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Abstract: We consider instrumental variable estimation of the propor-
tional hazards model. The instrument and the endogenous variable are
discrete but there can be (possibly continuous) exogenous covariables. We
can reformulate the proportional hazards model into a semiparametric in-
strumental variable quantile regression model by assuming rank invariance.
A naive estimation approach based on conditional moment conditions gen-
erated by the model would lead to a highly nonconvex and nonsmooth ob-
jective function. To overcome this problem, we propose a new presmooth-
ing methodology. First, we estimate the model nonparametrically - and
show that this nonparametric estimator has a closed-form solution in the
leading case of interest of randomized experiments with one-sided noncom-
pliance. Second, we use the nonparametric estimator to generate “proxy”
observations for which exogeneity holds. Third, we apply the usual partial
likelihood estimator to the “proxy” data. While the paper focuses on the
proportional hazards model, our presmoothing approach could be applied
to estimate other semiparametric formulations of the instrumental variable
quantile regression model. Our estimation procedure allows for random
right-censoring. We show asymptotic normality of the resulting estimator.
The approach is illustrated via simulation studies and an empirical appli-
cation to the Illinois Unemployment Incentive Experiment.
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1. Introduction

The proportional hazards (henceforth, PH) model, first introduced in [14]’s sem-
inal paper, has become a popular tool for analyzing time-to-event data, such as
the unemployment duration of job seekers or the duration until the bankruptcy
of some firms. It is a semiparametric model of the hazard rate, which has the
convenient property that the nonparametric component of the model - called
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the baseline hazard - can be profiled out in the likelihood. The resulting partial
likelihood allows for a simple and stable estimation procedure of the parametric
part of the model.

In practice, observational data may be affected by unmeasured confounding
that influences both the treatment and the outcome, creating an endogeneity
issue. In econometrics, a common solution to the endogeneity problem is the
use of an instrumental variable (henceforth, IV) approach. There exists several
different IV models, which differ in terms of the unobserved heterogeneity that
they allow.

In this paper, we address the problem of endogeneity in the PH model by
embedding the problem in the instrumental variable quantile regression (hence-
forth, IVQR) model introduced in [12]. Indeed, by making a rank invariance
assumption, we reformulate the proportional hazards model into a semiparamet-
ric version of the instrumental variable quantile regression model of [12]. This
allows us to use some of the tools from the literature on the IVQR model. The
IVQR model and its associated estimation procedures have become popular in
econometrics research, see Chapter 9 in [22] for a recent review. By constraining
the treatment effects to only vary by quantile, this approach allows estimating
quantile treatment effects over the full population. This is in contrast to the
local average treatment effects framework of [3], which does not restrict the het-
erogeneity of treatment effects but requires a monotonicity assumption to hold
and only allows to estimate treatment effects on subpopulations. See [33] for a
detailed comparison of the two approaches.

One of the main difficulties generated by the IVQR model is estimation. The
causal regression function of interest can be shown to be the solution of a sys-
tem of nonlinear integral equations. A natural approach to estimation is to solve
an empirical version of this system. However, as noted in [13], when the causal
regression function follows a (semi)parametric model this leads to a severely
nonsmooth and nonconvex objective function. For the linear-in-parameters semi-
parametric quantile regression model, some ingenious solutions to this problem
have been developed in [13], [21] and [20] among others. Based on our knowl-
edge, no general method for estimating the semiparametric IVQR relying on
convex optimization exists.

In this paper, we focus on the case where the endogenous variable and the
instrument are both discrete and there are (possibly continuous) exogenous co-
variables. To simplify the exposition, we assume that the endogenous variable
and the instrument have the same number of modalities (i.e. the same cardi-
nality of the support). This setting is very relevant in practice since it includes
randomized experiments with noncompliance (where both the instrument and
the endogenous variable are binary), which is the main focus of [12], or, more
recently, [32]. In the remainder of the paper, we often call “treatment” the dis-
crete endogenous variable because of this link. As common with time-to-event
data, we assume that the outcome variable is randomly right-censored, where
the censoring time is conditionally independent of the outcome.

We propose a new solution to the problem of estimating IVQR models with a
causal semiparametric quantile regression function. We apply this new method-
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ology to the PH model but stress that it could be useful in other semiparametric
models, such as the proportional odds model or distribution regression. This ap-
proach is based on a presmoothing strategy. Our procedure can be summarized
in three steps.

1. First, we estimate nonparametrically the causal quantile regression func-
tion.

2. Second, we use this nonparametrically estimated causal quantile regres-
sion function to generate “proxy” observations for which the treatment is
exogenous.

3. Finally, we apply the celebrated partial likelihood estimator of [14] to the
“proxy” observations.

For Step 1, we use [4]’s estimator of the conditional survival function to con-
struct an empirical version of the system of equations generated by the model
and then solve the estimated system to obtain the causal regression function of
interest. This allows us to deal with random right-censoring, a common feature
of duration data. We note that Step 1 is the most critical phase of the estima-
tion due to its nonparametric nature. However, the primary rationale behind
the presmoothing methodology is to project an infinite-dimensional space onto a
finite-dimensional one, thereby enhancing the robustness of the final parametric
estimator. Specifically, the nonparametric estimation phase proposed in Step 1
is used in Steps 2 and 3 to estimate the parametric component of the model.
Consequently, the challenge of obtaining a precise estimator for causal quantile
regression becomes less critical, as the final parametric estimator is based on the
average values derived from the nonparametric estimator. Moreover, the com-
plexity of Step 1 is mitigated by the fact that the treatment and instrument are
discrete, rendering the inverse problem well-posed. Additionally, in the practi-
cally relevant case of randomized experiments with one-sided noncompliance –
where both the treatment and the instrument are binary, and there is full com-
pliance in the control group – our nonparametric estimator has a closed-form
expression. Finally, we observe that the extensive literature on [4]’s estimator
can be leveraged to simplify, improve, and innovate the first step procedure.

