. . 0

0 0 1

is an abbreviation for |x1) ® ... ® |xy).
For instance, the truth-values of the qutrit space C3 will be:

0 =19 = (b= (m=12= 3)
(n)

Any piece of quantum information is represented by a density operator p of H ;.

A quregister (state) is represented by a unit-vector |¢) which is a pure state of H{Sl”) or,

equivalently, by the corresponding projection-operator P, that projects over the closed

subspace determined by |¢). Following a standard convention, P represents the Falsity,

Py represents the Truth and P| iy represents an intermediate truth-value, where 0 < j <
71

d — 1. In this framework, a truth-value projection P(7) of Hén) is a projection whose range is

a1 )
the closed subspace spanned by all quregisters ending with d]Tl' where 0 <j<d—1.
By applying the Born rule, one can compute the probability that the information

stocked by the density operator p is the truth-value 715:

where tr is the trace-functional and 0 < j < d — 1. On this basis, one can define the

probability for any density operator p of Hé") as the expected truth-value.

Definition 1. The probability of a density operator.
1=
plp) = ﬁ];]pd%(p)

Trivially, we have:
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where 1("~1) is the identity operator of %("~1) and E is the effect of the form

0 O 0 0
0 ﬁ 0O --- 0
0 0 %4

: : : 0
o o - 0 1]

For instance, p(P, 0)+¢, 1)) = |c1/*-

In the qudit-framework, basis elements represent classical pieces of information, al-
though based on many-valued systems of truth-values. At the same time, the probabilistic
behavior is generally different: in the qubit-case, probabilities of basis elements are di-

chotomic, while, in the qudit-case, there are registers |x1, ..., x,) such that p (P‘ X 1,...,xn>) #

0,1. A typical example is represented by |%>, where p (P‘ 1 >) = % Thus, in qudit-spaces
“classical” pieces of information may have an indeterminate probability value. Of course,
when the truth-value number 4 is greater than 2, one takes into account the characteristic
“many-valued features” of the space C.

Consider the product-space

p(mn) — qy(m) o q(0n)

Any density operator p of #("+") represents a bipartite state for a composite physical
system S = S; + Sy. According to the quantum theory, p determines the reduced states

RedEm)n] (p) and RedEm)n]
of reduced state can be naturally defined for multi-partite systems. Let S = S1 4...+ S, be
a composite system whose Hilbert space is the product-space. Any state p of S determines
the reduced state Red/) (p) of each subsystem S -

Matrix bases can be used to decompose density matrices associated to states of quan-
tum systems. In the qubit-case, an important basis is formed by the identity matrix and by
the three Pauli matrices. A density matrix can be expressed by a 3-dimensional vector, the
Bloch vector, that lies within the Poincaré-Bloch ball (sphere of radius 1) [10]. In higher
dimensions, two bases play an important role: the generalized Pauli basis and the Weyl
operator basis. For any j, k, I such that1 <j < d2—-1,0<k<1<d—1,the generalized
Pauli matrices 0; on C? can be defined as follows:

FENe=: *
ifj <2
—flﬁ><ﬁ\+4ﬁ><ﬁ\
1f( )<]<d( )and]:

JiE (zk Ll (| - g <d4

ifj>d(d—1)andj=d(d

(p) that represent the states of S; and S;, respectively. The notion

+(d—-2)k+1;

_A
R.
»—\
—
+
o~
paN
._\
»
=

They are the standard SU(d) generators. The expansion of p with respect to the orthogonal
basis {I(l),aj 1< < d?>—1}is

d2—1

1
p=g(1+ 2 bioj),
where b; = ,/ﬁtr(p o) € R.
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b= (by,...,bp_,) represents the Bloch vector associated to p with respect to the basis
{I(l), 0 1<j< dz — 1}, that lies within the hypersphere of radius 1. The Bloch vector
has real components that can be obtained as expectation values of measurable quantities.
When d = 3, we obtain the Gell-Mann Hermitian matrices and the Bloch vector can be
obtained as expectation values of spin 1 operators.

Let us recall what happens in the semantics of Lukasiewicz’ logics which represent
special examples of fuzzy logics. In this semantics, the set of truth-values is identified either
with the real interval [0, 1] or with a finite subset thereof (D), the diametrical negation is
defined like in the classical case (—x := 1 — x). At the same time, the conjunction is split
into two different irreversible operations, the Lukasiewicz-conjunction (x ® y := max(x +
y —1,0)) and the lattice-conjunction (x My := min(x, y), also called min-conjunction). As
expected, two different kinds of inclusive disjunctions can be defined via the de Morgan-
law: x @y = =(-x ® —y) = min(x +y,1); xUy := =(-xM-y) = max(x,y). While
© and M are the same operation in the two-valued semantics, when d > 2 these two
conjunctions satisfy different semantic properties. The Lukasiewicz-conjunction is generally
non-idempotent (x ® x # x). The lattice-conjunction gives rise to possible violations of the
non-contradiction principle (x M —x # 0), as so happens in the case of most fuzzy logics
whose basic aim is modeling ambiguous and unsharp semantic situations. At the same
time, ' behaves as a lattice-operation in the truth-value partial order.

Following Zawirski [11] or Chang [12,13], the Lukasiewicz approach to many-valued
logics can be recovered on the basis of {®, =}, or equivalently {®, —}. We also consider two
modal connectives: possibility (ox := 0 if x = 0; 1 otherwise) and necessity (Lx := = ¢ —x).
In addition to the diametrical negation, other negation connectives can be defined: the
intuitionistic negation (~ x := — ¢ x) and the anti-intuitionistic negation (also contingency,
bx := o—x). All these logical operations can be simulated by convenient reversible gates.
Pure pieces of quantum information are transformed by quantum logical gates (briefly, gates)
that play a special role from the logical point of view [14]. In this paper, we will focus
on the Bertini gate that represents a semiclassical gate, because it always transforms basis
elements representing classical information into basis elements.

Definition 2. The Bertini gate.
The Bertini gate is the linear operator B such that for every element |x, y, z) of the computational
basis BO):

1—xx,x+y—1) ifz=0andx+y>1

ly, x +2,0) fx=1—-yand0<z<y

ly —z,z2,2) ifx=0andz<y<1
B(|x,y,2z)) =< [0,x+y,z) fy=zand0<x <1l—-y

[1,0,0) ifx=0,y=1landz =10

|0,1,0) ifx=1y=0andz=0

|x,y,2) otherwise

The Bertini gate is both conservative (i.e., the sum of input values is preserved into
the output) and self-reversible (i.e., BB = 1)), and it has the following truth table for three
values (see Table 1).
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Table 1. Three-valued truth table of the Bertini gate.

Input Output
|0,0,0) |0,0,0)
0,0, 1) 0,0, 1)
|0,0,1) |0,0,1)
0,1,0) 11,0,0)
% 1 11
0,7, 3) 0,3, 3)
0,5,1) 0,5,1)
|O,1,0) |1,0,0>
0,1,3) 1,3,0)
0,1,1) 11,1,0)
3,0,0) 0,3,0)
|§,o,%> |§,0,%>
|5,0,1) 15,0,1)
o 110
17:7:2) 210
22/ 1) 221
Ig,l,(p Ig@lﬂ
=,1,1 =, 1,1
2/ 7 2/ 7
|1,0,0> |0,1,0>
11,0, %) 11,0, %)
|1,0,1) |1,0,1>
1, 3,0) 0,1, 1)
|1,%,%> |1,§,%>
|1/ j/1> |1/ §/1>
|1,1,0> |O,1,1>
11,1, 1) 11,1, 1)
|1,1,1) |1,1,1>

The Bertini gate is functional complete: by fixing the values of a subset of their inputs,
one can get a set of connectives that, equipped with a suitable set of intermediate logical
constants, are able to realize any mapping from {0, ﬁ, ..., 1}" to {0, ﬁ, ...,1}. Asis
well known, Lukasiewicz logics without such constants is incomplete: for instance, it
cannot express the function which is identically equal to ﬁ In [15] Aharonov showed a
simple proof that Hadamard and Toffoli are an approximately universal set of quantum
gates. A similar result can be obtained by considering the Hadamard gate and the Bertini
gate.

