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Abstract: Consider a pair of cumulative distribution functions 𝐹 and 𝐺, where 𝐹 is un-
known and 𝐺 is a known reference distribution. Given a sample from 𝐹, we propose tests
to detect the convexity or the concavity of 𝐺−1 ◦ 𝐹 versus equality in distribution (up
to location and scale transformations). This framework encompasses well-known cases, in-
cluding increasing hazard rate distributions, as well as some other relevant families that have
garnered attention more recently, for which no tests are currently available. We introduce
test statistics based on the estimated probability that the random variable of interest does
not exceed a given expected order statistic, which, in turn, is estimated via L-estimation.
The tests are unbiased, consistent, and exhibit monotone power with respect to the convex
transform order. To ensure consistency, we show that our L-estimators satisfy a strong law
of large numbers, even when the mean is not finite, thereby making the tests suitable for
heavy-tailed distributions. Unlike other approaches, these tests are broadly applicable, re-
gardless of the choice of𝐺 and without support restrictions. The performance of the method
under various conditions is demonstrated via simulations, and its applicability is illustrated
through a concrete example.
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1. Introduction

An interesting problem in nonparametric statistics is testing whether the cumulative distribu-
tion function (CDF) of interest 𝐹 belongs to some given class. Given a reference absolutely
continuous CDF 𝐺, which we assume to be known, many important families can be defined
as ℱ 𝑐𝑥

𝐺 = {𝐹 : 𝐺−1 ◦ 𝐹 is convex} or ℱ 𝑐𝑣
𝐺 = {𝐹 : 𝐺−1 ◦ 𝐹 is concave}. We may refer to

ℱ 𝑐𝑥
𝐺 and ℱ 𝑐𝑣

𝐺 as convex-ordered families, since 𝐹 ∈ ℱ 𝑐𝑥
𝐺 means that 𝐹 is less than 𝐺 in the

convex transform order [[5], [34, Ch. 4.B], [37]], while the order is reversed if 𝐹 ∈ ℱ 𝑐𝑣
𝐺 .

Relevant examples are: the families of convex and concave CDFs [16], if 𝐺 is the uniform;
the increasing and decreasing hazard rate (IHR, DHR) families [[25, p.104], [34]], obtained
when 𝐺 is exponential; the decreasing reversed hazard rate (DRHR) class [[4, 10], [25, Ch.
5.F]], obtained when 1−𝐺 (−·) is exponential; the increasing and decreasing odds rate family
(IOR, DOR) [22, 23], obtained when 𝐺 is a log-logistic with shape parameter equal to 1 (DOR
models are denoted as “super-Pareto” in [13]); the increasing log-odds rate family (ILOR)
[40], obtained when 𝐺 is a logistic distribution; the “super-Fréchet” and the “super-Cauchy”
classes [14, 28], obtained when 𝐺 is a Fréchet or a Cauchy distribution, respectively. These
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classes have different mathematical properties that can be used, for instance, in decision the-
ory, reliability, and survival analysis. Moreover, from a statistical perspective, if we know
that 𝐹 belongs to some convex-ordered family, we can use this information to improve the
nonparametric estimate of 𝐹. This approach corresponds to the scope of shape-constrained
inference; see, for instance, the books by Robertson et al. [32] and Groeneboom and Jongbloed
[18].

For these reasons, nonparametric tests for convex-ordered families are particularly interest-
ing and have been studied extensively; see for instance [1, 6, 7, 12, 15, 17, 20, 21, 22, 24, 27, 30].
However, despite the wide availability of tests for the more well-known cases, particularly the
IHR family, several interesting classes that have been studied recently, such as some of those
mentioned earlier, currently lack any existing tests. Moreover, the available tests typically rely
on a specific choice of 𝐺 and they function properly under assumptions on the supports of
𝐹 and 𝐺, sometimes quite restrictive. For example, the established test of [30], as well as
those of [7, 15], are based on a stochastic ordering property of sample spacings which holds
only in the IHR and DHR cases; that is, they are valid specifically when 𝐺 is exponential.
Similar limitations apply to other tests. We also emphasize that in some of the cited tests,
the shape property is treated as the null hypothesis — an approach typically referred to as
goodness-of-fit — while in others, it is treated as the alternative hypothesis. These approaches
are somewhat complementary; we adopt the latter in this paper. Recalling that the convex
order is location and scale-invariant, denote with 𝒢 the location-scale family obtained from
𝐺. We propose a general method to test the null hypothesis

ℋ𝐺
0 : 𝐹 ∈ 𝒢,

versus the alternatives

ℋ𝐺
1+ : 𝐹 ∈ ℱ 𝑐𝑥

𝐺 − 𝒢 and ℋ𝐺
1− : 𝐹 ∈ ℱ 𝑐𝑣

𝐺 − 𝒢.

This approach can be used in combination with goodness-of-fit tests. If, for a given dataset,ℋ𝐺
0

is rejected in favour of ℋ𝐺
1+ (ℋ𝐺

1−), whereas a goodness-of-fit test for 𝐹 ∈ ℱ 𝑐𝑥
𝐺 (𝐹 ∈ ℱ 𝑐𝑣

𝐺 ) fails
to reject the null, this suggests that ℋ𝐺

1+ can indeed hold. Differently from other approaches,
the proposed method works for any choice of 𝐺 and does not require a finite mean. Moreover,
we do not impose any limitations on the supports of 𝐹 and 𝐺.

The article is organised as follows. In Section 2, we present some preliminary notions and
results. Our approach is mainly based on the following property of expected order statistics,
which can be easily derived using Jensen’s inequality. If 𝐹 belongs to a convex-ordered family,
the probability of not exceeding a given expected order statistic from 𝐹 is bounded, according
to 𝐺. To verify whether such bounds are empirically satisfied, we need estimators of the
expected order statistics. Hence, in Section 3, we introduce L-estimators of the expected order
statistics and study their properties. In particular, we prove that, under some conditions related
to the tail behaviour, these satisfy a strong law of large numbers, even when the distribution
does not have a finite mean. These estimators can be used to estimate the probability of
exceeding the bounds. Consequently, in Section 4, we propose a class of test statistics based
on the distance between the aforementioned bounds and the sample counterpart of the non-
exceedance probabilities. We also establish the theoretical properties of our family of tests. In
particular, we show that the tests are unbiased and have monotone power for every fixed sample
size. Moreover, we establish the consistency of our tests in the case of finite and infinite, or
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undefined, mean. This property ensures that our tests are well-suited for handling distributions
with heavy tails. The behaviour of the tests from a practical point of view is established via
simulations, in Section 5. In the IHR and DHR cases, we compare our tests with the well-
known test of Proschan and Pyke [30], which has been shown to satisfy the same theoretical
properties of our class of tests [7]. The result shows that our tests are generally outperformed in
terms of power when the distribution has a monotone hazard rate. However, when the hazard
rate is non-monotone, our tests (applied to both the IHR and DHR properties) are capable of
detecting this, whereas the test of [30] may lead to the wrong decision. We also study the IHR
test of [27] (see also [2]), which exhibits large power but suffers from two main limitations: it
requires non-negative support and lacks location-invariance. Moreover, we apply our tests to
other important families of distributions for which the approach of Proschan and Pyke [30]
is unsuitable and no tests are currently available, such as the IOR, DOR, and DRHR classes.
In all the scenarios considered, the simulations confirm the theoretical properties established.
Finally, in Section 6, we provide an example where our tests are applied to river flow data, to
examine the shape properties of the underlying distribution, with particular emphasis on its
tail behaviour. The proofs of our results are reported in Appendix A.

2. Preliminaries

2.1. Notations

In this paper, increasing and decreasing mean non-decreasing and non-increasing, respectively.
The generalised inverse of an increasing function 𝑢 is 𝑢−1(𝑦) = inf{𝑥 : 𝑢(𝑥) ≥ 𝑦}. The positive
and negative parts of a function 𝑣 are defined as 𝑣+ = max(𝑣, 0) and 𝑣− = −min(𝑣, 0),
respectively. The 𝐿 𝑝 norm of an 𝑚-dimensional vector z = (𝑧1, . . . , 𝑧𝑚) is defined as | |z| |𝑝 =
(|𝑧1 |

𝑝 + . . . + |𝑧𝑚 |
𝑝)1/𝑝, for 𝑝 ∈ [1,∞), while | |z| |∞ = max{|𝑧1 |, . . . , |𝑧𝑚 |}.

Let 𝑋 be a random variable with cumulative distribution function (CDF) 𝐹. The mean of
the distribution 𝐹, whenever it is defined, will be denoted with E𝑋 = 𝜇𝐹 = 𝜇(𝐹), as more
convenient. Let us denote with 𝑋 𝑗:𝑚 the 𝑗-th order statistic corresponding to a random sample
𝑋1, . . . , 𝑋𝑚 of size 𝑚 from 𝑋 . It is well-kown that the CDF of 𝑋 𝑗:𝑚 is 𝐹𝐵 𝑗:𝑚 ◦ 𝐹, where 𝐹𝐵 𝑗:𝑚

represents the CDF of a beta random variable 𝐵 𝑗:𝑚, with parameters 𝑗 and 𝑚 − 𝑗 + 1. The
density of 𝐹𝐵 𝑗:𝑚 is denoted with 𝑓𝐵 𝑗:𝑚 .

We shall use the following stochastic orders [34].

Definition 2.1. Given a pair of CDFs 𝐹 and 𝐺, we say that 𝐹 is less than 𝐺

1. in the usual stochastic order, denoted as 𝐹 ≤𝑠𝑡 𝐺, if 𝐹 (𝑥) ≥ 𝐺 (𝑥), for every 𝑥 ∈ R;
2. in the convex transform order, denoted as 𝐹 ≤𝑐 𝐺, if 𝐺−1 ◦ 𝐹 is convex.