The fact that we can use the partial likelihood estimator in Step 3 is very
convenient since the latter has a convex objective function and is implemented
in traditional statistical software. We stress again that the proposed procedure
could be applied to other models (such as the proportional odds model or distri-
bution regression) by replacing Step 3 with standard estimators of these models
(under exogeneity). The main advantage of our procedure is to bring us back (in
Step 2) to the case of exogenous data, which is well-studied and for which most
semiparametric models were originally motivated. One may wonder why we do
not use directly the nonparametric estimator of Step 1 to analyze the causal
effect of the treatment variable. This is because the estimate of the regression
coefficient in the Cox model is likely to be much more precise. Moreover, it has
a direct interpretation as a causal hazard ratio.

We show that the resulting estimator is asymptotically normal. We also de-
velop a theory for the nonparametric estimator of Step 1 which is new to the
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literature. Simulations demonstrate that our estimator possesses good finite
sample properties. Finally, the procedure is applied to evaluate the causal effect
of reemployment bonuses using data from the Illinois Unemployment Incentive
Experiment.

We call our methodology presmoothing because it is related to literature in
(semi)parametric statistics advocating for estimation procedures that first use
nonparametric estimators before projecting the nonparametric estimators on
(semi)parametric spaces in a second step, see [15, 1] or, more recently, [23].
The main takeaway from this statistical literature is that, asymptotically, the
two-step estimator recovers the property of the “oracle” second-step estimator
(which assumes that the nonparametric object estimated in the first step is
known). Presmoothing is particularly useful in cases where estimating directly
the semiparametric model is complicated while nonparametric estimation is sim-
pler. One of the contributions of this article is to bring this presmoothing tool
to econometrics.

Finally, before outlining the different sections of the paper, we note that there
already exist quite a few papers studying instrumental variable methods for du-
ration models. To the best of our knowledge, no other paper considers the PH
model embedded in the IVQR model. Please note, that for reasons of space, we
do not cite all relevant works. [8] consider a mixed proportional hazards model
in which the unobserved heterogeneity enters multiplicatively, that is differently
from the IVQR model. [30] considers a PH model with endogeneity but they
make an additive (rather than quantile) homogeneity of treatment effects as-
sumption. As argued in [12], the restrictions on unobserved heterogeneity in
the IVQR model can be seen as weaker. [5] studies the nonparametric IVQR
model with random right censoring with discrete treatment and instrument but
no covariates. The present paper generalizes [5] by allowing for continuous co-
variables in nonparametric estimation and studying the three-step estimation of
the PH model. [19, 11, 29, 7] study the linear-in-parameters IVQR model under
random right-censoring but do not cover the PH model. The way we reformulate
the PH duration model into an IVQR model is related to the reformulation of
the dynamic duration model into a dynamic IVQR model in [6].

The rest of the paper is organized as follows. In Section 2, we specify the
model. Identification results are derived in Section 3. Section 4 is devoted to the
estimation theory. In Section 5 we discuss the asymptotic theory of the proposed
estimator. In Section 6, the finite sample performance of the proposed method
is investigated through simulations. In Section 7, we illustrate the method by
means of an empirical application of the method. Technical details and proofs
can be found in the Appendix.

2. Model

2.1. The duration model

We are interested in the effect of an endogenous treatment Z on a non-negative
outcome T . We consider a treatment Z = (Z1, . . . , ZdZ

)� expressed as a vector
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of dZ binary variables and taking L different values {z1, . . . , zL} = Z. In our
data example e.g., we have a categorical treatment with three levels that can be
defined by means of two binary (dummy) variables, so dZ = 2. Since there are
three levels, L = 3 in this case and z1 = (0, 0)�, z2 = (1, 0)�and z3 = (0, 1)�.
There are some covariables X with compact support X ⊂ R

dX . Let T (z) be the
potential outcome duration under treatment equal to z ∈ Z. Let us assume that
the distribution of T (z) given X = x is continuous for all x ∈ X and also define
by

λ(z, t|x) := lim
dt→0

P(T (z) ∈ [t, t + dt]|T (z) ≥ t,X = x)
dt

the structural hazard of T (z) given X = x at time t ∈ R+. We impose the
consistency condition T = T (Z). We also assume that T (z) given X = x follows
a proportional hazards model, that is there exists a baseline hazard λ0 : R+ −→
R+ and a vector of regression coefficients β0 = (β�

0,z, β
�
0,x)� ∈ R

dZ+dX such that

λ(z, t|x) = λ0(t) exp((z�, x�)β0), for all (z, x, t) ∈ Z × X × R+. (1)

Remark that this proportional hazards assumption implies that the support
of T (z) given X = x does not depend on z, x and is equal to that of λ0, or
equivalently of T . We denote by T this support of λ0. Let us now define the
structural cumulative hazard

Λ(z, t|x) :=
∫ t

0
λ(z, s|x)ds = Λ0(t) exp((z�, x�)β0),

where Λ0(t) :=
∫ t

0 λ0(s)ds is the cumulative baseline hazard. Let us also in-
troduce Q(z) := Λ(z, T (z)|X), which is the structural hazard of T (z) given X
evaluated at T (z). The random variables {Q(z)}z∈Z can be thought of as the
unobserved heterogeneity of the model. We make the following Assumption.

