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Abstract
The seismic retrofit of the existing building heritage represents an urgent issue to be faced 
and innovative solutions which allow to overcome renovation barriers are needed. In this 
scenario, pin-supported (PS) walls represent an eligible solution, enabling linearization of 
the deformation of the frame along its height and inhibiting soft storey collapse mecha-
nisms. The PS wall can be connected to the existing building from outside, thereby avoid-
ing disruption to occupants or their relocation, which are acknowledged as the main bar-
riers to the renovation nowadays. Suitability of PS wall solutions in the seismic retrofit of 
the existing building stock has been investigated herein, particularly in the case of existing 
reinforced concrete (RC) buildings, preliminarily focusing on 2D RC frames. The paper 
shows the weaknesses and strengths of the PS wall solution in relation to the specific fea-
tures of the considered buildings. An analytical closed-form formulation is proposed and 
applied as a preliminary tool to evaluate the load distribution in the existing frame and 
in the PS wall after the retrofit considering the first mode of vibration of the retrofitted 
system. The results show that, in some conditions, the application of PS walls may be det-
rimental to the structural response. Along with the evaluation of the effectiveness of the 
retrofit solution, the proposed formulation allows a preliminary design of the retrofit sys-
tem. Finally, a series of finite element model analyses have been carried out for validation 
purposes showing a good agreement between the proposed analytical formulation and the 
numerical results.

Keywords Pin-supported walls · Hinged walls · Rocking cores · Seismic retrofit · RC 
buildings · RC frames

1 Introduction

Most of the existing European buildings are vulnerable to seismic actions, particularly 
those buildings designed before the enforcement of modern anti-seismic regulations and 
seismic zonation; the post-Second World War reinforced concrete (RC) heritage represents 
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a wide portion of these buildings (Belleri and Marini 2016; Marini et al. 2017; Labò et al. 
2017; Belleri et al. 2016; Feroldi et al. 2013). Therefore, their seismic vulnerability pre-
sents a huge risk in terms of human safety and economic losses. Conceived as part of the 
lateral force resisting system for new buildings, pin-supported (PS) walls (also referred to 
as rocking walls, rocking cores, spine systems or hinged walls) may also represent a possi-
ble retrofit solution aimed at linearizing the deformation of the frame along its height (Bel-
leri et al. 2016; Wada et al. 2011; Wada 2018; MacRae et al. 2004) and thus at reducing the 
inter-storey drift concentration. In the case of existing buildings, a PS wall system can be 
obtained by connecting new walls from outside, or by re-engineering some of the existing 
structural elements to this function, such as the stairwell walls (Belleri et al. 2016) (Fig. 1). 
The main characteristic of the PS walls is the explicit pinned constraint at the base, which 
transfers only vertical and horizontal loads to the new foundation system (including the 
wall self-weight and any interaction forces between the wall and the frame). The pin-sup-
ported walls can be either simply connected at the storey level through “truss connections” 
(Fig. 1), by forcing the compatibility of deformation between the frame and the wall, or 
coupled with the frame by introducing additional replaceable devices (Wada et al. 2009) 
connected to the existing buildings at the floor levels and/or at the foundation level. In this 
case, such devices may be designed to provide enough stiffness to reduce damage for low-
intensity earthquakes, i.e. possibly working in the elastic range, and to dissipate energy for 
high-intensity earthquakes. By introducing a PS wall, a change of the static scheme in the 
original frame is expected; indeed, either due to the change of the deformed shape or for 
the further bending moment and shear actions introduced at the connection to the existing 
building, a change of the internal actions along the existing elements occurs. In the case 
of devices connecting the PS wall to its foundation, the latter would require the transfer 
of additional shear loads and bending moments, i.e. the pinned constraint becomes a rota-
tional spring.

In the last decade, the application of PS walls from outside as retrofit solution has 
increased in different countries (Wada et  al. 2011; Gioiella et  al. 2017). To the authors’ 
knowledge, one of the first applications was reported by Wada et al. (2011): PS walls with 
steel dampers were implemented in the seismic retrofit of an 11-storey RC frame in Japan. 
The system is characterized by: the presence of the explicit pinned constraint at the base of 
the wall, the use of steel dissipation devices along the height of the wall in correspondence 
of the connection with the existing frame to increase energy dissipation capacity through 
sacrificial elements replaceable after the earthquake, and the application of post-tension 
within the wall to increase the wall flexural strength. The design criteria were chosen to 

Fig. 1  Example of pin-supported wall solution (a) and redesign of a stairwell wall base section (b). 
Adapted from Belleri et al. (2016)
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maintain the wall elastic and the inter-storey drift ratio below 1/200 under a major seismic 
event. The dissipating devices are activated by the vertical relative displacement in cor-
respondence of the wall-frame connection, due to global lateral deformation. In another 
application, Qu et  al. (2012) highlight the load distribution in the retrofitted system and 
investigate its efficiency through a numerical simulation: the increase of internal actions 
in some elements of the frame is relevant, for example, in the columns connected to the 
dampers, which have to transfer larger axial loads. The retrofitted system implemented in 
Japan also experienced a real earthquake in 2011. Such event allowed to evaluate its behav-
iour in terms of performance and registered damage, as detailed in Qu et al. (2015a). It was 
observed that the PS walls major effect on the system behaviour was to make the seismic 
response less sensitive to design uncertainties, such as the earthquake characteristics and 
the role of non-structural elements, for example internal partitions. During the earthquake, 
the PS walls worked in the elastic range as designed, no damage was observed on them, 
while yielding was detected in some steel dissipators. In Italy, a similar retrofit system was 
recently implemented in two school buildings (Gioiella et al. 2017; Balducci and Castel-
lano 2015), where external steel truss towers were rigidly connected to the existing struc-
ture at the floor levels; in both cases, viscous dampers were placed vertically at the base 
corners of the towers to dissipate energy by exploiting the towers lateral deformation in the 
case of earthquakes. Qu et al. (2015b) carried out finite element simulations to investigate 
the effectiveness of the PS wall retrofit technology: seismic retrofit interventions were sim-
ulated by adding RC walls to existing deficient concentrically braced frames, either with or 
without an energy dissipation connection system. The most efficient range of stiffness ratio 
between the new PS wall and the structure, in order to reduce the maximum inter-storey 
drift, was found to lie in the range 0.01–0.3; beyond such value, the effect of the retrofit 
becomes less remarkable. Bozdogan and Öztürk (2016) proposed an analytical method for 
the dynamic analysis of the frame-pin-supported wall system, providing dynamic charac-
teristics such as fundamental period, maximum top displacement, and maximum drift for 
the first three modes of vibration. MacRae et al. (2004) introduced a closed-form solution 
to relate drift concentration factor, wall stiffness, and strength for a 2D 2-storey concentri-
cally braced frame with uniform strength over the height and empirical formulations to 
account for multi-storey buildings with variable strength over the height. Equations were 
developed to estimate the drift concentration factor (ratio between the maximum and mini-
mum inter-storey drift ratios) and the column moment demand for a frame subjected to 
pushover analysis. Blebo and Roke (2015) introduced preliminary design criteria for self-
centring rocking core systems applied to conventional braced frames: in this case, the RC 
core presents vertically oriented post-tensioning bars that provide additional overturning 
moment capacity and prevent RC core from cracking and the resulting wall stiffness deg-
radation. Pan et al. (2015) proposed a closed-form distributed-parameter model to investi-
gate the behaviour of the retrofitted system subjected to three typical lateral load patterns 
by using a continuum method of analysis: the displacement of the system, along with the 
shear and moment demands both for the frame and the wall for a uniform or inverted tri-
angular load pattern or for a concentrated force at the top can be computed in the elastic 
field by solving differential equations. The same continuum analysis approach was fol-
lowed by Rahgozar et  al. (2018), who investigated the effect of the wall base rotational 
stiffness and the relative stiffness between the wall and the frame. Recently, Zhou et  al. 
(2021) developed an upgraded parameter model, where a lumped mass model simulates 
the frame behaviour under seismic loading, the wall and the frame are connected only at 
storey levels, and a variation of the frame stiffness along the height is considered. Finally, 
Sun et al. (2017) extended the distributed parameter model developed by Pan et al. (2015) 
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to include also dampers placed at the wall-frame connections along the vertical direction, 
focusing on the effects of the damper stiffness on the wall-frame interaction. Furthermore, 
they proposed a performance-based plastic design approach for pin-supported wall-frame 
structures which was validated through numerical simulations.