Since stochastic orders depend only on the distributions of the random variables, for an
order ≻ and a pair of random variables 𝑋 and𝑌 with CDFs 𝐹 and𝐺, respectively, the notations
𝑋 ≻ 𝑌 and 𝐹 ≻ 𝐺 will be used interchangeably. Finally, the symbol =𝑑 denotes equality in
distribution.
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2.2. Some properties of convex-ordered families

Since any increasing convex function has an increasing concave inverse, and vice-versa, it is
clear from Definition 2.1 that ℱ 𝑐𝑥

𝐺 = {𝐹 : 𝐹 ≤𝑐 𝐺} and ℱ 𝑐𝑣
𝐺 = {𝐹 : 𝐺 ≤𝑐 𝐹}. If 𝐹 and 𝐺

both belong to 𝒢, then the composition 𝐺−1 ◦𝐹 is affine, so that 𝐹 ≤𝑐 𝐺 and 𝐺 ≤𝑐 𝐹, in other
words, the distributions are equivalent with respect to the convex transform order. Hereafter,
we will assume that 𝐺 is absolutely continuous, with density 𝑔. However, the convexity (or
concavity) of the composition 𝐺−1 ◦ 𝐹 implies that 𝐹 has a density 𝑓 almost everywhere,
except, possibly, at the right or left endpoints of its support; see, for example, Proposition C.2
in [25]. The families ℱ 𝑐𝑥

𝐺 and ℱ 𝑐𝑣
𝐺 are also related to the notion of generalised hazard rate

[5, 32]. Indeed, one may define the generalised hazard rate as the derivative of 𝐺−1 ◦𝐹, which
is

ℎ𝐺𝐹 (𝑥) =
𝑑

𝑑𝑥
𝐺−1 ◦ 𝐹 (𝑥) =

𝑓 (𝑥)

𝑔 ◦ 𝐺−1 ◦ 𝐹 (𝑥)
,

so that 𝐹 ∈ ℱ 𝑐𝑥
𝐺 or 𝐹 ∈ ℱ 𝑐𝑣

𝐺 if ℎ𝐺𝐹 is increasing, or decreasing, respectively. By a change of
variables, 𝐹 ∈ ℱ 𝑐𝑥

𝐺 or 𝐹 ∈ ℱ 𝑐𝑣
𝐺 if and only if the ratio 𝑓 ◦ 𝐹−1/𝑔 ◦ 𝐺−1, namely, the ratio

between quantile densities [36], is increasing, or decreasing, respectively. This means that
𝐹 ∈ ℱ 𝑐𝑥

𝐺 or 𝐹 ∈ ℱ 𝑐𝑣
𝐺 if and only if∫ 𝑝

0

𝑓 ◦ 𝐹−1(𝑢)

𝑔 ◦ 𝐺−1(𝑢)
𝑑𝑢 =

∫ 𝐹−1 (𝑝)

0
𝑔 ◦ 𝐺−1 ◦ 𝐹 (𝑡)𝑑𝑡, 𝑝 ∈ [0, 1],

which is referred to as the generalised TTT transform of 𝐹 with respect to 𝐺 [32], is concave,
or convex, respectively. It is also interesting to note that the shape of the composition 𝐺−1 ◦ 𝐹

is often related to the notions of skewness and kurtosis [29, 35].
The conditions 𝐹 ∈ ℱ 𝑐𝑥

𝐺 and 𝐹 ∈ ℱ 𝑐𝑣
𝐺 have an effect on the expectation of 𝑋 𝑗:𝑚, denoted

with E𝑋 𝑗:𝑚 = 𝜇 𝑗:𝑚(𝐹) = 𝜇 𝑗:𝑚. Indeed, for 𝐹 ∈ ℱ 𝑐𝑥
𝐺 , Jensen’s inequality implies that

E𝑋 𝑗:𝑚 ≤ 𝐹−1 ◦ 𝐺 (E(𝐺−1 ◦ 𝐹 (𝑋 𝑗:𝑚))) = 𝐹−1 ◦ 𝐺 (E(𝐺−1(𝐵 𝑗:𝑚))),

therefore, 𝑃(𝑋 ≤ 𝜇 𝑗:𝑚) ≤ 𝐺 (E(𝐺−1(𝐵 𝑗:𝑚)). Similar results hold when 𝐹 ∈ ℱ 𝑐𝑣
𝐺 . We

summarise this property, presented in [3], as follows.

Proposition 2.2. Let 𝜋𝐺𝑗:𝑚 = 𝐺 (E(𝐺−1(𝐵 𝑗:𝑚))). Then, for every 𝑗 , 𝑚 such that E(𝐺−1(𝐵 𝑗:𝑚))

is defined,

1. if 𝐹 ∈ ℱ 𝑐𝑥
𝐺 , then 𝑃(𝑋 ≤ 𝜇 𝑗:𝑚) ≤ 𝜋𝐺𝑗:𝑚;

2. if 𝐹 ∈ ℱ 𝑐𝑣
𝐺 , then 𝑃(𝑋 ≤ 𝜇 𝑗:𝑚) ≥ 𝜋𝐺𝑗:𝑚.

The existence of a finite mean ensures that the expected order statistics 𝜇 𝑗:𝑚 also exist
and are finite, for every 𝑗 and 𝑚. However, this is not necessary; we may have E|𝑋 | = ∞ but
𝜇 𝑗:𝑚 < ∞ for some 𝑗 and 𝑚, as discussed in the next section. In any case, Proposition 2.2
always works, giving the trivial bounds 0 or 1 whenever the expected order statistics are −∞

or +∞, respectively.
Basic choices of 𝐺 yield the following popular classes of distributions, with the corre-

sponding explicit expressions of 𝜋𝐺𝑗:𝑚.

1. Uniform. Let 𝐺 = 𝑈, where 𝑈 (𝑥) = 𝑥, for 𝑥 ∈ [0, 1] . Then ℱ 𝑐𝑥
𝑈 and ℱ 𝑐𝑣

𝑈 are the classes
of convex and concave CDFs, respectively. Moreover, 𝜋𝑈𝑗:𝑚 = 𝑗

𝑚+1 .
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2. Exponential. Let 𝐺 = ℰ, where ℰ(𝑥) = 1− 𝑒−𝑥 , for 𝑥 > 0. Then, since ℎℰ𝐹 = 𝑓 /(1 − 𝐹)

is the classic hazard rate (HR) of 𝐹 [25], then ℱ 𝑐𝑥
ℰ

and ℱ 𝑐𝑣
ℰ

are the classes of IHR and
DHR distributions, respectively. In this case, 𝜋ℰ

𝑗:𝑚 = 1 − exp
(︂
−
∑︁𝑚

𝑘=𝑚− 𝑗+1
1
𝑘

)︂
.

3. Negative exponential. Let𝐺 = ℰ−, where ℰ−(𝑥) = 𝑒𝑥 , for 𝑥 < 0. Then, since ℎℰ−

𝐹 = 𝑓 /𝐹

is the reversed hazard rate of 𝐹, ℱ 𝑐𝑣
ℰ−

and ℱ 𝑐𝑥
ℰ−

are the classes of IRHR and DRHR

distributions [10, 25]. In this case, 𝜋ℰ−

𝑗:𝑚 = exp
(︂
−
∑︁𝑚

𝑘= 𝑗
1
𝑘

)︂
.

4. Log-logistic. Let 𝐺 = ℒ, where ℒ(𝑥) = 𝑥/(1 + 𝑥), for 𝑥 > 0. Then, since ℎℰ−

𝐹 =
𝑓 /(1 − 𝐹)2 is the derivative of the odds function 𝐹/(1 − 𝐹) [23], ℱ 𝑐𝑥

ℒ
and ℱ 𝑐𝑣

ℒ
are the

classes of IOR and DOR distributions, respectively. In this case, 𝜋ℒ
𝑗:𝑚 = 𝑗

𝑚 .

Explicit formulas are not always available, however, 𝜋𝐺𝑗:𝑚 can always be computed, regard-
less of 𝐺, since we assume 𝐺 to be known. Some other interesting examples may be obtained
by letting 𝐺 be the CDF of the Fréchet or the Cauchy distributions, giving rise to families of
heavy-tailed distributions that have been recently studied [28].

A simple special case of Proposition 2.2 is obtained for 𝑗 = 𝑚 = 1.

Corollary 2.3. For every 𝐹 and 𝐺 with defined mean,

1. if 𝐹 ∈ ℱ 𝑐𝑥
𝐺 , then 𝐹 (𝜇𝐹) ≤ 𝐺 (𝜇𝐺);

2. if 𝐹 ∈ ℱ 𝑐𝑣
𝐺 , then 𝐹 (𝜇𝐹) ≥ 𝐺 (𝜇𝐺).

The interpretation of this corollary helps clarify the rationale behind the convex transform
order and its relation to skewness and tail-heaviness. The dominating random variable is more
likely to take values that are less than the expected. This means, for instance, that if 𝐹 ∈ ℱ 𝑐𝑥

𝑈 ,
𝑃(𝑋 ≤ E𝑋) ≤ 1/2; if 𝐹 ∈ ℱ 𝑐𝑥

ℰ
, 𝑃(𝑋 ≤ E𝑋) ≤ 1 − 1/𝑒; if 𝐹 ∈ ℱ 𝑐𝑥

ℒ
, we only have the trivial

bound 𝑃(𝑋 ≤ E𝑋) ≤ 1 because 𝜇ℒ = +∞.

3. Estimating the expected order statistics

Given a random sample 𝑋1, ..., 𝑋𝑛 of size 𝑛 from 𝐹, let F𝑛 (𝑥) = 1
𝑛

∑︁𝑛
𝑖=1 1(𝑋𝑖 ≤ 𝑥) be the

corresponding empirical CDF. In general, we will denote a realisation of F𝑛 with 𝐹𝑛, that
is, the empirical CDF obtained from an observed sample 𝑥1, ..., 𝑥𝑛. Our testing approach
leverages Proposition 2.2, therefore we need to estimate the expected order statistics 𝜇 𝑗:𝑚
based on a sample of size 𝑛, where 𝑛 and 𝑚 are generally different. Given that 𝑋 𝑗:𝑚 has CDF
𝐹𝐵 𝑗:𝑚 ◦𝐹, we can express the functional 𝜇 𝑗:𝑚(𝐹) as the integral 𝜇 𝑗:𝑚(𝐹) =

∫
R
𝑥𝑑𝐹𝐵 𝑗:𝑚 ◦𝐹 (𝑥).

