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ARTICLE INFO ABSTRACT

Section Editor: Lila Kari We have proved in both human-based and computer-based tests that natural concepts generally
‘entangle’ when they combine to form complex sentences, violating the rules of classical

Handling Editor: Emmanuel Haven L. X i A . K .
compositional semantics. In this article, we present the results of an innovative video-based

Keywords: cognitive test on a specific conceptual combination, which significantly violates the Clauser—
Human cognition Horne-Shimony-Holt version of Bell’s inequalities (‘CHSH inequality’). We also show that
Concept combinations collected data can be faithfully modelled within a quantum-theoretic framework elaborated by
Entanglement ourselves and a ‘strong form of entanglement’ occurs between the component concepts. While

Bell’s inequalities

> the video-based test confirms previous empirical results on entanglement in human cognition,
Quantum modelling

our empirical approach surpasses language barriers and eliminates the need for prior knowledge,
enabling universal accessibility. Finally, this transformative methodology allows one to unravel
the underlying connections that drive our perception of reality. As a matter of fact, we provide a
novel explanation for the appearance of entanglement in both physics and cognitive realms.

1. Introduction

Completely Automated Public Turing test to tell Computers and Humans Apart (CAPTCHA') have been widely used by websites
to safeguard their services from bot-driven activities. Relatively simple tasks for people, but challenging for computers, are presented
in CAPTCHA, such as clicking in a designated area, recognizing letters or numbers that are stretched, selecting objects in an image.
Their simple yet effective mechanisms have contributed to maintain poll integrity, control registration, prevent ticket inflation, and
counter false comments, ultimately ensuring a more secure and trustworthy online experience for users. Image-based CAPTCHAs
require both image recognition and semantic classification, making them harder for bots to understand than text-based one. In
addition, by collecting data from CAPTCHAS, one could train machine learning models.

It is commonly accepted that human perception and thought are essentially synthetic processes. We immediately form a ‘Gestalt’,
or a general idea, of the object. Gestaltic patterns seem to be the primary basis of rational activity as well. Gestalt-thinking is not well
captured by the analytical and compositional framework of classical logical semantics, which essentially deduces the meaning of a
composite expression from the meanings of its component parts (‘principle of compositionality’, see, e.g., [1]). For an accurate study
of natural languages and creative contexts, where holistic and ambiguous characteristics seem to be significant, classical semantics
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is no longer very useful. One example in this regard is the last line of Giacomo Leopardi’s poem ‘L’Infinito’, “E ’l naufragar m’e dolce
in questo mare” (And drowning in this sea is sweet to me, i.e. I think it’s delightful to dedicate myself to the contemplation and
meditation of the infinite). The meanings of the component terms “naufragar” (drowning), “dolce” (sweet), and “mare” (sea) do not
correlate to the meanings they have in this context, which appears to be the fundamental cause of the poetic outcome in this instance.
By the way, the poem refers to the settlement of Recanati, which is not near a sea. Nonetheless, our words’ common meanings continue
to be used and are loosely connected to the metaphorical meanings that the poem as a whole evokes, a semantic conundrum that
frequently occurs in poetry and musical compositions, where meanings are inherently holistic, contextual and ambiguous.

Similar issues occur whenever people combine individual concepts to form conceptual combinations or more complex linguistic
expressions as sentences and texts. A large empirical literature indeed reveals that the principle of compositionality is systemati-
cally violated and, more generally, concepts exhibit aspects of ‘inherent vagueness’, ‘contextuality’ and ‘emergence’ which prevent
them from being modelled within classical Boolean logical and classical Kolmogorovian probabilistic structures (see, e.g., [2-9] and
references therein).

Recently, various approaches have been put forward to theoretically cope with this structural inability of classical compositional
semantics to handle the dynamics of human concepts. Remarkably, some of these approaches use the logico-mathematical formalism
of quantum theory, detached from its physical interpretation, as a modelling tool to represent conceptual meaning. This research fits
a growing programme that applies quantum structures in the mathematical modelling of cognitive processes, with relevant extensions
to information retrieval processes (see, e.g., [2-24] and references therein).

In particular, in the ‘holistic quantum computational semantics’ approach, meanings are typically represented by quantum super-
positions of meanings and are treated as fundamentally dynamical objects. Any global meaning determines partial meanings, which
are frequently vaguer than the global one. The majority of research on quantum computational logics has focused on sentential logics,
whose alphabet is made up of atomic sentences and logical connectives. A first-order epistemic quantum computational logic with a
semantic characterization that can express sentences like “the animal acts,” “the animal eats the food”, etc. was presented in [25]. An
alternative, but similar, approach considers a concept as an entity whose meaning is incorporated into a given state, whose state can
change under the influence of a context, and represents conceptual entities in the formalism of quantum theory in Hilbert space [26].
Within these two quantum approaches, empirical and theoretical studies have been carried out with the aim of identifying ‘quantum
entanglement’ in the combination of natural concepts [27-38].

In physics, the notion of entanglement was introduced by Erwin Schrodinger in a letter to Albert Einstein, after reading the
1935 article where Einstein, with his two collaborators Boris Podolsky and Nathan Rosen, analysed a specific type of correlations,
nowadays known as ‘EPR correlations’, appearing in a composite quantum system, or ‘entity’, made up of two individual entities
[39]. In the same year, Schrodinger published an article on the matter, where he officially introduced the notion of entanglement as a
phenomenon that, while appearing for two quantum entities separated in space, seems to indicate that the entities are ‘non-separated’
[40]. This made Einstein use the expression ‘spooky action at-a-distance’ when talking about the phenomenon. In 1951, David Bohm
introduced the archetypical situation of two spin 1/2 quantum entities in the singlet spin state of total spin equal to zero and flying
apart [41]. If one imagines that, (i) if one spin is forced “up” by the measurement apparatus applied to it, then, as a consequence, the
other spin is ‘immediately’ forced “down”, even when not measured upon, and (ii) this ‘mechanism’ keeps occurring for two quantum
entities independently of their distance, the phenomenon could be called indeed a spooky action at-a-distance. It is John Bell who
has the great merit of making the question open to experimental verification by deriving an inequality that should not be violated if
certain empirical tests are performed on EPR correlated quantum systems while quantum theory predicts that the inequalities derived
by Bell will be violated [42]. This has also had a relevance on the so-called ‘hidden variables programme’, initiated after the EPR
article, because these results entail that any hidden variable completion of quantum theory has unavoidably to be non-local.

After the seminal work of Bell, several similar inequalities have been derived, and one typically refers to them as ‘Bell’s inequalities’
(see, e.g., [43]), one of them being the ‘Clauser-Horne-Shimony-Holt (CHSH) inequality’ [44]. The CHSH inequality is particularly
interesting, as it is well suited, not only for empirical tests of non-locality in quantum physics, but also as a test to detect the presence
of entanglement, within and beyond physical domains. Indeed, in the absence of entanglement, the CHSH inequality would not be
violated.?> As a matter of fact, we have performed in the last decade various tests, including text-based cognitive tests on human
participants, information retrieval tests on corpora of documents, and image retrieval tests on web search engines, which confirm
that the CHSH inequality is systematically violated in cognitive domains, particularly, when two concepts combine [29,30,32-38].

In this article, we deepen and extend the investigation above and present the results of a video-based cognitive test that we have
recently performed on the conceptual combination The Animal Acts, considered as a combination of the concepts Animal and Acts,>
where the term “acts” refers to one of the sounds that can be made by an animal. The test used the videos produced by CAPTCHA
through artificial intelligence (AI) and showed to the participants, who had to judge among the videos the best examples of The
Animal Acts. As such, the test is more realistic and effective than the previous text-based tests, as it surpasses language barriers and
eliminates the need for prior knowledge, thus enabling universal accessibility. We show that the CHSH inequality is significantly
violated in the test, which reveals the presence of entanglement between the component concepts. We also work out a quantum
theoretical model in Hilbert space for the statistical data (‘judgement probabilities’), which reveals that entanglement occurs at both
state and measurement levels, hence it is even stronger than the entanglement that is typically detected in quantum physics tests.

2 We notice that the violation of Bell’s inequalities, while being a sufficient condition for the detection of entanglement, is not necessary because, for a given Bell’s
inequality, entangled states exist which do not violate it.

3 In this article, we write concepts using capital letters and italics, e.g., Animal, Fruit, Vegetables, etc. This is frequently the way of referring to concepts in cognitive
psychology.
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The presence of entanglement can be naturally explained if one observes that both concepts Animal and Acts carry meaning, but
also the combination The Animal Acts carries its own meaning, and this meaning is not simply related to the separate meanings of
Animal and Acts as prescribed by a classical compositional semantics. It also contains emergent meaning almost completely caused by
its interaction with the wide overall context. We have called the complex mechanism by which meaning is attributed to the combined
concept ‘contextual updating’, and it occurs at the level of entanglement creation [45].

For the sake of completeness, we summarize the content of this article in the following.

In Section 2, we illustrate the general setting of a Bell-type test for the empirical detection of entanglement in both physical and
cognitive, i.e. conceptual and linguistic, domains. The violation of the CHSH inequality is generally considered as conclusive towards
the presence of entanglement in the given situation. We however observe that situations exist in which entanglement cannot only be
attributed to the state of a composite entity, but also the measurements need to be considered to be entangled. This typically occurs
in cognitive domains.

In Section 3, we explain the general reasons which led us to put forward a theoretical approach that diverges in some aspects
from more known approaches.