Most of the previous researchers assumed a constant storey lateral stiffness of the frame 
along its height in developing analytical models to describe the frame-pin-supported wall 
retrofitted system; previous results presented by the authors (Casprini et  al. 2019) show 
that such simplified assumption may not be conservative when dealing with PS wall imple-
mented as retrofitting of existing structures. The weaknesses and the possible beneficial 
effects of PS walls applied to some typical configurations of RC existing frames were 
investigated: the beam to column capacity ratio was found to be a key parameter for identi-
fying the best configuration of the retrofit solution. Some computational aspects were also 
investigated to obtain a reliable estimate of the actual behaviour of the existing structure, 
such as the actual moment-axial forces interaction for the columns and the actual distribu-
tion of gravity loads on the beams. Since in some cases the high deformation demand due 
to the introduction of the PS wall can be critical for the structural elements, a possible solu-
tion was proposed by modifying the number and configuration of links along the building 
height (Casprini et al. 2019).

The present paper provides a procedure to preliminarily assess the suitability of the PS 
wall solution as a seismic retrofit system for existing RC frames. The retrofitted system 
modelled herein is composed of an existing 2D frame and an additional PS wall, thus only 
planar effects are considered; regular frames are examined, with no reduction of the col-
umn cross-section along the height, nor irregular distribution of infills. A shear type behav-
iour is preliminarily assumed for the existing RC frame to derive a closed-form solution for 
the PS wall design and because such hypothesis may be particularly suitable for RC frames 
designed before the enforcement of modern anti-seismic regulations, therefore not compli-
ant with the strong column-weak beam approach. Corrective factors are also provided to 
account for non-shear type conditions. The proposed simplified analytical method aims at 
investigating the potential benefits derived from the application of PS walls in terms of a 
capacity increase of the retrofitted system and at providing the internal actions in the PS 
wall to allow for a preliminary design. The increase of the global seismic capacity is also 
assessed considering the application of additional devices, placed between the wall and the 
existing RC frame or connecting the wall base and its foundation.

The proposed set of equations accounts specifically for the first fundamental mode of 
vibration of the retrofitted system. It is expected that the higher modes of vibrations would 
predominantly act as additional loads on the PS wall which would lead to an increase of 
the bending moment demand along the wall height. Such increase is related to the modal 
parameters of the retrofitted system and to the seismic input. The additional flexural 
demand would require an increase of the amount of reinforcing bars in the PS wall and 
possibly to the increase of the cross-section dimensions. However, it is worth mentioning 
that such changes would not compromise the evaluation of the beneficial or detrimental 
effects of PS wall retrofit solutions addressed in this paper and the estimate of the wall 
demand according to the first mode of vibration. The effect of higher modes of vibrations 
may be considered for instance by applying the methods reported in Sullivan et al. (2008), 
Wiebe and Christopoulos (2015), and Rahgozar and Rahgozar (2020) among others and it 
is a topic of ongoing research.

Once the beneficial effects derived from a PS wall retrofit solution have been assessed 
in terms of load capacity increase and the preliminary size of the PS wall has been defined, 
the assessment of the required ductility demand in the existing elements must be carried 
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out to evaluate the effectiveness of the proposed solution or to highlight existing elements 
requiring local retrofit interventions to enhance their ductility capacity. This assessment 
can be carried out for instance by means of a pushover analysis of the retrofitted system. In 
the future, this aspect may be treated analytically and implemented in the model. The vali-
dation of the proposed set of equations has been carried out by means of non-linear finite 
element analyses.

2  Pin‑supported walls as a retrofit system

The principal aim of implementing a pin-supported wall in the retrofit of existing struc-
tures is to linearize the lateral deformation of the building along its height, thus correcting 
possible in-elevation irregularities and avoiding excessive deformation demand concentra-
tion in single storeys, which may lead to soft storey mechanisms. For this purpose, the min-
imum wall stiffness required to exploit such a function needs to be defined by considering 
the lateral stiffness ratio between the PS wall and the frame, i.e., the parameter χ in Eq. (1). 
Such parameter was adapted from MacRae et al. (2004), who provided a formulation for 
2-storey frames. In Eq. (1), the lateral stiffness ratio is calculated, in which the total height 
of the building HT is substituted to the inter-storey height (MacRae et al. 2004) for a wider 
extension of the applicability to multi-storey frames:

 where Ks is the frame storey lateral stiffness of the generic intermediate storey (if rele-
vant differences between storeys are present, a mean value may be preliminarily assumed); 
Ew and Iw are the elastic modulus and the moment of inertia of the PS wall, respectively. 
Sensitivity analyses were carried out through elastic finite element models of 2D frames 
varying between 3 and 8-storey in order to identify the value of χ required to linearize the 
frame deformation in the elastic range; the characteristics of an intermediate storey of a 
regular frame were considered to calculate the mean storey lateral stiffness (5-bays frame 
B described in Sect. 3.1, with Ks = 26,555 kN/m). The same formulation applies in elastic 
models where stiffness is reduced to account for cracking of the existing RC elements.

Herein, the dimensions of the PS wall were defined by setting the value of χ and cal-
culating the wall moment of inertia Iw through Eq. (1). The linearization effect of the PS 
wall was evaluated through the drift concentration factor (DCF), computed as the ratio 
between the maximum and the minimum inter-storey drift along the height of the frame. A 
complete linearization occurs in correspondence of DCF equal to 1. It was found (Fig. 2) 
that for 𝜒 > 0.05 the corresponding DCF was always lower than 1.2. Furthermore, beyond 
� = 0.5 the deformation is linearized and there is no further beneficial effect deriving from 
the increase of the wall dimensions. Therefore, in the following applications, values of χ 
equal to 0.5 are assumed (DCF always lower than 1.02); it is worth noting that, for engi-
neering purposes, less demanding stiffness ratio, such as χ equal to 0.3 (DCF lower than 
1.05), could be considered. For different frame typologies, as for instance in the case of 
soft storeys or columns with reduced cross-section along the building height, the value of 
χ which is effective in linearizing the frame deformation should be reconsidered; however, 
relevant differences were not observed by varying the number of bays or reducing the col-
umns cross-section of 10% at each storey level along the building height. In all the exam-
ined cases, it was observed that for � ≥ 0.1 , the DCF tends to 1.

(1)� =
EwIw

KsH
3

T
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Concerning the frame storey lateral stiffness (Ks,j), the formula proposed by Schultz 
(1992) was adopted (Eq. 2). The expression considers regular frames, fixed at the base, and 
accounts only for flexural deformations:

where H is the inter-storey height; ∑kc is the sum of the stiffness of the columns in a given 
storey; ∑kga and ∑kgb are the sum of the flexural stiffness of the girders framing into the 
joint above and below the columns, respectively. The stiffness of each member (column or 
girder) is calculated as k = EI/L. The coefficients ηa and ηb account for possible different 
inter-storey heights and they are assumed equal to 1 in regular frames. Cs,j (j is the storey of 
interest) is a corrective factor which accounts for different boundary conditions at each sto-
rey, particularly for the first storey (Cs,1 in Eq. 3), whose columns are fixed to the ground. 
For any intermediate storey, Cs,j is herein assumed equal to zero. Given the frame geometry 
and the structural element dimensions, the PS wall moment of inertia Iw is obtained from 
Eq. (1); then, the length of the wall cross-section Lw is calculated as in Eq. (4), where tw is 
the cross-section depth.

A scheme of the behaviour of the retrofitted system is shown in Fig. 3. The introduc-
tion of the PS wall allows transferring a portion of the seismic horizontal loads from the 
frame to the wall. The strength of the existing structural elements at a sectional level 
does not change, but the new configuration allows a different internal distribution of the 
loads which may provide an increase of the global seismic capacity. It is worth noting 
that due to the deflected shape linearization the loads transferred between the wall and 
the frame can be either compression or tensile actions, as it will be presented in the next 
session.