Writing 𝜇 𝑗:𝑚(𝐹) =
∫ 1

0 𝐹−1(𝑝)𝑑𝐹𝐵 𝑗:𝑚 (𝑝), the expected order statistics belong to the family of
L-functionals [33]. By the plugin method, we propose the following estimator:

𝜇̂ 𝑗:𝑚 := 𝜇 𝑗:𝑚(F𝑛) =
∫
R

𝑥𝑑𝐹𝐵 𝑗:𝑚 ◦ F𝑛 (𝑥) =
𝑛∑︂
𝑖=1

𝑋𝑖:𝑛 (𝐹𝐵 𝑗:𝑚 (
𝑖
𝑛 ) − 𝐹𝐵 𝑗:𝑚 (

𝑖−1
𝑛 )).

The statistical functional 𝜇̂ 𝑗:𝑚 is a weighted average, in which order statistics 𝑋𝑖:𝑛 from 𝐹 are
scaled by the probability that an order statistic 𝑈 𝑗:𝑚 from the uniform distribution 𝑈 belongs
to ((𝑖 − 1)/𝑛, 𝑖/𝑛],

𝜇̂ 𝑗:𝑚 =
𝑛∑︂
𝑖=1

𝑋𝑖:𝑛𝑃(𝑈 𝑗:𝑚 ∈ ( 𝑖−1
𝑛 , 𝑖

𝑛 ]).
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The estimators 𝜇̂ 𝑗:𝑚 are L-estimators, namely, linear combinations of order statistics. The
following proposition addresses some basic finite sample properties of 𝜇̂ 𝑗:𝑚. By linearity, the
average of the 𝜇̂ 𝑗:𝑚’s coincides with the sample mean 𝜇̂ = 𝜇̂1:1 =

∑︁𝑛
𝑖=1 𝑋𝑖/𝑛. This is the

empirical counterpart of the basic fact that 1
𝑚

∑︁𝑚
𝑗=1 𝜇 𝑗:𝑚 = 𝜇. Moreover, 𝜇̂ 𝑗:𝑚 is increasing in

𝑗 and decreasing in 𝑚.

Proposition 3.1. Given a random sample from 𝐹, the following relations between random
variables hold surely.

1. 1
𝑚

∑︁𝑚
𝑗=1 𝜇̂ 𝑗:𝑚 = 𝜇̂;

2. 𝜇̂ 𝑗:𝑚 ≤ 𝜇̂ 𝑗+1:𝑚;
3. 𝜇̂ 𝑗:𝑚+1 ≤ 𝜇̂ 𝑗:𝑚.

By Theorem 1.A.1 in [34], the above results hold stochastically, namely, with =𝑑 instead of
= and ≤𝑠𝑡 instead of ≤, if the samples from 𝐹 are allowed to differ, yielding CDFs F𝑛 and F

′
𝑛.

We now focus on the asymptotic properties of these estimators, letting 𝑛 → ∞ while
holding 𝑗 and 𝑚 fixed. It is easy to see that the density 𝑓𝐵 𝑗:𝑚 is always bounded by 𝑚. This
condition, plus the integrability of 𝑋 , is sufficient to establish a.s. convergence of 𝜇̂ 𝑗:𝑚 to
𝜇 𝑗:𝑚, by Theorem 2.1 of [38] (see also the related work of [26, 39]).

Proposition 3.2. If 𝑋 has finite mean, then, for 𝑛 → ∞, 𝜇 𝑗:𝑚(F𝑛) →𝑎.𝑠. 𝜇 𝑗:𝑚(𝐹), for every
fixed 𝑗 and 𝑚.

However, the existence of a finite mean can be a limitation, because, as we discussed
earlier, this condition is not strictly necessary for having finite expected order statistics. In
the remainder of this section, we show that 𝜇 𝑗:𝑚(F𝑛) →𝑎.𝑠. 𝜇 𝑗:𝑚(𝐹) can hold under weaker
assumptions. These assumptions rely on some notions that are well-known in extreme value
theory [19, 31]. In particular, the following definition describes a wide family of heavy-tailed
distributions that we shall deal with. Let Φ𝛼 (𝑥) = exp{−𝑥−𝛼}, 𝑥 ≥ 0, 𝛼 > 0, be the CDF of
the Fréchet distribution.

Definition 3.3. We say that 𝐹 is in the maximum domain of attraction of Φ𝛼, with tail
parameter 𝛼, and write 𝐹 ∈ 𝒟+(Φ𝛼), if there exist sequences 𝑎𝑛, 𝑏𝑛, such that (𝑋𝑛:𝑛−𝑏𝑛)/𝑎𝑛
converges in distribution to Φ𝛼, namely 𝑃(𝑎−1

𝑛 (𝑋𝑛:𝑛 − 𝑏𝑛) ≤ 𝑥) → Φ𝛼 (𝑥). Similarly, 𝐹
belongs to the minimum domain of attraction of Φ𝛽, denoted as 𝐹 ∈ 𝒟−(Φ𝛽), if there exist
sequences 𝑐𝑛, 𝑑𝑛, such that 𝑃(𝑐−1

𝑛 (𝑋1:𝑛 − 𝑑𝑛) ≤ 𝑥) → Φ𝛽 (𝑥).

The above properties, 𝐹 ∈ 𝒟+(Φ𝛼) and 𝐹 ∈ 𝒟−(Φ𝛽), are related to the asymptotic
behaviour of the right and left tails, which are determined by the right tail parameter 𝛼 and
the left tail parameter 𝛽, respectively. To have 𝐹 ∈ 𝒟+(Φ𝛼) or 𝐹 ∈ 𝒟−(Φ𝛽), it is necessary
that 𝐹 has right or left-unbounded support, respectively. Clearly, for symmetric distributions,
𝛼 and 𝛽 coincide. The properties of 𝒟+ and 𝒟− can be analysed symmetrically, using the
relation min{𝑋1, . . . , 𝑋𝑛} = −max{−𝑋1, . . . ,−𝑋𝑛}, therefore it is sufficient to focus on the
behaviour of the right tail. A necessary and sufficient condition for 𝐹 ∈ 𝒟+(Φ𝛼) is that

lim
𝑡→∞

1 − 𝐹 (𝑡𝑥)

1 − 𝐹 (𝑡)
= 𝑥−𝛼

[19, Theorem 1.2.1]. The parameter 𝛼 determines the weight of the tail, with smaller values
corresponding to heavier tails. In particular, for a distribution in 𝒟+(Φ𝛼), the moments of
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order greater than or equal to 𝛼 do not exist. Most heavy-tailed models are in 𝒟+(Φ𝛼),

for example, the Fréchet (which indeed is max-stable), the Pareto, the Burr type III and
type VII, the F, the beta type II, the log-gamma, the inverse gamma, the loglogistic, the stable
distribution (with shape parameter less than 2), and the Student’s 𝑡, which includes the Cauchy.
For instance, it is easy to see that the log-logistic distribution, with CDF ℒ(𝑥𝑎) and shape
parameter 𝑎 > 0, belongs to 𝒟+(Φ𝑎), i.e., 𝛼 = 𝑎, in particular, ℒ ∈ 𝒟+(Φ1). The Cauchy
distribution belongs to 𝒟+(Φ1) ∩ 𝒟−(Φ1).

The following result establishes a strong law of large numbers for 𝜇̂ 𝑗:𝑚 when 𝐹 does not
have a finite mean.

Theorem 3.4. Assume that E|𝑋 | = ∞. If either of the following conditions holds, then, for
𝑛 → ∞, 𝜇 𝑗:𝑚(F𝑛) →𝑎.𝑠. 𝜇 𝑗:𝑚(𝐹).

1. 𝐹 ∈ 𝒟+(Φ𝛼), E(𝑋−) < ∞, and 𝑗 < 𝑚 + 1 − 1/𝛼;
2. 𝐹 ∈ 𝒟−(Φ𝛽), E(𝑋+) < ∞, and 𝑗 > 1/𝛽;
3. 𝐹 ∈ 𝒟+(Φ𝛼) ∩ 𝒟−(Φ𝛽) and 1/𝛽 < 𝑗 < 𝑚 + 1 − 1/𝛼.

Theorem 3.4 can be easily applied in many relevant cases. The conditions depend on
the relation between the tail parameter and the ranks of the order statistics considered. For
example, in case 1, when 𝛼 = 1 (as in the case where 𝐹 = ℒ) we can establish a.s. convergence
of 𝜇̂ 𝑗:𝑚 for 𝑗 = 1, . . . , 𝑚 − 1. If 𝛼 decreases, we have convergence in a smaller set of order
statistics. Differently, if 𝛼 > 1, the mean is finite and we can rely on Proposition 3.2, implying
convergence for all values of 𝑗 . The basic and intuitive rule is that, when E𝑋− is finite, we can
ensure the convergence letting the ratio between 𝑗 and 𝑚 be sufficiently small. Everything is
reversed if the E𝑋+ is finite. For symmetric distributions on the real line, one should choose 𝑗

to be close enough to 𝑚/2 (for 𝑚 even) or (𝑚 + 1)/2 (for 𝑚 odd). For example, for the Cauchy
distribution, we can ensure that 𝜇̂2:3 →𝑎.𝑠. 𝜇2:3.

4. A new class of tests

We now introduce a new family of tests based on the empirical verification of Proposition 2.2.
Under ℋ𝐺

1+, we can expect the empirical counterparts of the differences 𝜋𝐺𝑗:𝑚 − 𝐹 (𝜇 𝑗:𝑚),
𝑗 = 1, . . . , 𝑚, to be positive. Our family of statistics is based on this idea. Let

v𝐺𝑚 = (𝜋𝐺1:𝑚, ..., 𝜋
𝐺
𝑚:𝑚),

and define the random vector

V̂𝑚 = (˜︁F𝑛 ( 𝜇̂1:𝑚), ...,˜︁F𝑛 ( 𝜇̂𝑚:𝑚)),

where ˜︁F𝑛 is used to denote the linear interpolator of the jump points of F𝑛. The reasons
why we use ˜︁F𝑛 instead of F𝑛 are technical and will be clarified later. Taking into account
Proposition 2.2, a test statistic for ℋ𝐺

1+ is given by

𝑇𝐺+
𝑚,𝑝 (F𝑛) = | | (v𝐺𝑚 − V̂𝑚)+ | |𝑝 =

(︃ 𝑚∑︂
𝑘=1

(𝜋𝐺𝑘:𝑚 −˜︁F𝑛 ( 𝜇̂𝑘:𝑚))
𝑝
+

)︃1/𝑝
.