Assumption 1. The following holds

(i) There exists a random variable Q such that Q(z) = Q for all z ∈ Z;
(ii) The strictly positive baseline hazard λ0 is continuous and its support T is

a bounded interval.

By Assumption 1 (ii), the structural cumulative hazard Λ(z, ·|x) is strictly
increasing on T . Hence, we can define the inverse of Λ(z, ·|x) on T , which we
denote by Λ(z, ·|x)−1. This means that Λ(z, ·|x)−1(s) is the unique element t of
T such that Λ(z, t|x) = s (by definition the image of the cumulative hazard on
T is R+ so that Λ(z, ·|x)−1(s) is defined on all R+). Because of this, we have
T (z) = Λ(z, ·|X)−1(Q). Assumption 1 (i) then implies that for two subjects i
and j such that Xi = Xj , Ti(z) > Tj(z) implies Qi(z) = Qi > Qj = Qj(z),
which leads to Ti(z′) > Tj(z′), for all z, z′ ∈ Z. Hence, under Assumption 1
(i) the rank in the outcome of any two subjects is the same across all potential
outcomes. Because of this, Assumption 1 (i) is a rank invariance assumption
as in [12]. This assumption restricts the heterogeneity of the treatment effects
on the duration: the treatment can change the quantiles of the distribution
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of the potential outcomes but it cannot change the rank that a subject has
in this distribution. Moreover, note that the rank invariance assumption does
not restrict the possible values of the structural hazard λ(z, t|x) beyond the
continuity condition in Assumption 1 (ii) and therefore, in this sense, rank
invariance is not a constraint on the marginal distribution of T (z) given X. It
only imposes limits on the joint distribution of potential outcomes, that is the
distribution of (T (z))z∈Z . This rank invariance assumption could be relaxed
into a rank similarity assumption as in [12], which corresponds to assuming
that Q(z)|X,W,Z is distributed as a random variable Q for each z ∈ Z. While
all the results can be obtained under such a relaxed assumption (see [12]), we
considered the more stringent assumption as it simplifies the argument and its
meaning might be clearer for the reader. Remark that Assumption 1 allows us
to write

Λ0(T ) exp((Z�, X�)β0) = Q. (2)

We assume to observe a categorical instrumental variable W . To simplify the
theoretical arguments, we also suppose that the instrument has the same number
of modalities as the treatment. Therefore, W has support W = {w1, . . . , wK} ⊂
R

dW . Differently from the variable Z, the instrument W does not need to consist
of binary variables. Importantly, assuming that the cardinalities of the support
of Z and W are equal does not limit our discussion to a specific case. First, it
would be possible, but burdensome, to extend both identification and estimation
results to the case where the number of modalities of W is greater or equal to
the number of modalities of Z. Second, it is always possible to obtain the same
number of modalities between Z and W by aggregation of modalities of W . We
impose the following condition, where we denote by Q the variable Q(X).

Assumption 2. W ⊥⊥ Q|X,

where ‘⊥⊥’ stands for statistical independence. This assumption formalizes
the exogeneity of the instrument W when conditioning with respect to the co-
variables X. The duration T is randomly right censored by a random variable
C with support in R+ so that we do not observe T but Y = min(T,C). The
observables are (Y, δ, Z,X,W ), where δ = I(T ≤ C). We impose the following
standard independent censoring assumption:

Assumption 3. T ⊥⊥ C|Z,X,W .

2.2. Reformulation as a semiparametric IVQR model

In this section, thanks to Assumption 1, we reformulate the duration model into
a semiparametric IVQR model. Let us define, for u ∈ [0, 1],

ϕ(z, x, u) = Λ−1
0

(
− log(1 − u)

exp((z�, x�)β0)

)
. (3)

and U = 1 − exp(−Q). By standard arguments in duration analysis, Q|X fol-
lows a unit exponential distribution, so that U |X follows a standard uniform
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distribution. Then, inverting equation (2), we obtain that

T = ϕ(Z,X,U), U |W,X ∼ U [0, 1], (4)

where U [0, 1] stands for the uniform distribution on [0, 1]. Remark that by As-
sumption 1 (ii) and the inverse function theorem, ϕ(z, x, ·) is strictly increasing
and differentiable with continuous derivative on [0, 1], for all (z, x) ∈ Z × X .
As claimed in the introduction, this is an IVQR model as in [12], where the
causal quantile regression function ϕ follows the semiparametric model given in
(3), which is generated by the proportional hazards assumption on the struc-
tural hazard. From now on, this paper will analyze directly this semiparametric
IVQR model.

Notation. Finally, we introduce some additional notation. Define V = (Z,X) ∈
V = Z × X ⊂ R

dV , where dV = dZ + dX . For v = (z, x), we write ϕ(v, ·)
for ϕ(z, x, ·). For l = 1, . . . , L, we also write ϕx

l (·) for ϕ(zl, x, ·) and ϕx(·) for
(ϕx

l (·))Ll=1.

3. Identification

In this section, we provide an identification result of the parameter of interest
β0. The identification can be obtained in two steps. First, we analyze the identi-
fication of ϕ. Second, we study the identification of β0 given the first step. Note
that we keep the analysis of identification brief since it does not constitute the
main contribution of the paper (which is the estimation procedure).