An interesting application of quantum logics to the formal verification of protocols
in quantum computation and communication was developed by Smets et al. [16]. In
particular, they make use of the probabilistic logic of quantum programs to provide a
formal specification of the quantum voting protocol for anonymous surveying with its
correctness. Applications to quantum key distribution protocol and to quantum leader
election protocol, that aims to randomly select a leader in a group of agents, are shown
in [17].

Consider the product-space H(®) = H() @ H() @ H(1). Any density operator p of
HO) represents S = Sy + S, + S3. According to the quantum formalism, a possible state p
for the composite physical system determines the reduced states Red!) (p), Red?) (p) and
Red®)(p), respectively. In such a case, p represents a tripartite state with respect to the
decomposition [1,1,1]. In particular,

Red®) (Pg(j0,,2)) = Plyriz)
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Red® (P(jy,0))) = Plrey)
Red ™) (Pg |, 1)) = Py

Red® (Pg(,11y)) = Ploy)

Quantum computational logics are involved in the language last qudit-target-gates [18].
One may think this is a limitation due to the fact that the target may be in another position,
but it is always possible to exchange the target to the last position using a swap gate which
plays a central role in network designs for quantum computation.

Definition 3. The swap gate.
Foranyn > 2,j > 1, k < n such that j < k, the swap gate is the linear operator Swap](.,r;()
such that for every element |x1,. .., x,) of the computational basis B("):

Swap](.;i)(|x1,...,xj,...,xk,...,xn>) = |x1,...,xk,...,xj,...,xn>

Therefore, with a single gate, a Lukasiewicz conjunction Andg and a lattice-conjunction
And can be defined for any density operator p in # (")

rod - B(p®P‘O§)Bifm:n:1;
ndy (p) := (I(m+n*2 ®B)(p® p|0>)(I(’”+"*2) ® B) otherwise.

Swapsg B Swap%) (p® P|O>)Swapf§ B Swaps; ifm=n=1;

— +n+1 - +n+1 +n+1
And(p) := Swap%mwijm%ﬂ (I((m+n 21)) ®B) Swapfnmmz,;ﬁnﬂ SW?P;SZlm%n)l (0 ®Pyg))
et et - et .
SWap,, 1 SWAP, L (1(m+n-2) & B) Swap,,' iy Otherwise.
Moreover, a possibility and a negation can be defined for any density operator p in
AOR
o B(p®Ppy))Bifn=1;
Pos(p) := { (1D @B) (0 @ Ppyyy) (1"~ @ B) otherwise.
3 3).
ot (o) = Swap§,3) B(p® Pj10) )B Swapi; ifn=1;
3wapf1’f,j+2§ (1D @B) (o @Pp)) (I D @ B)Swapi',’,jf% otherwise.

In [14], we showed some interesting relations between the probability function p
and the connectives that are useful in the synthesis and simplification of many-valued
logic digital circuits. In fact, the probability of the gates can be described in terms of the
corresponding logical operation (®, 1) and continuous t-norms (&, -).

The following gate represents a generalization of the Hadamard gate of C2.

Definition 4. The Hadamard gate on ’H{gl)

The Hadamard gate on the space ’H{(il) is the linear operator /T W that satisfies the following
condition for every element |x) of the canonical basis:

VIVlx) = —(cla) + |1 - x)),

Nis

~.

1, ifx <
wherec = /2—1, ifx=
-1, if x >

NN =N =
. ~.
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. . 1 . .
As happens in the qubit-case, /I ™) transforms each basis element into an equal
superposition of the basis element and of its negation. Moreover, it is a square root of the

identity: Iyt = 1,
For instance, consider the qutrit-space C®. We have:
1
o VIV = (Y -9 =539 +13) = Z(0) 1)
(1)
VA0l )= )
(1)
o VIV = L3 -2 = (9 —13) = L(0) — ).
Another important “genuine” quantum gate is the square root of negation gate, that can
be defined as follows.

Definition 5. The square root of negation on ’ngll)
(1)

The square root of negation on the space H ;" is the linear operator \/NOT(l) such that for
every element |x) of the canonical basis:

1
VAET x) = Z(1+ 1)) + (1= 1)[1 - ).
Clearly, the basic property of the square root of negation gate is the following:

Vet ot |y) = not |y,

for any qubit |y).

As expected, both gates VI &) and \/NOT(U can be generalized to higher-dimensional
spaces:

o VI, = 3 1) @ VI 1),
o VNOT|xy, oo x) = |x1 e Xnn) @ VEOT Y [2).
(n)

Any unitary operator G of H;’ can be canonically associated to a unitary operation ¢
that transforms all density operators p in a reversible way, according to the following rule:

Yeo=0Gpq,

where G' is the adjoint of G.
We will consider here a minimal Lukasiewicz quantum computational language £*
whose alphabet contains:

1. atomic formulas, including two special formulas f and t that denote the Falsity and the
Truth, respectively.
2. the following logical connectives:

® the ternary lattice-connective T and the ternary Lukasiewicz connective Ty, corre-
sponding to the Bertini gate combined with swap gates to bring the target to the
last subsystem;

» the connective square root of negation /=, corresponding to the gate v/NOT;

e the Hadamard-connective \/id, corresponding to the Hadamard gate.

At a syntactical level, these connectives simulate the behavior of the corresponding
gates. While the square root of negation and the Hadamard-connective are 1-ary connec-
tives, the other connectives are ternary connectives: if #, § are formulas and q is an atomic
formula, then T¢ («, B, q) and T(a, B, q) are formulas.

Recalling the definition of the two conjunctions And and Andg, two binary conjunction-
connectives A and Ag, can be defined in terms of the above connectives:

aAB:=T1(a, B f) a A B:=Te(a, B, f).
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where the Falsity f plays the role of a syntactical ancilla.
The negation — can be defined in terms of the square root of negation:

) \/:\/:0(
The modal connective ¢ can be defined by T¢:
on:= Tp(a, t, t).

A syntactical notion that plays an important semantic role is the concept of atomic
complexity of a formula that is the number of occurrences of atomic formulas. For instance,
At(w) = 3, where v = q A 7q = Te.(q, v—v/q, f) and q is an atomic formula.

For any choice of the truth-value number d, the number Af(«) determines the semantic
space Hj; where any piece of quantum information representing a possible meaning of «
shall live. Let At(«) = n. The semantic space 1} is determined as follows:

Hy=HM . wCt.
>
n—times
Any formula « can be decomposed into its parts, determining a syntactical tree of .
For instance, the syntactical tree of &« = (q A —~q) Ap Vidq = Te(7(q, —~q, f), Vid q,f) is
the following sequence of four levels, where each level is a sequence of subformulas of a:

Levely = (q,9,f,q,f)

Levely = (q,q,f,q,f)
Levelg‘ = (T(q,ﬂq, f),\/ﬁq, f)
Level} = (Te(1(q, ~q, f), \/ﬁq, f))

This concept can be naturally generalized to all formulas of the language. The bottom level
Level{ is (x). The top level Levely, is the sequence of atomic formulas occurring in a. Each
Level; 1 (where 1 < i < h) is obtained by dropping the principal connective in all molecular
formulas occurring at Level; and by repeating all atomic formulas that occur at Level;. The
syntactical tree of any formula a gives rise a quantum circuit defined on the semantic space
of «. For instance, consider again the formula

a = (qA~q) Ay Vidq = T1(1(q, 9, f), Vid q ).