Symmetrically, one can test ℋ𝐺
1− with 𝑇𝐺−

𝑚,𝑝 (F𝑛) = | | (v𝐺𝑚 − V̂𝑚)− | |𝑝. The expressions of 𝑇𝐺+
𝑚,𝑝

and 𝑇𝐺−
𝑚,𝑝 define new families of test statistics, parameterised by the number of order statistics
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involved, 𝑚, and by the order of the 𝐿 𝑝 norm, 𝑝. The effect of such parameters on the tests’
performance will be addressed by simulations, while in this section we focus on more general
theoretical properties, which hold regardless of the choices of 𝑚 and 𝑝. Proofs and arguments
will focus only on 𝑇𝐺+

𝑚,𝑝, because the properties of 𝑇𝐺−
𝑚,𝑝 are similar.

Denote with G𝑛 the empirical CDF obtained by sampling from 𝐺. Given some significance
level𝛼 ∈ (0, 1), the null hypothesis is rejected when𝑇𝐺+

𝑚,𝑝 (𝐹𝑛) ≥ 𝑐𝐺
+

𝑛,𝑚,𝑝,𝛼, where the threshold
value 𝑐𝐺+

𝑛,𝑚,𝑝,𝛼 is the (1−𝛼)-quantile of 𝑇𝐺+
𝑚,𝑝 (G𝑛). The 𝑝-value is 𝑃(𝑇𝐺+

𝑚,𝑝 (G𝑛) ≥ 𝑇𝐺+
𝑚,𝑝 (𝐹𝑛)).

To simplify notations, hereafter we write 𝑐𝐺
+

𝑛,𝑚,𝑝,𝛼 = 𝑐+𝑛,𝛼, and denote the critical value of
the test 𝑇𝐺−

𝑚,𝑝 (G𝑛) with 𝑐−𝑛,𝛼. Critical values and 𝑝-values can be determined by Monte Carlo
methods.

4.1. Finite sample properties

Since the convex transform order is location and scale-invariant, we expect our test statistics
to have the same property. This can be easily verified.

Proposition 4.1. The family of test statistics 𝑇𝐺+
𝑚,𝑝 (F𝑛) and 𝑇𝐺−

𝑚,𝑝 (F𝑛) are location and scale-
invariant.

Most theoretical properties of the proposed family of tests are based on the following
stochastic monotonicity property.

Lemma 4.2. Denote by H𝑛 be the empirical CDF of a random sample from 𝐻. If 𝐹 ≤𝑐 𝐻,
then, for every positive integer 𝑚 and for 𝑗 = 1, ..., 𝑚,

˜︁F𝑛 (𝜇 𝑗:𝑚(F𝑛)) ≤𝑠𝑡
˜︁H𝑛 (𝜇 𝑗:𝑚(H𝑛)).

Lemma 4.2 implies that the power of our class of tests is monotone with respect to the convex
order. This means that, given a pair of CDFs 𝐹 and 𝐻 such that 𝐹 ≤𝑐 𝐻, the probability of
rejecting ℋ𝐺

0 : 𝐹 ∈ 𝒢 in favour of ℋ𝐺
1+ (ℋ𝐺

1−) under 𝐹 is larger (smaller) than the probability
of rejection under 𝐻.

Theorem 4.3. If 𝐹 ≤𝑐 𝐻, then

1. 𝑃(𝑇𝐺+
𝑚,𝑝 (F𝑛) ≥ 𝑐+𝛼,𝑛) ≥ 𝑃(𝑇𝐺+

𝑚,𝑝 (H𝑛) ≥ 𝑐+𝛼,𝑛),

2. 𝑃(𝑇𝐺−
𝑚,𝑝 (F𝑛) ≥ 𝑐−𝛼,𝑛) ≥ 𝑃(𝑇𝐺−

𝑚,𝑝 (H𝑛) ≥ 𝑐−𝛼,𝑛).

Bearing in mind that 𝑃(𝑇𝐺+
𝑚,𝑝 (G𝑛) ≥ 𝑐+𝛼,𝑛) = 𝛼, the above result implies that the tests are

unbiased. Moreover, the size of the tests is always bounded by 𝛼 for every 𝐹 ≥𝑐 𝐺. This is
summarised as follows.

Corollary 4.4. 1. Under ℋ𝐺
1+, 𝑃(𝑇𝐺+

𝑚,𝑝 (F𝑛) ≥ 𝑐+𝛼,𝑛) ≥ 𝛼. If 𝐹 ≥𝑐 𝐺, 𝑃(𝑇𝐺+
𝑚,𝑝 (F𝑛) ≥

𝑐+𝛼,𝑛) ≤ 𝛼, with equality under ℋ𝐺
0 .

2. Under ℋ𝐺
1−, 𝑃(𝑇𝐺−

𝑚,𝑝 (F𝑛) ≥ 𝑐−𝛼,𝑛) ≥ 𝛼. If 𝐹 ≤𝑐 𝐺, 𝑃(𝑇𝐺−
𝑚,𝑝 (F𝑛) ≥ 𝑐−𝛼,𝑛) ≤ 𝛼, with

equality under ℋ𝐺
0 .

The motivation for using˜︁F𝑛 instead of F𝑛 in the construction of V̂𝑚 is twofold. First, it en-
ables the derivation of Lemma 4.2 using convexity, which is not possible using step functions.
Moreover, differently from F𝑛 ( 𝜇̂ 𝑗:𝑚), the random variables˜︁F𝑛 ( 𝜇̂ 𝑗:𝑚) are continuous, yielding
a continuous test statistic. This facilitates the application of the test, which does not need any
kind of randomisation, since 𝑃(𝑇𝐺+

𝑚,𝑝 (F𝑛) = 𝑐𝛼,𝑛) = 0 and 𝑃(𝑇𝐺+
𝑚,𝑝 (G𝑛) ≤ 𝑐𝛼,𝑛) = 𝛼.
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4.2. Asymptotic properties

The above properties hold regardless of the sample size and they do not need any distributional
assumption, except for continuity. The asymptotic behaviour of the proposed family of tests
is addressed by the following proposition, which assumes finite expectations and relies on
Proposition 4.5. Under these conditions, we can establish the consistency of the tests, namely,
for 𝑛 → ∞, the probability of rejecting the null hypothesis tends to 1 when the alternative is
true. This result will be generalised later to the infinite mean case, leveraging Theorem 3.4.

Proposition 4.5. Assume that 𝐹 and 𝐺 have finite expectations.

1. Under ℋ𝐺
1+, 𝑃(𝑇𝐺+

𝑚,𝑝 (F𝑛) ≥ 𝑐+𝛼,𝑛) → 1.
2. Under ℋ𝐺

1−, 𝑃(𝑇𝐺−
𝑚,𝑝 (F𝑛) ≥ 𝑐−𝛼,𝑛) → 1.

If we are dealing with heavy-tailed models, the assumption of Proposition 4.5 can be
restrictive. However, it can be relaxed. If 𝐹 or 𝐺 do not have finite means, we can rely
on Theorem 3.4 and obtain a consistent test just by discarding those values of 𝑗 such that
𝜇̂ 𝑗:𝑚 does not converge. Denote with 𝑗𝑘 , 𝑘 = 1, . . . , ℓ ≤ 𝑚, those values of 𝑗 such that
𝜇̂ 𝑗𝑘 :𝑚 →𝑎.𝑠. 𝜇 𝑗𝑘 :𝑚, or, actually, one can choose any arbitrarily small subset of {1, . . . , 𝑚} in
which we may have convergence of all the L-estimators. This can always be checked for 𝐺,
but not for 𝐹. However, if 𝐹 can be strongly heavy-tailed, given 𝑚, one can properly choose
ℓ to ensure convergence. The choice of the values 𝑗𝑘 depends on the support and the tail
parameters, as discussed in Theorem 3.4.

Now, we can define a constrained version of the test statistic, in which the differences
𝜋𝐺𝑗:𝑚 −˜︁F𝑛 ( 𝜇̂ 𝑗:𝑚) are computed just at these ℓ values, defined by

𝑇𝐺+
𝑚,ℓ, 𝑝 (F𝑛) =

(︃ ℓ∑︂
𝑘=1

(𝜋𝐺𝑗𝑘 :𝑚 −˜︁F𝑛 ( 𝜇̂ 𝑗𝑘 :𝑚))
𝑝
+

)︃1/𝑝
.

The complementary test statistic 𝑇𝐺−
𝑚,ℓ, 𝑝 (F𝑛) can be obtained similarly. We can now obtain

critical values, denoted again as 𝑐+𝛼,𝑛 and 𝑐−𝛼,𝑛, and follow the same procedures described
above for the unconstrained tests. It is easy to check that this new family of tests satisfy all
the finite sample size properties of 𝑇𝐺+

𝑚,𝑝 (F𝑛) and 𝑇𝐺−
𝑚,𝑝 (F𝑛), namely, monotone power and

unbiasedness. Moreover, now, even if 𝐹 and 𝐺 do not have finite means, we can establish
consistency of the tests just by relying on Theorem 3.4. This is summarised in the following
proposition, which can be proved using the same arguments of Proposition 4.5.

Proposition 4.6. Assume that 𝐹 and 𝐺 satisfy the assumptions of Theorem 3.4 for 𝑗 =
𝑗1, . . . , 𝑗ℓ .

1. Under ℋ𝐺
1+, 𝑃(𝑇𝐺+

𝑚,ℓ, 𝑝 (F𝑛) ≥ 𝑐+𝛼,𝑛) → 1.
2. Under ℋ𝐺

1−, 𝑃(𝑇𝐺−
𝑚,ℓ, 𝑝 (F𝑛) ≥ 𝑐−𝛼,𝑛) → 1.