In Section 4, we describe the empirical setting of the video-based cognitive test we have performed, stressing the advantages
of a cognitive test based on videos with respect to more traditional text-based tests. We also present the empirical results, which
violate the CHSH inequality in agreement with those of previous tests, thus indicating that entanglement is a natural candidate to
theoretically model the empirical situation.

In Section 5, we work out a quantum mathematical representation in Hilbert space for the data collected in Section 4 and show
that the violation of the CHSH inequality can be attributed to the presence of a strong form of entanglement involving both states
and measurements, as anticipated in Section 2.

In Section 6, we finally provide a theoretical analysis of the results obtained in the test and the ensuing modelling, and establish
some deep connections between the non-classical mechanism of meaning attribution and the appearance of entanglement in cognitive
domains.

2. Identifying entanglement in physics and cognition

We present in this section the typical way in which entanglement is theoretically understood and empirically detected in physical
and cognitive, i.e. conceptual and linguistic, domains.

In Section 1, we have introduced entanglement as a statistical property of a composite entity, which can be identified by means
of the empirical violation of Bell’s inequalities [42-44]. We have also seen that an inequality that is particularly suited for empirical
control is the CHSH inequality [44]. We remind that the violation of Bell’s inequalities is typically interpreted by saying that, due
to entanglement, micro-physical entities exhibit genuinely non-classical aspects, as non-separability, contextuality and non-locality.
We add that the statistical correlations produced in the presence of entanglement cannot be reproduced by any classical model of
probability satisfying the axioms of Kolmogorov [46,47]. Because of its deep physical implications, entanglement has been considered
as the distinctive trait of quantum theory since its early days [40].

The empirical setting for the identification of entanglement refers to a ‘Bell-type test’ [39,41-44], which can be outlined as follows.
Let us consider a composite physical entity .S},, prepared in an initial state p, and such that the component entities .S; and .S, can be
recognized as component parts of .S,. Next, let us perform the joint measurements AB, AB’, A’B and A’ B’ on S|,, where the joint
measurement XY consists in performing the measurement X on .S|, with possible outcomes X and X,, and the measurement Y’
on .S,, with possible outcomes Y, and Y,, with X = A, A’, Y = B, B'. The component entities .S; and S, have interacted in the past,
but are spatially separated when the joint measurements are performed. If X, X,,Y;,Y, can only be +1, X = A,A’, Y = B, B/, the
expected values of AB, AB’, A’ B and A’ B’ are the correlation functions E(A, B), E(A,B'), E(A’, B) and E(A’, B'), respectively. One
can then prove that, under the reasonable, in classical physics, assumption of ‘local separability’, or ‘local realism’ [39], the CHSH
inequality, namely,

—2<E BY+EMA' B+ E(A,B)-EA,B)<2 [@))
should be satisfied [44]. We call ‘CHSH factor’ the quantity

Acysy =E(A,B)+ E(A',B)+ E(A,B')— E(A, B) @

and observe that Ay ¢p is mathematically bound by —4 and +4.

According to modern manuals of quantum theory, the component entities .S; and .S, are associated with the complex Hilbert
spaces %, and %,, respectively. In this case, both %, and %, are isomorphic to the complex Hilbert space C? of all ordered pairs
of complex numbers. The composite entity .S, is instead associated with the tensor product Hilbert space #| ® #,. In this case,
| ® ¥, is isomorphic to the complex Hilbert space C?> ® C2. The possible (pure) states of S| and S, are represented by unit vectors
of | and %,, respectively, and the measurements that can be performed on .S} and .S, are represented by self-adjoint operators on
| and %,, respectively. However, #| ® %, also contains vectors that cannot be written as the tensor product of a unit vector of
Z| and a unit vector of #,. These non-product vectors of #| ® #, are said to represent ‘non-product’, or ‘entangled’, states of .S,.
Analogously, the self-adjoint operators of #; ® 7, are not limited to operators that are the tensor product of a self-adjoint operator
of #| and a self-adjoint operator of #,. In these cases, at least one eigenvector of these non-product self-adjoint operators represents
an entangled state. These non-product self-adjoint operators are said to represent ‘non-product’, or ‘entangled’, measurements of .S,
[43].
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The CHSH inequality in Equation (1) is manifestly violated in quantum theory and, when a violation occurs, it is due to the
presence of entanglement between the component entities .§; and .S, that can be recognized as component parts of .S|,. Equivalently,
in the absence of entanglement, the inequality in Equation (1) would not be violated. As we have anticipated in Section 1, the typical
situation in which the inequality in Equation (1) is violated in quantum theory consists in the state p of the composite entity .S}, being
the singlet spin state (an example of a maximally entangled state [43]) and the joint measurements XY being product measurements,
X = A, A’, B'B'. This situation entails a CHSH factor equal to Ag ¢ = 24/2 ~ 2.83, known as ‘Cirel’son’s bound’ [48,49]. A situation
involving product measurements automatically satisfies the ‘marginal law of Kolmogorovian probability’, i.e. the conditions that, for
every i,j=1,2,

D XY= uX;Y)) ®
j=12 j=12
D XY= uX]Y) )
i=1,2 i=1,2

In Equation (3), u(X;Y;) (u(X; Yj’)) is the joint probability of obtaining the outcomes X; in a measurement of X on S| and Y, (Yj’ )
in a measurement of Y (Y’) on S,, X = A,A’, Y,Y' =B, B’, Y/ #Y. In Equation (4), u(X;Y)) (/4(XI,’Yj)) is the joint probability of
obtaining the outcomes X; (X I’ ) in a measurement of X (X’) on S, and Y; in a measurement of ¥ (Y "Yon S, X,X'=A, A" and
Y = B,B’, X’ # X. The conditions in Equations (3) and (4) are also known as ‘no-signaling’, or ‘marginal selectivity’, conditions,
and have been widely studied in both physical (see, e.g., [43,50,51]) and cognitive literature (see, e.g., [52,53]). A violation of these
conditions has been traditionally considered as problematical by physicists, as it would open up the possibility of a faster-than-light
communication. We will come back to this point in Section 3.

The needs of quantum computation and quantum information have intensified the theoretical research on Bell’s inequalities (see,
e.g., [43,54]) as well as the research on the empirical consequences of entanglement (see, e.g., [54,56,571), confirming the predictions
of quantum theory.

In the meanwhile, it has become evident that the genuinely quantum aspects of contextuality, entanglement, indistinguishability,
interference, and superposition, are not peculiar of micro-physical entities, as they also occur in the quantum mathematical mod-
elling of complex cognitive processes, e.g., the processes involving categorization, judgement, decision, perception, and language. In
particular, both experimental and theoretical research has been dedicated to the identification of entanglement in the combination
of natural concepts, and our research team has provided substantial contributions along both lines of this investigation, as follows.

At an experimental level, we performed cognitive tests on human participants [29,30,37,38], document retrieval tests on structured
corpuses of documents [34,36] and image retrieval tests on web search engines [32,35,38] using various combinations of two concepts.
We mainly investigated the conceptual combination The Animal Acts, which we considered as a composite conceptual entity made up
of the individual conceptual entities Animal and Acts. The tests had the form of the Bell-type test above, and we found (i) a systematic
violation of the CHSH inequality in Equation (1). However, we also found (ii) a systematic violation of the marginal law conditions
in Equations (3) and (4) and, in some cases, (iii) the CHSH factor in Equation (2) exceeded Cirel’son’s bound.

While empirical finding (i) substantially agreed with the predictions of quantum theory and indicated the presence of ‘conceptual
entanglement’, empirical findings (ii) and (iii) were unexpected, as they are not believed to occur in quantum physics. This led us
to initiate a theoretical investigation on a problem that is usually overlooked in physics, the ‘identification problem’, that is, the
problem of recognising individual entities of a composite entity by performing on the latter the typical joint measurements of Bell-
type tests [30]. We thus elaborated a general theoretical framework to model any Bell-type situation, independently of the nature,
physical or cognitive, of the entities involved, within the mathematical formalism of quantum theory in Hilbert space [30,33]. In this
theoretical framework, one applies the standard prescription of quantum theory according to which the composite entity .S}, needs
to be associated with a complex Hilbert space whose dimension is determined by the number of distinct outcomes of the performed
measurements. Since in principle, each of the joint measurements AB, AB’, A’ B and A’ B’ have four distinct outcomes, .S}, should
be represented in the Hilbert space C* of all ordered 4-tuples of complex numbers. Only in the attempt of ‘recognizing’ individual
entities S| and .S, within the composite entity, one considers possible isomorphisms with the tensor product Hilbert space C> ® C?,
where each copy of C? takes into account the fact that measurements with two distinct outcomes can be performed on S, and S,
in a Bell-type setting. And it is only at this stage, i.e. when individual entities are recognized from measurements performed on
the composite entity, that entanglement can be identified. We proved in [30], that no unique isomorphism exists between C* and
C? ® C2, and this is the reason why, from a mathematical point of view, different ways exist to account for entanglement being
present within the composite entity .S|, with respect to the individual entities .S; and S, that are recognized as parts of .S,.