The third level of the syntactical tree of « has been obtained from the fourth level by
repeating the first occurrence of q, by negating the second occurrence of q and by repeating
f, the third occurrence of q and f. The second level has been obtained from the third level
by applying the lattice-connective to the three sentences occurring at the second level, by
applying the square root of identity at the third occurrence of q and by repeating f. The first
level has been obtained from the second level by applying the Lukasiewicz-conjunction
to the three sentences occurring at the second level. Accordingly, the gate tree of « can be
naturally identified with the following sequence of gates defined on the semantic space
of a:

(1™ @ vroTvioT Y 0 10 @ 1) o 1, Swapg)BSwap ovIM o1®, 10 g1 gB).

Clearly, this procedure can be generalized to all formulas of the language.

As so happens in most semantic theories, the basic notion is the concept of a model
that provides an interpretation for all linguistic expressions. In quantum computational
languages we will handle a holistic form of semantics, whose models will assign a global
meaning to each formula. A d-valued holistic map of L is a map Hol, that assigns to each
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level of the syntactical tree of any formula « a global interpretation, represented by a
density operator living in the semantic space H[j of a. Given a formula &, any holistic
map Hol; determines the contextual meaning with respect to the context Hol;(«) of any
occurrence of a subformula § in a. Suppose that

Levelf = (Bi,,---,Bi,)-

The contextual meaning of B;, with respect to the context Holy (a) can be naturally defined
using the notion of a reduced state:

Hol}(B;,) := Red!) (Hol(Level;(«))).

A d-valued holistic model of the language L is a d-valued holistic map Hol, that satisfies the

following conditions for any formula a.

(1) The meaning of each level is obtained by applying the corresponding gate to the
meaning of the above level. Let (
1 <i < h). Then,

QGE‘}H]), e, i)Gz‘l)) be the gate tree of a and let

Holy(Level®) = ©Gf (Holy(Level?,)).

(2) Hol, assigns the same contextual meaning to different occurrences of the same sub-
formula of «.
(3) The contextual meanings assigned to the false sentence and to the true sentence are
the Falsity and the Truth (Holj(f) = Pjg) Holj(t) = P)).
Notice that any meaning Hol;(a) = Hol,(Level{) represents a kind of autonomous
semantic context that is not necessarily correlated with the meanings of other sentences.
In fact, the same formula may receive different contextual meanings in different contexts

(Holj(y) # Holg (7)) as so happens in the case of natural languages.
We sum up some important properties of d-holistic models:

(1) For any model Holy, for any formula 7y such that V/idB is a subformula of :

Hol) (Vidp) = * x/f(At(ﬁ))Holg(ﬁ).

(2) For any model Holy, for any formula 7 such that /= is a subformula of -:

Hol) (vp) = 2vaoT P Ho1 (B).

(3) For any model Hol, for any formula v such that - is a subformula of v:

p(Holj(—p)) =1 - p(Holj(B)).
The concepts of truth and of logical consequence can be defined in the following way:.

Definition 6. Truth
A formula w is called true with respect to a model Hol, iff p(Holy(a)) = 1.

Definition 7. Logical consequence
A formula B is called a logical consequence of a formula o (« = B) iff for any d > 2, for any
formula <y such that « and B are subformulas of -y and for any model Holg,

p(Holj(a)) < p(Holj(B)).

We call Lukasiewicz quantum computational logic (LQCL) the logic that is semantically
characterized by the logical consequence relation.

Clearly, the qudit-semantics includes as an important special case the qubit-semantics.
We will deal with a very weak form of logic, where many important logical arguments such
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as Birkhoff and von Neumann’s quantum logic may be violated. Generally, the conjunction
is
*  non-idempotent:

0 vHQCL AN

*  non-commutative:
lX/\ﬁ '}/HQCLﬁ/\lX.
. non-associative:

aA(BAY) PrageL (@ AB) Ay

Such situations can be explained by recalling the contextual behavior of quantum meanings.

Different variants of the logic HQCL have been studied and applied to investigate
semantic phenomena where holism, contextuality and ambiguity play an important role, as
so happens in the languages of art [19]. Of course this holistic semantics does not forbid
compositional situations, where all models behave in a compositional way.

Definition 8. Compositional model
A model Hol; is called compositional iff for any formula « of the language, Hol, assigns to
the top level

Levely;, = (q1,.--,9r)
of the syntactical tree of w the following factorized state:

Holj(q1) ® ... ® Holj(qy).

Any compositional model Hol,; assigns to each level of the syntactical tree the tensor
product of the contextual meanings of the subformulas that occur at that level.

We call compositional quantum computational logics (CQCL) the logic characterized by
the special version of the semantics where all models are compositional. In compositional
semantics, one cannot recover some entangled situations. For instance, consider the

sentence v = q A q with the following meaning P 1_ (1000)+]111))” which is an entangled pure
V2

state. The contextual meaning of the atomic formula q is %I(U, which is a mixed state.
Clearly, we have:

p(And(%I(l) ® %I(l)» = 411 # % = P(P%(\000>+|m>>>

In the compositional semantics, conjunctions are always commutative and associative, but
non-idempotent. Apparently, we have:

® FageL p = a FcqeL B
At the same time, the inverse relation does not hold.

3. Qubit-Semantics

It is natural to assume that the logic HQCL is formalized in the sublanguage £ of £
that does not contain the Lukasiewicz connective. We will indicate by EQCL* the sublogic
of LQCL formalized in the language £. Consider now two formulas & and f that belong to
the language £. Clearly, we have:

a Frocr B = a«FugcL B-

What about the inverse implication? Recalling what happens in Lukasiewicz logics, we
could expect that HQCL is stronger than EQCL*. We conjecture that this is not the
case: HQCL and LQCL™ are the same logic. Apparently, quantum holism and quantum
uncertainties seem to render irrelevant the use of intermediate truth-values.
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The following Lemmas and Theorems are useful for proving that qubit and qutrit
semantics characterize the same holistic logic.

Lemma 1. Let p be a density operator of C* and b = (by,...,bp_q) the corresponding Bloch
vector. The following conditions are satisfied:

i plp) =15
(i) p(Pnorp) = Lo3;

(iii) p
(iv) p

a1_q .
where a1 = d(%—l) Z][:Z(]) (d —1- zj)b(d 2— ])(]+1) 1

d
411
a2 = d(d{l) YiZo ( —1-2j)b (@=1)(@42)j(2d-5-))

az = A/ d(dz,l) Zd:l

Proof. Easy computation (see Appendix A). O

bd(d—l)—i—]

In terms of complex coefficients, we have:

Lemma 2. Let p = Z}i,,::lo C]‘,k|d%1><dif1| be a density operator of C*. The following conditions

are satisfied:

@ plo) = Z] =0

(i) p(PnoTWp) = L2 Tl

1) —14-1-2j

(i) p(°y1" > 1o szOJ 2 Re(cja 1)

4-1a-1-2

(o vimr?p) = § -

(iv) p Im(cja—1-;),

where {%J is the integer part of %, Re(c) and Im(c) are the real and imaginary parts of c.