5. Simulations

In this section, we conduct a numerical investigation across various alternatives, to evaluate
the performance of the tests and to assess the impact of the parameters 𝑚 and 𝑝 on the tests’
effectiveness. All the simulations are conducted using 5000 Monte Carlo trials, and the power
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of the test is computed using a significance level 𝛼 = 0.1. The R code is available athttps://
github.com/MohammedEssalih/Project-3. We focus on the following choices of
𝐺: exponential (𝐺 = ℰ), log-logistic (𝐺 = ℒ), and negative exponential (𝐺 = ℰ−), namely, we
test the IHR/DHR, IOR/DOR, and DRHR/IRHR properties, respectively. For the IOR/DHR
and DRHR/IRHR cases, it seems that there are no existing tests available for comparison
(Lando et al. [22] introduced a test that has the IOR property as the null hypothesis, but this
is a different testing problem). For the IHR case, we compare our tests to the well-known
test first introduced by [30] (abbreviated as P&P), but also studied, among others, by [7] and
[15]. This comparison is restricted to 𝐺 = ℰ, as the P&P approach is designed exclusively for
testing IHR/DHR alternatives.

We will mainly simulate from the following models: Weibull distribution with shape
parameter 𝑎 and scale parameter 𝑏, represented as 𝑊 (𝑎, 𝑏); log-logistic distribution with
shape parameter 𝑎 and scale parameter 𝑏, represented as ℒ(𝑎, 𝑏). It is easy to see that these
are monotone in 𝑎 with respect to the convex ordered, that is, for 𝑎 > 𝑎′ ≥ 0 and for every
𝑏, 𝑏′ > 0, 𝑊 (𝑎′, 𝑏′) ≤𝑐 𝑊 (𝑎, 𝑏) and ℒ(𝑎′, 𝑏′) ≤𝑐 ℒ(𝑎, 𝑏) (the convex transform order is
scale-invariant, so hereafter scale parameters will be set to 1).

Simulations are performed for various values of 𝑚, across different sample sizes 𝑛 =
25, 50, 100, 200. The effect of the choice of 𝑚 on the power of the tests in some special cases
is analysed in detail in the last subsection. In the following analyses, for the IHR/DHR and
DRHR/IRHR cases, we take 𝑚 = 1, 5, 10, 20. For the IOR case, coherently with the conditions
of Theorem 3.4, we use the constrained test statistics 𝑇𝐺+

𝑚,ℓ, 𝑝 with ℓ = 𝑚−2 (ℓ ≤ 𝑚−1 ensures
convergence); thus, we use 𝑚 = 3, 5, 10, 20. The DOR case is the most critical one since 𝐹

can be strongly heavy-tailed. Then, we need to choose 𝑚 and ℓ properly, to ensure that the
conditions of Theorem 3.4 hold, as we will discuss below.

5.1. Optimal choice of 𝒑

Simulations reveal that the test statistic based on the 𝐿1 norm often outperforms those derived
from other norms by more swiftly detecting departures from the null hypothesis. In the case,
𝐺 = ℰ, Table 1 presents the rejection rates for different values of 𝑝 and 𝑚, obtained from
a 𝑊 (1.5, 1), which is a strictly IHR model. The optimal choice of 𝑝 may depend on 𝑚 and
𝑛, however, especially when the sample size is small, the largest power is often obtained for
𝑝 = 1. For this reason, hereafter we will focus just on the case 𝑝 = 1.

5.2. DRHR and IRHR cases

The alternatives are generated from the negative Weibull distribution 𝑋 = −𝑌 , where 𝑌 ∼

𝑊 (𝑎, 1), which is IRHR for 𝑎 < 1 and a DRHR for 𝑎 ≥ 1. This is an important model in
extreme value theory [19]. We report only the rejection rates for the DRHR alternatives, as
both IRHR and DRHR cases exhibit the same pattern. The results, reported in Figure 1, show
that the power function is monotone with respect to 𝑎 and increases for every fixed 𝑎 as 𝑛

grows, demonstrating the monotonicity and consistency properties of the tests.

https://github.com/MohammedEssalih/Project-3
https://github.com/MohammedEssalih/Project-3
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Table 1
Rejection rates for the IHR case, where 𝐹 ∼ 𝑊 (1.5, 1).

𝑝 𝑚 𝑛 = 25 𝑛 = 50 𝑛 = 100 𝑛 = 200

1

1 0.3284 0.4982 0.7210 0.9002
5 0.3876 0.5508 0.8238 0.9722

10 0.3318 0.5186 0.7908 0.9688
20 0.2380 0.4362 0.7124 0.9440

2

1 0.2340 0.4688 0.7058 0.9070
5 0.2964 0.4676 0.7006 0.9458

10 0.2332 0.3512 0.6204 0.8914
20 0.1930 0.2912 0.4736 0.7510

∞

1 0.3250 0.4804 0.7174 0.9124
5 0.2352 0.3465 0.5164 0.7596

10 0.1956 0.2702 0.3544 0.5426
20 0.1598 0.2006 0.2494 0.3406

Fig 1: Simulated power of the proposed DRHR tests under the negative 𝑊 (𝑎, 1), where
𝑎 ∈ [1, 2].

5.3. IOR and DOR cases

The IOR and DOR families have important mathematical properties that have garnered sig-
nificant attention in recent studies. This motivates the interest in nonparametric tests for their
verification. For instance, the IOR family has applications in reliability and survival analysis,
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Fig 2: Simulated power of the proposed IOR tests under ℒ(𝑎, 1), where 𝑎 ∈ [1, 2].

as it extends the concept of negative ageing to distributions that do not necessarily have all
moments [23]. The DOR family, also referred to as super-Pareto [13], exhibits the following
property: if 𝑋 ∼ 𝐹 is DOR, a convex combination of an iid sample from 𝑋 (for example,
the sample mean) is stochastically larger than 𝑋 . This result, recently proved by [13], has
implications in the fields of insurance and finance, as it means that, somewhat surprisingly,
risk sharing can have a negative effect on participants under a DOR distributional assumption.

We conduct simulations using the log-logistic distribution ℒ(𝑎, 1), which is IOR for 𝑎 ≥ 1
and DOR for 𝑎 ≤ 1. For the IOR test, we compute 𝑇𝐺+

𝑚,ℓ, 𝑝 with ℓ = 𝑚−2, in order to guarantee
consistency (any ℓ ≤ 𝑚 − 1 would be enough). The plots in Figure 2 summarise the output
of this implementation, highlighting the consistency of the tests. For the DOR case, we let
𝑎 ∈ [0.1, 1], hence we know that the tail parameter 𝛼 is greater than or equal to 0.1. This
means that we must choose 𝑗 ≤ 𝑚 − 10 to ensure consistency. Hence, we take 𝑚 = 25 and
ℓ = 5; 𝑚 = 30 and ℓ = 10; 𝑚 = 35 and ℓ = 15; 𝑚 = 40 and ℓ = 20. The results, reported in
Figure 3, show consistency and monotonicity of the tests; the best performance is obtained
for ℓ = 15 and ℓ = 20. In general, 𝛼 is unknown. In this case, a first “safe” option is to fix a
lower bound for 𝛼, as in the current example, and choose 𝑚, ℓ accordingly. Otherwise, one
may estimate 𝛼, for example using the Hill estimator [19].

5.4. IHR and DHR cases: A comparison with P&P

We proceed further by comparing the present tests to that of P&P, to detect IHR and DHR
properties. The test of P&P is based on the normalised spacings 𝐷𝑖,𝑛 = (𝑛− 𝑖 + 1) (𝑋𝑛−𝑖+1:𝑛 −

𝑋𝑛−𝑖:𝑛). An increasing behaviour of the HR is related to a stochastically decreasing behaviour
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Fig 3: Simulated power of the proposed DOR tests under ℒ(𝑎, 1), where 𝑎 ∈ [0.1, 1]. The
power is always 1 for 𝑎 < 0.5, so we excluded these values from the range of the plot.

of the random variables 𝐷𝑖,𝑛. Then, the test statistic is given by the number of times that
𝐷𝑖,𝑛 ≥ 𝐷 𝑗 ,𝑛, for 𝑖 < 𝑗 , that is, 𝑉𝑛 =

∑︁
𝑖< 𝑗 𝑉𝑖, 𝑗 , where 𝑉𝑖, 𝑗 = 1(𝐷𝑖,𝑛 − 𝐷 𝑗 ,𝑛 > 0). The null

hypothesis is rejected when the value of 𝑉𝑛 is larger than its (1 − 𝛼) quantile obtained under
exponentiality. The test for DHR is easily obtained by reversing signs.

In the IHR case, we implement both tests and plot the rejection rates for various values of
𝑚 across multiple values of 𝑛 using the Weibull distribution 𝑊 (𝑎, 1), for 𝑎 ∈ [1, 2]. Note that
the case 𝑎 = 1 is the exponential, which yields a rejection probability equal to 𝛼. The obtained
results are summarised in Figure 4. The behaviour in the DHR case is similar. The results show
that when the distribution is IHR or DHR, the tests of P&P deliver larger power compared to
ours, regardless of 𝑝 and𝑚, and this is especially apparent for small sample sizes. However, our
tests have another advantage. Indeed, tests for exponentiality versus monotone HR alternatives
can be misleading when the underlying distribution has a non-monotone hazard rate. In such
cases, our families of tests, especially with larger values of 𝑚, can be seen to be overall more
robust than the P&P tests. We simulate from the Student’s 𝑡-distribution with 1.1 degrees of
freedom, denoted as 𝑆𝑡 (1.1), which has a bell-shaped HR. The rejection rates for testing the
IHR and DHR alternatives are reported in Table 2. On the one hand, Table 2-(a) shows that
the two P&P tests incorrectly suggest that the 𝑆𝑡 (1.1) distribution is IHR, especially for large
sample sizes, without detecting the DHR behaviour. On the other hand, Table 2-(b) reveals
that our tests lead to rejecting exponentiality in favour of both IHR and DHR alternatives.
Since these alternatives are contradictory, one can infer that the distribution being tested is
IHR in some interval, but DHR in some other interval, as is the case for 𝑆𝑡 (1.1). Similar
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Fig 4: Simulated power of the proposed IHR tests compared to that of P&P under 𝑊 (𝑎, 1),
where 𝑎 ∈ [1, 2].

