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problem is NP-hard, even when the time domain considered consists of two timestamps.
We further analyze the complexity of this problem, focusing on temporal graphs of
bounded degree. We prove that the problem is NP-hard when (1) each vertex has degree
at most one in each timestamp and (2) each vertex is connected with at most three

?:fnvgiﬂsf graphs neighbors, has degree at most two in each timestamp and the time domain consists of
Vertex cover three timestamps. On the other hand, we prove that the problem is in P when each vertex
Graph algorithms is connected with at most two neighbors. Then we present a fixed-parameter algorithm
Computational complexity for the restriction where we bound the number of interactions in each timestamp and the

length of the interval where a vertex has incident temporal edges.
© 2023 The Author. Published by Elsevier B.V. This is an open access article under the CC
BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Network analysis has recently extended several classic problems on static graphs to temporal graphs. Temporal graphs
describe dynamics of edge activity in a discrete time domain [14,12,17], while the vertex set is not changing. Several prob-
lems for finding paths and analyzing graph connectivity has been considered in the literature [14,19,20,5,8,21,9,4,15,1,7].
Recently, one of the most relevant problem in graph theory and theoretical computer science, Vertex Cover, has been ex-
tended to temporal graphs [2,18]. In this paper we analyze a variant of Vertex Cover, called Network Untangling, that has been
introduced in [18] for discovering event timelines and summarizing temporal networks. Given a sequence of interactions
between entities (for example users of a social network platform), the proposed problem looks for an explanation of the
observed interactions with few (and short) activity covering intervals of entities, such that each interaction is covered by
at least one of the two entities involved (at least one of the two entities is active when an interaction between them is
observed). This can be seen as a variant of Vertex Cover, where the temporal edges have to be covered with vertex activities
of minimum length, called span. The span of a vertex is defined as the difference between the ending and starting interval
endpoints where the vertex is defined to be active. A consequence of this definition is that when a vertex is active in a
single timestamp, it has a span equal to 0.

Four formulations of the problem have been considered in [18], depending on the fact that a vertex activity is defined
as a single interval or k > 2 intervals and that the objective function is the minimization of the sum of vertex spans or the
minimization of the maximum vertex span. In this paper we consider the formulation, denoted by MinTimelineCover, that
asks for the definition of a covering interval for each vertex, so that (1) for each temporal edge {u, v, t} at least one of the
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covering intervals of u and v includes t and (2) the overall span is minimized. Given a temporal graph, MinTimelineCover
looks for a cover of the temporal edges that has minimum span and such that each vertex is active in one time interval.

Other variants of Vertex Cover in temporal graphs have been introduced in [1]. A first variant asks for the minimum
number of timestamps where vertices are defined to be active, such that each (non-temporal) edge e = {u, v} is temporally
covered, that is there exists a timestamp t where e is defined and one of (u,t) and (v,t) belongs to the cover. A second
variant asks for each temporal edge to be temporally covered at least once for every interval of a given length. The two vari-
ants are NP-hard, also in very restricted cases [1]. Further results on the problem variants, including their approximability,
have been given in [1,11].

The MinTimelineCover problem is known to be NP-hard [18], even in the restriction where the time domain consists of
two timestamps [10] (when the time domain consists of a single timestamp, the problem is trivially in P, since any solution
of the problem has span 0). For this restriction, MinTimelineCover is fixed-parameter tractable, when parameterized by the
span of the solution [10]. The work in [10] has analyzed the parameterized complexity of the variants of Network Untangling
proposed in [18], considering as parameters the number of vertices of the temporal graph, the length of the time domain,
the number of intervals of vertex activity and the span of a solution.

In this paper, we consider the complexity of the MinTimelineCover problem when we bound the local degree (maximum
number of interactions of a vertex in a timestamp) and the total degree (maximum number of neighbors of a vertex in the
overall time domain). We prove in Section 3 that the problem is NP-hard even when there exists at most one interaction in
each timestamp, and thus the local degree is bounded by 1. In Section 4 we consider the complexity of MinTimelineCover
when we bound the total (and possibly the local) degree of the temporal graph. We show that, while the problem is in
P when the total degree is bounded by two, it is NP-hard when the total degree is bounded by three, the local degree
is bounded by two and the time domain consists of three timestamps. Finally, in Section 5 we prove that the problem is
fixed parameter tractable when the parameter is the size of the time window that bounds (1) the number of vertices with
temporal edges in a timestamp (thus also the local degree) and (2) the length of the interval where a vertex has incident
temporal edges. The idea of considering a time window has been applied before on temporal graphs, for example a sliding
time window has been considered in the context of graph coloring [16] and for the graph covering formulation defined in
[2].

We conclude the paper with some open problems in Section 6. In Section 2 we present some definitions and we formally
define the MinTimelineCover problem.

2. Preliminaries

We start this section by defining the discrete time domain over which is defined a temporal graph.

Definition 1. A discrete time domain T =[1,..., tmex] is a sequence of timestamps. An interval T = [t;,t;] over T, where
ti,tj €T and t; <tj, is the sequence of timestamps between t; and t;.

Two intervals T1 = [tq,1, tp,1], T2 = [ta,2, tp 2] are disjoint if they do not share any timestamp, that is t5 1 <tp 1 <ta2 <tp>
or tg2 <tpp <flg1 =Ip1.

Given a set of pairwise disjoint intervals Ty = [tq,1,tp 1], T2 = [ta,2,tp 2], ..., Tq = [ta,q.th,ql, Where tq1 <tp1 <tg2 <
thp <+ <tqq=<tpgq and tp;=tqiy1 —1, 1 <i<q—1, we can define the concatenation of these intervals:

T1-Ty- - Tqg=1ta1,tpql
We present now the definition of temporal graph. The vertex set is not changing in the time domain, that is the vertex

set is identical in each timestamp (see the example of Fig. 1).