Proof. Easy computation. [

Lemma 3. Let p be a density operator of C3. There exists a density operator p of C? such that the
following conditions are satisfied:

(i) p(p) =p(
(ii) (QNOT ) (@NOT

(i) (i’ vithe) =p(®vI

(iv) ( ot ) p( NOT( )p).

Proof. Letp = Z]Z, k=0 Cjkl §> <§| be a density operator of C3.
Since p is a positive (semi)definite operator,

c0,00) (0] 4 c2,0[1) (0] + co,2[0) (1] + c2,2[1) (1]

2)(a

are positive (semi)definite operators corresponding to principal submatrices.

and

C1,1
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Consider the following Hermitian operator p of C3: p = lci1(|1)(1] + [0)(0]) +
€0,0/0) (0] + ¢2,0|1) (0] + c02|0) (1| 4 c2,2|1) (1| represented by the matrix

o0+ ac11 O Co2
0 0 0

1
2,0 0 35c11+c22

0 is a sum of positive (semi)definite operators. Therefore, it is a positive (semi)definite
operator. Clearly, tr(9) = cop +c11 + 22 = tr(p) = 1.
Consider now the operator g of C? represented by the following principal submatrix:

1

[Co,o +5c11 0,2 ]
1

2,0 5C1,1 + €22

By construction, it is self-adjoint and positive (semi)definite operator with trace 1. Thus, p
is a density operator of C? and by Lemma 2,

1
p(p) = 501122 =p(p),

p(Pn0TMp) = ¢ + %cm = p(®norMp),

p(*vi'p) = % - Re(cgz) = p(®VIp),

1) (1)

1
p(VAOTp) = 5 — Im(coz) = p(OVAOT " p).

O

Lemma 4. Let p be a density operator of C® @ C3. There exists a density operator p of C*> ® C?
such that the following conditions are satisfied:

i p(annV(p)) = p (a0 (5));

(ii) p(Redﬁ?l] (p)) p(RedEl)l] (p))

(iii) p(i’f“) Red! ()) ( Nis >Redgl](~))

(iv) p(i) (I)Red[1 1](p)) (9 ot )RedE11 (p )) forie{1,2};

(v) 1fReal[11 (p) = Redfl)”(p) then RedEl)H(p) Redfl)u(P)

Proof. Letp = le k=0 Cx1in, e 2) (%, X | be a density operator of C® ® C3. Since pisa
positive (semi)definite operator, ¢y, 0,0/ 5 ,0) (%, 0]+ cx, 25012 1) (4,01 + Cxr 01,21 24 0)
(5,1 + cxy o 213 1) (4, 1] and Cx1, Ly 1 | 2, %)(y; , | are positive (semi)definite operators
correspondmg to prmcipal submatrices, for x1,y1 € {0,1,2}.

Consider the following operator g1 of C3 @ C3:

Eazcl,y1:0 Cxl,O,y1,0| %/ 0> <y71/ 0| + Cx1,2,y1,0‘ %/ 1> <y71/ O|
Ay 01,213 O (B 1| + exy 24021 3, 1) (51
+3(X5,-0 Cx1,1,0,1(|%1/0> (0,01 +1%,1)(0,1)
+¢0,11,1(10,0)(3,0[ +10,1)(3,1])

+C1,1,1,1(|0/0><0 o+ 1, 1><1 1))

+62111(|1 0)(3,0]+ 1, 1)(3,1])

+ Y2 0 121(13,00(1,0] + 3, 1)(1,1]))

By construction, it is Hermitian and it is a sum of positive (semi)definite operators. We
have: tr(p;) = Z?cl,jzo Cx1,jx1,j = tr(p) = 1. Therefore, 01 is a density operator.
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We apply a similar procedure starting from p; = chz,yz,j k=0 Cixa k| %, 2y(k, 2| ob-
taining the following density operator:

A 2 N N
2= sz,yzzo €0,x2,0,2 |0/ %2> <0/ y*Z‘ + €2,22,0,y» |1/ %> <0, Q|
A X A X
+C10,x2,2,y2 0, 72>x<1' y72| + 202y, L 72> (L, y72|
50101, (10, 3)(0, Z[ + 1, ) (1, Z)

represented by the matrix:

[ c0000+3 (0101 0 0002+ 501012 000 002030121 0 €0,0,22 1
+c1,01,0+¢€1,1,1,1)
O 0 0 000 0 0 0
1
50200+ 1210 0 3 C0101+00202+ 1212000 €0.2,2,0 0 3c01,2,1+¢022,2
O 0 0 000 0 0 0
0 0 0 000 0 0 0
0 0 0 000 0 0 0
C2,0,0,0+%Cz/1,0,1 0 2,002 000 %01,0,1/0+C2,0,2,0+%62,1/2,1 0 %C1,0/1,2+Cz,0,2,2
0 0 0 000 0 0 0
€2,2,0,0 0 362101462202 000 301210402220 0 3(c1a11+c1212
L +c21,21)+€2222 |

One can naturally define the density operator § of C> ® C? corresponding to the
principal submatrix:

1 1 1
€0,0,00+ 75 (€0,1,0,1 €0,0,021+72€1,0,1,2 €0,0,2,0172€0,1,2,1 €0,02,2
+e1,01,0C1,1,1,1)

1 1 1 1
€0,2,00+2€1,21,0 2€0,1,011€02,02+75€121,2 €0,2,2,0 5€0,1,2,171C€0,2,2,2

1 1 1 1
€2,0,00172€2,1,0,1 €2,0,02 5€1,0,1,01€2,020+5C2,121 5€1,0121+€2,022

1 1 1
€2,2,0,0 202,1,0,11C2,2,0,2 2€1,2,1,01€2,22,0 alei1Fci21,2

+02101)+C2222

Thus, by easy computation, the following conditions are satisfied:

1. P(AND(l’l)(P)) = 3111401212+ C2121) + 2200 = p(AND(l’i)(ﬁ));

2 p(Redl})( ) 20 X2 1 4 = P(Redly) (7))

3. p(i’\f“ Red)) (p)) = 1 = X2, g Re(conn) = (VI Red])) (9));

4. p(®vwor Red{lﬁ]@)) =122 o Im(on20) = p(° A0 Red}) (9));
5. p(Redpy(0)) = 3 02]2:1 bex i = P(Redl}) (5));

6. (@f( Red}) (p)) = 3 = X2 g Re(cx,0,0) = p( VI Red)) (9));

7.

P(© ( )Redfl)l] (P)) % B lez() Im(cxl/O,Xer) = p(® ( )Redfl)l] (p))
2

In particular, if Red% ) 1 (p) = Red%1 )1] (p), we have:

2 2
Z RE(CO,XZ,2,)C2) == E Re(cxl,o,xl,Z)}

X2:0 x1:0

2 2

2 Im(coxy2,x,) = Z Im(cy,0x,2);
x=0 x1=0

2 2 ] 2 2 ]

2 Z EC]‘,JCz,j,xZ = Z Z E xlrj/xlrj'
x=0j=1 x1=0j=1

Consequently, Reclfl1 )1] (p) = Red? )](ﬁ) O
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Lemma 5. Let p be a density operator of C> @ C3. There exists a density operator § of i)(’}{gz))
such that the following conditions are satisfied:

(i) p(LAND(Ll)(p)) = p(AND(1r1>(~));

(i) p(Redyy (p)) = p(Redl}y (7)),

(i) p(2Vi'Redl), (o)) =p(° Vi Red)) 1](p))

i) p(® w0t Red() (o )) =p( > vaor " Red} ) (0)
fori 6 {1 2};

(v) szed[11 (p) = Redfl)l](p) then Redfl)l](ﬁ) Redfl)l](ﬁ).