Table 2
Rejection rates for IHR and DHR tests, where the latter are shown in parentheses, for the 𝑆𝑡 (1.1)

(a) P&P test

𝑛 = 25 𝑛 = 50 𝑛 = 100 𝑛 = 200 𝑛 = 500

0.49 (0.01) 0.88 (0) 0.98 (0) 0.99 (0) 1 (0)

(b) Proposed tests

𝑚 𝑛 = 25 𝑛 = 50 𝑛 = 100 𝑛 = 200 𝑛 = 500

1 0.57 (0.22) 0.60 (0.24) 0.62 (0.27) 0.65 (0.26) 0.68 (0.27)
5 0.93 (0.15) 0.99 (0.31) 1 (0.58) 1 (0.88) 1 (1)

10 0.92 (0.09) 0.99 (0.16) 1 (0.37) 1 (0.74) 1 (0.99)
20 0.85 (0.04) 0.99 (0.06) 1 (0.13) 1 (0.38) 1 (0.94)

results, not reported here, hold simulating from the 𝑆𝑡 (1) (which coincides with the Cauchy,
and has no mean), 𝑆𝑡 (1.5) and 𝑆𝑡 (2); and for beta distributions with parameters less than 1,
which have a decreasing and then increasing HR. The misidentification highlights a limitation
of the P&P test when assessing distributions with non-monotone hazard rates, while our tests,
especially when 𝑚 is not too small, are overall more reliable in such cases.
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We also computed the test proposed by [27], which is based on L-estimators as well
(see also [1] for a generalisation of this approach). This test delivers large power under
Weibull-distributed IHR alternatives. However, its applicability is limited only to nonnegative
random variables, differently from the tests considered above. Moreover, we noted that it is
not location invariant, which is a problem. For instance, if 𝐹 (𝑥) = ℰ(𝑥 − 1), 𝑥 > 1, namely, a
shifted exponential, for 𝑛 = 50 we obtained a simulated power equal to 1, instead of 𝛼 = 0.1, as
it should be (the shifted exponential has a constant HR, just like the classic exponential, so we
are under ℋℰ

0 in this case). For these reasons, we did not include this test in the comparison.

5.5. Optimal value of 𝒎

This subsection aims to identify the optimal values of 𝑚, which seem to affect the performance
of the tests. Overall, too small values of 𝑚 can be risky, for example, they could lead more
often to the wrong decision when the underlying distribution has a non-monotone generalized
HR, as it has been shown earlier for 𝐺 = ℰ. Therefore, we suggest larger values on 𝑚, for
example, 𝑚 ≥ 5. Moreover, when 𝐺 is heavy-tailed, we need larger values of 𝑚 to ensure
consistency. The optimal value of 𝑚 also depends on the sample size.

To analyse this relationship, we define the DRHR distribution as the negative𝑊 (1.5, 1), the
IOR as ℒ(1.5, 1), and the IHR distribution as 𝑊 (1.5, 1). A 3D plot, represented in Figure 5,
illustrates the rejection rates for various combinations of 𝑛 and 𝑚.

For all the tests, small values of 𝑚 result in poor test performance. For the IOR and IHR
tests, the optimal 𝑚 is observed to lie within the interval corresponding to 10% to 20% of
𝑛. For each 𝑛, the power increases with 𝑚, peaks at a certain point, and then decreases as
𝑚 continues to grow. In contrast, the DRHR test demonstrates a different pattern: the power
initially rises with 𝑚 but then stabilises and remains constant for larger values of 𝑚. Finally,
the influence of 𝑚 on the power is more pronounced for smaller values of 𝑛. Indeed, as 𝑛

increases, by consistency, the power approaches 1 regardless of 𝑚.

6. A real data example

In the following example, we demonstrate how our family of tests can be applied iteratively
to identify the shape properties of a distribution by analysing a sample from it. As we will
discuss, this approach allows testing multiple hypotheses to uncover the key property of the
distribution of interest, ultimately aiding in the selection of the appropriate model to fit the
data.

We apply our method to a dataset in [11], which reports annual flows of the Weldon River
at Mill Grove, Missouri, during the years 1930-59 (𝑛=26). One can wonder whether the
underlying distribution is heavy-tailed, which is very important to predict the risk of extreme
events, as these can cause floods. [11] claims that the data indicates a gamma distribution. By
fitting this distribution to the data, we estimate a shape parameter of 0.64 and a scale parameter
of 691 via maximum likelihood. A Kolmogorov-Smirnov test suggests that this hypothesis
could be true, with a 𝑝-value of 0.58. However, this distribution has all moments finite, so
it is definitely not heavy-tailed. This model might be unable to predict the risk of extreme
events. We then apply our tests to better understand the situation. By applying the tests for
IHR/DHR, we find that the distribution is likely to be DHR. Using 𝑚 = 5 and 𝑝 = 1, the
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Fig 5: Simulated power of the proposed tests evaluated for different combinations of 𝑛 and 𝑚.

null hypothesis of exponentiality versus the strict DHR alternative is rejected with a 𝑝-value
0.01. This confirms the finding of [11], as the gamma distribution is strictly DHR, when
the shape parameter is less than 1. Now, we apply our constrained tests for IOR/DOR, with
𝑚 = 5 and ℓ = 3. Both tests do not reject the null hypothesis ℋℒ

0 , in favour of strict IOR and
DOR alternatives, with 𝑝-values 0.3 and 0.5, respectively. This indicates that the distribution
could have a constant odds rate, namely, 𝐹 may be a log-logistic of the form 𝐹 (𝑥) = ℒ(𝑥/𝑠),

for some scale parameter 𝑠 > 0. A Kolmogorov-Smirnov test confirms this suggestion, with
a 𝑝-value 0.84. More generally, one can fit the data using a log-logistic model of the form
𝐹 (𝑥) = ℒ(𝑎, 𝑠) (𝑥) = ℒ((𝑥/𝑠)𝑎), where the shape parameter 𝑎 is allowed to vary. In this
case, the maximum likelihood estimates are 𝑎̂ = 1.13 and 𝑠 = 185. The Kolmogorov-Smirnov
test supports this finding, yielding a larger 𝑝-value of 0.94. This distribution is heavy-tailed,
which makes a remarkable difference compared to the gamma distribution. In particular, the
estimated log-logistic distribution has mean 1412 and infinite variance (precisely, all moments
of order ≥ 1.13 are not finite), whereas the estimated gamma has mean 442, which coincides
with the mean of the sample, and finite variance. An alternative option consists in fitting the
data using the IOR shape-constrained estimator of [22]. In this case, the Kologorov-Smirnov
test yields a 𝑝-value of 0.98. In this example, our tests prove useful in detecting the tail
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behaviour of the underlying distribution, indicating a heavy-tailed distribution, which is more
suitable to model the risk of extreme events.

Appendix A: Proofs

Proof of Proposition 3.1. The following results hold for every realisation 𝐹𝑛 of F𝑛, that is, for
every outcome in the sample space. Hence, we obtain sure relations.

1. Denote with 𝑋∗ a random variable with CDF 𝐹𝑛. By linearity,

1
𝑚

𝑚∑︂
𝑗=1

E𝑋∗
𝑗:𝑚 = E

(︁ 1
𝑚

𝑚∑︂
𝑗=1

𝑋∗
𝑗:𝑚

)︁
= E𝑋∗.

Now, the conclusion follows from noticing that E𝑋∗
𝑗:𝑚 = 𝜇 𝑗:𝑚(𝐹𝑛) and E𝑋∗ =

∑︁𝑛
𝑖=1 𝑥𝑖/𝑛.

2. By definition of order statistics, 𝑋∗
𝑗:𝑚 ≤ 𝑋∗

𝑗+1:𝑚, then, taking expectations, 𝜇 𝑗:𝑚(𝐹𝑛) ≤

𝜇 𝑗+1:𝑚(𝐹𝑛).
3. It’s easy to check that 𝐵 𝑗:𝑚+1 ≤𝑠𝑡 𝐵 𝑗:𝑚, hence, for every realisation 𝐹𝑛, 𝐹𝐵 𝑗:𝑚+1 ◦𝐹𝑛 (𝑥) ≥

𝐹𝐵 𝑗:𝑚 ◦ 𝐹𝑛 (𝑥), for every 𝑥, in other words, 𝐹𝐵 𝑗:𝑚+1 ◦ 𝐹𝑛 ≤𝑠𝑡 𝐹𝐵 𝑗:𝑚 ◦ 𝐹𝑛. Since the mean
is isotonic with the usual stochastic order, 𝜇 𝑗:𝑚+1(𝐹𝑛) ≤ 𝜇 𝑗:𝑚(𝐹𝑛). □

The proof of Theorem 3.4 is based on the following argument. The Glivenko-Cantelli
theorem and the uniform continuity of 𝐹𝐵 𝑗:𝑚 in [0, 1] imply sup[0,1] |𝐹𝐵 𝑗:𝑚 ◦ F𝑛 − 𝐹𝐵 𝑗:𝑚 ◦

𝐹 | →𝑎.𝑠. 0. Since the (random) CDF 𝐹𝐵 𝑗:𝑚 ◦ F𝑛 converges also pointwise a.s. to the CDF
𝐹𝐵 𝑗:𝑚 ◦ 𝐹, we have a convergence in distribution which holds with probability 1. Theorem
3.5 in [8] establishes that convergence in distribution implies convergence in expectation,
under uniform integrability of the converging sequence. This means that, if 𝑍𝑛 →𝑑 𝑍 and
the sequence 𝑍𝑛 is uniformly integrable, that is, if lim𝑀→∞ sup𝑛

∫
|𝑍𝑛 |>𝑀

|𝑍𝑛 |𝑑𝑃 → 0, then
E𝑍𝑛 → E𝑍.Hence, in our random setting, a stochastic version of this condition may ensure that
the expectation functional preserves the convergence, that is, 𝜇(𝐹𝐵 𝑗:𝑚◦F𝑛) →𝑎.𝑠. 𝜇(𝐹𝐵 𝑗:𝑚◦𝐹).