3.1. Identification of ϕ

Let us first recall the standard characterization of ϕ as the solution to a system
of nonlinear equations as in [12], that is, for every x ∈ X , ϕx(u) is a solution of
the following system of equations in (θl)Ll=1 ∈ R

L
+:

L∑
l=1

F (θl, zl|x,wk) = u for k = 1, . . . ,K, u ∈ (0, 1), (5)

where F (t, z|x,w) = P (T ≤ t, Z = z|X = x,W = w). Indeed, by the fact that
ϕ(z, x, ·) is strictly increasing and the independence between U and (W,X), for
all k ∈ {1, . . . ,K}, it follows that:

L∑
l=1

F (ϕx
l (u), zl|x,wk) =

L∑
l=1

P (T ≤ ϕx
l (u), Z = zl|X = x,W = wk)

=
L∑

l=1
P (ϕx

l (U) ≤ ϕx
l (u), Z = zl|X = x,W = wk)
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=
L∑

l=1
P (U ≤ u, Z = zl|X = x,W = wk)

= P (U ≤ u|X = x,W = wk) = u.

[12] give conditions under which there is a unique solution to (5). In the context
of the PH model, there is an additional layer of complexity due to the fact
that F is not identified everywhere because of censoring. For z ∈ Z, x ∈ X
and w ∈ W, let us denote by cz,x,w the upper bound of the support of the
distribution of C given Z = z,X = x,W = w. Also, given two real numbers
c, d, we denote by c∧ d the value min(c, d). Moreover, let t̄ be the upper bound
of T . Thanks to Assumption 3 and by standard “Kaplan-Meier type” arguments
from the duration analysis literature, F (·, z|x,w) is identified on [0, t̄ ∧ cz,x,w],
and t̄ ∧ cz,x,w is itself identified. Let us now introduce

ūx = inf
z∈Z,w∈W

ϕ(z, x, ·)−1(t̄ ∧ cz,x,w),

where ϕ(z, x, ·)−1(t) = inf{u ∈ R+ : ϕ(z, x, u) ≥ t} is the pseudo-inverse of
ϕ(z, x, u). For u ≤ ūx, the left-hand-side of (5) will be identified at (θ�)L�=1 =
ϕx(u) for all x ∈ X , so that identification can follow along the lines of [12]. We
provide below an identification result assuming that the solutions to the system
(5) are unique, a property for which sufficient conditions can be found in [12].

Theorem 3.1. Let Assumptions 1, 2 and 3 hold and assume that (5) has a
unique solution in R

L
+ for all u ∈ [0, 1]. Then, ūx is identified and ϕ(z, x, u) is

identified for all z ∈ Z, x ∈ X , u ∈ [0, ūx].

In certain applied situations, such as with one-sided non-compliance, it is
possible to establish straightforward and interpretable identification conditions
for ϕ. We explore this topic in more detail in Appendix G.

3.2. Identification of β0

The proof of identification of β0 is constructive, meaning that we can use its
rationale to estimate β0 in the subsequent section. The proof uses the knowledge
of ϕ to solve the problem of identifying β0 under exogeneity.

Formally, let ū := infx∈X ūx. From Theorem 3.1, ϕ is identified for (z, x, u) ∈
Z×X × [0, ū]. As ū is not known precisely in practice, we choose a point Ū such
that 0 < Ū < ū. We then define two random variables Ug and U c

g such that
(Ug, U c

g ) ⊥⊥ (Z,X). The subscript ‘g’ highlights that these random variables
are generated. The variable Ug is drawn from a uniform distribution U [0, 1], is
independent of U c

g , and serves as the generative process. U c
g acts as a censoring

variable for Ug with support in [0, Ū ], ensuring min(Ug, U
c
g ) does not exceed Ū ,

thus respecting the identification constraints. Hence, any continuous distribution
on [0, Ū ] for U c

g is acceptable and we discuss in Appendix A preferable choices.
We then define the random variables Tg = ϕ(Z,X,Ug), Cg = ϕ(Z,X,U c

g ),
Yg = Tg ∧ Cg and Δ = I(Tg ≤ Cg). By Theorem 3.1, the distribution of
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(Yg,Δ, Z,X) is identified. As shown in Section 2, the random variable Tg follows
a PH model with parameter β0, where exogeneity holds as Ug is independent of
(Z,X). Furthermore, the censoring mechanism is conditionally independent as
Tg ⊥⊥ Cg|Z,X by construction. Hence, β0 is identifiable from the distribution of
(Yg,Δ, Z,X) under standard assumptions for the identification of the PH model
(e.g., see [24]).

This argument leads us to the following theorem.

Theorem 3.2. Let the assumptions of Theorem 3.1 hold and assume that ū > 0
and E[V V �] has full rank, then β0 is identifiable.

For later theoretical discussions, it will be beneficial to set Ũ = min(Ug, U
c
g ).

We will also employ the equalities Yg = ϕ(Z,X, Ũ) and Δ = I(Ug ≤ U c
g ).

4. Estimation

In this section, we discuss the estimation of the parameter vector β0, given
an independent and identically distributed (iid) sample {(Yi, δi, Zi, Xi,Wi)}ni=1
of observables. We first outline a naive, but ultimately unsuitable approach to
estimation before presenting the three steps of the estimation procedure men-
tioned in the introduction. For the sake of simplicity, we restrict ourselves to
the case dX = 1, so that the already involved conditions we state next do not
depend on the parameter dX . Note that this method can also be applied to
higher-dimensional covariate vectors. However, it is important to exercise cau-
tion, as nonparametric techniques are susceptible to the curse of dimensionality.
Therefore, it is advisable for researchers to consider using dimension reduction
techniques, such as those presented in [16].

4.1. Naive approach

4.1.1. Direct substitution

A naive approach to estimation would proceed as follows. By substituting equa-
tion (3) into (5), we obtain

L∑
l=1

F

(
Λ−1

0

(
− log(1 − u)

exp((z�l , x�)β0)

)
, zl

∣∣∣∣x,wk

)
= u for k = 1, . . . ,K, u ∈ [0, ū).