Proof. Letp = Eazcl,yl,j,k:O Cxy k| 20 4, §| be a density operator of C3 ® C®. Similar to

Lemma 4, one can define the density operator § of C?> ® C? corresponding to the principal
submatrix: _ ) ) ) )
€0,000172(C01,01 €0002F261012  €0020F 321,21 0,022
+¢1,0,1,0)
0200+3¢1210 3(C0101+1111) €0.2,2,0 3€0121+€0222
+c0,2,02+ %01,2,1,2

1 1 1
2,000 762,101 €2,0,02 5(c1010tC1,111) 36101262022
1
+02,020+7562,1,21

1 1 1
€2,2,0,0 50210112202  3€121,01€2220 5(c121,2
L +e2121) 42222 |

Thus, the following conditions are satisfied:
p(LAND(lfl)(p)) = (1010 +€2101) + 02200 = (

(Re‘i 0) =1 02]2 56, = P(Redy) (0 ))
p( Red W (P)) = 5 — Yo Re(comx,) = ( Red(ll)l]( )>
p(© NOT 1>R€d[1)1](P)) =3 —szzo Im(coxy2,x0,) = ( \/ﬁ(l)Red[m]( ));
p(Red ) Y2 oY by = P(REdfl )1] (P))‘

( Ré’d (P)) =3- 23261,0 Re(cx 062) = < f Redll] (p))'
p( OV ”Red{ﬂl]@)) =12 o Im(cq0m0) = p( V0T Red(}) ().

In particular, if RedE )1] (p) = RedE )1]( ), we have:

N o ok »hdE

2
Z Re(com,z X5 2 Re( Cx1 0,x1, 2);

xp=0 xX1=

2
Z Im CO,X2,2,x2) = Z Im Cx10x12)

Xp = 0 X1=

2 2 ] 2 ]

Z Z Ecj,xz,j,xz = Z Z ECX1,j,X1,j~
1=0j=1 x1=0j=1

Consequently, Redfllr)l] (p) = Redflzr)l] (p). O

The following Lemma shows that the reduced state with respect to the last subsystem
of a given density operator p plays an important probabilistic role.
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Lemma 6. Let p € @(’H{(in)). We have:

2
p(p) = p(Red(?, 1 (p)),
wheren > 1.
Proof. By definition of the probability function p. [

Theorem 1. Consider a formula v = — q and a holistic model Hols of L. There exists a holistic
model Holy of L such that for any subformula 8 of -,

p(Ho1] (B)) = p(Holj(B)).
Proof. Consider the syntactical tree of v:
Level] = (q)
Level] = (- q)
By definition of a holistic model, we have:
Hol] (7) = Holz(=q) = pl'! € D(C?),

Hol)(q) = p € ©(CP).

By Lemma 3, there exists a density operator § of C? such that:

p(®) =p(p?),

p( "ot (p)) = p(p").

Thus, for each density operator there exists a corresponding density operator in the
“two-valued semantic world”:

Hol) (7) = ®notM(p),
Holj(q) = f.
Consequently, there exists a model Hol, of 7y such that for any subformula j of :

p(Hol] (B)) = p(Hol](B)).
0

Theorem 2. Consider a formula v = \/id q and a holistic model Holz of L. There exists a holistic
model Holp of L such that for any subformula B of -y,

p(Holj(B)) = p(Hol](B)).
Proof. Similar to Theorem 1. [

Theorem 3. Consider a formula v = \/= q and a holistic model Hols of L. There exists a holistic
model Holy of L such that for any subformula 8 of -,

p(Hol;(B)) = p(Hol](p)).

Proof. Similar to Theorem 1. [
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Theorem 4. Consider a formula v = q1 A qq and a holistic model Hols of L. There exists a

holistic model Holy of L such that for any subformula B of v,
p(Ho1} (B)) = p(Holj(B)).
Proof. Consider the syntactical tree of :
Level] = (qi, q2, f)

Level] = (1(q1,92,f))

By definition of holistic model, we have:

p[z],pm €D(CeCxC?),

where plll = Hols(Level]) and o2 = Holz(Level]).
Hols determines the contextual meanings of the 4 subformulas of -:

Hol] (7y),Hol] (q1),Hol] (q2),Hol] (f).

We have:
Hol] (y) = Hols(7) = plY,
Hol](q1) = p}) € D(C?),
Hol](q2) = o5 € D(CY),

Im@&%:&%ﬂﬂ@m)ZQQGQmﬁL

where pgz] = Redfll,)l,l] (012, p[ZZ] = Red E12,)1,1] (012, P|o) represents the Falsity.

The contextual meanings of the subformulas of 7y with respect to the model Hols
determine in a natural way a special configuration that we call the semantic tree of <y

determined by the model Hols:
SemLevel) = (Hol] (qq),Hol] (q2),Hol] (f))

SemLevel] = (Hol] (1(q1, q2,f)))

The 4 density operators p[z] 2]

1702 Py ol belong to the “three-valued semantic world”.

Each of them has a well determined probability value:

(o), p(es)), p(Ppgy), plo!l).

Clearly, P|g) of C? keep the same probability p(Pjy) =0.

Consider the density operator Red EzZ)l] (01?) of C® ® CB.

By Lemma 4, there exists a density operator ¢ of C?> ® C? such that:
1)~ 2
p(Redyy @) =p (o)
2) 2
P(Redfl,)u (p)) = p(P£ })/

p (D (@) = p (o).
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Thus, for each density operator there exists a corresponding density operator in the
“two-valued semantic world”:

K01 (7) = v ),
v =R d(l) =
H°12(q1) e [1,1](P)/

Ho1] (qz) = Red (1) (p),

Holj (f) = Pg).

In particular, if p?] = p[22], then, by Lemma 4, Redflll)u (p) = Red [1,)11
7 since the normality-condition is satisfied. Consequently, there exists a model Hol, of vy

such that for any subformula f of 7:

p(Hol](B)) = p(Hol](B)).

2 (p). Hol; is a model of

O

Theorem 5. Consider a formula v = q1 At q2 and a holistic model Hols of L. There exists a
holistic model Holy of L such that for any subformula B of -y,

p(Hol](B)) = p(Hol](B)).

Proof. Similar to Theorem 4. Consider a holistic model Hol; of £. Holz determines the
contextual meanings of the 4 subformulas of 7:

Hol](y) = Hol3(7) = pl!l e 9(CP 0 C* 0 C3),

Holl(qu) = pi¥ € D(C?),
Hol](qz) = p5) € D(C?),
Hol] (f) = Pjgy € D(C?).

Consider the density operator Red EZZ)l} (012) of C3® ® C3.

By Lemma 5 there exists a density operator g of C2 @ C? such that:
p(Red iy ) =p(er")
p(Red?, (7)) = p(p5),

p(annV(p)) = p(p!").

Thus, there exists a model Hol, of -y that assigns the corresponding density operator
in the “two-valued semantic world”:

Hol (7) = ann"" (p),

Ho1] (qu) = Red(}); (p),

Kol (a2) = Red(}};(0),

Holj (f) = Pyg).
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Consequently, there exists a model Hol, of 7y such that for any subformula j of :

p(Hol](B)) = p(Hol](B)).
0

Corollary 1. Consider a formula -y with height of the syntactical tree h < 2 and a holistic model
Holz of L. There exists a holistic model Holp of L such that for any subformula B of -y,

p(Hol3(B)) = p(Hol(p)).

Proof. Consider a formula +.