In particular, we will require that lim𝑟→0 lim sup𝑛→∞

(︁ ∫ 𝑟

0 +
∫ 1

1−𝑟
)︁
|F−1

𝑛 (𝑝) |𝑑𝑉 (𝑝) =𝑎.𝑠. 0. To
verify this condition, we leverage the results of [26].

Proof of Theorem 3.4. To simplify the notations, let 𝑉 = 𝐹𝐵 𝑗:𝑚 and 𝑣 = 𝑉 ′ = 𝑓𝐵 𝑗:𝑚 . Note
that sup𝑝∈ (0,1) 𝑣(𝑝) = 𝐵 ≤ 𝑚. We focus on case 3, which is the most general one, hence we
assume that 𝐹 ∈ 𝒟+(Φ𝛼) ∩ 𝒟−(Φ𝛽), with 𝛼 ≤ 1 and 𝛽 ≤ 1, since E|𝑋 | = ∞. Indeed, if
E(𝑋−) < ∞ (E(𝑋+) < ∞), we can apply Proposition 3.2 to 𝑋− (𝑋+), and focus only on 𝑋+

(𝑋−).
Consider the following decomposition:

𝜇(𝑉 ◦ F𝑛) =
∫ 𝑟

0
F
−1
𝑛 (𝑝)𝑑𝑉 (𝑝) +

∫ 1−𝑟

𝑟
F
−1
𝑛 (𝑝)𝑑𝑉 (𝑝) +

∫ 1

1−𝑟
F
−1
𝑛 (𝑝)𝑑𝑉 (𝑝). (1)

We first show that the second term of equation (1) converges a.s. to
∫ 1−𝑟
𝑟

𝐹−1(𝑝)𝑑𝑉 (𝑝), as
𝑛 → ∞. For 𝑟 > 0, 𝐹−1 is bounded in [𝑟, 1 − 𝑟] and F

−1
𝑛 converges a.s. and uniformly to 𝐹−1

in [𝑟, 1 − 𝑟]. Then,∫ 1−𝑟

𝑟
|F−1

𝑛 (𝑝) − 𝐹−1(𝑝) |𝑑𝑝 ≤ (1 − 2𝑟) sup
𝑝∈[𝑟 ,1−𝑟 ]

|F−1
𝑛 (𝑝) − 𝐹−1(𝑝) | →𝑎.𝑠. 0.
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Hölder’s inequality gives⃓⃓⃓
⃓
∫ 1−𝑟

𝑟
F
−1
𝑛 (𝑝)𝑑𝑉 (𝑝) −

∫ 1−𝑟

𝑟
𝐹−1(𝑝)𝑑𝑉 (𝑝)

⃓⃓⃓
⃓ ≤

∫ 1−𝑟

𝑟
|F−1

𝑛 (𝑝) − 𝐹−1(𝑝) |𝑑𝑉 (𝑝)

≤

(︃
sup

𝑝∈[𝑟 ,1−𝑟 )
𝑣(𝑝)

)︃ ∫ 1−𝑟

𝑟
|F−1

𝑛 (𝑝) − 𝐹−1(𝑝) |𝑑𝑝

≤ 𝐵

∫ 1−𝑟

𝑟
|F−1

𝑛 (𝑝) − 𝐹−1(𝑝) |𝑑𝑝 →𝑎.𝑠. 0.

Hence,
∫ 1−𝑟
𝑟

F
−1
𝑛 (𝑝)𝑑𝑉 (𝑝) →𝑎.𝑠.

∫ 1−𝑟
𝑟

𝐹−1(𝑝)𝑑𝑉 (𝑝).
Now, we need to show that the two tail blocks in equation (1) can be a.s. negligible if

𝑟 → 0. We first focus on the right-tail integral,
∫ 1

1−𝑟 F
−1
𝑛 (𝑝)𝑑𝑉 (𝑝). Recall that

𝑣(𝑝) =
1
𝑀

𝑝 𝑗−1(1 − 𝑝)𝑚− 𝑗 , 𝑝 ∈ [0, 1],

where 𝑀 = 1/𝐵( 𝑗 , 𝑚− 𝑗 +1) and 𝐵 denotes the beta function. By assumption, 1/𝛼 < 𝑚− 𝑗 +1,
where 𝛼 ≤ 1, so that 𝑚 > 𝑗 . Note that, as 𝑚 > 𝑗 ≥ 1, (1 − 𝑝)𝑚− 𝑗 is strictly decreasing and
𝑝 𝑗−1 is increasing in [0, 1], therefore, the product 𝑣(𝑝) is monotone decreasing for 𝑝 close to
1, say 𝑝 > 1 − 𝜆, for some 𝜆 ∈ (0, 1 − ( 𝑗 − 1)/(𝑚 − 1)), where ( 𝑗 − 1)/(𝑚 − 1) is the mode
of 𝑣. Hence, for every 𝑖 > (1 − 𝜆)𝑛, we have the following bounds∫ 𝑖/𝑛

(𝑖−1)/𝑛
𝑣(𝑝)𝑑𝑝 = 𝑀

∫ 𝑖/𝑛

(𝑖−1)/𝑛
𝑝 𝑗−1(1 − 𝑝)𝑚− 𝑗𝑑𝑝 ≤ 𝑀

1
𝑛

(︃
1 −

𝑖 − 1
𝑛

)︃𝑚− 𝑗

.

This implies that, for 𝑟 < 𝜆,

lim
𝑟→0

lim sup
𝑛→∞

⃓⃓⃓
⃓
∫ 1

1−𝑟
F
−1
𝑛 (𝑝)𝑑𝑉 (𝑝)

⃓⃓⃓
⃓

= lim
𝑟→0

lim sup
𝑛→∞

⃓⃓⃓
⃓

𝑛∑︂
𝑖=𝑛−[𝑛𝑟 ]+1

𝑋𝑖:𝑛

∫ 𝑖/𝑛

(𝑖−1)/𝑛
𝑣(𝑝)𝑑𝑝

⃓⃓⃓
⃓

≤ 𝑀 lim
𝑟→0

lim sup
𝑛→∞

⃓⃓⃓
⃓

𝑛∑︂
𝑖=𝑛−[𝑛𝑟 ]+1

𝑋𝑖:𝑛
1
𝑛

(︃
1 −

𝑖 − 1
𝑛

)︃𝑚− 𝑗 ⃓⃓⃓⃓
= 𝑀 lim

𝑟→0
lim sup
𝑛→∞

⃓⃓⃓
⃓
[𝑛𝑟 ]∑︂
𝑘=1

𝑋𝑛−𝑘+1:𝑛𝑛
−1−(𝑚− 𝑗 ) 𝑘𝑚− 𝑗

⃓⃓⃓
⃓.

Now, let

ℎ(𝑝) = (𝐹−1(𝑝))+.

Theorem 2 of [26] implies that

lim
𝑛→∞

𝑛∑︂
𝑘=1

𝑋𝑛−𝑘+1:𝑛𝑛
−1−(𝑚− 𝑗 ) 𝑘𝑚− 𝑗 =𝑎.𝑠.

∫ 1

0
(1 − 𝑝)𝑚− 𝑗ℎ(𝑝)𝑑𝑝,

if and only if

𝐸 (ℎ, 𝑗 , 𝑚) =
∫ 1

0
ℎ

1
𝑚− 𝑗+1 (𝑝)𝑑𝑝 < ∞,
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and

𝑄(ℎ, 𝑗 , 𝑚) =
∫ 1

0
(1 − 𝑝)𝑚− 𝑗ℎ(𝑝)𝑑𝑝 < ∞.

The condition 𝐸 (ℎ, 𝑗 , 𝑚) < ∞ is verified for 1/𝛼 < 𝑚 − 𝑗 + 1 because in this case 𝐹 has
all moments of order 𝜏 ∈ (0, 𝛼) [19, p. 9], therefore (𝐹−1)𝜏+ is surely integrable. With regard
to 𝑄(ℎ, 𝑗 , 𝑚), note that, if 𝐹 ∈ 𝒟+(Φ𝛼), then we can write 1 − 𝐹 (𝑥) = 𝑥−𝛼𝐿 (𝑥), where 𝐿

is slowly varying at infinity [31, p. 15]. It is well-known that, in this case, the tail-quantile
function𝑈 (𝑡) = 𝐹−1(1−1/𝑡) is regularly varying, for 𝑡 → ∞, with tail index 1/𝛼 [9, Theorem
1.5.12]. This means that we can write 𝑈 (𝑡) = 𝑡1/𝛼˜︁𝐿(𝑡), where ˜︁𝐿 is slowly-varying, and

𝐹−1(𝑝) = (1 − 𝑝)−1/𝛼˜︁𝐿(1/(1 − 𝑝)).

Now, the integral 𝑄(ℎ, 𝑗 , 𝑚) converges if and only if, for some 𝛾 ∈ (0, 1),∫ 1

1−𝛾
(1 − 𝑝)−1/𝛼+𝑚− 𝑗˜︁𝐿 (︁ 1

1−𝑝

)︁
𝑑𝑝 =

∫ ∞

1/𝛾
𝑥−1/𝛼+𝑚− 𝑗−2˜︁𝐿 (𝑥)𝑑𝑥 < ∞,

which holds again for 1/𝛼 < 𝑚 − 𝑗 + 1 [9, Proposition 1.5.10]. We conlude that∫ 1
1−𝑟 F

−1
𝑛 (𝑝)𝑑𝑉 (𝑝) tends a.s. to a finite quantity, therefore, by letting 𝑟 → 0, the third term in

equation (1) vanishes with probability 1.
By similar reasoning, for sufficiently small 𝑟,

lim
𝑟→0

lim sup
𝑛→∞

⃓⃓⃓
⃓
∫ 𝑟

0
F
−1
𝑛 (𝑝)𝑑𝑉 (𝑝)

⃓⃓⃓
⃓

≤ 𝑀 lim
𝑟→0

lim sup
𝑛→∞

[𝑛𝑟 ]∑︂
𝑘=1

|𝑋𝑘:𝑛 |𝑘
𝑗−1𝑛− 𝑗 .