Essentially, entanglement manifests itself when the probabilities of a joint measurement on .S, cannot be written as products
of probabilities of measurements on the component entities .| and .S,. Hence, entanglement is a property of the relation between
the joint measurements and measurements on the component entities. Only when the additional symmetry mentioned above, i.e. the
marginal law conditions being satisfied, is present in all joint measurements, the entanglement of these different joint measurements
can be captured in a state of the composite entity. If this is true for all joint measurements, one can prove that there is only one
isomorphism connecting C* with C?> ® C2, and C* can be directly replaced by C> ® C? in that case. This means that the situation
usually reported in modern manuals of quantum theory is exceptional and not the general one [30]. In this general situation, where
the marginal law conditions are empirically violated, no unique isomorphism exists between C* and C2 ® C2, hence entanglement
cannot be captured only by the state. As a matter of fact, empirical violations of Equations (3) and (4) have been identified in cognitive
domains, as anticipated above, but also in physical domains [58-62]. So far, however, relatively little attention in physics has been
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paid to the violation of the marginal law conditions in physical tests on entangled quantum quantities, and usually the explanation
is sought in artifacts of the measurement process [59]. Because our research group has been one of the first to encounter empirical
violations of the CHSH inequality in cognition and, at the same time, a violation of the marginal law conditions [29], our attention
has been focused on the presence of both violations even in these early years, which includes situations where such violation appeared
in tests on entangled physical entities [58].

Thus, we devote the next section to outline the rationale underlying our approach to entanglement and its novelties with respect
to more known approaches.

3. The novelties of our approach to entanglement

Let us outline how our research on the presence of entanglement in human cognition has influenced our general way of considering
entanglement as a phenomenon, including how we consider the phenomenon in its physical presence (for a more detailed account of
this, we refer to our various published articles on this topic, e.g., [30,33]). Since the experimental situations we considered concern
bipartite entities consisting of concepts that are combined and not physical entities that can be localized in space, as is the case for
the study of entanglement in physics, we found it desirable to switch to a deeper characterization of the phenomenon concerning its
non-classicality. More precisely, it should be a characterization that does not depend on the presence in space of the entities under
consideration. This means that the notion usually associated with entanglement when the phenomenon occurs in physics, namely,
‘non-locality’, is not the notion desirably to use to characterize entanglement in the first place. More, even also the connection of the
marginal law conditions with no-signaling should best be handled with caution in that respect, because there too the emphasis is on
two entities that exist separately and, in some unspecified way, are each of them localized in space, often personificated by Alice and
Bob, who can exchange signals with each other. The unconsciously powerful image thereby projected onto a situation of entanglement
should not be underestimated in the already too narrow limitation it imposes on what entanglement really can be. Therefore, we
prefer not to simply connect the situation in which the marginal law of Kolmogorovian probability is violated in an indiscriminate
way with the physical imagined situation of no-signaling between Alice and Bob. We indeed have now become quite convinced,
mainly through our research in quantum cognition, that entanglement confronts us with something ‘holistically deeper’, both when
it occurs in human cognition and when it occurs in nature. Fortunately, there are plenty of notions that are indeed present in a
well-defined way, and can be introduced mathematically rigorously in both physical and cognitive situations, that make it possible to
characterize entanglement without taking recourse to an image which would stand in the way for a view that is closer to the nature
of entanglement. Let us first bring out concretely the most important of these elements before returning to specifying how, in our
opinion, we can also bring the image of entanglement closer to its deep nature.

In both physical and cognitive realms, the entities studied consist of two component entities. Although we have to immediately
nuance this aspect, namely, that we do not know exactly in which way the two component entities are connected to each other
and to the entity which is composed of them, finding out that ‘is’, by the way, the principle research aim on the phenomenon of
entanglement, as originally pointed out already by Schrodinger. We have called such entities ‘bipartite entities’.

Probabilities are rigorously defined as limits of relative frequencies in both physical and cognitive realms, and this is where the
first aspect of the characterization of entanglement comes in. There is entanglement if the probabilities obtained from the joint
measurements on the bipartite entity are not a factorization of the probabilities obtained from the separate measurements that make
up the joint measurement, the bipartite entity being prepared in a well-defined state. Thus, this means that we consider the notions
of joint measurement’ and ‘bipartite entity prepared in a well-defined state’ to be elements needed to characterize entanglement, and
indeed, for the cognitive situations we studied, we have always taken care of these elements to be well-defined.

What becomes the ‘non-classicality’ of this general characterization of entanglement? Well, if classical physical entities are sepa-
rated from each other in space, then the aforementioned probabilities factorize. And this archetypical situation that we know well,
even from our everyday experience with classical entities, is why notions of non-locality and no-signaling made their appearance in
the study of entanglement. Also, when bipartite quantum entities described by the tensor product procedure are in a product state,
and the joint measurements are represented by product operators, then the said probabilities factorize. That means that in a situation
modelled with the quantum formalism, if these probabilities do not factorize, at least one of these aspect fails. The most studied
failing aspect is when the state of the bipartite entity is not a product state, but a superposition of product states, which is customarily
now called an entangled state. Little attention was paid to the situation where the joint measurements are not represented by product
operators, which also leads to a situation where the probabilities do not factorize. In what follows we will analyze why this is the
case and why our approach therein differs from the most common one.

What is the status of the violation of the CHSH inequality within the more general framework in which we want to study both
physical and cognitive situations with entanglement? Here we use Pitowsky’s study of correlation polytopes and their connection with
classical Kolmogorovian probabilities [47]. This theory proves that satisfying the CHSH inequality in all its variants is equivalent to
the existence of a classical Kolmogorovian probability model for the corresponding probabilities. Pytowsky’s theory thus shows that
the violation of one of the CHSH inequalities is sufficient for the presence of a non-classical probability structure. This does not
mean that it must necessarily be a quantum probability structure, but it does justify the motivation to try quantum probability as a
modelling tool, which is what we did in our research.

Little attention has been paid to the situation where entanglement has its origin in violating both the CHSH inequality and the
marginal law conditions. The reason is that violating the marginal law conditions which is equivalent to violating the no-signaling
conditions is by many interpreted as indicating the presence of signaling, and therefore these situations are misidentified by many
physicists as situations where signaling is present, and thus trivially uninteresting in terms of the phenomenon of entanglement.
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"

Fig. 1. A schematic representation of the vessels of water example worked out in [63,64] (see also the discussion in [65]).

Alice

What is the error in the reasoning made here? The no-signaling conditions only constitute a ‘sufficient’ condition for no-signaling to
be present, but it is not a ‘necessary’ condition. From a logical perspective, this is a rather subtle situation where typically logical
reasoning errors are made, and we believe this is frequently the case here. Thus, we stress that, even if the no-signaling conditions
are not satisfied, it is perfectly possible that no signals (can) be sent between Alice and Bob.

Let us now bring out the elements that motivate us to interpret the violation of the marginal law conditions as being due to a lack
of presence of some form of symmetry in the considered situation rather than as a consequence of the existence of signaling.

Already in the early days of studying entanglement, around the same period of Aspect’s experiments, one of the authors of this
article proposed an explicit mechanism that is abundantly present in nature (and later identified in human cognition) in a subtle but
obvious way, and that violates Bell’s inequalities [63,64]. The mechanism starts from the mere potential presence of correlations in
the state of the bipartite entity — in the example worked out in [63,64], this potential presence is the state of water contained in two
vessels connected by a tube, and that potential is actualized by and during the joint measurements themselves — in the example in [64],
the water volumes extracted from each vessel by siphons will end up correlated when collected in outcome reference vessels due to the
connecting tube and the classical principle of communicating vessels (see Fig. 1). The group of scientists studying the phenomenon of
entanglement in those early days was tiny and without the authority to deal with anything important. As a consequence, all sorts of
hypotheses were considered. Even the hypothesis that quantum theory may have wrongly predicted a violation of Bell’s inequalities
was among the opinions of quite a few members of that little group, including Bell himself, but also Clauser’s motivation was to
find where quantum theory was wrong. Things turned out differently and entanglement showed finally to be a phenomenon real in
all its aspects predicted by quantum theory. The common way of looking at entanglement in those days, expressed by Einstein as
‘spooky action at-a-distance’, seemed to carry an irreconcilable conflict with relativity theory. Meanwhile, however, the no-signaling
conditions and their structural equivalence with the marginal law conditions also became known, hence entanglement could not be
used to send signals between Alice and Bob.

The example of a violation of Bell’s inequalities from the presence of potential correlations only actualizing during the joint
measurements proposed in [63,64] also violates the no-signaling conditions. Therefore, later on, when in the 1990s a much larger
group of physicists and computer scientists started analyzing quantum structures, mainly out of interest in quantum computation, and
somewhat later also quantum information, it was classified as a mechanism that is not really interesting, since identified as violating
Bell’s inequalities because of containing signaling. However, However, later, variants of the same mechanism were created where
the no-signaling conditions are not violated [66,67] and, inspired by this, an example was also worked out in human cognition,
with a combination of concepts, where the same mechanism causes a violation of Bell’s inequalities while satisfying the no-signaling
conditions [68]. If these examples are compared, considering the proposed mechanism in detail, it is clear that whether or not the
no-signaling conditions are satisfied is mainly a matter of presence of enough symmetry in the mechanism, but that the mechanism,
even in the cases where due to absence of the necessary symmetry the no-signaling conditions are violated, contains no-signaling
nevertheless. We hereby recall again that the no-signaling conditions only constitute a sufficient condition in connection with no-
signaling but not a necessary condition, as it is often considered erroneously to be.