Definition 2. A temporal graph G = (V, E,T) consists of

1. A set V of vertices
2. A time domain 7
3. Aset E={{u,v,t}:u,veV,teT}.

A temporal graph G = (V, E,T) is associated with a static graph, called union graph G, = (V, E,), over the same vertex
set V, where the set of edges E, is defined as follows (see the example of Fig. 1):

E,={{u,v}:{u,v,t} € E, for some timestamp ¢ of the time domain 77}.

Notice that a slightly different definition of temporal graphs is sometimes considered in the literature (for example in
[2,11]). A temporal graph is defined as a labeled graph, more precisely as a pair (G, A), where G = (V, E) is the underlying
graph (G, in our notation) and 2 is a labeling function that associates with every edge the timestamps where it is defined.
So if {u, v, t} is a temporal edge, in this notation the edge {u, v} will be labeled by t.
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Fig. 1. An example (in the upper part) of a temporal graph G consisting of four vertices (v1, v2, v3, v4) and three timestamps (1, 2, 3) and the corresponding
underlying static graph G, (in the lower part). For each timestamp, the active temporal edges of G are represented. For example for t = 1, the active edges
are {v1, v3, 1}, {va, v3, 1}, {va, v4, 1}. Notice that the local degree Aé =2, while the total degree AT =3 (v, and v3 have degree three in G,).

Given an interval I of 7, E(I) denotes the set of active edges in the timestamps of I, that is:

E(D)={{u,v,t}|{u,v,t} e Entel}.

E(t) = E([t, t]) denotes the set of active edges in timestamp t € 7.

Given a vertex v € V, a covering interval of v is defined as an interval I, = [l,, 1], with 1 <1, <1, < tmax, of the time
domain where v is defined to be active; an edge {v, u,t}, with [, <t <r,, is covered by I,, that is a vertex v active in a
covering interval I, = [l,, ry] covers the temporal edges incident in v and defined in a timestamp between [, and r,. In any
timestamp not in I,, v is considered inactive and does not cover temporal edges incident in it. Notice that if I, = [l,,1y]
is a covering interval of v, there may exist temporal edges {u, v,t}, with t <1, or t > r, (see the example in Fig. 2). An
activity timeline A is a set of covering intervals, one for each vertex of the temporal graph, defined as follows:

A={l,:veV}.

Given a temporal graph G = (V, E, T), an activity timeline A covers G if for each temporal edge {u, v,t} € E, t belongs
to I or to I, where I, (I, respectively) is the covering interval of u (of v, respectively) defined by .A. It follows that, for
a temporal edge {u, v, t}, at least one of u, v is active in an interval that includes t.

The span of an interval I, =[l,, ry], with v € V, is defined as follows:

s(ly) =|ry = Iyl.
Notice that for a covering interval I, = [l,, r,] consisting of a single timestamp, that is where [, =r,, the span is equal
to 0, that is it holds that s(I,) = 0. The overall span of an activity timeline A is equal to
s =) sly).
IyeA
Now, we are ready to define the problem we are interested into (see the example of Fig. 2).
Problem 1. (MinTimelineCover)

Input: A temporal graph G=(V,E,T).
Output: An activity timeline of minimum span that covers G.

Next, we introduce the concept of local and total degree (illustrated in Fig. 1). Given a temporal graph G = (V, E,7) and
a vertex v € V, the local degree of v in a timestamp t, denoted by Aé(v, t), is defined as follows:

AE(v,0) = |{{v,u,t} € E}],

that is the number of temporal edges {v, u, t}. The total degree of a vertex v € V, denoted by Ag(v), is the degree of v in
the underlying static graph G, that is
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Fig. 2. An example of MinTimelineCover on a temporal graph G, where the gray rectangles represent the covering intervals of each vertex; vy is active in
timestamp 3, with span equal to 0, v, and vs3 are active in interval [1, 2], each one with span equal to 1, v4 is active in timestamp 3, with span equal to
0. The activity timeline defined by the vertex covering intervals covers each temporal edge of the temporal graph with total span equal to 2.

Vi € [n] Vi € [n] V{vi,v;} € E. Vi€ [n]

Iy, Is1 Iy Ip Iv3 Is,2 Ia Is 3 Ia2

Fig. 3. A sketch of the time domain 7 built by the reduction. For each of the nine disjoint intervals of 7, we present in the upper part a temporal edge
defined in that interval or — when no temporal edge is defined.

ALY =1{{v,x} € Eu)l.

The local degree Aé of G is the maximum over v and t of Aé(v, t); the total degree AE of G is the maximum over v
of AL(v).
Given an interval I of the time domain 7, the time window associated with I (denoted by W (I)) is defined as

W) ={(v,t):{v,u,t} e EAtinl}

that is the set of pairs consisting of vertices v € V and timestamps t of I, such that there exists a temporal edge incident
in v in timestamp t. We define a temporal graph to be (w, h)-window-constrained if (1) the temporal edges incident in
each vertex belong to an interval of length at most w and (2) in each timestamp there are at most h vertices with incident
temporal edges.

3. Hardness of MinTimelineCover for bounded local degree

In this section we consider the MinTimelineCover problem when each timestamp contains at most a single active edge,
and thus the local degree Aé of G is also bounded by 1. We denote this restriction by 1-MinTimelineCover. We prove that
1-MinTimelineCover is NP-hard by giving a reduction from the Vertex Cover problem. Next, we recall the definition of Vertex
Cover:

Problem 2. (Vertex Cover)
Input: A graph G. = (V, E¢).
Output: A minimum cardinality set V/ C V. such that for each {u, v} € E., ue V. or ve V]

Consider an instance G, = (V, E.) of Vertex Cover, where |V.| =n and |E;| =m, we define a corresponding instance of
MinTimelineCover, that is a temporal graph G = (V, E, 7)), as follows (a sketch of the temporal graph is given in Fig. 3). We
assume in what follows that m is large enough so that m* > n(m? +m + 2n).