By Theorem 1 of [26], and using symmetric arguments, one can show that, for 𝑟 → 0, the
first integral in equation (1) converges to 0 a.s. whenever 𝑗 > 1/𝛽. Finally, for every 𝜖 > 0,
there exist some 𝑟 𝜖 such that, for 𝑟 < 𝑟 𝜖 , there exists an index 𝑁 = 𝑁 (𝑟 𝜖 ) such that, for all
𝑛 > 𝑁 , we have a.s.,

|𝜇 𝑗:𝑚(F𝑛) − 𝜇 𝑗:𝑚(𝐹) |

≤
(︁ ∫ 𝑟

0
+

∫ 1

1−𝑟

)︁
|F−1

𝑛 (𝑝) |𝑑𝑉 (𝑝) +

∫ 1−𝑟

𝑟
|F−1

𝑛 (𝑝) − 𝐹−1(𝑝) |𝑑𝑉 (𝑝) < 𝜖,

concluding the proof. □

Proof of Lemma 4.2. Let 𝐻𝑛 be a realisation of H𝑛, with jumps at points 𝑦1, ..., 𝑦𝑛. Given
𝐻𝑛, let 𝐹𝑛 = 𝐻𝑛 ◦ 𝐻

−1 ◦ 𝐹. 𝐹𝑛 is the empirical CDF with jumps at points 𝑥𝑖 = 𝐹−1 ◦ 𝐻 (𝑦𝑖),

𝑖 = 1, ..., 𝑛, so it may be seen as a realisation of F𝑛. Now,

𝐻−1
𝑛 ◦ 𝐹𝑛 = 𝐼𝑛 ◦ 𝐻

−1 ◦ 𝐹,

where 𝐼𝑛 is a step function such that 𝐼𝑛 (𝑦𝑖) = 𝑦𝑖 , 𝑖 = 1, ..., 𝑛. Therefore the convex function
𝐻−1 ◦ 𝐹 interpolates the jump points of 𝐻−1

𝑛 ◦ 𝐹𝑛. Since ˜︁𝐻−1
𝑛 ◦ ˜︁𝐹𝑛 and 𝐻−1

𝑛 ◦ 𝐹𝑛 coincide at
points 𝑥𝑖 , we conclude that ˜︁𝐻−1

𝑛 ◦ ˜︁𝐹𝑛 is a convex function, interpolating 𝐻−1
𝑛 ◦ 𝐹𝑛. Now, let

𝑋∗ and 𝑌 ∗ be the RVs with CDFs 𝐹𝑛 and 𝐻𝑛. Jensen’s inequality implies that

E𝑋∗
𝑗:𝑚 =

∫
𝑥𝑑𝐹𝐵 𝑗:𝑚 ◦ 𝐹𝑛 (𝑥) ≤ ˜︁𝐹−1

𝑛 ◦ ˜︁𝐻𝑛

(︃ ∫ ˜︁𝐻−1
𝑛 ◦ ˜︁𝐹𝑛 (𝑥)𝑑𝐹𝐵 𝑗:𝑚 ◦ 𝐹𝑛 (𝑥)

)︃
.
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By a change of variables, taking into account that 𝐹𝑛 ◦ ˜︁𝐹−1
𝑛 ◦ ˜︁𝐻𝑛 = 𝐻𝑛,∫ ˜︁𝐻−1

𝑛 ◦ ˜︁𝐹𝑛 (𝑥)𝑑𝐹𝐵 𝑗:𝑚 ◦ 𝐹𝑛 (𝑥) =
∫

𝑥𝑑𝐹𝐵 𝑗:𝑚 ◦ 𝐻𝑛 (𝑥) = E𝑌 ∗
𝑗:𝑚,

which implies that

˜︁𝐹𝑛
(︃ ∫

𝑥𝑑𝐹𝐵 𝑗:𝑚 ◦ 𝐹𝑛 (𝑥)

)︃
≤ ˜︁𝐻𝑛

(︃ ∫
𝑥𝑑𝐹𝐵 𝑗:𝑚 ◦ 𝐻𝑛 (𝑥)

)︃
.

This inequality holds for every possible realization 𝐻𝑛 of H𝑛. Therefore, Theorem 1.A.1 of
[34] yields that ˜︁F𝑛 (𝜇 𝑗:𝑚(F𝑛)) ≤𝑠𝑡

˜︁H𝑛 (𝜇 𝑗:𝑚(H𝑛)). □

Proof of Theorem 4.3. We prove just part 1. Given random variables𝑈 𝑗 and 𝑍 𝑗 , 𝑗 = 1, . . . , 𝑚,
such that 𝑈 𝑗 ≤𝑠𝑡 𝑍 𝑗 for every 𝑗 = 1, . . . , 𝑚, Theorem 1.A.3 of [34] establishes that
𝜓(𝑈1, . . . ,𝑈𝑚) ≤𝑠𝑡 𝜓(𝑍1, . . . , 𝑍𝑚), for every increasing function 𝜓 : R

𝑚 → R. Given
some vector (𝑧1, . . . , 𝑧𝑚), the function

˜︁𝜓𝑝 (|𝑧1 |, . . . , |𝑧𝑚 |) = | | (𝑧1, . . . , 𝑧𝑚) | |𝑝 =
(︁ 𝑚∑︂
𝑗=1

|𝑧 𝑗 |
𝑝 )︁1/𝑝

, 𝑝 ≥ 1,

is increasing. Now, let

˜︁𝑍 𝑗 =
(︁
𝜋𝐺𝑗 −˜︁F𝑛 (𝜇 𝑗:𝑚(F𝑛))

)︁
+
,

and

˜︁𝑈 𝑗 =
(︁
𝜋𝐺𝑗 − ˜︁H𝑛 (𝜇 𝑗:𝑚(H𝑛))

)︁
+
.

By reversing signs, Lemma 4.2 implies that ˜︁𝑈 𝑗 ≤𝑠𝑡 ˜︁𝑍 𝑗 for every 𝑗 = 1, . . . , 𝑚. Now, Theorem
1.A.3 of [34] yields

𝑇𝐺+
𝑚,𝑝 (H𝑛) = ˜︁𝜓𝑝 (|˜︁𝑈1 |, . . . , |˜︁𝑈𝑚 |) ≤𝑠𝑡 ˜︁𝜓𝑝 (|˜︁𝑍1 |, . . . , |˜︁𝑍𝑚 |) = 𝑇𝐺+

𝑚,𝑝 (F𝑛).

Therefore, by definition of the usual stochastic order,

𝑃(𝑇𝐺+
𝑚,𝑝 (F𝑛) ≥ 𝑡) ≥ 𝑃(𝑇𝐺+

𝑚,𝑝 (H𝑛) ≥ 𝑡),

for every 𝑡. Taking 𝑡 = 𝑐+𝛼,𝑛, the proof is concluded. □

Proof of Proposition 4.5. Again, we just prove the first assertion.

|˜︁G𝑛 (𝜇 𝑗:𝑚(G𝑛)) − 𝐺 (𝜇 𝑗:𝑚(𝐺)) | ≤

|˜︁G𝑛 (𝜇 𝑗:𝑚(G𝑛)) − ˜︁G𝑛 (𝜇 𝑗:𝑚(𝐺)) | + |˜︁G𝑛 (𝜇 𝑗:𝑚(𝐺)) − 𝐺 (𝜇 𝑗:𝑚(𝐺)) |.

Noticing that sup𝑥 |
˜︁G𝑛 (𝑥) − G𝑛 (𝑥) | ≤ 1/𝑛 → 0, the two terms converge a.s. to 0 by Proposi-

tion 3.2 and by the Glivenko-Cantelli theorem, respectively. Therefore, for every 𝑗 = 1, ..., 𝑚,˜︁G𝑛 (𝜇 𝑗:𝑚(G𝑛)) →𝑎.𝑠. 𝐺 (𝜇 𝑗:𝑚(𝐺)). Accordingly, if ℋ𝐺
0 is true, the continuity of the 𝐿 𝑝 norm

and the continuous mapping theorem imply

𝑇𝐺+
𝑚,𝑝 (G𝑛) =

(︃ 𝑚∑︂
𝑘=1

(𝜋𝑘:𝑚 − ˜︁G𝑛 ( 𝜇̂𝑘:𝑚))
𝑝
+

)︃1/𝑝
→𝑎.𝑠. 𝑇

𝐺+
𝑚,𝑝 (𝐺) = 0.
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Then, the (1− 𝛼)-quantile of 𝑇𝐺+
𝑚,𝑝 (G𝑛), 𝑐+𝛼,𝑛, also tends to 0. Under ℋ𝐺+

1 , 𝐺−1 ◦ 𝐹 is convex
and not affine, therefore it is strictly convex, and Jensen’s inequality holds strictly. Then,
for 𝑗 ∈ {1, . . . , 𝑚}, ˜︁F𝑛 ( 𝜇̂ 𝑗:𝑚) →𝑎.𝑠. 𝐹 (𝜇 𝑗:𝑚) < 𝜋𝐺𝑗:𝑚. By continuity of the 𝐿 𝑝 norm, the
continuous mapping theorem implies

𝑇𝐺+

𝑚,𝑝 (F𝑛) =

(︃ 𝑚∑︂
𝑘=1

(𝜋𝐺𝑘:𝑚 −˜︁F𝑛 ( 𝜇̂𝑘:𝑚))
𝑝
+

)︃1/𝑝
→𝑎.𝑠.

(︃ 𝑚∑︂
𝑘=1

(𝜋𝐺𝑘:𝑚 − 𝐹 (𝜇𝑘:𝑚))
𝑝
+

)︃1/𝑝
= 𝑇𝐺+

𝑚,𝑝 (𝐹) = 𝑑,

where 𝑑 is some positive number. Given some 0 < 𝜖 < 𝑑, there exists some 𝑛0 such that, for
𝑛 > 𝑛0, |𝑇

𝐺+

𝑚,𝑝 (F𝑛) −𝑇
𝐺+

𝑚,𝑝 (𝐹) | < 𝜖 , a.s., so that 𝑇𝐺+

𝑚,𝑝 (F𝑛) > 𝑑− 𝜖 with probability 1. However,
as 𝑐+𝛼,𝑛 → 0 and 𝜖 is arbitrarily small, it follows that lim𝑛→∞ 𝑃(𝑇𝐺+

𝑚,𝑝 (F𝑛) ≥ 𝑐+𝛼,𝑛) = 1. □
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