Thus, since for any k = 1, . . . ,K, for any u ∈ [0, ū), and for any x ∈ X we have
that

∑L
l=1 F

(
Λ−1

0

(
− log(1−u)

exp((z�
l ,x�)β0)

)
, zl

∣∣∣x,wk

)
−u = 0, we can integrate over u,

sum over k and take the expected value with respect to X in order to obtain:

E

⎡
⎣∫ ū

0

K∑
k=1

[
L∑

l=1

F

(
Λ−1

0

(
− log(1 − u)

exp((z�l , X�)β0)

)
, zl

∣∣∣∣X,wk

)
− u

]2

du

⎤
⎦ = 0. (6)
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One could estimate F by a conditional [4]’s estimator (see Section 4.2.1 for its
definition) and then obtain an empirical analog to equation (6). This empirical
criterion could be minimized over Λ0 and β0. As noted in the introduction, this
approach would result in a highly nonsmooth and nonconvex problem.

4.1.2. Standard presmoothing methodology

The practice of estimating a (semi)parametric model based on a previously es-
timated nonparametric model was first proposed in the literature to enhance
robustness in the estimation procedure, as discussed by [15, 1] and more re-
cently by [23]. In these approaches, the quantity of interest is initially estimated
nonparametrically, and this estimator is then used as the outcome for estimating
the (semi)parametric model.

However, directly using the estimator ϕ̂ to estimate β0 and Λ0 would again
result in a highly non-convex problem. Specifically, this approach would require
the use of equation (3) and thus estimating (Λ0, β0) based on the minimization
of an objective function L(Λ, β) of the form

L(Λ, β) = E

[∫ Ū

0

{
ϕ̂(Z,X, u) − Λ−1

(
− log(1 − u)

exp((Z�, X�)β

)}2

du
]
,

which presents similar difficulties as those in (6). Therefore, we take this method
a step further, as explained in the following section.

4.2. Our estimation procedure

4.2.1. Step 1: Nonparametric estimator of ϕ

We first build a nonparametric estimator of ϕ. The estimator is based on (5),
where F is first estimated via a conditional Beran’s estimator [4].

Step 1.1: Nonparametric estimator of F under random right censoring
Remark that F (t, z|x,w) = F (t|z, x, w)pz,x,w, where F (t|z, x, w) = P (T ≤
t|Z = z,X = x,W = w) and pz,x,w = P (Z = z|X = x,W = w). We pro-
pose to estimate F (t|z, x, w) non-parametrically using the [4] estimator, given
by

F̃ (t|z, x, w) = 1 −
n∏

j=1

[
1 − Bz,w

h (x−Xj , Zj ,Wj)∑n
k=1 I(Yk ≥ Yj)Bz,w

h (x−Xk, Zk,Wk)

]ηj(t)
, (7)

where ηj(t) = I(Yj ≤ t, δj = 1) and Bz,w
h (x−Xk, Zk,Wk) is a sequence of non-

negative weights adding up to 1. In our case, we adopt the Nadaraya-Watson
type weights, which are specified as follows:

Bz,w
h (x−Xk, Zk,Wk) =

K(x−Xk

h )I(Zk = z,Wk = w)∑n
i=1 K(x−Xi

h )I(Zi = z,Wi = w)
, (8)
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where K(·) is a univariate kernel function, and h = hn is a bandwidth depending
on n and converging to zero as n −→ ∞. To ensure that the final criterion function
is smooth, we smooth F̃ with respect to time. Consider a further kernel K̃ and
define H(t) =

∫ t

−∞ K̃(u)du, with a bandwidth ε = εn depending on n and
converging to zero as n −→ ∞. We obtain

F̂ (t|z, x, w) =
∫

H
( t− u

ε

)
dF̃ (u|z, x, w). (9)

Consider now the following estimator for the quantity pz,x,w:

p̂z,x,w =
∑n

i=1 I(Zi = z,Wi = w)K(x−Xi

h )∑n
i=1 I(Wi = w)K(x−Xi

h )
.

The final estimator for F (t, z|x,w) is given by

F̂ (t, z|x,w) = F̂ (t|z, x, w)p̂z,x,w. (10)

Step 1.2: Final nonparametric estimator of ϕ

Let T̄ < ∞ be an upper bound on maxv∈V ϕ(v, Ū), let F Ū,T̄
Z = {f : Z× [0, Ū ] −→

[0, T̄ ]} and let FZ,W
↑ be the set of maps from R+ × Z × W to R+ that are

continuous and increasing in the first argument. Let x ∈ X be fixed. We denote
by F x(t, z|w) the function F (t, z|x,w). We have shown that for each x ∈ X , ϕx

belongs to the set of solutions to the equation:

A(ϕx, F x) ≡ 0, (11)

where A is an operator that associates to an element (ϕ̃x, F̃ x) ∈ F Ū,T̄
Z ×FZ,W

↑ ,
a map from [0, Ū ] to R

K , denoted by A(ϕ̃x, F̃ x) and defined as

A(ϕ̃x, F̃ x)(u) =
( L∑

l=1

F̃ x(ϕ̃x
l (u), zl|wk) − u

)K
k=1

,

where we wrote ϕ̃x
l (u) for ϕ̃x(zl, u). Thus, we define the estimator of ϕx by

ϕ̂x ∈ arg min
θ∈FŪ,T̄

Z

‖A(θ, F̂ x)‖, (12)

where ‖ · ‖ denotes the Euclidean norm.