We start by defining the time domain 7 that consists of 2m* +m? +m+ n + 2 timestamps and is defined starting from
the following disjoint intervals:
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- Iy,1=[1,n] Iy 1 consists of n timestamps

- Isq1=[n+1,m?+n] Is consists of m? timestamps

- Iy =[m?>+4+n+1,m? +2n] Iy, consists of n timestamps

- Ig =[m?+2n+1,m? + m+ 2n) I consists of m timestamps

- Iy3=[m?>+m+2n+1,m>+m+3n] Iy 3 consists of n timestamps

- Isp=[m?+m+3n+1,m*+m?4+m+3n] Is consists of m* timestamps
—Ipr=m*+m?>+m+3n+1,m*+m? +m+3n+1] I consists of 1 timestamp

- Isz=[m*+m? +m+3n+2,2m* +m? +m+3n+1] Is 3 consists of m* timestamps
- Iax=02m*4+m? +m+3n+2,2m*+m? +m+3n+2] I consists of 1 timestamp

The time domain 7 is the concatenation of the disjoint intervals defined previously:

T=Ilv1-Is1-Iva-Ig-Iy3-Isp-Ia1-Is3-1a2

The set V is defined as follows:

V ={uj,uj:vie Ve, 1<i<n}U{uo}Ufup)

Now, we define the set E of temporal edges in each interval of the time domain 7. In each interval Isx, x € {1, 2,3}, no
temporal edge is active. We assume that there are no self-loops and that the edges of G, are ordered as follows: for two
edges {vi, vj}, {vx, vy} € Ec, where i < j and x < y, {v;, vj} < {vx, vy} ifi <x ori=xand j <y. We refer to the p-th edge
of G, as the edge in position p based on this order. Recall that E(I) denotes the set of temporal edges active in interval I.
Next, we define the sets of temporal edges in Iy 1, Iv 2, I, Iv 3, Ia1 and I43:

E(Iv,1) = {{uj,uo, t}: 1 <t <n}

- Edv2) ={{ujug,t}:t=m>+n+i,1<i<n)

E(lg) = {{u,‘,uj,t}:t:m2 +2n+p,1<p=<m,{v;,v;}is the p-edge of G}
- Edv3) ={{uuj,t}:t=m?>+m+2n+i,1<i<n)

E(Ia1) = {{ug, up. t}:t =m*+m? + m+3n+1}

E(Ia2) = {{uo, up, t}: t =2m* + m?> + m + 3n+2}.

We start by proving some properties of G. First, notice that by construction in each timestamp there exists at most one
active temporal edge, thus G is an instance of 1-MinTimelineCover. Now, we present a property of vertices ug and ug,.

Lemma 1. Given an instance G. of Vertex Cover, let G be the corresponding instance of 1-MinTimelineCover. Let A be a solution of
1-MinTimelineCover on instance G of span at most n(m? +m + 2n), then each of the vertices uq and ug, is active in exactly one of the
timestamps of intervals I 4 1 and I 4 ».

Proof. Consider a solution A of 1-MinTimelineCover on instance G of span at most n(m? + m + 2n). Notice that, by con-
struction, each of ug, uy is active in exactly one of the intervals I4 1 and in I, as otherwise A has a span of at least
m* > n(m? +m + 2n). Since temporal edges incident in u6 are defined only in the timestamps of I41 and I4 2, we can
assume that u6 is active in a timestamp of 4,1 or of I4 2. Now, consider vertex ug. There exist temporal edges incident in
up in intervals I4 1, Ia2, Iv.1 and Iy 3. Since ug has to be active in one of 141, 14,2, if ug is active in a timestamp of Iy 1
or Iy 3, it has a span of at least m* > n(m? +m+ 2n), hence A has a span of at least m* > n(m? +m+ 2n). Hence A defines
ug active only in a timestamp of I4 1 or 42, thus concluding the proof. O

We show next how to relate a vertex cover of G, and a solution of MinTimelineCover on G.

Lemma 2. Consider an instance G. of Vertex Cover, let G be the corresponding instance of 1-MinTimelineCover. If there exists a vertex
cover of G, consisting of k vertices, then there exists a solution of 1-MinTimelineCover on instance G of span at most k(m? +m + 2n) +
n—ky(n+m).

Proof. Given a vertex cover V; C V. of G, with |V/| =k, we define a solution A of 1-MinTimelineCover as follows:

- Vertex ug (ug, respectively), is active in the unique timestamp of interval I4 1 (of interval I, , respectively); uo and u
have a span equal to 0.

- For each vertex v; € V¢ \ V, 1 <i<n, vertex u; is active in timestamp i and has a span equal to 0, vertex u; is active
in interval [m2 +n +i,m? +m + 2n +i], and has a span equal to m +n.

- For each vertex v; € V/, 1 <i <n, u; is active in interval [i,m? +m+ 2n +i], and has a span equal to m? +m + 2n;
vertex uj is active in timestamp m? +n+1i, and has a span equal to 0.
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Consider the activity timeline A, we show that it covers every temporal edge of G. Indeed, the temporal edges of I4 1
and I, are covered by ug and uj, respectively. The temporal edges in Iy 1 are covered by vertices u;, 1 <i <n, since u; is
active in timestamp i. The temporal edges of Iy » are covered by uj, 1 <i <n, since uj is active in timestamp m? +n+i.
Consider a temporal edge {u;, uj,t} defined in interval I¢. Since V[ is a vertex cover of G, by construction u; is active in
interval I, =[i,m? +m+n+i] or uj is active in interval I, = [j,m* + m+ 2n+ j]; both intervals include I, thus at least
one of I, or Iuj covers the temporal edge {u;, uj, t}. Finally, the edges of Iy 3 are covered either by u;, if v; € V/, since
u; in this case is active in interval [i, m? +m + 2n + i], or by ul(, if vi € V¢ \ V[, since ulf in this case is active in interval
[m?+n+i,m? +m+2n+i]. It follows that all the temporal edges are covered, thus .4 covers G.

Now, consider the span of A. Since k vertices u;, with v; € V/, have a span of m? +m+ 2n and n — k vertices u}, with
vi € Ve \ V[, have a span of n+ m, the overall span of A is k(m? 4+ m + 2n) + (n — k)(n +m), thus concluding the proof. O

Based on Lemma 1, we can prove the following result.