A second element related to our interpretation of the violation of the marginal law conditions in most experiments in human
cognition that violate Bell’s inequalities, as being due to a ‘lack of symmetry’ and not to the presence of signaling, consists in a
reappraisal of the mechanism itself. More than before, we have become convinced that the mechanism proposed in the various
examples [63,64,66-68], is also the mechanism that violates Bell’s inequalities in physics and let us make the analysis for the case of
the singlet spin state that supports us in this conviction. The singlet spin state is a superposition of two product states, associated with
the pairs (up, down) and (down, up) of the respective spins of the two component entities of the composite bipartite entity, where
the (up, down) and (down, up) can be in any possible space direction and its opposite. That means it is a state that only potentially
holds correlations, where these correlations are actualized during the spin measurements. This is exactly the mechanism by which the
examples above were constructed, and the macroscopic model in [66] realizes the exact probabilities and states within two coupled
Bloch spheres. By the way, we can also understand after this analysis why no spooky action at-a-distance takes place. The collapse
as a result of the measurement happens indeed from the singlet spin state as superposition to one of those product states, (up, down)
or (down, up) in some space direction, even if meanwhile the entities carrying the spin are far away from each other in space. The
collapse is in that sense a change of state which, however, is not at all connected with whether or not the entities are far apart in
space, and it gives rise to outcome events that are space-like separated. Also for the examples elaborated in [63,64,67,68], the distance
between the outcome regions does not play any role in the dynamics that plays out for the outcome to occur and the outcomes are
also events that are space-like separated. The examples in [63,64,66—-68] are macroscopic and do not contain microscopic quantum



D. Aerts, R. Leporini and S. Sozzo Theoretical Computer Science 1051 (2025) 115398

elements, does this mean that we believe entanglement also admits a macroscopic variant? Our answer to this question is positive
with the nuance that, as is the case for microscopic realizations of entanglement, a correlation coherence region comes into play,
where it is the quality of the experimental setup that should ensure that this correlation coherence region is preserved during the
experimental test and is large enough to contain the outcome regions. It should not be surprising that in the macroscopic realm with
rather classical entities, it is possible to realize a ‘potentiality for correlations’, think of how potential energy in the same classical
environment realizes a ‘potentiality for energy’. But also note that for the macroscopic physical examples it is necessary that there
remains a connection in space between the two part entities which is not necessary for the quantum microscopic examples, and one
could say that this is the way that non-locality manifests itself in our approach. We can see for this aspect the connection with a
recent perspective on entanglement that we developed, where it may have its origin in human cooperation to combat uncertainty,
not occurring spontaneously in that sense in the macroscopic world, which may be a difference from the more spontaneous way it
occurs in the microscopic quantum world [45].

There remains one more element that needs explanation, namely, how it is that the size of the CHSH inequality expression for
cognitive tests, and likewise for the macroscopic examples, can exceed Cirel’son’s bound, while theoretically this is not the case
for microscopic quantum entities that are entangled. We can understand the condition for the existence of this bound when we
consider Cirel’son’s proof of it in detail. We can then note that it is necessary to be able to represent the four considered joint
measurements present in the CHSH inequality expression by one self-adjoint operator in the considered Hilbert space. This indicates
the supposed presence of a very large and rigorous quantum coherence that incorporates the four joint measurements simultaneously
and independently of how and when they may be performed separately. This very large internal coherence is not easy to bring
present in the cognitive tests, nor in the macroscopic tests, although it was realized in [66], which gives rise to identical probabilities
as the spin of a spin 1/2 quantum entity. The other examples violate Cirel’son’s bound, and this is probably linked to the same lack
of symmetry present, which in most cognitive tests, and in the most obvious macroscopic examples, also violates the marginal law
conditions.

It is already mentioned that our investigation of the phenomenon of entanglement in quantum cognition made us realize that
something of a deeper holistic nature is going on when two entities enter into a situation of entanglement with each other. We have
now brought out all the elements to make this also explicit. The entangled entity is more than usually supposed to be a new entity
in itself only still connected to the original entities from which it was formed in a very specific way, and this has become even more
clear to us by analyzing and understanding more and more deeply how concepts are entangled in human language. We recently
introduced a new expression ‘contextual updating’ taking place in human language relative to the global meaning carried by the
whole context, which contains an important part of our new understanding. That also the marginal law conditions are violated as
a consequence of the entangled entity behaving fully as a new entity relative to the global meaning context is clearly identified in
language, and it is also clearly seen that this has nothing to do with the presence of signals. We believe that a similar process takes
place when two physical entities transform into an entangled entity, namely, a new entity is created that forms itself not primarily
with respect to the two component entities, but contextually with respect to the global quantum coherence present, in which the two
component entities will generally play an important role, but in principle not only they [45] (see Section 6). In this sense, we think
that the situation where both the CHSH inequality and the marginal law conditions, are violated is the default situation in terms
of entanglement, namely, the situation where its intrinsic reality is best expressed. Admittedly, it remains important to verify that
there is no-signalling present that causes the violations, if one wants to distinguish the cases of non-signaling entanglement from the
cases where the entanglement is provoked by signaling. We remind however that, even when signaling is involved, a non-classical
probability is generated by it, and the phenomenon remains non-classical.

The considerations above led us to investigate in detail the above mentioned identification problem and to elaborate a quantum
mathematical representation of the Bell-type tests that violate both the marginal law conditions, the CHSH inequality and Cirel’son’s
bound. In this quantum theoretical framework, we explicitly introduce entangled measurements [30,35-37]. Specifically, we have
proved that, whenever the concepts Animal and Acts combine to form the combination The Animal Acts, a strong form of entanglement
is created between Animal and Acts, which is such that, not only the state of the composite entity The Animal Acts is entangled, but
also the joint measurements are entangled.

We will see in Sections 5 and 6 that the entanglement above is due to the peculiar way in which the meaning of The Animal Acts
relates to the meanings of Animal and Acts, which violates the classical semantic rules of composition. Before doing this, however,
we need to present the details of the novel cognitive test based on videos which we have recently performed on this conceptual
combination. This will be the aim of Section 4.

4. A novel video-based cognitive test

We present in this section the details of the video-based cognitive test on human participants for the detection of entanglement
in the conceptual combination The Animal Acts.

As anticipated in Sections 1 and 2, we consider the concept The Animal Acts as a combination of the individual concepts Animal
and Acts, where by “acts” we mean the action of producing a recognizable sound by the animal. Next, we consider two pairs of items
of Animal, namely, (Horse, Bear) and (Tiger, Cat), and two pairs of items of Acts, namely, (Growls, Whinnies) and (Snorts, Meows). We
are now ready to illustrate the test.

A sample of 221 individuals were presented in a ‘within subjects design’ a HTML5 questionnaire which contained four joint
measurements AB, AB’, A’ B and A’ B’ whose setting was similar to the typical setting of a Bell-type test presented in Section 2. More
specifically, participants were preliminarily asked to read an ‘introductory text’ where an explanation of the type of judgement test
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Fig. 2. Introductory test based on different items of the concept Fruit.
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Fig. 3. Video-based animal acts.

they had to complete and a description of the tasks involved in the judgement test were provided. More specifically, the participants
had to preliminary complete a simple introductory test on the concept Fruit, judging the item that they considered as a good example
of the concept Fruit. The items of Fruit, indicated in Fig. 2, were generated by image-based generative intelligence, and we proposed
the item Strawberry, which is an enlarged portion of an inflorescence, and Tomato, which is a fruit, to draw maximum attention to
the choice. Cherry and Pomegranate were the remaining items of Fruit to judge upon.

Then, in each joint measurement, participants were asked to choose which item in a list of four items they judged as a good
example of the conceptual combination The Animal Acts. In each joint measurement, each of the four possible items of The Animal
Act was a video showing an animal and the corresponding action. More specifically, the videos, indicated in Fig. 3, were created as
follows:

(i) using a video search engine to find a video of the animal producing the sound;

(ii) extracting a cropped portion of the video where the animal produces the sound;

(iii) in cases where the animal and sound combination is unlikely, e.g., a cat that whinnies, using reverse image search to find a
similar video of the animal instead of using Al services, as Sora Al, or morphing techniques to create a video of the animal producing
the sound.

All of the operations above can be automated by an Al service. Future Al advancements will allow for the creation of 3D animated
models that are virtually indistinguishable from real 3D video which can be activated by gaze and selected with pinch gestures, as in
Vision Pro and Quest Pro, to create more engaging CAPTCHAs.

Among the 221 volunteers who participated in the test, 15 participants took the English version and the remainder took the Italian
version. Video-based tests offers several advantages with respect to both text-based and image-based tests performed in previous
empirical studies on the identification of entanglement in conceptual combinations. In particular, a video-based test reduces language
dependence, captures actions more effectively than static images, and leverages audio information to enhance the assessment.