4.2.2. Step 2: “Proxy” generation process

We now show how to use the nonparametric estimator obtained in Step 1 to
generate “proxy” observations for which the treatment is exogenous. For each i =
1, . . . , n, we generate a random observation of (Ug, U

c
g ), namely (Ug,i, U

c
g,i), from

which we obtain Ũi = min(Ug,i, U
c
g,i) and Δi = I(Ug,i ≤ U c

g,i). The variables Ug
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and U c
g are independent, with Ug following a uniform distribution U [0, 1]. For the

theory, we let U c
g have a uniform distribution on the interval [Ū − τ, Ū ] for some

τ > 0. Note that the theoretical results can be shown to be valid for any chosen
distribution of U c

g , provided that it possesses a continuous density with support
contained in [0, Ū ]. In practical applications and simulations, for simplicity, we
let τ → 0 and U c

g is instead a degenerate random variable with a point mass
at Ū . Using the notation introduced in Section 2.2, the proxy observations are
represented as {(Ŷg,i,Δi, Vi)}ni=1, where Ŷg,i = ϕ̂(Vi, Ũi) = ϕ̂Xi(Zi, Ũi), and
Vi = (Zi, Xi).

4.2.3. Step 3: Partial likelihood estimator based on the “proxy” observations

The last step involves obtaining an estimator β̂ for β0 using the standard partial
likelihood estimator of [14] based on the “proxy” observations obtained in Step
2. Denote by B a compact set that contains β0 as an internal point. Thus, β̂ is
obtained as the minimizer of the standard score function for a PH model, and
so

β̂ ∈ arg min
β∈B

∥∥∥n−1
∑

i:Δi=1

V �
i β − n−1

n∑
i=1

log
(
n−1

∑
j:Ŷg,j≥Ŷg,i

exp(V �
j β)

)∥∥∥. (13)

Note that, the same procedure can indeed be applied to obtain an estimator
of Λ0 based on proxies, using standard estimation of the baseline cumulative
hazard in a proportional hazards model. However, the aim of the paper concerns
the estimation of the parametric component of the model as it can be easily
interpreted in a causal way, and therefore we only consider the estimator defined
in (13).

4.2.4. A comment on the validity of the proposed estimation method

The validity of the proposed three-step procedure, which will establish the con-
sistency of the estimator β̂, is rooted in its structure. In Step 1, the causal
quantile regression function ϕ is recovered using the estimator ϕ̂. Building on
this, Step 2 leverages equation (3), which implies that ϕ(Z,X,Ug) follows a PH
model. This result enables the generation of proxy observations for this variable,
where the treatment is exogenous due to equation (4). In Step 3, these proxies
can therefore be used to estimate β0 through the standard partial likelihood es-
timation method. The consistency of the estimator ϕ̂ allows us to decompose β̂
into the sum of an empirical process and a negligible term. This decomposition
simplifies the derivation of the asymptotic properties of β̂.

We observe that the influence of variations in the proxies Ŷg,i on the variance
of β̂ is shaped by three key factors: the variance of the estimator ϕ̂, the distribu-
tion of U c

g , and the distributions of X, Z, and W . Specifically, a lower variance
in ϕ̂, reduced censoring in the proxy observations, and lower variability in X,
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Z, and W collectively contribute to a reduction in the variance of β̂. However,
the process of generating proxies—namely, the randomness of Ug and the fact
that different samples of Ug might result in slightly different β̂ values—does not
affect the asymptotic variance of β̂.

4.3. Computation

We now discuss the optimization program (12), noticing that the objective func-
tion ‖A(θ, F̂ x)‖ might have multiple local minima. Therefore, the computation
of the estimator ϕ̂x can require starting the optimization algorithm at different
initialization points. However, when the system of equations provided in (5)
reduces to a triangular system, the estimator is easier to compute. This means
that, after possibly relabeling the points in Z and W, for a fixed value u ∈ [0, Ū ]
the system takes the form:

k∑
l=1

F (θl, zl|x,wk) = u for k = 1, . . . ,K. (14)

This case occurs, for instance, in the presence of one-sided noncompliance,
that is, Z and W are binary with support Z = W = {0, 1}, and P (Z = 1|W =
0, X) = 0. In fact, the corresponding system takes the form:{

F (θ1, 0|x, 0) = u

F (θ1, 0|x, 1) + F (θ2, 1|x, 1) = u.

Another example, in which Z and W are not binary, corresponds to the empirical
application discussed in Section 7.

When the system is of the form provided in (14), the estimator has a closed-
form expression based on the following inductive algorithm:

ϕ̂(z1, x, u) = F̂
(
·, z1|x,w1

)−1(u), and

ϕ̂(zk, x, u) = F̂
(
·, zk|x,wk

)−1
(
u−

k−1∑
l=1

F̂
(
ϕ̂(zl, x, u), zl|x,wk

))
, for k ≥ 2,

(15)

where F̂ (·, z|x,w)−1(u) = inf{t ∈ R+ : F̂ (t, z|x,w) ≥ u} denotes the pseudo-
inverse of the function F̂ (·, z|x,w). Note that, based on the assumptions of the
model, F (·, z|x,w) is strictly monotone increasing on [0, T̄ ], for each z ∈ Z, x ∈
X , w ∈ W. In addition, by its definition, F̂ (t, z|x,w) is monotone increasing in
t ∈ [0, T̄ ], and this implies the inversion procedure in (15) is well-posed.

In conclusion, the computation of ϕ̂x only requires the inversion of some
functions, which is easily available in any programming software. For instance,
in R, the inversion of a function can be performed using uniroot.

We summarize the algorithm for the estimation of β̂ as follows:
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1. For i = 1, . . . , n generate Ũi and Δi.
2. For i = 1, . . . , n estimate ϕ̂(Zi, Xi, Ũi), possibly using the closed-form

expression given in (15).
3. Obtain β̂ using the standard partial likelihood estimator based on the

proxy observations {(ϕ̂(Zi, Xi, Ũi),Δi, Vi)}ni=1.