(2)Ks,j =
�
24

H2

�⎛⎜⎜⎝
1 + Cs,j

2∑
kc
+

1

�a
∑

kga
+

1

�b
∑

kgb

⎞⎟⎟⎠

(3)Cs,1 =

∑
kc

22
∑

kga

(4)Lw = 3

√
12Iw

tw

Fig. 2  Drift concentration factor 
(DCF) distribution for n-storey 
frame, having constant frame 
storey lateral stiffness (Ks) along 
the height, by varying the PS 
wall flexural stiffness for selected 
values of χ
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In the case of rigid truss elements connecting the frame and the wall at the storey levels, 
the horizontal displacement compatibility is enforced between the two systems, leading to 
a change in the static scheme; the deflected shape is governed by the flexural stiffness of the 
wall through the coefficient � ; the links act as rigid spacers and transfer only axial loads. 
The global stiffness of the coupled system, as it results from the enforced linearized defor-
mation, depends on the characteristics and configuration of the existing frame. In the case 
of regular frames, a negligible stiffness increase is observed, while for other configurations, 
such as in the case of columns with decreasing cross-section along the building height, a 
significant stiffness increase may be observed. Moreover, various connecting elements may 
be introduced, either in substitution of the aforementioned truss elements or as additional 
dissipating systems; the introduction of such elements leads to a further constraint of the 
existing building structural elements, thus to a further redistribution of the internal actions 
in the existing frame and in the new wall. As schematically represented in Fig.  4, these 
devices may be placed either between the wall and the existing frame at the floor levels 
(transferring also shear and bending moment) and/or between the wall and its foundation 
(transforming the pinned constraint into a non-linear rotational spring); in the former case, 
the capacity of the frame structural elements in transferring the coupling forces should 
be checked, while in the latter, the foundation system needs to provide adequate flexural 
capacity. The additional contribution provided by such devices is included in the following 
analytical method by accounting for the associated equivalent resisting bending moment 
M , which entails an increase of the pin-supported wall base shear, herein referred to as 
ΔVd. M is related to the activation loads in the additional devices as in Eqs. (5), (6), (7), for 
devices at the wall base ( MA from Fig. 4a), distributed devices at floor levels on one side 
of the wall ( MB from Fig. 4b) or on both sides of the wall ( MC from Fig. 4c), respectively. 
Regardless of the device’s configuration, the expression obtained for ΔVd is reported in 
Eq. (19) for the elastic range and in Eq. (27) for the plastic range.

(5)MA = Fd ⋅ Lw

(6)MB =

n∑
i=1

(
fd,i ⋅

Lw

2
+ md,i

)

Fig. 3  Example of the linearization of the frame deformation along its height for a 3-storey frame. Note: 
only one bay of the frame is represented for sake of clarity
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3  Elastic load distribution in the pin‑supported wall and in the existing 
frame

Considering that the PS wall retrofit solution modifies the distribution of loads and inter-
nal actions in the system, an analytical method for the calculation of the shear demand at 
the frame base VFR,R and at the wall base VPSW is herein proposed. The retrofitted system 
behaviour can be analytically investigated in the elastic range by assuming a shear type 
behaviour, therefore the beam deformability is neglected, and a rigid translation of each 
storey is assumed. Corrective factors are provided in the following to account for the actual 
beam flexibility. The elastic distribution of loads and internal actions in the frame and in 
the wall before and after the PS wall application has been investigated through equilib-
rium equations and deformation compatibility. Herein, a closed-form solution is obtained 
for n-storey frames with constant inter-storey height H and with a constant lateral storey 
stiffness (Ks,j = Ks for j = 2:n) for all the storey but the 1st one, in which the stiffness is 
assumed equal to Ks,1 = βKs. In Sect. 3.1, this assumption is discussed and some typical val-
ues of β are investigated. The seismic action is represented as point loads at each floor level 
(Fi in Fig. 5), with an inverse triangular pattern due to the linearization of the deformed 
shape provided by the PS wall, according to the 1st vibration mode; at the ith storey, Fi is 
expressed as in Eq. (8), where i is the floor number, H (m) is the storey height and α (N/m) 
is a coefficient relating the external seismic load (assumed as linearly distributed) with 
the storey level. As stated before, higher mode effects are not directly addressed in this 

(7)MC =

n∑
i=1

(
fd,il ⋅

Lw

2
+ fd,ir ⋅

Lw

2
+ md,il + md,ir

)

Fig. 4  Pin-supported wall with an example of coupling with three different systems of additional devices: 
internal actions providing the additional contribution to the base shear (ΔVd) are represented in blue; “l”-
left, “r”-right
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preliminary evaluation, although their influence could be estimated with available methods 
(e.g. Sullivan et al. 2008; Wiebe and Christopoulos 2015; Rahgozar and Rahgozar 2020). It 
is worth mentioning that a possible increase of the PS wall cross-section to accommodate 
the additional bending moment deriving from higher modes of vibration would not com-
promise the analytical formulations and the considerations addressed in the paper.

The storey shear at each level Vj is obtained from the sum of the loads Fi and Ni of the 
storeys above it (Eq. 9), where Ni is the load transferred between the frame and the wall at 
the ith level. Before the PS wall introduction, the equations are still valid with Ni = 0 under 
the assumption of a linear load distribution.

In the elastic field, the storey lateral displacement is computed as the ratio between the 
storey shear Vj and the storey lateral stiffness Ks,j, both in the as-is condition (Eq. 10) and 
after the PS wall introduction (Eq. 11). The equations governing the problem are identified 
as: (i) the condition of equal inter-storey displacements between adjacent storeys due to the 
deformed shape linearization in the frame; (ii) the moment equilibrium with respect to the 
pinned connection at the wall base (Eq. 12). By imposing an equal inter-storey drift between 
two generic consecutive floors j and j + 1, with j varying from 2 and n−1, the value of Nj is 
derived (Eq. 13). Therefore, if the storey lateral stiffness is constant along the height of the 
frame, the load transferred from the frame to the wall at each floor level is equal to the seismic 
action applied at the same level, for the 2nd to the (n−1)th floor level; the loads transferred 
to the PS wall at the 1st (N1) and top floor level (Nn) are calculated from the system of two 
Eqs. (14), leading to Eqs. (15) and (16), respectively. The detail of the solution is reported in 
Appendix 1.

(8)Fi = i�H

(9)Vj =

n∑
i=j

(i�H + Ni) = 0

Fig. 5  Forces distribution after PS wall introduction. M represents the equivalent additional resisting 
moment in the case of additional devices, as described in Fig. 4 and Eqs. (5)–(7)
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Since the internal force distribution is known, the PS wall base shear (VPSW in Eq. 17) is 
computed as the sum of all Ni; the frame base shear after the PS wall introduction (VFR,R in 
Eq. 18) is obtained from the difference between the total seismic load and the PS wall base 
shear. For the sake of completeness, the aforementioned equations contain the contribution of 
the additional devices reported in the previous section (Fig. 4) in terms of ΔVd. Such contribu-
tion is represented by the terms including M.

3.1  Considerations on the lateral stiffness of the frame

The proposed formulation includes a coefficient β which accounts for the possible dif-
ference of storey lateral stiffness at the 1st storey, which may be different than the others 

(10)Δj = Vj∕Ks,j

(11)Δj =

∑n

i=j
(i�H + Ni)

Ks,j

(12)
�

Δj+1 = Δj for j = 1 ∶ n − 1∑
M0 = 0

(13)Nj = −j�H for j = 2 ∶ n − 1

(14)
�

Δ2 = Δ1∑
M0 = 0

→

⎧
⎪⎪⎨⎪⎪⎩

n∑
i=2

i�H+Ni

Ks

=

n∑
i=1

i�H+Ni

�Ks

N1H − �H2

n−1∑
i=2

i2 + NnnH +M = 0

(15)N1 =
�H

6

(2n3 + 3n2 − 6)(� − 1) + n(� − 7) +
6M

�H2
(1 − �)

n + � − 1

(16)Nn =
�H

6

(2n3 − 3n2 + 7n − 6�n) −
6M

�H2

n + � − 1

(17)VPSW = VPSW + ΔVd =
�H

6

(n3 − n)(3 − 2�)

n + � − 1
+ ΔVd

(18)VFR,R = VFR,R − ΔVd =
�H

6

n�(2n2 + 3n + 1)

n + � − 1
− ΔVd

(19)ΔVd =
�

H

M

n + � − 1
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due to the different boundary conditions, interstorey height, lack of infills, etc. In regu-
lar frames, where neither reduction of the column cross-section along the height nor 
irregular distribution of the infilled walls characterize the structural layout, modest dif-
ferences between the lateral stiffness of consecutive intermediate storeys are considered 
negligible in terms of the global behaviour of the retrofitted system, while the 1st storey 
lateral stiffness may be more relevant.

A simple estimation of the storey lateral stiffness has been carried out to define pos-
sible values of β, referring to the four frames (Fig. 6 and Table 1) described in Casprini 
et al. (2019), which account for some typical features of existing regular RC structures. 
Case A and Case B represent a frame with weak beams and strong columns and a frame 
with strong beams with respect to columns, respectively; in case C and D, these char-
acteristics are further emphasized with respect to A and B. In all frames, the columns 
dimension is 30 cm × 30 cm, with a concrete cover c = 3 cm and 4 ϕ16 as reinforcement 
(except for case C, with 4 ϕ20); as for the beams, their geometry and detailing are differ-
ent for each frame to obtain different beam to column capacity ratios. Beams structural 
details are reported in Table 1; a concrete modulus of elasticity equal to  Ec = 31476 MPa 
[C25/30 according to EN 1992 (2004a)] is adopted; flexural stiffness of beams and col-
umns is reduced to 50% and 70%, respectively, to account for concrete cracking.