Before analysing the results of the test, it is worth to make some remarks on the choice of its setting. The detection of entanglement
in Bell-type cognitive tests, indeed, relies on a precise preparation of both the initial state and the joint measurements. Insufficient
initial conditions, as lacking a brief introduction and prior knowledge of the animals and sounds involved, can hinder the ability
to identify entanglement. Birds could offer an interesting case study because some species possess unique vocalizations distinct
from other individuals. This individuality makes them well-suited for entanglement experiments involving experts. One could, e.g.,
consider, two pairs of items of Animal, namely, (Cuckoo, Nightingale) and (Thrush, Goldfinch), and two pairs of items of Acts, (Cuckoos,
Trills) and (Whistles, Snails), without determining a violation of the CHSH inequality in Equation (1). In other words, cognitive tests
on unskilled participants may fail to detect entanglement or yield lower value of the CHSH factor Ac ¢y in Equation (2). A similar
situation is likely to occur if the actions are not typical of the animals. Consider, e.g., two pairs of items of Animal (Horse, Bear) and
(Dog, Camel), and two pairs of items of Sport (Racing, Fishing) and (Sledding, Show Jumping) for the conceptual combination The Animal
does Sport. Also in this case, we expect the CHSH inequality in Equation (1) not to be violated or to show a little violation. This is
why the identification of the items to use in the cognitive test followed strict prescriptions, as follows:

(1) Instance analysis. Identify all possible items of the two concepts under consideration. Search within corpora for pairs of items
that appear together, evaluating the meaningfulness of such combinations.



D. Aerts, R. Leporini and S. Sozzo Theoretical Computer Science 1051 (2025) 115398

(2) Pair generation. Consider all possible pairs of animals and sounds, verifying that at least one combination is present in the
pairs identified in (1).

(3) CAPTCHA creation. If actions or sounds facilitate the selection, use generative Al to create video-based CAPTCHAs such as
Sora Al Otherwise, use images and text.

(4) Correlation assessment. Administer a significant number of tests to participants. Calculate the maximum value of Ay g5 to
establish the correlation between the two concepts.

We are now ready to illustrate the possible judgements of the individuals who participated in the video-based cognitive test.

In the joint measurement A B, participants had to choose the best example of The Animal Acts within the four items:

(A By) The Horse Growls

(A, B,) The Bear Whinnies

(A, B,) The Horse Whinnies

(A, B,) The Bear Growls

(sub-test 1 in Fig. 1). If the response was A, B, or A, B,, then the measurement A B was attributed the outcome +1; if the response
was A B, or (A, By), then the measurement AB was attributed the outcome —1.

In the joint measurement AB’, participants had to choose the best example of The Animal Acts within the four items:

4, B;) The Horse Snorts

(4, B;) The Horse Meows

(A, B;) The Bear Snorts

(A, Bé) The Bear Meows

(sub-test 2 in Fig. 1). If the response was A Bi or AzBi , then the measurement A B’ was attributed the outcome +1; if the response
was A B) or A, B, then the measurement AB’ was attributed the outcome —1.

In the joint measurement A’ B, participants had to choose the best example of The Animal Acts within the four items:

(A’1 B,) The Tiger Growls

(A’1 B,) The Tiger Whinnies

(A’ZBI) The Cat Growls

(A’ZBZ) The Cat Whinnies

(sub-test 3 in Fig. 1). If the response was A’1 B, or A’2 B,, then the measurement A’ B was attributed the outcome +1; if the response
was A’ B, or A} By, then the measurement A’ B was attributed the outcome —1.

Finally, in the joint measurement A’ B/, participants had to choose the best example of The Animal Acts within the four items:

(A’l Bi) The Tiger Snorts

(A’IB;) The Tiger Meows

(A;B; ) The Cat Snorts

(A’2 B;) The Cat Meows

(sub-test 4 in Fig. 1). If the response was A’l B; or A’zBé, then the measurement A’ B’ was attributed the outcome +1; if the
response was A B) or A’ B!, then the measurement A’ B’ was attributed the outcome —1.

For each joint measurement XY, we collected the relative frequencies of the obtained responses which we considered, in the
large number limit, as the probability u(X;Y);) that the outcome X;Y; = +1 is obtained in the corresponding measurement, X = 4, A,
Y = B, B'. Table 1 reports the judgement probabilities computed in this way. Referring to these probabilities, we can then calculate
the expectation values, or correlation functions, of the joint measurements AB, AB’, A’B and A’ B, as follows:

E(A, B) = u(A; By) — u(A,B,) — 1i(AyBy) + (A, B,) = —0.8552 5)
E(A,B') = u(AB)) — (A B)) — u(A; B)) + u(A, B)) = 0.5204 (6)
E(A', B)= u(A| B)) = u(A| By) — (A} By) + u(A} B,) = 0.7014 )

E(A',B')=u(A|B)) — u(A' B)) — u(A, B)) + u(A} B)) = 0.9005 (8

Inserting Equations (5)-(8) into Equation (1), we get

Acpsy = E(A',B")+ E(A', B) + E(A, B") — E(A, B) =2.9774 ©)

The numerical value 2.9774 exceeds the classical limit imposed by the CHSH inequality in Equation (1) and is also above Cirel’son’s
bound 2\/5 ~ 2.8284. A simple check in Table 1 reveals that the marginal law conditions in Equations (3) and (4) are also system-
atically violated here. This empirical pattern confirms and strengthens the results obtained in previous text-based cognitive tests on
the conceptual combination The Animal Acts, namely [29,37,38]. Table 2 reports the judgement probabilities and the CHSH factor in
these three text-based tests. By comparing the CHSH factors in Tables 1 and 2, we can see that a systematic violation of the CHSH
inequality occurs in all tests. We also notice that the value of the CHSH factor in the test in [29] is far from Cirel’son’s bound, the test
in [37] is close to that bound, and the test in [38], together with the present test violates Cirel’son’s bound. That the test in [29] has a
relatively lower deviation from classicality than the other tests might be due to the fact that the introductory text in [29] encouraged
the participants to also take into account emotions and imagination in their judgements. This led them to make choices that are less
natural, as The Bear Meows, The Cat Growls, or The Tiger Meows, thus determining a relatively lower violation of the CHSH inequality
in Equation (1).
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Table 1

We report the statistical data collected in the video-
based cognitive test presented in Section 4. The judge-
ment probabilities are in substantial agreement with
the results obtained in other text-based cognitive
tests, namely, [29], [37] and [38], presented in Ta-
ble 2. Also in this case, we get a significant violation
of the CHSH inequality in Equation (1), with a CHSH
factor (see Equation (2)) exceeding Cirel’son’s bound.

Participants 221

Experiment AB

Horse Growls 0.0452
Horse Whinnies 0.8824
Bear Growls 0.0452
Bear Whinnies 0.0271

Experiment AB’

Horse Snorts 0.6833
Horse Meows 0.0226
Bear Snorts 0.2172
Bear Meows 0.0770

Experiment A’ B

Tiger Growls 0.7919
Tiger Whinnies 0.0362
Cat Growls 0.1131
Cat Whinnies 0.0588

Experiment A’ B’

Tiger Snorts 0.0633
Tiger Meows 0.0452
Cat Snorts 0.0045
Cat Meows 0.8869
Acusu 2.9774

As noticed in Sections 1 and 2, the empirical results in the video-based cognitive test seem to indicate the presence of entanglement
in the combination of Animal and Acts. We intend to show in Section 5 that this entanglement is present at both the state and the
measurement level.

5. Data modelling in Hilbert space

In this section, we provide a quantum representation in Hilbert space of the data collected in the video-based cognitive test in
Section 4. We apply the general quantum theoretical framework that we have elaborated for the modelling of any Bell-type test, as
we have already done in various articles [30,33,36,37].

The quantum theoretical framework for Bell-type situations consists in the implementation of three main steps, as follows.

(i) One identifies in the situation under study, the composite entity, together with the individual entities composing it.

(ii) One recognises in the composite conceptual entity the states, measurements and outcome probabilities that are relevant to the
situation under study.

(iii) One represents entities, states, measurements and outcome probabilities using the Hilbert space representation of entities,
states, measurements and outcome probabilities of quantum theory.

(i) The conceptual combination The Animal Acts is considered as a composite conceptual entity made up of the individual entities
Animal and Acts.

(ii) Whenever a person participating in the test reads the introductory text which explains the details of the test and nature of the
concepts involved, this set of instructions prepares the composite entity The Animal Acts in an initial state p which describes the general
situation of an animal that produces a recognizable sound. Each participant is then confronted with this uniquely prepared state p.
More precisely, in the joint measurement XY, X = A, A’, Y = B, B, each participant interacts with the entity The Animal Acts in the
state p and operates as a measurement context for the entity. This interaction generally changes, in an intrinsically indeterministic
way, p into a new state depending on the choice that is made, as a consequence of this ‘contextual interaction’. E.g., if the participant
chooses in AB The Horse Whinnies, which corresponds to the outcome A, B, (see Section 4), the interaction between the entity The
Animal Acts in the state p and the (mind of the) participant determines an indeterministic change of state of the entity from p to the
state p, p, which describes the more concrete situation of a horse that whinnies. More generally, for every X = 4, A', Y =B,B,
the joint measurement XY has four possible outcomes X;Y;, where we choose X;Y; = +1 if i = j and X,Y; = —1if i # j, and four
outcome states, or eigenstates, Px,Y;s describing the state of The Animal Acts after the outcome X iY; occurs in XY, i,j=1,2. When
all responses are collected, a statistic of the outcomes X;Y; arises which is interpreted, in the large number limit, as the probability

10
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Table 2

We report in comparison the statistical data of three text-based cognitive tests, namely, the Aerts & Sozzo (2011) test
[29] in the first column, the Aerts et al. (2023) test [37] in the second column, and the Bertini et al. (2023) test [38]
in the third column. The corresponding judgement probabilities are in substantial agreement across the tests and also
with the video-based cognitive test in Table 1. All tests exhibit a significant violation of the CHSH inequality.