We highlight that, in the estimation process of our algorithm, the semi-
parametric nature of our model plays a pivotal role in enhancing efficiency. This
is particularly evident in the estimation of the function ϕ, which necessitates
computation at only a finite set of points, thereby facilitating the estimation.
Such an approach greatly amplifies the practical utility of our model across a
diverse range of empirical scenarios.

We note that steps 2 and 3 can additionally be repeated multiple times
to obtain several estimators of β̂ using different proxies. The final estimator
would then be the average of these individual estimators. This approach helps
to regularize any potential deviations among the proxies. However, we will not
explore this further to maintain the clarity and brevity of our exposition and also
because the gain in terms of precision was minimal based on our simulations.

A last note is regarding the choices of Ū and T̄ . T̄ must be a time point up
to which we can identify F . Hence, it must be strictly lower than

y = inf
z∈Z,x∈X ,w∈W

yz,x,w,

where yz,x,w denotes the upper bound of the support of Y given Z = z,X =
x,W = w. In practice, the infimum y is identified from the data and therefore
can be estimated. It is also often known from domain-specific knowledge. Once T̄
is chosen, the value of Ū should be selected as a point that satisfies ϕ̂(z, x, Ū) ≤
T̄ for all z ∈ Z and x ∈ X . To compute such a value, one can start from a low
value of u and then increase u until ϕ̂(z, x, u) reaches T̄ for at least one value
of z ∈ Z and x ∈ X .

5. Asymptotic theory

In this section, we will discuss the asymptotic results of the estimator β̂. First,
we will consider its consistency. Then, we will discuss its asymptotic normality.

5.1. Consistency

Define the following quantities:

G(t|z, x, w) = P (C ≤ t|Z = z,X = x,W = w);
FY |Z,X,W (y|z, x, w) = P (Y ≤ y|Z = z,X = x,W = w);

FY,1|Z,X,W (y|z, x, w) = P (Y ≤ y, δ = 1|Z = z,X = x,W = w);

fZ,X,W (z, x, w) = ∂

∂x
P (Z = z,X ≤ x,W = w);
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fX,W (x,w) = ∂

∂x
P (X ≤ x,W = w).

Define also

f(t, z|w, x) = ∂

∂t
F (t, z|x,w);

f(t|z, w, x) = ∂

∂t
F (t|z, x, w);

and

f̂(t, z|w, x) = ∂

∂t
F̂ (t, z|x,w);

f̂(t|z, w, x) = ∂

∂t
F̂ (t|z, x, w).

Consider the following regularity assumption, where α ∈ (0, 1) corresponds to
the order of Lipschitz continuity needed for later theoretical results. A further
specification of the value of α is given in the Supplementary Material.

Assumption 4. The following holds:

(i) For each (z, w) ∈ Z×W, the conditional distribution functions F (t|z, x, w)
and G(t|z, x, w) have continuous derivatives in t ∈ [0, T̄ ] and x ∈ X up to
the third order and bounded fourth-order (included mixed derivatives).

(ii) The univariate kernel functions K(·) and K̃(·) are compactly supported.
The kernel K(·) is a continuously differentiable function of order ν satis-
fying

∫
K(u)du = 1, and

∫
ujK(u)du = 0 for j < ν, where ν ≥ 4 is an

integer. The kernel K̃(·) is a continuously differentiable function of order
π satisfying

∫
K̃(u)du = 1, and

∫
ujK̃(u)du = 0 for j < π, where π ≥ 3

is an integer. In addition, the support of K̃ is [−1,1]. Lastly, the kernel
K̃ and its derivatives up to order π − 1 are equal to zero at the border of
the support.

(iii) For some finite constant C > 0 the bandwidths h and ε satisfy h = Cn−u

and ε = Cn−w with
1
4ν < u < min(1

2 ,
1

5 + 2α )

and

max(u(1 + α)
π

, u,
1
4π ) < w < min( 1

3 + α
, 2νu− 1, uν

α
,
u(ν + 1)
3 + α

,
1 − u

5 + 2α )

(iv) The functions fZ,X,W (z, x, w), fX,W (x,w) are bounded away from zero on
their relative support and inft∈[0,T̄ ],z∈Z,x∈X ,w∈W f(t|z, x, w) > 0.

A valid example of the values for u, w, α, ν, π is, for instance, u = 0.143,
w = 0.144, α = 0.001, ν = 4, π = 3. With this choice, we can also construct
a valid example for K(x) and K̃(x). Consider the function K̄(x) = I(|x| ≤
1)693

512 (1−x2)5. Then, it is easy to check that K(x) = K̃(x) = 3
2K̄(x)+ 1

2xK̄
′(x)
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satisfies condition (ii). Statements (i) and (iv) correspond to standard assump-
tions about the time-to-event and censoring distributions. Statement (ii) is nec-
essary for the proof to cancel first and second-order terms in the expansion of
the involved limiting process, while statement (iii) pertains to the bandwidth
condition required for higher-order kernels. Similar conditions can be found in
[16]. Note that (ii) and (iii) are primarily theoretical requirements related to the
asymptotic results. In practical applications, these conditions can be relaxed,
and standard smoothing techniques can be applied, as shown in Section 6.

Results on consistency and rate of convergence of the estimator F̂ (t, z|x,w)
to F (t, z|x,w) can be found in Appendix C. This appendix also includes the
consistency of f̂(t, z|x,w) in t and x up to order 2 + α. These results ensure
the regularity and rate of convergence of the estimator ϕ̂, which is crucial for
the convergence rate of β̂. Additionally, we demonstrate that the estimators
F̂ (t, z|x,w) and f̂(t, z|x,w) admit an iid representation. This will be employed
to derive an analogous representation for ϕ̂, leading to the asymptotic normality
of β̂.