Lemma 3. Given an instance G. of Vertex Cover, consider the corresponding instance G of 1-MinTimelineCover. Let A be a solution of
1-MinTimelineCover on instance G having span k(m? +m + 2n) + (n — k)(n + m), then there exists a vertex cover of G consisting of
at most k vertices.

Proof. Consider a solution A of 1-MinTimelineCover on instance G that has a span k(m% +m + 2n) + (n — k)(n + m) <
n(m? +m + 2n)). By Lemma 1, we can assume that each of ug and ug is active in one of the timestamps of 41, I4 2. This
implies that in any solution of 1-MinTimelineCover on instance G, each vertex u;, with 1 <i <n, must be active in timestamp
i and each vertex uj, with 1 <i <n, must be active in timestamp m? +n +i. Since each temporal edge {u;, uj,t} in Ir must
be covered by one of u;, uj, it follows that .4 defines a span of at least m2 +n for a subset U C {u; : 1 <i <n} of vertices.
Furthermore, for each i with 1 <i <n, the temporal edge {u;, ulf, m? +m+2n+ i} of interval Iy 3 must be covered by u; or
by u;.

Now, we claim that, for each vertex u; € U, u; covers the temporal edge {u;, u;, m2 +m + 2n + i}. Assume it is not the
case, then the temporal edge {u;, u;,m2 +m+2n+i} is covered by uj. Then u; has a span of at least m2 + n, while u} has
a span of m + n. If we modify the solution A so that u; is active in interval [i, m% +m + 2n + i] and thus it covers also the
temporal edge {u;, u], m? +m + 2n + i}, while u} is active only in timestamp m2 +n + i, we obtain that u; has a span of
m2 4+ m + 2n, while u} has a span of 0, thus we obtain a solution that does not increase the span with respect to .A.

Since A has a span of k(m? +m + 2n) + (n — k)(m + n), it follows that the set U contains at most k vertices. Define the
following subset V[ of vertices of V:

Vé:{v,-:u,-eU}.

By construction, it holds that |V/| <k. Furthermore, we claim that V[ is vertex cover of G,. Indeed, assume that there exists
an edge {v;, vj} € E¢ such that v; ¢ V. and v; ¢ V. Then, by construction u;, uj ¢ U, thus the temporal edge {u;, uj,t} of
Ig would not be covered by .4, thus leading to a contradiction. It follows that V[ is a vertex cover of G, of size at most k,
thus concluding the proof. O

Now, we are able to prove the main result of this section.
Theorem 1. 7-MinTimelineCover is NP-hard and the decision version of 1-Min TimelineCover is NP-complete.

Proof. It follows from Lemma 2 and Lemma 3 that we have designed a polynomial-time reduction from Vertex Cover to
1-MinTimelineCover. Since Vertex Cover is NP-hard [13], it follows that also 1-MinTimelineCover is NP-hard.

Notice that the decision version of 1-MinTimelineCover is in NP, since giving a solution of 1-MinTimelineCover we can
check in polynomial time that it covers G and that has at most a given span. 0O

4. MinTimelineCover for bounded total degree

In this section we analyze another restriction of the MinTimelineCover problem, in particular we consider a bound on
the total degree of the input temporal graph. We start by showing that MinTimelineCover is polynomial-time solvable when
the total degree AE is bounded by 2. Then we show that the problem is NP-hard when the total degree Ag is equal to
3 and, furthermore, the following restrictions hold: (1) the local degree AL =2 and (2) the time domain consists of three
timestamps.

4.1. Total degree AL bounded by 2

We start by showing that when AL < 2, MinTimelineCover is solvable in polynomial time. Consider the underlying static
graph G, associated with G and let H = (Vy, Ey) be a connected component of G,. Since AE < 2, it follows that H =

6
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(Vy, Ep) is either a simple cycle (that is, it contains no chord) or a path. We present a polynomial algorithm that defines
an activity timeline A of minimum span when H is a cycle (if H is a path then the algorithm can be easily adapted).

First, define a vertex of H as hy, and define vertices hy, ..., h; according to a depth first search of H that starts
from hq. Notice that, since H is a simple cycle, h, is adjacent to h; in H. Now, we consider two timestamps a, b, with
1 <a <b < tmex, where hy must be active and we define function Dg i, ti 1, ti 2] as follows. Dq pl[i, ti 1, ti 2] is the minimum
span of an activity timeline A of vertices hq, ...h; that covers each temporal edge between vertices hq, ..., h; such that h;
is defined to be active in interval [t; 1, t; 2] and vertex h; is defined to be active in interval [a, b].

Next, we present a recurrence to compute Dg p[i, t; 1,t;2]. For 2 <i <z, Dgpli, ti1,ti 2] is defined as follows:

Dgpli, ti1, ti2] = min Dopli, ti—1,1,tic12] +tio —tiq (1)
ti—1,1.ti—12: tic115ti—12

such that the following conditions hold:

1. Each temporal edge between h;_; and h; is defined in a timestamp contained in interval [t;_1 1,t;_2 2] or in interval
[ti,1,ti 2]
2. If i =z, each temporal edge between h; and h; is defined in a timestamp that belongs to interval [t; 1, t; 2] or [a, b].

If condition 1 and 2 defined above do not hold, Dy p[i, tj 1, ti 2] = —o0.
For i =1, Dgp[1,t1,1,t1,2] is defined as follows:

Dopll,t11,t12]=t12 —t11 (2)

if ti1=a and tio= b, else Dgpl1,t1,1,t1,2] = —00.
Next, we prove the correctness of the recurrence (Equation (1) and Equation (2)).

Lemma 4. Given a connected component H of G, there exists an activity timeline A for vertices hy, ..., hj, with 1 < i < z, such that
(1) it covers each temporal edge between vertices hy, ..., h; (2) it has a span of k and (3) it defines h; active in interval [t; 1, t; 2] and
h1 active in interval [a, b] if and only if Dy p[i, ti 1, ti 2] = k.