Test Aerts & Sozzo (2011) Aerts et al. (2023) Bertini et al. (2023)

Participants 81 81 100

Experiment AB

Horse Growls 0.0494 0.0494 0.03
Horse Whinnies 0.6296 0.1235 0.91
Bear Growls 0.0617 0.7778 0.04
Bear Whinnies 0.2593 0.0494 0.02

Experiment AB’

Horse Snorts 0.5926 0.7160 0.83
Horse Meows 0.0247 0.0494 0.01
Bear Snorts 0.2963 0.2222 0.15
Bear Meows 0.0864 0.0123 0.01

Experiment A’ B

Tiger Growls 0.7778 0.7778 0.86
Tiger Whinnies 0.0864 0.0864 0
Cat Growls 0.0864 0.0617 0.14
Cat Whinnies 0.0494 0.0741 0

Experiment A’ B/

Tiger Snorts 0.1481 0.0864 0.01
Tiger Meows 0.0864 0.0617 0.02
Cat Snorts 0.0988 0.0247 0.02
Cat Meows 0.6667 0.8272 0.95
Acusu 2.4197 2.7901 3.22

P,(X;Y;) that the outcome XY, is obtained when the joint measurement XY is performed on the composite entity The Animal Acts
in the initial state p.

(iii) We have identified the entities, initial state, joint measurements, outcome probabilities and eigenstates that are relevant to
the The Animal Acts situation. Then, we have to work out a quantum representation in Hilbert space to model the data collected in
this situation, that is, the entity The Animal Acts is associated with a complex Hilbert space and the initial state p is represented by
a unit vector of this Hilbert space. Next, for every X = A, A’, Y = B, B’, the joint measurement XY is represented by a self-adjoint
operator or, equivalently, by a spectral family, on the Hilbert space whose eigenvectors represent the eigenstates of XY, while the
outcome probabilities are obtained from Born’s rule of quantum probability.

Regarding the Hilbert space representation above, we preliminarily observe that all joint measurements XY, X = A,A’, Y = B, B/,
have four outcomes X Y, i, j =12, which entails that the composite entity The Animal Acts is associated, as an overall entity, with
the complex Hilbert space C* of all ordered 4-tuples of complex numbers. Moreover, each state p of The Animal Acts is represented
by a unit vector of C* and each joint measurement on The Animal Acts is represented by a self-adjoint operator or, equivalently,
by a spectral family, on C*. On the other hand, for every i,j = 1,2, each outcome X ;Y; is obtained by juxtaposing the outcomes
X; and Y}, e.g., The Tiger Growls, is obtained by syntactically juxtaposing the words “tiger” and “growls”. This operation defines a
2-outcome measurement X, X = A, A/, on the individual entity Animal and a 2-outcome measurement Y, Y = B, B’, on the individual
entity Acts. Hence, each of these individual entities is associated with the complex Hilbert space C? of all ordered pairs of complex
numbers. Should we had performed separate measurements on Animal and Acts, the Hilbert space formalism would have prescribed
that the composite entity The Animal Acts would have been associated with the tensor product C2 ® C2. But, we remind that we
are studying here the identification problem (see Section 2), that is, the problem of how the composite entity The Animal Acts can
be decomposed into the individual entities Animal and Acts in such a way that these individual entities can be recognised from
measurements performed on the composite entity. As such, we are doing an operation that is the inverse of what one typically does in
Bell-type situations in quantum physics, where one constructs or, better, composes, the measurements on the composite entity from
measurements performed on individual entities.

From a mathematical point of view, the vector spaces C* and C? ® C? are isomorphic, where each isomorphism is defined by the
relationship between the corresponding orthonormal (ON) bases. The states of The Animal Acts are represented by unit vectors of C*,
hence of C?> ® C2, which contains both vectors representing product states and vectors representing entangled states. Moreover, the
vector space L(C*) of all linear operators on C* is isomorphic to the tensor product L(C2)® L(C?), where L(C?) of all linear operators
on C2. Analogously, the tensor product L(C2?) ® L(C?) contains both self-adjoint operators representing product measurements and
self-adjoint operators representing entangled measurements (see Section 2).

11
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Now, let I : C* — C2? ® C? be an isomorphism mapping a given ON basis of C* onto a given ON basis of C> ® C2. We say
that a state p represented by the unit vector |p) € C* is a ‘product state with respect to I’, if two states p, and pp, represented by
the unit vectors |p,) € C? and lpp) € C2, respectively, exist such that I|p) = [p4) ® |pp). Otherwise, p is an ‘entangled state with
respect to I’. Then, we say that a measurement e represented by the self-adjoint operator & on C* is a ‘product measurement with
respect to I, if two measurements ey and ey, represented by the self-adjoint operators &y and &y, respectively, on C? exist such
that &1~ = &, ® &y. Otherwise, e is an ‘entangled measurement with respect to I’. Hence, the notion of entanglement crucially
depends on the ‘isomorphism that is used to identify individual entities within a given composite entity’.

With reference to a Bell-type setting, one can now prove that, if the joint measurements XY and XY’, X =A,A’,Y,Y' =B, B,
Y #Y’, are product measurements with respect to the isomorphism 1, then, for every state p of the composed entity, the marginal
law condition expressed by Equation (3) is satisfied. Analogously, if the joint measurements XY and X'Y, X,X'=A,A’,Y =B, B/,
X # X', are product measurements with respect to the isomorphism I, then, for every state p of the composed entity, the marginal
law condition expressed by Equation (4) is satisfied. One also proves that, if the marginal law conditions are satisfied in all joint
measurements, then a unique isomorphism exists, which can be chosen to be the identity operator [30].

It follows from the above that, if the marginal law conditions are violated, then one cannot find a unique isomorphism between
C* and C? ® C? such that all measurements are product measurements with respect to this isomorphism. In this case, one cannot
explain the violation of the CHSH inequality as due to the usual situation in quantum physics where all measurements are product
measurements and only the initial pre-measurement state is entangled.* Furthermore, if the marginal law conditions are systematically
violated, as it occurs in our test (see Table 1), then four distinct isomorphisms Iy, exist such that the measurement XY is a product
measurement with respect to Iyy, X = A,A’, Y = B, B’. As a consequence, there is no unique isomorphism allowing to identify
individual entities of a given composite entity. Finally, if we consider a given isomorphism between C* and C> ® C? with respect to
which identifying individual entities of a composite entity in a given test, then it may happen that both the initial pre-measurement
state and all measurements are entangled [30].

Now, the theoretical considerations above allow one to formulate the following hypotheses.

Firstly, the non-classical correlations that violate the CHSH inequality in Equation (1) in the The Animal Acts situation can be
reasonably attributed to the fact that ‘the component concepts carry meaning and further meaning is created in the combination
process’. Since the violation of the CHSH inequality indicates the presence of entanglement between the individual conceptual entities,
then it is reasonable that ‘it is the quantum structure of entanglement that theoretically captures the meaning that is non-classically
created in this case’. This suggests that the initial state p of the composite entity The Animal Acts should be an entangled state.

Secondly, in the The Animal Acts situation, since all joint measurements XY, X = A,A’, Y = B, B/, violate the marginal law
conditions of Kolmogorovian probability, also these measurements should be entangled measurements. In addition, in each measure-
ment XY, all outcomes X;Y;, correspond to combined concepts, though less abstract than The Animal Acts, e.g., in The Cat Meows,
meaning is created with respect to Cat and Meows taken separately, which suggests that all eigenstates p XY i,j=1,2, should also
be entangled states.

We are now ready to work out the required quantum representation in Hilbert space of the data in Table 1.

The composite conceptual entity The Animal Acts is associated with the complex Hilbert space C*. Let (1,0,0,0),(0,1,0,0), (0,0,1,0)
and (0,0,0, 1)} be the unit vectors of the canonical ON basis of C*, and let us consider the isomorphism I : C* — C? ® C2, where
the canonical ON basis of C* coincides with the ON basis of the tensor product Hilbert space C> ® C? made up of the unit vectors
(1,00®(1,0), (1,00®(0,1), (0,1) ®(1,0) and (0, 1) ® (O, 1).

In the ON bases above, a given state g of the composite entity is represented by the unit vector |g) = (ae'®, be'?, ce'?, de'®), where
a,b,c,d >0, +b*+c*+d*>=1,a, f,y, 5 €R and N is the real line. One easily proves that |g) represents a product state if and
only if

ade @) _ peolP+r) — (10)

Otherwise, |g) represents an entangled state.
Let us now come to the representation of the initial, or preparation, state p of the composite entity The Animal Acts. In previous
articles, we represented the state p of the conceptual entity The Animal Acts by the unit vector

1
V2

which represents the maximally entangled state corresponding to the singlet spin state, as typically done in Bell-type tests in quantum
physics (see Section 2). However, before making this choice here too, it is worth to reflect about the general modelling scheme we
adopted to represent the states of conceptual entities (see, e.g., [24]). In [55] we used the unit vector

lPag)= Z /’l(AiBj)“)AiBj) (12)
i,j=12

4 As anticipated in Section 2, there are reasons to believe that the marginal law conditions are also violated in typical Bell-type tests on quantum physical entities,
which indicates that entangled measurements are involved also in the physical domain. However, the violation of the marginal law conditions in these tests is not
large, hence has hardly been reflected about from a theoretical point of view [33].
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where u(A; B;) are the judgement probabilities of the joint measurement AB and the unit vectors |p 4, B/‘> form an ON basis of eigen-
vectors representing the eigenstates of AB, i,j = 1,2, in the 4-dimensional Hilbert space describing the A B-measurement situation.
This representation is in agreement with the general modelling scheme in [24], because the unit vector in Equation (12) represents
the initial state of The Animal Acts in a measurement having The Horse Growls, The Horse Whinnies, The Bear Growls, and The Bear
Whinnies as possible outcomes. Analogously, one could use, with obvious changes of symbols, the unit vectors

|Pap) = z \/M(AiB/,-)lpAiB;_> (13)

ij=12

to represent the initial state of The Animal Acts when the joint measurement AB’ is performed, the unit vector

lparp) = Z \/M(A;Bj)|PA".Bj> 14)

ij=12

to represent the initial state of The Animal Acts when the joint measurement A’ B is performed, and the unit vector

lap)= D \HABDIPAE) (1

ij=12

to represent the initial state of The Animal Acts when the joint measurement A’ B’ is performed. Indeed, also the unit vectors in
Equations (13), (14) and (15) reproduce the correct judgement probabilities in the corresponding joint measurements.