The assessment was carried out through both numerical simulations and analytical com-
putations. As for the former, a horizontal force was applied in turn at each floor level and 
the inter-storey displacement between the storey of interest and the one below was com-
puted through the software MidasGEN (2020); the lateral stiffness was calculated directly 
as the ratio between the applied force and the measured displacement. The storey lateral 
stiffness was also analytically computed (Table 2) by applying Eq. (2) (Schultz 1992) and 
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Fig. 6  Frames geometry (a) and example of storey lateral stiffness evaluation (b) for frame A. Adapted 
from Casprini et al. (2019)

Table 1  Beam cross-section 
detailing. Note: b and h are the 
cross-section dimensions, c is the 
concrete cover thickness, Asb and 
Ast are the longitudinal rebars at 
the bottom and top, respectively

Beam details Beam ends Beam centre

Case b (cm) h (cm) c (cm) Asb Ast Asb Ast

A 80 24 3 3ϕ16 9ϕ16 6ϕ16 3ϕ16
B 30 35 3 3ϕ16 4ϕ16 3ϕ16 3ϕ16
C 80 24 3 3ϕ16 6ϕ16 4ϕ16 3ϕ16
D 30 50 3 3ϕ16 4ϕ16 3ϕ16 3ϕ16
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assuming the corrective factor Cs,j equal to zero for intermediate storeys and by calculat-
ing its actual value for the 1st storey, as in Eq. (3). In all cases, it was found that the lateral 
stiffness of the 1st storey is higher than the others, and that β is in the range 1 ÷ 2 for the 
considered frames. It is worth noting that a higher and a lower value of β is obtained in the 
case of a lower and a higher 1st storey height, respectively.

3.2  Application of the pin‑supported wall to a 3‑storey frame

In order to show the effectiveness of the provided method in estimating the behaviour of 
the retrofitted system, the formulation is applied to a 3-storey frame retrofitted with a PS 
wall without additional devices; the linearization of the deformed shape of the frame sub-
jected to horizontal loads is inherently assumed in the proposed analytical model, thus the 
lateral stiffness ratio (χ) between the PS wall and the frame has to be set at least equal 
to 0.3–0.5. The elastic forces distribution before and after the retrofit has been calculated 
by adopting three different values of the coefficient β: β = 1 is assumed to represent the 
hypothesis of constant storey lateral stiffness along the height; β = 2 is an upper bound con-
sidered to represent a higher stiffness of the 1st storey (from Table 2); β = 0.7 is taken into 
account (Fig. 7) to consider the case of a smaller 1st storey lateral stiffness (for example in 
case of a higher 1st storey or a pilotis structure).

It is observed that the value of β alters the shear distribution in the frame; accord-
ingly, an amplification factor can be derived by evaluating the seismic action, follow-
ing a triangular distribution, which provides the same base shear in the frame without 
(VFR,0 = αHn(n + 1)/2) and with (VFR,R from Eq. 18) the PS wall. Such factor is thus defined 
as VFR,0/VFR,R. Therefore, an amplification factor greater than 1 means that the retrofit 
intervention is potentially beneficial, otherwise the retrofit may have a detrimental effect 
in terms of global capacity. It is observed that when β = 1, VFR,0/VFR,R = 1.29, but when 
β > 1 the ratio may be smaller than 1 (VFR,0/VFR,R = 0.85 for β = 2). A significant beneficial 
effect is observed instead for β = 0.7, with VFR,0/VFR,R = 1.65. Considering Fig. 7, it is clear 
that the system behaviour is governed by the compatibility of deformation between the 
frame and the wall: for all the considered values of β, at the top floor the storey shear in the 
frame is increased after the PS wall introduction, whereas at the first level the behaviour is 
a function of β: for β ≤ 1, the PS wall leads to a reduction of the storey shear in the frame. 

Table 2  Storey lateral stiffness 
estimation

*Represents the mean value of the lateral stiffness of the storeys above 
the 1st one

Method 1st storey 
Ks,1 (kN/m)

Cs,1 Generic 
storey Ks 
(kN/m)

β

CASE A Numerical 28,902 16,644* 1.74
Eq. (2) 22,356 0.084 13,937 1.60

CASE B Numerical 30,148 18,069* 1.67
Eq. (2) 23,709 0.072 15,331 1.55

CASE C Numerical 28,835 16,650* 1.73
Eq. (2) 22,356 0.084 13,937 1.60

CASE D Numerical 34,916 27,153* 1.29
Eq. (2) 31,945 0.025 25,680 1.24
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Conversely, for a larger stiffness of the first storey (β = 2), the deformed shape linearization 
leads to a further increase in the storey shear at the first level. Because the application of 
the PS wall may be detrimental under some conditions, new solutions have been investi-
gated (Casprini et al. 2019) by changing the number and the configuration of connecting 
links between the existing frame and the wall. For sake of clarity, the same concept is rep-
resented graphically in Fig. 8 in terms of frame and PS wall base shear in the as-is condi-
tion (FR), after the PS wall introduction (FR + PSW), and after placing additional devices 
(FR + PSW + M).

The analyses were carried out by considering the same triangular distribution of the 
seismic loading for all the cases, which leads to the same total seismic action referred to 
as 100%; these assumptions do not influence the results considering that elastic analyses 
are carried out. For β = 0.7 and β = 1, the adoption of a PS wall leads to a smaller share of 
shear action undertaken by the existing frame, while the opposite happens for β = 2, where 
an increase of the frame base shear is observed and a consequent base shear in the opposite 
direction arises in the PS wall. For this reason, a possible floor stiffness variation over the 
height must be carefully taken into account when designing a PS wall retrofit system. The 
further introduction of additional devices mitigates such effect. These results are associated 
with an elastic behaviour of the frame and of the wall. The contribution of inelasticity will 
be addressed in a following section. Figure 9 shows the amplification factor (VFR,0/VFR,R, 
Sect.  3.2) for a n-storey frame, with n varying from 2 to 10, by applying the proposed 
equations. According to the proposed formulation, the amplification factor depends on the 

Fig. 7  Shear distribution in the frame for a total seismic load equal to 6F (α = F/H), forces transferred to the 
PS wall and shear distribution in the PS wall for a 3-storey frame for different values of β. Note: only one 
bay of the frame is represented in the figure for sake of clarity
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stiffness ratio β, and not on the geometrical properties of the structural elements; thus, the 
trend presented in Fig. 9 holds for frames with different number of storeys, even if different 
element dimensions would be expected by increasing n.

For the sake of simplicity, the contribution of additional devices is neglected ( M = 0). It 
can be noticed that for β = 2, i.e. stiffness of the 1st storey doubled with respect to the other 
storeys, the factor VFR,0/VFR,R is always smaller than 1 and the PS wall may be detrimental 
unless further engineering of the solution is developed; on-going research on the topic is 
being carried out by the authors. Figure 9 highlights an asymptotic trend of VFR,0/VFR,R (to 
3/2β) when the storey number increases: for β = 0.7 the maximum value is 2.14, for β = 1 
the maximum value is 1.50, while for β = 2 the minimum amplification factor is 0.75. It is 
worth noting that this complies with the results presented in MacRae et  al. (2004), who 
obtained a maximum increase of the shear capacity of a 2-storey frame equal to 1.2 after 
the introduction of stiff continuous columns, which could be seen as equivalent to a PS 
wall introduction. It can also be analytically proved that the amplification factor is always 
smaller than 1 for β ≥ 1.5, which can be considered as the threshold value corresponding to 
a possible detrimental behaviour of the retrofitted system.

3.3  Sensitivity analysis for non‑shear type conditions

The previous analytical formulation was derived assuming a shear type behaviour of the 
existing frame: a rigid translation of each storey was considered, and the axial and flex-
ural deformability of beams was neglected. This assumption has the advantage to provide 
a straightforward analytical model suitable for a preliminary assessment of the benefits of 
a PS wall solution, its demand in terms of internal actions and in the case of strong-beams 
and weak-columns frames. To adapt the proposed model to conditions different from the 
shear-type assumption, a sensitivity analysis was conducted, and a corrective factor was 
defined for the calculated maximum bending moment in the PS wall. Such a corrective 

Fig. 8  Share of base shear with respect to the total external load (100%) applied for a 3-storey frame 
(β = 0.7, β = 1 and β = 2) in the as-is configuration (FR), after the PS wall introduction (FR + PSW) and with 
additional devices (FR + PSW + M)
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factor is the ratio between the maximum bending moment along the PS wall height in the 
elastic phase obtained from a finite element analysis and from the proposed analytical for-
mulation, considering that the bending moment is the main internal action adopted in the 
preliminary design of this retrofit system. Various parameters were considered such as 
the number of storeys (n = 3, 5, 8), the storey lateral stiffness ratio (β = 0.7, β = 1, β = 2), 
and a further parameter accounting for the difference between the real behaviour and the 
assumed shear type behaviour (Ks/KS.T), defined as the ratio between the generic storey 
lateral stiffness Ks (Eq. 2 for the intermediate storey, that means with Cs = 0) and the storey 
lateral stiffness in the case of shear type behaviour KS.T (Eq. 2 as above with infinite stiff-
ness of the girders above and below the floor, i.e. kga, kgb → ∞ ). By assuming a linear dis-
tribution of the external load, the ratio between the PS wall bending moment obtained from 
a finite element simulation and the proposed analytical formulation was calculated. The 
results of the sensitivity analysis are reported in Table 3; a linear interpolation is suggested 
in between depending on the effective geometrical characteristics of the existing frame.