Proof. We prove the lemma by induction on i > 1. If i =1, since there is no temporal edge connecting h; with itself, it
follows by the definition of Dgp[1, t1,1,t1,2] that Dgp[1,t1,1,t12] =t12 — 1,1 =k if and only if there exists an activity
timeline A that has a span of b —a =k and defines h; active in interval [a, b].

Now, assume that the lemma holds for i — 1, we show that it holds for i. Assume that Dgp[i, t; 1, ti2] =k, then it
follows that there exist two timestamps tj_1 1, ti—1 2, with tj_11 <tj_12 such that Dgp[i, ti—1 1, ti—121 =k — (ti2 —t;1). By
induction hypothesis there exists an activity timeline A’ for the vertices hy, ..., hj_1 such that (1) it covers each temporal
edge between vertices hy, ..., hj_1 (2) it has a span of k — (t; ; — t; 1) and (3) it defines h;_; active in interval [t;_1 1, ti—1,2]
and h; active in interval [a, b]. By the definition of Dgp[i. t; 1, ti 2], it follows that the activity timeline A defined from .4’
by adding h; active in interval [t; 1, t;2] covers each temporal edge between vertices h;_; and h;, since by definition of
Dqpli, ti,1,ti,2] every temporal edge between h; and h;_; must belong to a timestamp in interval [t; 1, t; 2] or [ti—1 1, ti—1,2].
Furthermore if i = z, by the definition of Dg [z, t;,1, t;2], every temporal edge between h; and h; is defined in a timestamp
that belongs to interval [a, b] or [t 1, tz2]. Finally, A has a span of k and defines h; active in interval [t; 1, t; 2] and h; active
in interval [a, b].

Assume that there exists an activity timeline .4 of minimum span for vertices hq, ..., h; such that (1) it covers each
temporal edge between vertices hy,...,h; (2) it has a span of k and (3) it defines h; active in interval [¢; 1,¢t; 2] and hy
active in interval [a, b]. Consider the activity timeline A" for vertices hy, ..., hj_1 such that (1) it covers each temporal edge
between vertices hi, ..., hj_; (2) it has a span of k; and (3) it defines h;_; active in interval [t;_1 1, ti—12] and h; active in
interval [a, b]. By induction hypothesis, Dg p[i — 1, ti—1,1, ti—1,2] = k1. Consider the covering interval defined for vertex h; as
[ti1,ti2]. Notice that it covers each temporal edge between vertices h;_; and h; not covered by vertex h;_. Furthermore if
i = z, every temporal edge between h; and h; is defined in a timestamp that belongs to interval [a, b] or [t; 1, t;2]. Thus
Dgpli, ti1,ti2] = Dgpli — 1, ti—11, tic1 2]+ tiz —ti1=k. O

Lemma 5. MinTimelineCover is solvable in polynomial time when A(T; <2.

Proof. MinTimelineCover can be solvable in polynomial time when Ag < 2 by applying the dynamic programming recurrence
Dqplz,tz,1,t22] on each connected component of G,. The correctness of the recurrence follows from Lemma 4. In particular,
consider a connected component H of G, consisting of vertices hy, ..., h,. There exists an activity timeline A that covers
the temporal edges of H such that it has a span of k and it defines h, active in interval [t; 1, t;2] and h; active in interval
[a,b] if and only if Dy plz, t21,tz2]1 =k.

The time complexity of the algorithm on each connected component H = (Vy, Ey), with |Vy| =2z, is O(z tﬁ,ax). Indeed,
fixed two timestamps a and b, there are O(z t2,,) entries of Dgpli,ti1,ti2], as 1<i<z and 1<t;q <tj2 < tmae. Each

entry Dgpli, ti1,ti2] can be computed in O(t,zmx) time, since we have to consider two possible timestamps t;_1 1, ti—12,

7
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Vi € [n] Vi € [n] Vi € [n] and
V{vi,v;}, x-th edge of v;, y-th edge of v;

Wi,a

B

o

O =
Ws,b
Eiq Ei o Ei 3

Fig. 4. The structure of the temporal graph G builds by the reduction from Cubic Vertex Cover. E; 1, E; 2, E¢ 3 are the sets of temporal edges defined in the
three timestamps 1, 2 and 3, respectively.

with 1 <tj_11 < ti—1,2 < tmax. Thus the entries of Dgpli, ti 1,t;2] can be computed in O(z t%ax) time. Since there are
O (t2,y) choices of values a and b, the overall time complexity is O(z t$,,) for each connected component H. The overall
time complexity of the algorithm on input G = (V,E,7T) is O(|V|t§nax). O

4.2. Total degree AL =3

We prove that MinTimelineCover is NP-hard when the total degree AL = 3, the time domain consists of three timestamps
and the local degree Aé =2, by giving a reduction from Vertex Cover on cubic graphs (a variant of Vertex Cover denoted by
Cubic Vertex Cover). We recall that a graph is cubic when each of its vertex has degree equal to three.

Given an instance G. = (V, E;) of Cubic Vertex Cover, we build a corresponding temporal graph G = (V, E,7T) as follows
(a sketch of G is given in Fig. 4). First, the time domain 7 =[1, 2, 3].