How will we then represent the initial state of The Animal Acts with respect to the overall experiment that tests the CHSH version
of Bell’s inequalities according to the general modelling scheme in [24]? The straightforward answer is to take the normalized
superposition state represented by the linear combination

|Pap) +1Pap) + |Parg) + Parpr)
pag) +1pag) + Parg) + Parp)ll

Let us recall that the considered basis vectors for each of the joint measurements are not necessarily the same, their relation de-
pending on how these joint measurements relate experimentally to the CHSH form of the Bell’s test experiment, and only experiments
to test these relations can give us this exact information. This however does not avoid the linear combination in Equation (16) to be
well-defined and representing the initial state of The Animal Acts with respect to the CHSH form of the Bell’s test.

Let us also recall that the shift from, e.g., an initial, or preparation, state represented by the unit vector |p,p) to an initial,
or preparation, state represented by the unit vector |pcp g ) corresponds to (i) an application of a projection operator in Hilbert
space which projects onto the one-dimensional subspace generated by the unit vector |p, ), and (ii) a normalization of the resulting
projected vector. The opposite shift of the initial, or preparation, state corresponds instead, to a superposition in Hilbert space, as we
have explained above.

The considerations above indicate that the unit vector in Equation (16) is the most appropriate candidate to represent the initial
state corresponding to a preparation of the entity The Animal Acts according to the general modelling scheme in [24]. However, for
the experiments where the data are obtained by calculating relative frequencies of occurrence of different choices, using separately
the fours vectors in Equations (12), (13), (14) and (15) comes to the same concerning the predictions made by the model, because
relative frequencies of occurrence of outcomes are always determined separately for each of the four joint cases. Or, more concretely,
for these experiments we have, e.g.,

lPcrsH) = (16)

HX;Y) = px,y, lpxy)I = IKpx,y, lpcrsm)’ aa7)

forevery X=A, A", Y=B,B,i,j=1,2.

Since the outcomes in cognitive tests with human participants are to a large extent also determined by estimating relative fre-
quencies of occurrence, one can expect that in this case the same, this time almost, equalities. Indeed, since some human participants
in the tests will have their choices determined in a totally different way, these equalities do not hold in this case, although even those
participants will have the tendency not to let their choice about one of the joint pairs depend on that they gave answers before or
after for the other joint pairs, which again makes the effect on outcomes for the two states rather little different, and hence we can
speak of ‘almost equalities’. Hence, given the complexity of the human mind, it is not excluded that the answers given for one of the
joint pairs are indeed partly determined by the presence in the same test of the other joint pairs, which means that for psychology
experiments we should in principle consider both states giving rise to different predictions for the to be rested probabilities.

Now, what about assuming the maximally entangled singlet spin state represented by the unit vector |p) in Equation (11) to be
the initial state corresponding to the preparation of The Animal Acts?

The above is a justifiable choice if we think of a preparation that is very minimal and leads to the test person considering a kind
of bare The Animal Acts. For example, before the instruction sheet is read by the test person, it could have been communicated that
it involves measurements involving the sentence “the animal acts”. For this minimal initial preparation, that maximally entangled
state could serve in the quantum theoretical model we are building also according to the general modelling scheme in [24].

We wish to digress briefly in connection with this problem of precisely determining the prepared state, firstly and foremost with
the intention of fully clarifying it, and secondly because an element emerges here where our approach shows its strength in connection
with a possible use for Al based on quantum structures. Even if we wish to determine the prepared state of an experiment where
only the sentence “the animal acts” is presented to the test subjects, the singlet spin state is not the best choice to serve as the
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prepared state. A superposition state in which all animals and all actions that can be performed figure would be the real correct
mathematical representation. This would lead however to having to consider a Hilbert space of giant dimension as tensor product
of all these possibilities. The human mind is probably not capable of handling this condition, but does make an attempt in that
direction. Studies on how concepts are represented in the human mind preferentially point to working with, on the one hand, a
precedence for the representation of some leading exemplars (see, e.g., [69] on exemplar theories of concepts) and, on the other
hand, with the representation of a prototype of the concept in question (see, e.g., [70] on prototype theories of concepts). In any case,
if these exemplar and prototype theories are correct, they also point to a shortcoming of the human mind in connection with such
a representation, and it can be expected that a powerful Al would indeed be able to represent such a giant superposition in every
detail. Indeed, in the end, the collection of all animals and all possible actions that each is capable of and that can be conceptually
described is still a finite collection.

Coming back to our quantum representation in Hilbert space of the data presented in Section 4, there are however also good
independent reasons for choosing the unit vector in Equation (11) to represent the initial state of the entity The Animal Acts, as we did
in previous articles on cognitive entanglement. Indeed, let us recall that our aim is to incorporate as much as possible the entanglement
of The Animal Acts situation into the state preparation. Moreover, the singlet spin state has specific symmetry properties, namely, it is
always represented by a unit vector of the form in Equation (11) independently of the ON basis in which the unit vector is expressed.
This would intuitively correspond to the fact that The Animal Acts expresses a more abstract concept than the corresponding outcomes.
Finally, this choice allows one to more easily capture the theoretical connections between entanglement and meaning, as we will see
in the rest of this section.

Then, coming to measurements, let us represent the joint measurements XY, X = A, A’, Y = B, B'. As we have seen above, each
measurement has four outcomes X ,.Yj = +1 and four eigenstates p XY, i,j=1,2.For every X = A,A’, Y = B, B, we represent XY
by the spectral family defined by the ON basis of the four eigenvectors |p XY, ), where we set, for every i,j = 1,2,

_ iay.y. ifx.y, iyx.y: ioy.y.
Ipx,v,) =(ax,y e " by y e " cxy e dyy e ) 18

In Equation (18), the coefficients are such that ax,y; bX’_Yj, Xy, dX,Y,- >0 and ax,y;s ﬁXiyj XY, 5X,-Y,- € R. One easily verifies that,
for every X = A, A’, Y = B, B’, XY is a product measurement if and only if all |p XY, )s are product vectors. Otherwise, XY is an
entangled measurement.

Next, for every X = A,A’, Y = B, B’, i, j = 1,2, the probability P,(X;Y)) of obtaining the outcome X, ;Y; in a measurement of XY
on the composite entity in the state p is given by Born’s rule of quantum probability, that is,

P,(X,Y) = [pxy, IP)I? 19

i,j=1,2.

To find a quantum mathematical representation of the data in Table 1, for every measurement eyy, the four unit vectors in
Equation (18) have to satisfy the following three sets of conditions.

(i) Normalization. The eigenvectors in Equation (18) are unit vectors, that is, for every X = A, A, Y=B,B',i,j=1,2,

2 2 2 2 _

Yyt bx,Y, Ty, T dXilfj =1 (20)
This corresponds to four conditions for each joint measurement XY

(ii) Orthogonality. The eigenvectors in Equation (18) are mutually orthogonal, that is, for every X = A,A’, Y =B, B, i,i’,j,j' =
L2, i, j#Jj,

(px,v,1px,v,) =0 (21)
(pxy, |pX,-Yj,> =0 (22)
<PX[Y/ |prYj/> =0 (23)

This corresponds to six additional conditions for each joint measurement XY.
(iii) Probabilities. For every X = A,A’, Y = B, B/, i, j = 1,2, the probability P,(X;Y;) coincides with the empirical probability
u(X;Y;) in Table 1, that is,

Py(X,Y)) = px,y, IP)I* = n(X;Y)) (24)

where we have used Born’s rule in Equation (19). This corresponds to four additional conditions for each joint measurement XY
Finally, let us set, for every X = A,A’, Y =B,B’,i,j=1,2, ayy, = ﬂX,-Yj =rxy, = 6X’_Y/_ = HX’_Yj, where OX,-Y/- € R, for the sake
of simplicity.
The empirical data in Table 1 can be represented in Hilbert space, as follows.
The eigenstates of the measurement A B are represented by the unit vectors

P4, ) =€ (0.75,-0.59,-0.29,0) (25)
P, B,) =€ (0.01,0.44,-0.88,0.15) 26)
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P4, ) = ¢?2*%¥(0.24,0.30,0,-0.92) -
P, 8,) =€ (0.61,0.60,0.37,0.36) (28)

By applying the entanglement condition in Equation (10), we can verify that all eigenstates are entangled, hence AB is an entangled
measurement. However, one observes that the condition in Equation (10) shows a larger deviation from zero in the unit vector
|P4, B,)- We can then say that the eigenstate p,_p , corresponding to The Horse Whinnies, is a ‘relatively more entangled state’, which
is reasonably intuitive, as The Horse Whinnies carries higher meaning with respect to Horse and Whinnies. Analogously, the eigenstate
Pa,B,> corresponding to The Bear Whinnies, is a ‘relatively less entangled state’, which is again reasonably intuitive, as The Bear
Whinnies carries lower meaning with respect to Bear and Whinnies.