It can be noted that the difference from the actual maximum bending moment increases 
by getting further from the ideal shear type frame behaviour (low Ks/KS.T values), when the 
storey number decreases and when β increases. In fact, all these factors contribute to mak-
ing the characteristics of the frame less homogeneous along the height, entailing secondary 
effects which are not included in the analytical model, as for example differences in the 
storey lateral stiffness (beyond the 1st one) or the influence of the beam flexibility.

4  Capacity of the retrofitted system

The elastic load distribution of the structure before and after the retrofit intervention is use-
ful to perform preliminary evaluations of the possible benefits of a PS wall. For design pur-
poses, the capacity of the retrofitted system needs to be investigated considering the capac-
ity of the existing frame, while the PS wall should be designed to be elastic for the target 
seismic event in order to limit or avoid PS wall repair interventions. An analytical formula-
tion is proposed herein by approaching the problem as previously carried out in the elastic 

Fig. 9  Amplification factor VFR,0/
VFR,R for frames up to 10 storeys 
(χ ≥ 0.5) for different values of β 
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range. In this case, the equations governing the problem are: (i) the equilibrium at each 
floor level (i.e. accounting for the frame shear below and above the considered floor and 
the load transferred to the PS wall), and (ii) the moment equilibrium with respect to the PS 
wall base. A shear type behaviour is considered, and the storey shear capacity is associated 
with the development of plastic hinges at each column ends. This is a simple and effec-
tive way for a preliminary estimation, especially for strong beams—weak columns condi-
tions. The ductility capacity of the existing elements would be assessed through a pushover 
analysis after the evaluation of the effectiveness of the PS wall in terms of strength. It is 
also assumed that, before the PS wall introduction, the existing frame maximum capacity 
is achieved upon reaching the maximum shear capacity in one storey, although, in other 
existing structures different failure mechanisms may arise. In addition, it is worth mention-
ing that the effectiveness of the intervention should be clearly checked according to the 
defined design targets and performance objectives. The shear capacity at each frame level 
is assumed to be known. If the structural elements have the same geometrical and mechani-
cal properties in the structure, the column capacity depends on the moment-axial load 
interaction, thus, the actual capacity of the columns decreases along the height of the frame 
according with the axial load applied. This leads to the definition of n + 1 equations and 
n + 1 unknowns, being n the number of storeys. The unknowns are the loads Ni in the links 
between the frame and the wall, and the increase of the applied external seismic load until 
the system maximum capacity is reached (herein referred to an increase of δF at each floor 
level considering the linear deflected shape imposed by the pin-supported wall, Fig. 10).

The proposed formulation is strictly related to the one previously derived for the elas-
tic range, which describes the system behaviour up to yielding. The following formulation 
allows to extend the results until achieving the shear capacity at each storey. The analytical 
solution is provided for a n-storey frame with constant inter-storey height H. The seismic 
action is represented as a linear distribution of lumped loads (Fi) at each floor level; at 
each storey i, Fi is expressed as in Eq. (20) (Fig. 10). The solution is independent of the 
storey lateral stiffness and it depends only on the number of storeys and their shear capac-
ity, along with the possible additional moment M provided by additional devices. Equa-
tions  (20)–(25) provide the solution under the hypothesis that the capacity of the frame 
before retrofit is associated with the capacity of the 1st storey. Analogous formulations can 
be obtained when the capacity of another storey is first met. The PS wall base shear (VPSW) 
and the frame base shear (VFR,R) are defined in Eqs. (24) and (25), respectively. The com-
plete step-by-step solution is reported in Appendix 2.

Table 3  Corrective factor for maximum bending moment prediction in the PS wall (χ = 0.5); according to 
the convention in Fig. 5, the maximum bending moment is always negative and located in correspondence 
with the intermediate upper storeys

*For 3-storey frames, the maximum bending moment is positive and located at the first level; the corrective 
factor is reported for both negative and positive* maximum bending moment

Ks/KS.T β = 0.7 β = 1 β = 2

n = 3 n = 5 n = 8 n = 3 n = 5 n = 8 n = 3 n = 5 n = 8

1 1 1 1 1 1 1 1 1 1
0.8 1.04 1.03 1.02 1.13 1.05 1.03 1.44–1.06* 1.12 1.06
0.5 1.12 1.09 1.05 1.35 1.13 1.08 2.1–1.31* 1.36 1.13
0.2 1.28 1.14 1.10 1.59 1.19 1.15 2.42–2.15* 1.69 1.20
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(20)Fi = (�H + �F)i
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Fig. 10  Capacity of the retrofitted system. Note: only one bay of the frame is represented for sake of clar-
ity. For sake of simplicity, M represents the equivalent additional resisting moment in the case of additional 
devices, as described in Fig. 4 and Eqs. (5)–(7)
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The effectiveness of the PS wall contribution in the plastic range can be evaluated by 
considering the total base shear of the system Vb,T, i.e. the sum of VPSW and VFR,R as in 
Eq. (26). It can be noted that, while the frame capacity is attained when reaching the capac-
ity in one storey (herein the 1st storey), the capacity increase of the retrofitted system is 
due to the introduction of the PS wall, and it depends on the capacity of all the storeys and 
the base equivalent additional resisting moment associated with possible additional devices 
[expressed as ΔVd as in Eqs. (26) and (27)].

As expected, the strength of the retrofitted system is thus not dependent on the storeys 
lateral stiffness; for this reason, it can be easily estimated once geometry, structural detail-
ing and layout of the existing building are known. Anyway, the ultimate capacity may be 
impaired by the actual ductility of structural elements. In fact, higher forces are expected 
to develop in the lower storeys in the case of larger lateral stiffness of the first floor (β ≥ 
1.5); this leads to larger displacement and rotation demands, which may trigger a prema-
ture activation of plastic hinges, thus requiring more ductility. If the available ductility is 
not enough to allow for a fully plastic mechanism, the actual capacity of the retrofitted sys-
tem will be lower than that predicted by the aforementioned equations, which stems as an 
upper bound reference value. Thus, the proposed analytical approach enables a preliminary 
evaluation of the eligibility of the existing structures to this kind of retrofit intervention in 
terms of maximum achievable beneficial effects from a strength point of view. Besides that, 
the ductility demand in the structural elements before and after the retrofit should be care-
fully evaluated in order to define the actual effectiveness of the intervention, as for instance 
by means of a pushover analysis.

As an example, non-linear static analyses were carried out on frames D (Casprini et al. 
2019). The analyses were conducted considering a concrete cylindrical strength of 30 MPa, 
a steel yielding stress of 450 MPa, and the structural details reported in Sect. 3.1 (Table 1). 
Beam-type elements were used to model both the frame elements and the wall. While the 
PS wall was modelled as elastic (Ew = 36,283 MPa, corresponding to C45/55 in EN1992, 
2004a), a lumped plasticity approach was adopted to model the frame non-linear behav-
iour; flexural plastic hinges for beams and columns were defined according to EN1998 
(2004b) and moment-axial forces interaction was considered in the definition of column’s 
hinges. Concerning the static loads on the structure, a permanent structural and non-struc-
tural load (4 kN/m2 and 2 kN/m2, respectively) and a live load of 2 kN/m2 were considered. 
Because such frame represents a typical side frame of an existing RC building designed 
for gravity loading, the loads acting on the beams are relative to an influence area of width 
2.5 m. In addition, a linear load of 6 kN/m was included to account for perimetral infills 
(providing a total of permanent and live load equal to 21 kN/m and 5 kN/m distributed on 
the beams, respectively) (Casprini et al. 2019). In order to linearize the frame deformation 
along its height, a value of the wall to frame lateral stiffness χ equal to 0.5 was adopted (by 
assuming tw = 0.25 m, the length of the wall cross-section Lw is 3.9 m).