The vertex set V is defined as follows. For each v; € V. (1 <i <|V.|), define the set U; of vertices:

Ui ={ui1, ui2, Ui3, Wia, Wi, Zi : Vi € Vc}

The set V is then defined as:

[Vel

V= U Ui.
i=1

The set E consists of three subsets E;1 (E;2, Er 3, respectively) representing temporal edges active in timestamp 1
(2, 3, respectively). As in the reduction of Section 3, we assume that the edges of G. are ordered based on lexicographic
order. Since G. is cubic, based on this order we refer to the edges incident on a vertex v € V. as the first (second, third,
respectively) edge of v. The set E; 1, E; 2, Et 3 are defined as follows:

Et1={{Wiqa, zi, 1}, {Wip,zi, 1} :vie Ve, 1 i < |V}

Eep ={{ui1, Wia, 2}, {Ui2, Wi, 2}, {Ui2, Wip, 2}, {Ui3, Wip, 2} 1 vi € Ve, 1 <1< |V}
Ei3={{wia, zi, 3} {Wip, 2,3} :vie ViU

{{uix, ujy,3}:{vi,vj} € Ec and {v;, v} is the x-th edge of v;

and the y-thedgeof vj, 1 <i<|V¢|,1<x,y <3}

By construction, G is defined over a time domain consisting of three timestamps. We prove now that G has total degree
equal to three and local degree equal to two.
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Lemma 6. Given an instance G of Cubic Vertex Cover, let G be the corresponding instance of MinTimelineCover. Then the local degree
Aé of G is equal to 2 and the total degree Ag of G is equal to three.

Proof. We start by proving that the local degree Aé of G is equal to 2. By construction, for the set E;; of temporal
edges, each vertex is incident in two temporal edges (vertex z;) or one temporal edge (vertices w; q, wj ), for each i with
1 <i<|V.|. For the set E;> of temporal edges, each vertex is incident in two temporal edges (vertices w;q, Wjp, Uj2) Or
one temporal edge (vertex u; 1, u;3), for each 1 <i <|V¢|. For the set E; 3 of temporal edges, each vertex is incident in at
most two edges (vertex z;) or one edge (vertex u;j 1, Uj?2, U; 3, Wigq, Wip), for each i with 1 <i <|V(|.

Now, we consider the total degree Ag of G. Each vertex z;, 1 <i <|V|, is adjacent to vertices w; 4, W; 5, hence it has a
total degree of two. Vertices w;q, Wip, 1 <i<|V,|, are adjacent to three vertices in G, and in G (that is z;, u;x, u; y, for
some x, y € {1,2,3}). Finally, each vertex u;y, with 1 <i <|V.| and 1 <x < 3, is adjacent to at most three vertices in G
and in G (wjq, wip and uj y, for some j with 1 <j<|V|, ye{1,2,3}). O

Next, we prove that we can restrict ourselves to solutions where each vertex zj, 1 <i < |V|, is active only in times-
tamp 3.

Lemma 7. Given an instance G of Cubic Vertex Cover, let G be the corresponding instance of MinTimelineCover. Then, given a solution
A of MinTimelineCover on instance G, we can compute in polynomial time a solution A’ of MinTimelineCover on instance G such that
each vertex zj, 1 < i < |V¢|, is active only in timestamp 3 and the span of A’ is at most the span of A.

Proof. Consider the solution A of MinTimelineCover on instance G. Assume that A defines z;, for some i with 1 <i <|V|,
active in interval [1, 3] (notice that the temporal edges incident in z; are defined in timestamps 1 and 3). Then the temporal
edges {zi, Wi q, 1}, {zi, wip, 1}, {zi, Wiq, 3}, {zi, w;ip, 3} are covered by z;, hence we can assume that w;q, w; are active
only in timestamp 2. It follows that z; has a span of 2, while w; 4, w;} have a span of 0. We can define an activity timeline
A’ so that w; 4, w;p are both active in interval [1,2] (each one having span 1) and z; is active only in timestamp 3 (with
span 0), thus the span of w; 4, w;p, z; in A’ is not increased with respect to A.

Assume that z;, 1 <i <|V,|, is active only in timestamp 1, it follows that w; 4, w;, must be active in timestamp 3 (and
possibly in timestamp 2). Then we can define an activity timeline .4" where z; is active only in timestamp 3, w;q, w; are
active in timestamp 1 (and possibly in timestamp 2 if they are defined active in timestamp 2 by .A). In this case the span
of wjq, wip, zi in A’ is not increased with respect to A, thus concluding the proof. O

Now, we show how to relate a solution of Cubic Vertex Cover on G, and a solution of MinTimelineCover on G.

Lemma 8. Given an instance G of Cubic Vertex Cover, let G be the corresponding instance of MinTimelineCover. Let V[ be a solution
of Cubic Vertex Cover, with |V[| =k, then there exists a solution of MinTimelineCover on instance G of span at most |E¢| +k — |V|.

Proof. Consider a solution V/ of Cubic Vertex Cover on instance G, we define a solution A of MinTimelineCover on instance
G as follows. For each set U;, 1 <i <|V,|, associated with v; € V¢ \ V[, A is defined as follows:

- Wijq, Wjp are active in interval [1, 2], each one with span 1
- For each {v;, v} € E, which is the p-th edge of v; and the g-th edge of v, u; , is active in timestamp 3 with span 0
- Vertex z; is active in timestamp 3, with span 0.

For each set Uj, 1 <i < |V,|, associated with v; € V/, A is defined as follows:

- Vertices w; 4, W;p are active in timestamp 1, each one with span 0

Each vertex u; p, 1 < p <3, is active in timestamp 2 (the span of u; depends on the next point)

For each {v;, v} € E¢, with v;, vj € V{, which is the p-th edge of v; and the g-th edge of v;: if i < j, then u; j, is active
in interval [2, 3] (with span 1), else u;j 4 is active in interval [2, 3] (with span 1).

- Vertex z; is active in timestamp 3, with span 0.

By construction, A covers each temporal edge of G. Indeed, for each i with 1 <i <|V,|, the following properties hold.
The temporal edges in E; 1 are covered by w;q, w; . The temporal edges in E;, are either covered by w;q, wip, if vi €
Ve \ V[, or by uj 1, uj2, u;3, if v; € V/. The temporal edges {w;q,2z;,3} and {w;p, z;, 3} of E;3 are covered by z;; the
temporal edges {u; x, uj y, 3} are covered by one of ujx, uj y.