The eigenstates of the measurement AB’ are represented by the unit vectors

|Pa, ;)= ¢%97°(0.41,0.31,-0.85,0.06) 29
Pa,B,) = '195%°(-0.01,0.21,0,-0.98) (30)
|Pa,m) = €/ 131:66°(-0.19,0.92,0.26,0.20) €3Y)
Pa,p)=¢' 180.20° (1,89, 0.05,0.45,0) (32)

Also in this case, all eigenstates are entangled, hence AB’ is an entangled measurement. However, the condition in Equation (10)
shows a larger deviation from zero in the unit vector |p B, ). We can then say that the eigenstate p B> corresponding to The Horse
Snorts, is a ‘relatively more entangled state’, which is reasonably intuitive, as The Horse Snorts carries higher meaning with respect to
Horse and Snorts. Analogously, the eigenstates p,, B and p,, B> corresponding to The Horse Meows and The Bear Meows, are ‘relatively
less entangled states’, which is again reasonably intuitive, as The Horse Meows and The Bear Meows carry lower meaning with respect
to Horse and Meows and Bear and Meows, respectively.

The eigenstates of the measurement A’ B are represented by the unit vectors

Parp,) = €3252°(0.20,0.35,-0.90,0.14) (33
pars,)=¢ 17492°(0.98,-0.09,0.18,0) (34)
Pars,) = €%3%°(0.01,0.86,0.39,0.32) (35)
|Payp,) = €20595°(0.03,0.35,0, -0.94) (36)

All eigenstates are entangled, hence A’B is an entangled measurement. However, the condition in Equation (10) shows a larger
deviation from zero in the unit vector |p A B, ). We can then say that the eigenstate p A B> corresponding to The Tiger Snorts, is a
‘relatively more entangled state’, which is reasonably intuitive, as The Tiger Snorts carries higher meaning with respect to Tiger and
Snorts. Analogously, the eigenstates p A B, and p AL By> corresponding to The Tiger Whinnies and The Cat Whinnies, are ‘relatively less
entangled states’, which is again reasonably intuitive, as The Tiger Whinnies and The Cat Whinnies carry lower meaning with respect
to Tiger and Whinnies and Cat and Whinnies, respectively.

Finally, the eigenstates of the measurement A’ B’ are represented by the unit vectors

Parm)) = ¢221°(0.73,-0.63,-0.27,0) (37
parm;) = ¢2019%(0.27,0.31,0.01,-0.91) (38)
Pars)) = 99°(0.62,0.53,0.44,0.38) (39)
Parm) = €/333:38°(0.09,0.47,-0.86,0.18) (40)

Also in this case, all eigenstates are entangled, hence A’ B’ is an entangled measurement. However, the condition in Equation (10)
shows a larger deviation from zero in the unit vector |p,s g ). We can then say that the eigenstate p AL B, corresponding to The Cat
Meows, is a ‘relatively more entangled state’, which is reasonably intuitive, as The Cat Meows carries higher meaning with respect
to Cat and Meows. Analogously, the eigenstate p AL B> corresponding to The Cat Snorts, is a ‘relatively less entangled state’, which is
again reasonably intuitive, as The Cat Snorts carries lower meaning with respect to Cat and Snorts.

We have thus completed the quantum mathematical representation of the data on the video-based cognitive test in Section 4. This
representation, however, also suggests relevant considerations. This will be the content of Section 6.

6. Entanglement as a mechanism of contextual updating
The quantum theoretical modelling elaborated in Section 5 allows one to draw some interesting conclusions regarding the ap-
pearance of entanglement in the combination of natural concepts and, more important, on the nature of this entanglement. We stress,

however, that these conclusions are independent of the domain, cognitive or physical, where entanglement is applied, as we have
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extensively explained in Sections 2 and 3. This means that the results obtained in the present article may also shed new light on the
nature of physics entanglement.

Firstly, we have explicitly worked out a quantum mathematical model in Hilbert space which explains the violation of the CHSH
inequality in the video-based cognitive test on The Animal Acts as a demonstration of the presence of quantum entanglement. More
explicitly, the individual conceptual entities Animal and Acts entangle when they combine to form the combined, or composite,
conceptual entity The Animal Acts. The reason of this entanglement is that both concepts Animal and Acts carry meaning. But, also the
combination The Animal Acts carries its own meaning. And, the meaning of The Animal Acts is not attributed by separately attributing
meaning to Animal and Acts, as would be prescribed by a classical compositional semantics.

Secondly, we have seen that, not only the initial state of the composite entity is entangled, but also all joint measurements are
entangled, in the quantum representation of The Animal Acts situation. This result is due to the violation of the marginal law conditions
of Kolmogorovian probability in the cognitive test which forbids concentrating all the entanglement of the state-measurement situation
into the state of the composite entity, as we have seen in Section 2, where we have also provided arguments to conclude that no-
signaling is at place.

Thirdly, in each joint measurement, all eigenstates are entangled. This result is due to the fact that, in each joint measurement,
all possible outcomes correspond to combinations of concepts, e.g., The Bear Snorts is itself a combination of the concepts Bear and
Snorts, hence it is reasonable to expect that a non-classical mechanism of meaning attribution, similar to The Animal Acts, occurs.

Fourthly, in each joint measurement, some eigenstates, which are the final states at the end of the joint measurement, exhibit a
relatively higher degree of entanglement than others, which can exactly be explained by the fact that entanglement captures meaning
attribution, hence higher degrees of entanglement correspond to higher meaning attribution, thus higher judgement probabilities.
For example, the eigenstates corresponding to The Horse Whinnies, The Horse Snorts, The Tiger Growls and The Cat Meows are the
states that exhibit the highest degree of entanglement in the corresponding joint measurement. As observed in Section 5, this can be
explained as due to the fact that higher meaning is attributed in the combination process for these items. As a matter of fact, these
items score the highest probability of being judged as a good example of the conceptual combination The Animal Acts. By contrast,
the eigenstates corresponding to The Bear Whinnies, The Horse Meows, The Tiger Whinnies and The Cat Snorts are the states that exhibit
the lowest degree of entanglement, close to product states, in the corresponding joint measurement. Again this can be explained as
due to the fact that lower meaning is attributed in the combination process for these items. As a matter of fact, these items score the
lowest probability of being judged as a good example of the conceptual combination The Animal Acts.

Fifthly, by looking at the CHSH factor in Table 1, we notice that the video-based cognitive test violates the CHSH inequality

by an amount that exceeds the value 2\/5 ~ 2.8284, i.e. Cirel’son’s bound, which is usually believed to be the theoretical limit to
represent in Hilbert space the statistical correlations that are observed in Bell-type tests by pushing all entanglement into the state
of the composite entity and considering only product measurements. Again, this is due to the fact that the joint measurements are
actually entangled, rather than product, measurements. As we have illustrated in Sections 2 and 3, independently of the physical or
cognitive domain of reference, if one allows entangled measurements, then a Hilbert space representation is possible also for Bell-type
tests which violate Cirel’son’s bound [37].

We would like to conclude the present article by deepening the mechanism of meaning attribution to concepts and its relationship
with quantum entanglement. As we have seen above, the appearance of entanglement in The Animal Acts is due to the fact that
people attribute meaning to the combination The Animal Acts as a whole entity, without firstly attributing meaning to Animal and
Acts and then combining these separate meanings into a meaning for The Animal Acts. One way to characterize this process of meaning
assignment is the following. A concept carries a meaning, and a second concept carries a meaning, however, the combination of these
two concepts also carries its proper meaning, and this is not the simple combination of the two meanings of the component concepts
as prescribed by a classical compositional semantics. On the contrary, ‘the new emergent meaning of the combined concept arises in
a complex contextual way’, in which the whole of the context relevant to the combination plays a role.

The above is even more evident if one considers an entire text produced by human language and its meaning relationship with the
words (concepts) composing it. Each time a word (concept) is added to a text, one can speak of an ‘updating of contextuality’, and
this updating continues to occur until the end of the text that contains all the words. As we have argued in [37,45], this mechanism
of ‘contextual updating’ to attribute meaning has to be carried by an entangled state, because this is exactly how entangled states are
formed in the tensor product of Hilbert spaces. In other words, it is these entangled states that accomplish the contextual updating in
the mathematical formalism of quantum theory. The deep structural similarities between physical and cognitive domains, suggest that
the mechanism of contextual updating could also explain, better than the ‘spooky action at a distance’ mechanism, how entanglement
is produced in physics [45].

Coming back to The Animal Acts situation, the concept Animal is an abstraction of all possible animals and the concept Acts is an
abstraction of all possible sounds produced by animals. But, people do not construct the meaning of The Animal Acts by separately
considering abstractions of animals and abstractions of acts and then combining these abstractions. On the contrary, they take directly
abstractions of animals making a sound, and this occurs in a coherent way that is represented by a superposed, more precisely,
entangled, state. This is exactly what we have defined above as the mechanism of contextual updating.
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