Let h = 1 be the height of the syntactical tree of y. Clearly, Hol](y) € ©(C?). B
Lemma 3, there exists a density operator ¢ of C? such that p(p) = p(Hol] (y)). Thus, there
exists a holistic model Hol, of £ such that Hol] (y)) = g and p(Hol] (7)) = p(Hol] (7))

Leth = 2. Then, v = ~q or v = Vidqory = y/=qory = q1 A q2 or ¥ = q1 AL qa.
By Theorems 1-5, there exists a holistic model Hol; of £ such that for any subformula § of

7, p(Ho1}(B)) = p(Hol] (B)). O

In a future paper we will extend these results by considering any formula -y in the
qudit-semantics and we will prove that qubit and qudit semantics characterize the same
holistic logic. The following Lemma is an extension of Lemma 3 and plays a fundamen-
tal role.

Lemma 7. Let p be a density operator of C%. There exists a density operator  of C2 such that the
following conditions are satisfied:

@ plp) =p(p);
(ii) p(QNOT(l ) (QNDT )

(i) p(®V1 p) p(2vi'p);

(iv) p( ot ) p( NOT ()p).
Proof. Letp = de 0 ]k|dj1><ﬁ|beadensity operator of (Cd
d—1—j j j d—1—j
],] d]1><d 1|+Cd1]]|d1><d 1|+C]d1]|d 1>< |+Cd1]d1]| >

< 7 1] | are positive (semi)definite operators corresponding to pr1nc1pal submatrices, for
je{o,..., Ld22J }. Thus,

¢i il +eqa—1-,;11)(0] +¢ja—1-;10) (1| + c4—1-ja—1-;]0) (0

are positive (semi)definite operators.
Similar to Lemma 3, consider the following Hermitian operator ) of C%:

%ch a1 ([1){1] +|0)(O])+
d-3
Z]dold 1(0]]|1>< | = ca—1-,;11) (0] = ¢jg—1-j10) (1| + ca—1-j4-1-;0)(O)
P = er e 1](C]]|O><O| +ca—1-j,j/I1) 0] + ¢ja—1-10) (1| + cg—1-ja—1-;11)(1]), ifdisodd;
= 0 ks 1(0]]|1>< | = ca—1-,;11) (0] = ¢jg—1-710) (1| + ca—1-j4-1-;0)(O)
+ 1 (01100 (0] + a1 1) (0] + ¢ja—1-110) (1| + ca_1_ja_1;]1)(1]), otherwise.
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represented by the following matrix:
14+b by —ib
T3 0o --- 0 1T12
o o0 --- 0 0
o o0 --- 0 0
by +ib 1-b
1 21 2 0 0 5 3
. §]-1d-1-2 §1-1d-1-2
with b, = 2y T Re(eaa ), b = 258 T D ) by = 1

oyt Loe;
j= 1 d 15,7+

p is a sum of positive (serm)deflmte operators. Therefore, it is a positive (semi)definite
operator. Clearly, tr(p) = 27 0 Cij = tr(p) = 1.

Consider now the operator g of C? represented by the following principal submatrix:

1+b3 by —iby
2. 2
by +iby 1-b3
2

2

By construction, it is self-adjoint and positive (semi)definite operator with trace 1. Thus, p
is a density operator of C? and by Lemma 2,

Z ;=== =pp),

d—1- _1+0b .
p(®not™ Z | ] 5 2 = p(®nor(p)
o ~m . 1 Lty 1-b J—
p( I'p)= 7 i1 Re(cj d—l—]) =5 ( VI )
=0
d|_
(1) 2] d—1-2j 1—-0b, (1).
p(PVNOT o) =5 — ), ——— Im(cja1-)) = —5— = p(TVNOT "p)
=0

As expected, for each level of the syntactical tree of 7y, one can determine a correspond-
ing density operator in the qubit-space.

Lemma8. Letp € D(Hfin) ). There exists a density operator p € D(?—léﬂ)) such that the following
conditions are satisfied:

(i) p(RedY)(p)) = p(Red) (p));

(ii) p(i’Nor DRed)(p)) = p(i’NoT IRed)());
(i) p(®V1 Red )(0)) = p (VI Red) (p));
(i) (2 VioT" Red)(p)) = p(° V0T Redl) (5) ).

Proof. Similar to Lemma 7. O

4. Conclusions

In this paper, we consider a semantics which makes essential use of the characteristic
holistic features of the quantum-theoretic formalism. Unlike standard compositional
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semantics, where the meaning of a whole is determined by the meanings of its parts, a
holistic model determines the contextual meaning of any subformula.

One can wonder whether the restriction to the space C? is really useful for the aims
of quantum computation. A natural “many-valued generalization” of the classical part of
quantum computation might assume any C? (where d > 2) as a basic Hilbert space. In this
way, elements of the canonical orthonormal basis of C? can be regarded as the truth-values
of a many-valued semantics. This gives rise to a natural semantic characterization for a
new form of quantum computational logic that has been called “Lukasiewicz quantum
computational logic”. As expected, the language of this logic is richer since some basic
connectives (like negation and conjunction) turn out to be split into different kinds of
connectives. Having in mind the relationships between classical logic and Lukasiewicz-
many valued logics, one could expect that HQCL is stronger than the fragment LQCL* of
LQCL whose formulas are expressed in the language of HQCL. However, we conjecture
this is not the case. This can be explained by recalling that HQCL is a very weak form
of logic: many important logical arguments are generally violated in the case of HQCL.
Quantum uncertainties and quantum holism seem to render irrelevant any basic semantic

assumption about the number of truth-values.
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Appendix A. Mathematica Notebook for Proof-Checking

library.wolfram.com/infocenter/ID /8763 /Qudit_DensityTrace.nb?file_id = 7999
www.pitt.edu/ ~ tabakin/QDENSITY/QDENSITY2015.zip

Needs[“QDENSITYQdensity”, “/Qdensity.m”];

KetBra:usage = "| 71 (7% | of C?, where x,y€ {0,....d-1}";

KetBra[d_, x_, y_]:=SparseArray[{{x + 1,y + 1} — 1}, {d,d}];

SNot::usage = "SNot[d,L,q1]\n\tReturns the Square root of Not operator with q1 as the target qudit of L qudits";
SNot[d_, L_, q1_]:=Normal[TensorProductQD|TensorProductQD|[SparseArray[{{i_,i_} — 1}, {d"(ql —1),d"(ql —1)}],
Sum[ 2 KetBra[d, x, x] + 1{KetBra[d, x,d — 1 — x], {x,0,d — 1}]], SparseArray[{{i_,i_} — 1}, {d"(L — q1),d"(L — q1)}]]I;
Sld::usage = "SId[d,L,q1]\n\tReturns the Hadamard operator with q1 as the target qudit of L qudits";

SId[d_, L_, q1_]:=Normal[TensorProductQD|TensorProductQD[SparseArray[{{i_i_} — 1}, {d"(q1 — 1),d"(q1 — 1)}],
Sum(If[x < &1, %KetBra[d, x, %] + %KetBra[d, x,d—1-1x], &—;-KetBra[d, x, %]+ %KetBra[d, x,d—1-1x]],{x,0,d —1}]
+If{0ddQ[d], KetBra[d, 45!, 451],0 KetBra[d, 4, £]]], SparseArray[{{i_i_} — 1}, {d(L — q1),d*(L — q1)}]]};

PO:usage = "The Falsity Py, of C*";

PO[d_]:=SparseArray[{{1,1} — 1}, {d,d}];

Ef::usage = “The effect E on last qudit”;