Now, the span of A is 1 for each {v;, v;} € Ec, where v;,vj € V.. Consider now an edge {v;,vj} € E, where either
vieVe\ V. orvjeVc\V/ (notice that both v;, v; cannot be in V¢ \ V) assume without loss of generality that v; € V¢ \ V/.
Then A has a span of 2 for the set U; (both w; 4 and w;} have a span 1) for the three edges incident in v; in G.. Hence
the overall span of A is |E¢| — |V¢\ V(| =|E¢| +k — |V¢|, thus concluding the proof. O

9
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Based on Lemma 7, we can prove the following result.

Lemma 9. Given an instance G. of Cubic Vertex Cover let G be the corresponding instance of MinTimelineCover. If there exists a
solution of MinTimelineCover on instance G of span |E.| + k — | V|, then there exists a solution of Cubic Vertex Cover on instance G
of size at most k.

Proof. Let A be a solution of MinTimelineCover on instance G. First, by Lemma 7, each vertex z;, with 1 <i <|V|, is defined
active in A only in timestamp 3 (with span 0). This implies that w; 4, w;p must be active in timestamps 1.

Consider the vertices w;jq or w;p, with 1 <i <|V,|, that are active in interval [1, 2]. First, assume that exactly one of
Wi q, Wjp is active in timestamp 2, without loss of generality w; 4. Then w;, has a span 1, and u; 3, u; 3 must be active in
timestamp 2, in order to cover temporal edges {u; >, w;p}, {u; 3, wip}. Now, we can modify the solution A, by defining u; 1
active in timestamp 2, thus increasing its span by at most 1, and defining w; 4 active only in timestamp 1, thus decreasing
the span of A by 1. We can conclude that we can compute in polynomial time a solution A’ of MinTimelineCover on instance
G such that either w; 4, w; are both covering interval [1, 2] or they are both active only in timestamp 1.

Now, consider the case that w; 4, w; are both active in interval [1, 2], since all the temporal edges defined in timestamp
2 that are incident in vertices u; 1, u; 2, u; 3 are covered by w;, and w;p, we can assume that u; 1, u; 2, u; 3 are active in
timestamp 3 (each one with span 0).

Now, assume that, for some v;, vj with {v;, vj} € E¢c, Wjq, Wiq, Wjgq Wj are all active in interval [1, 2]. Consider the
temporal edge {u; ,u;jq,3} and notice that it is covered by both u; , and u;4. Now, we modify A by making wjgq, wjp
active only in timestamp 1 (thus decreasing the span of each of wjgq, wjp by 1), by making u; , active in timestamp 2
(with span of 0) and by making the other two vertices of U, active in timestamp 2 and possibly 3 (thus increasing the span
of U; by at most 2). Notice that the span of A is not increased. Thus we obtain a solution of MinTimelineCover on G such
that, for each {v;, v} € E, if w;q, w; are active in timestamps 1 and 2, then wj 4, w;} are active only in timestamp 1.

Now, we construct a vertex cover V/ of G, as follows:

- For each i with 1 <i <|V,|, if w;q, W;q are active only in timestamp 1, define v; € V/

By construction, for each {v;, v;} € E., at most one of the sets {w;q, W;ip} {Wjq, W;jp} is active in timestamp [1, 2]. It
follows that V[ covers each edge in E. Now, we claim that |V/| < k. Indeed, each temporal edge {u; p,ujq,t} is covered
by one of u;p, ujq with span equal to 1, except when w;4, w;p are both active in timestamps 1 and 2. In this case,
three edges are covered by w;q, w;, with a span equal to one for each of these vertices. Since the solution .4 has a
cost of |Ec| +k — |V¢|, it follows that there exist |V¢| —k sets {w;q, W;p} active in interval [1, 2], thus by construction
IVl < Vel =(Vel =k =k. O

Now, we can prove the main result of this section.

Theorem 2. MinTimelineCoveris NP-hard (and the decision version of MinTimelineCoveris NP-complete) when the total degree Ag is
equal to 3, the local degree Aé is equal to 2 and the time domain consists of three timestamps.

Proof. The reduction from Cubic Vertex Cover defines a temporal graph G on a time domain of three timestamps and such
that, by Lemma 6, its total degree A(T; is equal to 3 and its local degree A’('; is equal to 2.

By Lemma 8 and Lemma 9, it follows that we have designed a polynomial-time reduction from Cubic Vertex Cover to
MinTimelineCover. Since Cubic Vertex Cover is NP-hard [3], it follows that also MinTimelineCover is NP-hard when the total
degree A{; is equal to 3, the local degree Aé is equal to 2 and the time domain consists of three timestamps.

Notice that the decision version of MinTimelineCover is in NP, since giving a solution of MinTimelineCover we can check
in polynomial time that it covers G and that has at most a given span. 0O

5. Bounding the time window

In this section we consider the parameterized complexity of MinTimelineCover for (w, h)-window constrained temporal
graphs, when the parameters is the product of w and h (the size of the time window). Notice that when exactly one of
w, h is the parameter, the problem is not in the class XP (in particular if h = 2 for the result in Section 3, if w =2 for the
hardness of MinTimelineCover on a time domain of two timestamps [10]).

We denote by W; a time window W ([j —w +1, j]) of length w that ends in a timestamp j and that consists of the set
of pairs (v,t) such that v € V has a temporal edge defined in some timestamp t, with j —w +1<t <.

An activity assignment F; for a time window W is a function that establishes, for each pair (v, t) of Wj, if v is active in
timestamp t. Formally, an activity assignment F; is a function

Fi:Wj—{0,1}
such that, for each pair (v, t), it holds that:

10
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1. v is active in timestamp ¢ if and only if F;(v,t) =1 (thus v is not active in timestamp ¢ if and only if F;(v,t) =0)
2.if Fj(v,ty)=1and Fj(v,t) =1, with j —w 4+ 1<ty <tp < j, then F;(v,t) =1 for each t with t; <t <t5.

The span of F;, denoted by s(F}), is the span induced by the activity assignment F;.
Consider two time windows W and W;, with 1 <i—w +1 <i < j < tjax, and two assignment functions F; and F;. F;
and F; are in agreement if the following holds:

Fj(v,t)=F;(v,t) foreach (v,t) e W; N W,.