(25)VFR,R = V1

(26)Vb,T = VFR,R + VPSW + ΔVd =
3

(2n + 1)

n∑
i=1

Vi + ΔVd

(27)ΔVd =
3

(2n + 1)

M

H
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Figure 11a and b highlights the role of the PS wall in the retrofit solution through the 
distribution of plastic hinges at collapse: in the as-is condition (Fig.  11a), the collapse 
is associated with a soft-storey mechanism at the first level, while the ductility demand 
spreads along the system after the PS wall introduction (Fig. 11b); in this case, the capac-
ity of the existing structural elements should be verified against the new ductility demand.

The potential benefit of the retrofitted system in terms of maximum achievable strength 
can be assessed by comparing the capacity of the system before and after the retrofit, simi-
larly to the elastic case. In the as-is condition, the seismic capacity of the system in terms 
of base shear is herein assumed as the capacity of the 1st storey ( V1 ). An additional ampli-
fication factor, beyond the elastic field, is easily calculated as the ratio between Vb,T and V1 . 
If constant shear capacity is assumed in all the storeys, such amplification factor is:

In this particular case, the increase in capacity depends only on the number of storeys. In 
real structures, different storey capacities are common. Assuming that the ith storey shear 
capacity Vi uniformly decreases with the height, a parameter λi = Vi/Vi−1 can be defined. 
Considering a constant mean value of λi = λ, the storey shear capacity can be expressed as 
in Eq. (29), and the new defined amplification factor Vb,T/VFR,0 (VFR,0 = V1 ) depends on the 
number of storeys and the ratio between different storeys shear capacity; thus an analytical 
estimate of the number of storeys for which the solution is beneficial can be derived, by 
imposing that the amplification factor is greater than 1 (Eq. 31). The total base shear of the 
system can be derived from Eq. (30) as a function of the storey capacity, by neglecting the 
additional devices contribution for the sake of clarity. When this value is larger than the 
frame capacity in the as-is condition (Eq. 31), the PS wall provides a potential beneficial 
effect, that is, an increase in the system strength.

(28)
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= 3
nV1

(2n + 1)

1
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3n

2n + 1
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i−1

(30)
Vb,T = 3
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=
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Fig. 11  Comparison of collapse mechanism for Case D in the as-is condition (a) and after introducing a PS 
wall (b) with χ = 0.5; capacity curves are reported in Fig. 16



 Bulletin of Earthquake Engineering

1 3

4.1  Potential benefits of pin‑supported walls

In the elastic field the amplification factor was defined as VFR,0/VFR,R, i.e. the ratio between 
the frame base shear before and after the PS wall introduction. This factor depends on β 
(ratio between the 1st storey lateral stiffness and upper storeys), the number of storeys 
and the additional contribution provided by possible additional devices. It allows estimat-
ing whether the PS wall introduction may reduce the internal action in the frame due to 
the deformed shape linearization, therefore delaying the onset of yielding. In the case the 
capacity of the retrofitted system is considered, the amplification factor is defined as Vb,T/
VFR,0 (Eq. 31). Figure 12 shows the application of the analytical formulation for n-storey 
frames, with n ranging from 2 to 10.

In the case of constant capacity at each floor (i.e. λ = 1), the same values reported in 
Fig.  9 are obtained, i.e. the load distribution follows the same pattern in the elastic and 
inelastic range. The reason of such a result is clarified in Fig. 7, which shows that for a 
constant storey lateral stiffness the frame story shear is constant after the PS wall introduc-
tion, therefore if the lateral capacity is the same in all the storeys, as one storey reaches 
its capacity, all the others immediately follow leading to the same load amplification of 
the elastic range. In the case of λ less than 1 a detrimental effect is observed: if each sto-
rey shear capacity is equal to 90% (λ = 0.9), or 80% (λ = 0.8), of the capacity of the lower 
storey, the PS wall introduction becomes detrimental for a frame with a number of storeys 
greater than 8 and 3, respectively. It is worth noting that the coefficient λ for the considered 
frames (Sect. 3.1) assumes a value of about 0.9 at the 1st storey and ranges within 0.8 ÷ 0.9 
at the upper storeys. For a deeper understanding of the load distribution as a function of λ, 
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Fig. 12  Amplification factor in 
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storey capacity distribution: con-
stant capacity (λ = 1), 90% of the 
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the behaviour of a 5-story frame is represented in Fig. 13, assuming that the lateral capac-
ity of the 1st storey is 100 and that the capacity of the storeys above are either the same (λ 
= 1) (Fig. 13a) or equal to 80% (λ = 0.8) of the capacity of the storey just below (Fig. 13b). 
The seismic amplification factor, corresponding to the ratio between the total base shear 
in the retrofitted case and in the as-is conditions, is equal to 1.36 and 0.91 for the 1st and 
2nd case, respectively. For sake of simplicity, the contribution of additional devices was 
neglected in this example ( M = 0).

It should be noted that, unlike the as-is condition, two aspects are strongly modified 
after the PS wall introduction: first, the shear distribution in the frame is not decreasing 
with the height anymore, due to the deformed shape linearization, as seen in the elastic 
range (Fig. 7); secondly, an increase of the storey shear at the top storey is observed due 
to deformation compatibility between the frame and the wall. Therefore, when the storey 
shear capacity is constant, the ultimate capacity is first met in the storey featuring higher 
internal actions (Fig. 13a), but when the storey capacity decreases according to the height, 
the top storeys (with a lower capacity) may reach first their ultimate capacity and more load 
is transferred to the lower storeys, thus reducing the global ultimate capacity (Fig. 13b).

4.2  Sensitivity analysis for non‑shear type conditions

The differences between the proposed simplified model and non-shear type conditions in 
the non-linear range were investigated through a sensitivity analysis. In previous works 
(Casprini et al. 2019), it was shown that the structural behaviour in the non-linear range is 
mainly related to the storey nodal ratio (NR), herein defined as the mean value of the ratios 
between the sum of the bending moment capacity of the beams and the sum of the bending 
moment capacity of the columns converging in each node of a given storey. Such param-
eter provides an estimation of the strength proportion between columns and beams and 
consequently the difference from the assumption of strong beams-weak columns. Table 4 
reports the results obtained from the sensitivity analysis in terms of a corrective factor for 
the bending moment in the PS wall (ratio between the real and estimated maximum bend-
ing moment) at the system maximum capacity.

It is observed that for a low value of the nodal ratio (i.e. NR = 0.5), the position of the 
maximum bending moment in the PS wall differs from the one obtained considering a 

Fig. 13  Load distribution and amplification factor in a 5-storey frame in the case of links at each floor level 
with different storey capacity distribution: a constant (λ = 1) and b 80% (λ = 0.8) of the lower storey. Note: 
only one bay of the frame is represented for sake of clarity
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shear type behaviour of the frame. This condition is highlighted in Table  4 with a star; 
although, such difference does not compromise the purpose of the analytical formulation to 
provide an estimate of the seismic demand on the PS wall.

5  Finite element validation of the proposed procedure

A RC frame was selected to validate the proposed procedure. In particular, the frame 
referred to as “case D” in Sect. 3.1 was taken into account (main dimensions and structural 
detailing are reported in Fig. 6, Table 1). The proposed analytical approach is applied fol-
lowing these steps:

• calculation of the PS wall dimensions to linearize the frame deformation along its 
height;

• calculation of the load distribution in the elastic range;
• calculation of the capacity increase in the inelastic range.

The generic storey lateral stiffness is computed according to Eq.  (2), where H = 3  m 
is the inter-storey height, considering 6 columns with kc = 4957 kNm and 10 beams 
(5 above and 5 below the storey) with kga = kgb = 10,929 kNm. The result is Ks = 25,680 
kN/m. By selecting a value of χ = 0.5, the wall moment of inertia required to linearize the 
frame deformation is obtained from Eq. (1) with HT = 15 m and Ew = 36,283 MPa (C45/55 
according to EN1992, 2004a), resulting in Iw = 1.19  m4. Consequently, the selected wall 
length and thickness are Lw = 3.3 m and tw = 0.40 m, respectively. The connecting links are 
modelled as truss elements with axial stiffness equal to 6300,000 kN/m, corresponding to 
the axial stiffness of 3 steel plates (300 mm × 300 mm × 10 mm), similarly to the connec-
tion investigated in Steele and Wiebe (2020). The storey lateral displacements at yielding 
are reported in Table 5. The drift concentration factor (DCF) is equal to 3.0 and 1.0 before 
and after the PS wall introduction; thus, the PS wall introduction is effective in linearizing 
the lateral deflected shape of the existing frame (Fig. 14). 