Ef[d_, L_]:=Normal[TensorProductQD[SparseArray[{{i_,i_} — 1}, {d"(L —1),d"(L —1)}],

SparseArray({{i_,i_} - (i—1)/(d - 1)}, {d,d}]ll;

Rho::usage = "Density operator of C?, where b is the corresponding Bloch vector";

Rho[d_]:=(sigma = {}; Do[AppendTo[sigma, KetBra[d, I, k] + KetBrald, k,1]], {1,0,d — 2},{k,1 + 1,d — 1}];
Do[AppendTo|[sigma, —iKetBral[d, k, 1] + iKetBra[d, 1, k]], {1,0,d — 2}, {k,1 + 1,d — 1}];

Do[AppendTo|[sigma, \/% (Sum|[KetBra[d, k, k|, {k,0,1 — 1}] — IKetBra[d, 1,1])], {1,1,d — 1}];

p = JidentityMatrix[d] + |/ Sum[bv[jlsigmal[l], {j,1,d"2 — 1}]; Returnp]);

Lemma1l[d_]:=Block[{p, pNot, pSId, pSNot},

p = FullSimplify[Tr[Rho|d].Ef[d, 1]]];
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pNot = FullSimplify[Tr[SNot[d, 1, 1].SNot|[d, 1, 1]. Rho[d].ConjugateTranspose[SNot[d, 1,1].SNot[d, 1, 1]].Ef[d, 1]]];

pSId = FullSimplify[Tr[SId[d, 1, 1].Rho[d].ConjugateTranspose[SId[d, 1, 1]] . Ef[d, 1]]];

pSNot = FullSimplify[Tr[SNot[d, 1, 1] Rho[d].ConjugateTranspose[SNot(d, 1, 1].Ef[d, 1]]];

Return[{p, pNot, pSId, pSNot}]];

Lemma3:=Block[{pDiff, pNotDiff, pSIdDiff, pSNotDiff, p1,RC, p2},

p1 = MoveX[Rho[3],3,1,1];

RC = Table[i, {i,2,2}];

p2 = FullSimplify[RemoveRC[p1, RC,RC]];

pDiff = FullSimplify[Tr[Rho(3].Ef[3,1]] — Tr[p2.Ef[2,1]]];

pNotDiff = FullSimplify[Tr[SNot[3, 1,1].SNot[3, 1, 1].Rho[3].Conjugate Transpose[SNot(3, 1,1].SNot[3, 1, 1]].Ef[3, 1]]
—Tr[SNot[2,1,1].SNot[2, 1, 1].p2.ConjugateTranspose[SNot([2, 1,1].SNot[2, 1,1]].Ef[2, 1]]];

pSIdDiff = FullSimplify[Tr[SId[3, 1, 1].Rho[3].ConjugateTranspose([SId[3, 1, 1]].Ef[3, 1]]

—Tr[SId[2,1,1].p2.ConjugateTranspose[SId[2, 1,1]]. Ef[2, 1]]];

pSNotDiff = FullSimplify[Tr[SNot(3, 1, 1].Rho[3].ConjugateTranspose[SNot|3, 1, 1]].Ef[3, 1]]

—Tr[SNot[2, 1,1].p2.ConjugateTranspose[SNot[2, 1, 1]].Ef[2, 1]]];

Return[{pDiff, pNotDiff, pSIdDiff, pSNotDiff }]];

TB::usage = "TB[d] \n\tReturns the Bertini operator of the Hilbert space C* ® C? ® C*";

TB[d_]:=Sum[Which[z == 0&&x +y >d —1,KetBra[d,1,1,x,y,2,d -1 —x,x,x +y—d +1],

x==d—1-y&&0 < z < y,KetBra[d,1,1,x,y,z,y,x +2,0],

x == 0&&z < y < d —1,KetBrald,1,1,x,y,2,y — 2,2,2],

y==12&&0 < x <d—1-y,KetBra[d,1,1,x,y,2,0,x + y,2],

x == O&ébey == d — 1&&z == 0,KetBra[d, 1,1,x,y,z,d — 1,0,0],

x == d — 1&&y == 0&&z == 0,KetBra[d,1,1,x,y,2,0,d — 1,0],

True,KetBra[d, 1,1, x,y,2,x,y,2|], {x,0,d — 1}, {y,0,d — 1}, {2,0,d — 1}];

KetBra[d_ ql_ q2_,x1_x2_,x3_yl_y2_, y3_]:=SparseArray[{{x1d" (ql + q2) + x2d"q2 + x3 + 1,y1d"(ql + q2) + y2d"q2 +y3+1} — 1}
AdMNql+q2+1),dMql + 2+ 1)}

TAnd[d_,L_, q1_, q2_]:=TensorProductQD[Sum[KetBra[d, q1, q2, x, ¥, z, x,y, Mod |z + Min[Mod|x, d], Mod[y, d]], d]], {x,0,d"q1 — 1},
{y,0,d"q2 - 1},{z,0,d — 1}],SparseArray[{{i_i_} — 1}, {d"(L —q1 — q2 —1),d"(L —ql —q2 - 1)}]];

index[x_ d_,L_, v_,q_|:=FromDigits[Insert[IntegerDigits[x,d, L — 1],v,4|,d];

index[x_ d_, L_, vc_,qc_, v_, q_]:=FromDigits[Insert|Insert|IntegerDigits[x, d, L — 2], vc, qc], v, 4], d);

MoveX[M_,d_, L_, q_|:=Sum[M[[index[x,d, L,0,4] + 1,index[y,d, L,0,q] + 1]]KetBra[d"L, index|x,d, L,0,q], index[y,d, L,0, q]]
+M([index|x,d,L,d —1,q] + 1,index[y,d, L,0,4] + 1]]KetBra[d" L, index[x,d, L,d — 1,4, index[y,d, L,0, ]|

+M([index[x,d, L,0,q] + 1,index[y,d, L,d — 1,4] + 1]]KetBra[d" L, index|x, d, L,0, q],index[y,d, L,d — 1,4]]

+M([index|x,d,L,d —1,q] + 1,index[y,d, L,d — 1,4] + 1]]KetBra[d"L, index[x,d, L,d — 1,4],index[y,d, L,d — 1,q]]
+1/2M[[index|[x,d, L,1,q] +1,index[y,d, L, 1, 4] + 1]] (KetBra[d" L, index[x,d, L, 0, 4], index[y, d, L, 0, q]]
+KetBra[d"L,index[x,d,L,d — 1,4],index[y,d, L,d —1,4]]), {x,0,d" (L — 1) — 1}, {y,0,d" (L — 1) — 1}];
MoveX[M_,d_,L_,qc_,q_]:=MoveX[M, d, L,q] + Sum[1/2 M([index[x,d, L,1,qc,1,4] + 1,index[y,d, L,1,qc, 1, 4] + 1]]

(KetBra[d" L, index[x,d, L,0,qc,0, q],index[y,d, L,0, qc, 0, 4]] + KetBra[d"L,index|x,d,L,d — 1,qc,d — 1,4],index[y,d,L,d — 1,qc,d — 1,4]]
—KetBra[d"L,index|x,d, L, 1,qc,0,4],index[y,d, L,1,qc,0,q]] — KetBra[d"L,index[x,d, L,1,qc,d — 1,4],index[y,d, L,1,qc,d — 1,4]]),
{x,0,aNL—-2) -1}, {y,0,d"(L-2) - 1}];