An activity timeline A is in agreement with an activity assignment F; if the activity defined by A for the pairs in W is
identical to Fj.

Next, we describe a dynamic programming algorithm to compute a solution of MinTimelineCover parameterized by w
and h. Given two assignment functions F; and F;_; that are in agreement, define the value D(F;, Fj_q) as the span added
by F; (in timestamp j) with respect to F;_;. Formally, D(F;, Fj_1) is defined as follows:

D(Fj, Fj_1) =
Hv:(v,j—1)eW; 1A, ) e WjAFj(v,j)=Fj_1(v,j) =1} (3)

Given an activity assignment F; of a time window W, define the function C[F;] as the minimum span of an activity
timeline of the temporal graph G on interval [1, j], such that:

1. The activity of vertices in the time window W is defined by F;
2. Each temporal edge {u, v, t} of G, with 1 <t < j, is covered
3. Each vertex active in timestamp j is not active in interval [1, j — w] (since G is (w, h)-window constrained)

Now, C[F;] is computed with the following recurrence:

- If j > w, then C[F;] is the minimum, over F;_; in agreement with Fj, of

C[Fj_1]+ D(Fj, Fj_1)
- If j=w, C[Fyw]=s(Fy), that is the span of F,,.

Next, we prove the correctness of the recurrence.
Lemma 10. C[F ;] = q, if and only if there exists an activity timeline that covers G in interval [1, j] and that has span q.

Proof. We prove the lemma by induction on j. In the base cases, when j = w, if C[F,]=gq, then C[F,] = s(Fy) and
F,, defines an activity timeline that covers G on interval [1, w] of span q. Given an activity timeline A that covers G on
interval [1, w] and has span g, then by considering the activity assignment F,, that is in agreement with A, it follows that
C[Fw]=s(Fw)=gq.

Now, we prove that the lemma holds for j > w, assuming by induction hypothesis that it holds for j — 1. Consider an
activity timeline A that covers G on interval [1, j] such that A is an activity timeline of minimum span q in agreement
with Fj. We prove that C[F;]=gq. Since A is an activity timeline of G on interval [1, j], it follows that it covers also the
temporal edges active in [1, j — 1], with span ¢’ <q, and that A defines an activity of vertices in [j — w, j — 1] defined by
an assignment function F;_; that is in agreement with F;. Then, by induction hypothesis C[Fj_1]=q" and by construction
D(Fj, Fj—1) =q —q'. By the definition of recurrence, since Fj_; and F; agree and A is an activity timeline of minimum
span in agreement with Fj, it follows that C[F;] =gq.

Now, assume that C[F ;] =gq. By definition of the recurrence, it follows that there exists an activity assignment F;_; such
that F;_1 and F; are in agreement and C[F;_1]=¢q’, with ¢’ <q and q — q' = D(F}, Fj_1). Since C[F;_1]1=¢, by induction
hypothesis there exists an activity timeline .4’ that covers G on interval [1, j — 1] such that (1) A’ has span ¢’ and (2)
the activity timeline of vertices in [j — w, j — 1] specified by A’ agrees with F;_;. Now, by definition of C[F;], it follows
that by adding the activity specified by F; in timestamp j to A’, we obtain an activity timeline A of G on interval [1, j]
that covers each temporal edge of G defined in interval [1, j]. Notice that A defines for each vertex one covering interval.
Indeed, this holds by induction for .A’. Now, if a vertex v is defined active by F; in position j, then since Fj and Fj_; are
in agreement, either v is defined active also by F;_1 in position j — 1, or v is defined not active by F;_1 in all positions i
with j —w <i < j—1 and thus also in each positions in [1, j — 1], since there is no temporal edge incident in v defined in
interval [1, j — w — 1]. Finally, A has span g, since D(F;, Fj_1) =q — ¢/, thus concluding the proof. O

Based on Lemma 10, we can prove the main result of this section.
Theorem 3. A solution of MinTimelineCover on instance G can be computed in 0 2"W+Dh t,,4,) time.

11
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Proof. The correctness of the recurrence follows from Lemma 10, thus the span of an optimal solution of MinTimelineCover
on instance G is computed in entry C[F|7| w].

Next, we consider the time complexity of the algorithm. The base case C[Fy] can be computed in 0(2"%) time, as there
exist at most h vertices with active temporal edges in each timestamp of interval [1, w]. Now, we consider the case j > w.
First, notice that there exist O (h tya) values of j and w. For each j and w, there exists at most 2" activity assignments
Fj. Each entry C[F;] is computed starting from the values C[F;_1] (where F; and F;_; are in agreement) This requires the
definition of the activity timeline of vertices in timestamp j (recall that at most h vertices have temporal edges in each
timestamp) in O(2") time and, for each of them, the computation of D(F i, Fj—1), which requires O(h) time. Hence the
overall time complexity of the dynamic programming algorithm is 0 2"™W+Dh t0). O

6. Conclusion

We have considered a variant of Vertex Cover, called MinTimelineCover, on temporal graphs that has been recently intro-
duced to deal with event summarization. We have shown that the problem is NP-hard even when: (1) the local degree is
bounded by one and (2) the total degree is three, the local degree is two and the time domain consists of three timestamps.
On the other hand, we have shown that MinTimelineCover is in P for total degree equal to 2. Moreover, we have shown that
MinTimelineCover is fixed-parameter tractable when the size of the time window is the parameter.

There are several interesting future directions related to MinTimelineCover. First, the parameterized complexity of
MinTimelineCover is open when the problem is parameterized by the span of the solution (recall that in this case the
problem is fixed-parameter tractable when the time domain consists of two timestamps [10]). It would be interesting to
study the complexity of the problem when the local degree is equal to one and the global degree is bounded by a constant
and the approximation complexity of the problem. Moreover, it would be interesting to study the complexity of deciding
whether there exists an activity timeline that covers the set of temporal edges when every vertex has a bounded span.
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