The load distribution in the frame and in the PS wall can be analytically estimated as 
proposed in Sect. 3: the coefficient β describing the stiffness increase at the 1st floor was 
taken equal to 1.29 (obtained from the numerical lateral stiffness estimation in Table 2) 
and the difference from an ideal shear type behaviour is expressed through the ratio Ks/
KS.T = 0.65. The corrective factor for the maximum bending moment in the PS wall is cal-
culated by interpolating the values reported in Table 3, and it is equal to 1.13. The load 

Table 4  Corrective factor for 
maximum bending moment 
prediction

*The position along the height of the maximum value of the bending 
moment in the numerical estimate does not correspond to the analyti-
cal one

NR λ = 1 λ = 0.9

n = 3 n = 5 n = 8 n = 3 n = 5 n = 8

1.5 1.00 1.00 1.00 1.00 0.99 1.00
1.0 1.00 1.00 1.00 0.98 0.99 1.00
0.8 0.76 0.76 0.78 0.77 0.74 0.77
0.5 0.40 0.41 0.46 0.56* 0.54* 0.71*
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distribution in the system in the elastic range is obtained from Eqs. (10)–(18); a value of 
αH equal to 13.2 kN (associated with first yielding, that is the STEP Y in the pushover 
curve of the retrofitted system in Fig.  15a) was taken. The analytical estimation is then 
compared with the numerical results provided by a linear static analysis carried out with 
the finite element software MidasGen (2020) (Fig. 15b). The estimated analytical distribu-
tion is then adjusted depending on the difference from ideal shear type conditions (“Ana-
lytical-adj”) by multiplying its values by the aforementioned corrective factor. Figure 15b 
shows that the results are well predicted by the proposed approach.

Then the system capacity in the nonlinear range is evaluated following the analytical 
approach presented in Sect. 4, which depends on the storey shear capacity, the number of sto-
reys and the presence of possible additional devices. In order to investigate the effectiveness 
of the retrofit intervention, the focus was placed on the capacity increase; the capacity of each 
storey in the frame is computed considering the development of plastic hinges at each column 
end, considering the column’s nominal capacity and accounting for moment-axial load inter-
action. The beam flexural capacity was not activated due to the weak-column strong-beam 
characteristic of the frame. The PS wall was modelled as elastic to validate the proposed ana-
lytical formulation.

Table  6 reports the storey capacity and the capacity ratio between consecutive storeys 
( �i = Vi/Vi−1). In the present case study, a reference mean value of � = 0.9 was then assumed.

Table 5  Storey lateral 
displacements before and after 
the PS wall introduction for top 
displacement  d5 = 30 mm

d and Δ are the storey lateral displacement and inter-storey drift, 
respectively; d and Δ refer to the AS-IS condition while d and Δ refer 
to the retrofitted condition; DCF is the drift concentration factor, i.e. 
the maximum Δi/Δj ratio

Storey number AS-IS PSW

d (mm) Δ (mm) d (mm) Δ (mm)

5 30.0 2.7 30.0 5.9
4 27.3 4.9 24.1 5.9
3 22.4 7.0 18.2 6.1
2 15.4 8.2 12.1 6.0
1 7.2 7.2 6.1 6.1
DCF 3.0 1.0

Fig. 14  Deformed shape of frame D at yielding before (a) and after (b) the PS wall introduction (top dis-
placement equal to 30 mm)
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The resulting capacity amplification factor is equal to 1.117 (according to Eq. 31), which is 
in accordance with the results of the pushover curves reported in Fig. 16 (being VFR,0 = 370 kN 
and Vb,T = 414 kN, the capacity amplification factor is equal to 1.119). If the presence of addi-
tional devices is also considered (as a proof of the concept, M = 400 kNm has been selected), 
the capacity amplification factor obtained from a pushover analysis is equal to 1.241 (in this 
case Vb,T = 459 kN as represented in Fig. 16 with PSW_M ), while the analytical estimate pro-
vides a Vb,T/VFR,0 = 1.209 (by calculating Vb,T = 474 kN according to Eq. (26) and assuming 
VFR,0 = V1 = 392 kN from Table 6). For sake of clarity, the results are reported in Table 7.

The maximum bending moment in the PS wall at the system capacity (Fig. 17b) can be 
estimated through the analytical procedure and then reduced by the proposed corrective factor 
(Table 4). Considering a mean nodal ratio of 1.27 (Casprini et al. 2019) and λ = 0.9, the cal-
culated corrective factor is 0.99, which is rounded to 1. The system capacity estimated by the 
proposed analytical procedure is 438 kN; this result represents an upper bound prediction of 
the maximum base shear obtained from the numerical analysis (Vb,T = 414 kN).

It is worth noting that between the first yielding and the attainment of the maximum 
capacity (step Y and C in Fig. 15a, respectively) a higher value of the bending moment 
in the PS wall was recorded in the numerical analyses (step M) due to the variation of the 
load distribution in the connecting links from step Y and step C (Fig. 15a). The proposed 
simplified model, which well estimates the PS wall demand in the elastic range and after 
reaching the system capacity, may also be used to provide a rough upper-bound estimate of 
the maximum bending moment in the PS wall between these two phases. In this regard, the 
analytical solution for the elastic range may be directly applied by considering the external 

(a) (b)
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Fig. 15  a Pushover curve of the retrofitted system: Y-first yielding (Vb,T = 204 kN); M-maximum bending 
moment in the PS wall (Vb,T = 340 kN); C-final capacity (Vb,T = 414 kN); b PS wall bending moment (M) 
distribution in the elastic case at STEP Y (αH = 13.2 kN) in the case of β = 1.29; corrective factor equal to 
1.13

Table 6  Storey shear capacity 
evaluation

STOREY 1 2 3 4 5

VSTOREY (kN) 392 356 316 272 228

�
i
× 100(%) 91% 89% 86% 84%
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load distribution associated with the estimated system capacity (i.e. by considering a strong 
beam—weak column collapse mechanism and the corrective factor reported in Table 4). 
The results are summarized in Fig.  17a; however, after the preliminary estimation pro-
posed, the maximum bending moment in the PS wall should be always verified through 
numerical analysis as the ductility demand in the structural elements of the existing frame. 
The numerical validation shows that the proposed analytical approach represents a straight-
forward method for a first estimation of the suitability of PS wall solutions for the retrofit 
of existing RC frames.

Fig. 16  Pushover curves in 
the AS-IS condition, after the 
pin-supported wall introduction 
(PSW) and with the additional 
devices (PSW_M)
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Table 7  Comparison between analytical results and FE model analysis

AS-IS PSW PSW_M

VFR,0 (kN) Vb,T (kN) Vb,T/VFR,0 ΔVd (kN) ΔVd/Vb,T (%) Vb,T (kN) Vb,T/VFR,0

Analytical 392 438 1.117 36 7.6 474 1.209
FE analysis 370 414 1.119 45 9.8 459 1.241

Fig. 17  a PS wall maximum bending moment from the pushover analysis (Step M in Fig. 15); b PS wall 
bending moment distribution at system maximum capacity (Step C in Fig.  15) and comparison with the 
proposed analytical estimation
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6  Conclusions

Pin-supported (PS) walls have been used in the last few years as seismic retrofit solutions 
for existing RC structures; their application allows linearizing the deformation of the frame 
along its height, thereby avoiding high deformation demand concentrated at one storey. 
This kind of retrofit intervention does not change the actual capacity of the structural ele-
ments at a sectional level, but rather it allows to share the external seismic loading between 
the frame and the additional walls. Thus, the effectiveness of the solution is strictly related 
to the ability of well distributing forces among components of the retrofitted system and to 
the local deformation capacity of the existing structural elements. In the present work, an 
analytical method to evaluate the potential benefits of this retrofit solution was proposed 
considering equilibrium equations and enforcing the system deformation compatibility, 
both in the elastic field and after the storey shear capacity is reached. The method allows 
to calculate the load distribution in the frame and in the wall introducing either a PS wall 
connected to the frame at the storey levels by means of truss links or providing additional 
devices either at the wall-to-frame connections or at the PS wall base. The effect of the 
storey lateral stiffness was included in the procedure by defining the parameter β, which is 
the ratio between the  1st storey and the mean intermediate storeys lateral stiffness. It was 
observed that β ≥ 1.5 may lead to a larger ductility demand on the existing elements, which 
may compromise the performance of the retrofitted system.