MoveXL[M_ d_ L_, qc_ q_]:=MoveX[M,d, L,q] + Sum[1/2 M[[index[x,d, L,1,qc,1,9] + 1,index[y,d, L,1,qc, 1,4q] + 1]]
(KetBra[d"L,index[x,d, L,0,qc,d — 1,4|,index[y,d, L,0,qc,d — 1,4]] + KetBra[d"L,index[x,d, L,d — 1,qc,0, q],index[y,d, L,d — 1,qc, 0, 4]]
—KetBra[d"L,index|[x,d, L,1,qc,0,4],indexy,d, L, 1,qc,0,4]] — KetBra[d"L,index|x,d, L,1,qc,d — 1,4],index[y,d, L,1,qc,d — 1,4]]),
{x,0,d"(L -2) - 1},{y,0,d"(L —2) - 1}];

RemoveRC[m_, rows_, cols_|:=Module[{r, c},7 = Complement[Range@Length@m, rows|;

¢ = Complement|[Range@Length@First@m, cols];

mII (AL <)

DM([d_]:=Sum[a[x1,x2,y1, y2]KetBra[d"2,x1d + x2,yld + y2], {x1,0,d — 1}, {x2,0,d — 1}, {y1,0,d — 1}, {y2,0,d — 1}];

Dif[Rhol_, Rho2_]:=Block[{p1, p2, p3},

p1 = FullSimplify[Tr[Rhol.Ef[3, 1]] — Tr[Rho2.Ef[2, 1]]];

p2 = FullSimplify[Tr[SId[3, 1, 1]. Rhol.ConjugateTranspose[SId[3, 1, 1]].Ef[3, 1]]
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—Tr[SId[2,1,1].Rho2.ConjugateTranspose[SId[2, 1, 1]].Ef[2, 1]]];

p3 = FullSimplify[Tr[SNot(3, 1, 1].Rhol.ConjugateTranspose[SNot(3, 1, 1]].Ef[3, 1]]

—Tr[SNot(2, 1, 1].Rho2.ConjugateTranspose[SNot[2, 1, 1]].Ef[2, 1]]];

Return[{p1, p2, p3}]];

Lemmab5:=Block[{p1, p2RC, R12, pAndDiff, pRed1Diff, pRed2Diff},

pl = MoveXL[DM|3],3,2,1,2];

p2 = MoveX|p1,3,2,1];

RC = DeleteCases|Table[i, {i,2,3"2 — 1}], Alternatives@@{3,3(3 — 1) + 1}};

R12 = FullSimplify[RemoveRC|[p2, RC,RC]];

pAndDiff = FullSimplify[Tr[(TB[3].TensorProductQD[DM]3], P0[3]]).ConjugateTranspose[TB(3]].Ef([3, 3]]
—Tr[(TAnd[2, 3,1, 1].TensorProductQD[R12, P0[2]]).ConjugateTranspose[TAnd |2, 3, 1, 1]].Ef[2, 3]]];
pRed1Diff = pDif[dTraceSystem[DM]3], {2}, 3], dTraceSystem([R12, {2}, 2]];

pRed2Diff = pDif[dTraceSystem[DM]3], {1}, 3], dTraceSystem([R12, {1}, 2]];

Return[{pAndDiff, pRed1Diff, pRed2Diff }]];

References

1. Dalla Chiara, M.L.; Giuntini, R.; Leporini, R. Logics from quantum computation. Int. . Quantum Inf. 2005, 3, 293-337. [CrossRef]

2. Dalla Chiara, M.L.; Giuntini, R.; Greechie, R. Reasoning in Quantum Theory; Trends in Logic Volume 22; Springer: Dordrecht, The
Netherlands, 2004; ISBN 978-1-4020-1978-4.

3. Bertini, C.; Leporini, R. Quantum computational finite-valued logics. Int. . Quantum Inf. 2007, 5, 641-665. [CrossRef]

4. Leporini, R. Holistic and Compositional Logics Based on the Bertini Gate. Found. Sci. 2020. [CrossRef]

5. D’Ariano, G.M.; Chiribella, G.; Perinotti, P. Quantum Theory from First Principles; Cambridge University Press: Cambridge,
UK, 2017.

6.  Dalla Chiara, M.L.; Giuntini, R.; Leporini, R.; Sergioli, G. Quantum Computation and Logic; Trends in Logic Volume 48; Springer:
Cham, Switzerland, 2018; ISBN 978-3-030-04471-8.

7.  Heinosaari, T.; Ziman, M. The Mathematical Language of Quantum Theory: From Uncertainty to Entanglement; Cambridge University
Press: Cambridge, UK, 2012.

8.  Kitaev, A.Y,; Shen, A.H.; Vyalyi, M.N. Classical and Quantum Computation; Graduate Studies in Mathematics Volume 47; American
Mathematical Society Providence: Rhode Island, RI, USA, 2002.

9.  Pykacz, ]J. Quantum Physics, Fuzzy Sets and Logic; Springer International Publishing: Berlin, Germany, 2015; ISBN 978-3-319-19383-0.

10.  Bloch, F. Nuclear induction. Phys. Rev. 1946, 70, 460—474. [CrossRef]

11.  Zawirski, Z. Relation of many-valued logic to probability calculus (in Polish, original title: Stosunek logiki wielowarto sciowej do
rachunku prawdopodobie nstwa). Pr. Kom. Filoz. Pozna Nskiego Tow. Przyj. Nauk. 1934, 4, 155.

12.  Chang, C.C. Algebraic analysis of many valued logics. Trans. Am. Math. Soc. 1958, 88, 467. [CrossRef]

13. Chang, C.C. A new proof of the completeness of Lukasiewiczukasiewicz axioms. Trans. Am. Math. Soc. 1959, 93, 74.

14. Leporini, R,; Bertini, C.; Fabiani, F.C. Fuzzy representation of finite-valued quantum gates. Soft Comput. 2020, 24, 10305-10313.
[CrossRef]

15.  Aharonov, D. A simple proof that Toffoli and Hadamard are quantum universal. arXiv 2003, arXiv:quant-ph/0301040.

16. Rad, S.R.; Shirinkalam, E.; Smets, S. A Logical Analysis of Quantum Voting Protocols. Int. ]. Theor. Phys. 2017, 56, 3991-4003.
[CrossRef]

17. Bergfeld, ].M.; Sack, ]J. Deriving the correctness of quantum protocols in the probabilistic logic for quantum programs. Soft
Comput. 2017, 21, 1421-1441. [CrossRef]

18. Dalla Chiara, M.L.; Giuntini, R.; Leporini, R.; Sergioli, G. A many-valued approach to quantum computational logics. Fuzzy Sets
Syst. 2018, 335, 94-111. [CrossRef]

19. Dalla Chiara, M.L.; Giuntini, R.; Leporini, R.; Negri, E.; Sergioli, G. Quantum information, cognition, and music. Front. Psychol.

2015, 21, 1-13. [CrossRef] [PubMed]


http://dx.doi.org/10.1142/S0219749905000943
http://dx.doi.org/10.1142/S0219749907003109
http://dx.doi.org/10.1007/s10699-020-09703-y
http://dx.doi.org/10.1103/PhysRev.70.460
http://dx.doi.org/10.1090/S0002-9947-1958-0094302-9
http://dx.doi.org/10.1007/s00500-020-04870-3
http://dx.doi.org/10.1007/s10773-017-3409-4
http://dx.doi.org/10.1007/s00500-015-1802-6
http://dx.doi.org/10.1016/j.fss.2016.12.015
http://dx.doi.org/10.3389/fpsyg.2015.01583
http://www.ncbi.nlm.nih.gov/pubmed/26539139

	Introduction
	Basic Notions
	Qubit-Semantics
	Conclusions
	Mathematica Notebook for Proof-Checking
	References