The proposed analytical method was developed on 2D planar models of regular frames 
retrofitted with the PS wall solution considering the first mode of vibration of the retrofit-
ted system. It is expected that higher modes of vibrations would lead to an increase of the 
bending moment demand along the PS wall height. However, it is worth mentioning that a 
possible consequent increase of the PS wall cross-section would not jeopardize the evalu-
ation of the beneficial or detrimental effects of PS wall retrofit solutions derived from the 
proposed formulation. The method addressed in the paper is based on the assumption of a 
shear type behaviour of the existing building, which is a reasonable assumption in the case 
of strong-beams and weak-columns frame systems, although specific corrective factors 
were provided to derive the maximum bending moment in the PS walls for non-shear type 
conditions. The analytical formulation and the corrective factors were validated by nonlin-
ear static analyses of a selected case study. It was observed that under some circumstances 
the adoption of a PS wall may be detrimental, i.e., the base shear of the retrofitted system 
is lower than that in the as-is conditions; such detrimental effect might be triggered by the 
progressive reduction of the lateral load capacity of consecutive floors in the existing frame 
(e.g., a reduction of the storey capacity of 80% between consecutive floors). It is also worth 
noting that the maximum bending moment in the PS wall may be obtained before reaching 
the system capacity; a procedure to account for this aspect was also provided.

The proposed approach represents a preliminary tool to evaluate the potential benefits 
of pin-supported walls as a retrofit solution for existing RC structures and to estimate the 
pin-supported wall internal actions for a preliminary proportioning also in the case of a 
coupled system with additional devices. The procedure allows to evaluate such benefits in 
terms of strength of the retrofitted system. After the beneficial effect has been proved, the 
ductility demand on the structural elements of the existing frame needs to be assessed, for 
instance by means of a pushover analysis.

Finally, it must be highlighted that, in seismic retrofitting, a PS wall behaviour could be 
obtained from downgrading stiff elements of the existing buildings such as the RC stairwell 
walls.
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In future developments, the analytical formulation may include further considerations, 
such as removing the hypothesis of shear type conditions and assessing the influence of 
higher modes of vibration. The prediction of the displacement demand may be also analyti-
cally investigated, and other failure mechanisms could be considered, along with the 3D 
configuration of the building. This way, the proposed tool may be used as a preliminary 
design method, by setting design targets, and consequently defining the characteristics of 
the dissipative devices.

Appendix 1: Force distribution in the elastic stage

Referring to Fig.  5, the analytical solution of the problem is identified by the following 
system:

Condition of equal displacement between consecutive floors (j, j + 1) with j varying 
from 2 and n−1:

To obtain  N1 and  Nn, the condition of equal displacements of the first and second storey 
and the equilibrium of forces with respect to the rotation at the base of the pin-supported 
wall are considered.

From the first equation of the system and the value of  Nj an expression of  N1 is obtained:

(32)
�

Δj+1 = Δj j = 1 ∶ n − 1∑
M0 = 0

(33)
Δj =

n∑
i=j

(i�H + Ni)

Ks,j

(34)
Δj+1 = Δj →

n∑
i=j+1

(i�H + Ni)

Ks

=

n∑
i=j+1

(i�H + Ni)

Ks

+
j�H + Nj

Ks

(35)
j�H + Nj

Ks

= 0 → Nj = −j�H for j = 2 ∶ n − 1

(36)
�

Δ2 = Δ1∑
M0 = 0

→

⎧
⎪⎪⎨⎪⎪⎩

n∑
i=2

i�H+Ni

Ks

=

n∑
i=1

i�H+Ni

�Ks

N1H − �H2

n−1∑
i=2

i2 + NnnH +M = 0

(37)
n�H + Nn

Ks

=
�H + N1 + n�H + Nn

�Ks

→ �(n�H + Nn) = �H + N1 + n�H + Nn
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Considering the second equation of the system (36), in general:

By substituting (39) in (36),  Nn can be defined:

Starting from the expression of N1 (38) and substituting the value of Nn (40):

The equation of the base shear both for the pin-supported wall and for the frame is 
provided:

(38)N1 = (� − 1)(n�H + Nn) − �H

(39)

n∑
k=1

k2 =
n(n + 1)(2n + 1)

6
→

n−1∑
i=2

i2 =
n(n + 1)(2n + 1)

6
− 1 − n2 =

2n3 − 3n2 + n − 6

6

(40)

(� − 1)(n�H + Nn)H − �H2 − �H2 2n
3 − 3n2 + n − 6

6
+ NnnH +M = 0

(� − 1)(n�H + Nn) − �H − �H
2n3 − 3n2 + n − 6

6
+ Nnn +

M

H
= 0

Nn(n + � − 1) =
�H

6
(2n3 − 3n2 + n − 6 + 6n − 6n� + 6) −

M

H

Nn(n + � − 1) =
�H

6
(2n3 − 3n2 + 7n − 6n�) −

M

H

Nn =

[
n�H

6
(2n2 − 3n + 7 − 6�) −

M

H

]
1

(n + � − 1)

Nn =
�H

6

(2n3 − 3n2 + 7n − 6�n) −
6M

�H2

(n + � − 1)

(41)N1 = −�H + n�H� − n�H + Nn� − Nn

N1 = �H(n� − 1 − n) + (� − 1)Nn

N1 = �H(n� − 1 − n) + (� − 1)
�H

6

2n3 − 3n2 + 7n − 6�n −
6M

�H2

n + � − 1

N1 =
�H

6

[
6(n + � − 1)(n� − 1 − n) + (� − 1)(2n3 − 3n2 + 7n − 6�n −

6M

�H2
)
]

n + � − 1

(42)N1 =
�H

6

(2n3 + 3n2 − 6)(� − 1) + n(� − 7) +
6M

�H2
(1 − �)

n + � − 1

(43)VPSW = −

n∑
i=1

Ni = −N1 − Nn + �H

n−1∑
i=2

i
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The frame base shear can be obtained as the difference between the total external 
forces and the shear at the pin-supported wall base:

Appendix 2: Force distribution beyond the elastic stage

Referring to Fig. 10, the analytical solution of the problem is identified by the following 
system:

By taking into account the equilibrium equation at each floor level, an explicit expres-
sion of each storey can be obtained, which is different only for the upper floor level:

N1 + Nn =
�H

6

2�n3 + 3�n2 − 6n2 − 6� + 6 − 5�n − 7n −
6M

�H2
�

n + � − 1

VPSW = −
�H

6

2�n3 + 3�n2 − 6n2 − 6� + 6 − 5�n − 7n −
6M

�H2
�

n + � − 1
+ �H

n2 − n − 2

2

(44)VPSW =
�H

6

(n3 − n)(3 − 2�) +
6M

�H2
�

n + � − 1

(45)VFR,R = �H

n∑
i=1

i − VPSW

VFR,R = �H
n2 + n

2
− VPSW

VFR,R =
�H

6

3n3 + 3�n2 + 3�n − 3n − 3n3 + 2�n3 − 2�n + 3n −
6M

�H2
�

n + � − 1

(46)VFR,R =
�H

6

n�(2n2 + 3n + 1) −
6M

�H2
�

n + � − 1

(47)

⎧
⎪⎪⎨⎪⎪⎩

Nn + n(�H + �F) = Vn j = n

Nj + j(�H + �F) + Vj+1 = Vj j = 1 ∶ n − 1
n∑
i=1

NiiH +M = 0

(48)Nn = Vn − n(�H + �F)
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The equilibrium of forces with respect to rotation for the pin-supported wall can be 
written as:

By considering that:

The equation becomes:

Given that:

(49)Ni = Vi − Vi+1 − i(�H + �F)

(50)
n−1∑
i=1

Nii + Nnn +
M

H
= 0

n−1∑
i=1

[
i(Vi − Vi+1) − i2(�H + �F)

]
+

M

H
= −n

[
Vn − n(�H + �F)

]

n−1∑
i=1

i(Vi − Vi+1) − (�H + �F)

n−1∑
i=1

i2 +
M

H
= −n

[
Vn − n(�H + �F)

]

n−1∑
i=1

i(Vi − Vi+1) =

n∑
i=1

Vi − nVn

n∑
i=1

Vi − nVn − (�H + �F)

n−1∑
i=1

i2 +
M

H
= −nVn + n2(�H + �F)

n∑
i=1

Vi − (�H + �F)

n∑
i=1

i2 +
M

H
= 0

(𝛼H + 𝛿F) =

∑n

i=1
V̄i +

M

H

n∑
i=1

i2

n∑
i=1

i2 =
n(n + 1)(2n + 1)

6

(51)(𝛼H + 𝛿F) = 6

∑n

i=1
V̄i +

M

H

n(n + 1)(2n + 1)

(52)Nn = Vn − 6

∑n

i=1
V̄i +

M

H

(n + 1)(2n + 1)
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The equation of the base shear both for the pin-supported wall and for the frame is 
provided:

The frame base shear can be obtained as the difference between the total seismic forces 
and the shear at the pin-supported wall base:
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