To proceed, denote by ‖ · ‖∞ the infinity norm. The argument over which the
supremum is taken may vary throughout the paper, and it is specified whenever
any doubt might arise. Introduce the following assumption:

Assumption 5. For all ε > 0, there exists ς > 0 such that for all x ∈ X , we
have

inf
θ∈FŪ,T̄

Z :‖θ−ϕx‖∞≥ς

‖A(θ, F x)‖∞ ≥ ε.

Assumption 5 is related to the shape of the objective function A and ensures
that there is a unique solution to the system of equations (5) in [0, Ū ] and, hence,
that there is a unique minimum to the program (12) when F̂ estimates F well
enough. A similar condition is Assumption (C) of [5]. In the case of one-sided
noncompliance, where Z and W are binary with support Z = W = {0, 1}, and
P (Z = 1|W = 0, X) = 0, we have

A(θ, F x) =
(

F x(θ1, 0|0) − u
F x(θ1, 0|1) + F x(θ2, 1|1) − u

)
,

so that ‖A(θ, F x)‖∞ ≥ |F x(θ1, 0|0) − u| and a sufficient condition for Assump-
tion 5 is that, for all x ∈ X , the derivative of θ1 ∈ R → F x(θ1, 0|0) is bounded
from below in [0, T̄ ] by a strictly positive constant.

Theorem 5.1. Let Assumption 5 and the conditions of Theorem 3.2 hold. Then,
β̂ − β0 = op(1).

5.2. Asymptotic distribution

Denote the Fréchet derivative of A in its first argument at the point (ϕ̃x, F̃ x) ∈
F Ū,T̄

Z ×FZ,W
↑ by (

Γ(ϕ̃x, F̃ x)(u)
)
l,k

= −f̃x(ϕ̃x
l (u), zl|wk),
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where the subscript l, k indicates the (l, k)th entry of the matrix for l = 1, . . . , L,
k = 1 . . . ,K, and f̃x is the derivative in the first argument of F̃ x. Consider the
following assumption.
Assumption 6. There exists ς > 0 such that the lowest eigenvalue of
Γ(ϕx, F x)(u) is greater than ς for all u ∈ [0, Ū ], x ∈ X .
Let us give a sufficient condition for Assumption 6 in the case of one-sided
noncompliance, where Z and W are binary with support Z = W = {0, 1}, and
P (Z = 1|W = 0, X) = 0. In this case, the matrix Γ(ϕx, F x)(u) takes the form

Γ(ϕx, F x)(u) = −
(
fx(ϕx

0(u), 0|0) 0
fx(ϕx

0(u), 0|1) fx(ϕx
1(u), 1|1)

)
,

where fx is the derivative in the first argument of F x. Since the eigenvalues are
continuous and Γ(ϕx, F x)(u) is continuous in u ∈ [0, Ū ], x ∈ X by Assumption
4(i), Assumption 6 holds if for all u ∈ [0, Ū ], x ∈ X , the matrix Γ(ϕx, F x)(u)
has full rank (i.e. its lowest eigenvalue is strictly positive). It can be shown (see
the derivations at the end of Appendix G) that

fx(t, z|w) = 1
(ϕx

z )′(ϕx
z (·)−1(t))P(Z = z|W = w,X = x, U = ϕx

z (·)−1(t)).

Hence, it holds that fx(ϕx
0(u), 0|0) = 1

(ϕx
0 )′(u)P(Z = 0|W = 0, X = x, U =

u) and fx(ϕx
1(u), 1|1) = 1

(ϕx
1 )′(u)P(Z = 1|W = 1, X = x, U = u). Therefore,

Γ(ϕx, F x)(u) has full rank for every u ∈ [0, Ū ], x ∈ X and Assumption (6) holds
if P(Z = 1|W = 1, X = x, U = u) > 0 for all u ∈ [0, Ū ], x ∈ X , which means
that every subject has a strictly positive probability of being treated (Z = 1)
when assigned to the treatment group (W = 1).
Theorem 5.2. Let Assumptions 4, 5, 6 and the conditions of Theorem 3.2 hold.
Then

√
n(β̂ − β0) converges weakly to a mean zero Normal random variable.

Note that Theorem 5.2 does not specify the asymptotic covariance matrix of√
n(β̂−β0) since the proof is based on showing that the estimator can be written

as an empirical process over a Donsker class of functions. This result ensures
asymptotic normality, but to obtain an explicit expression of the covariance
matrix, one would need a complete representation of the empirical process. This
is possible, but, as can be easily seen from the proof, the expression would be
so involved that it would lack meaningful insights into the distribution and be
difficult to use for practical inference purposes. Thus, for inference purposes, a
bootstrap procedure can be used, the validity of which follows from replacing the
functional central limit theorem based on empirical processes over a Donsker set
of functions, with the bootstrap functional central limit theorem, see Theorem
3.7.1 in [25].

6. Simulations

In this section, we evaluate the finite sample performance of our proposed
method using Monte Carlo simulation. Our main objective is to compare the
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performance of the partial likelihood estimator proposed by Cox, an estimator
that does not take endogeneity into account, with our new estimator. We will
consider several designs, of which the specifications are given in Table 1. Since
our method allows for the inclusion of both discrete and continuous exogenous
variables X, we will consider several univariate distributions for X: the con-
tinuous Beta design, the continuous uniform design, and the discrete Bernoulli
design.

For all designs, we set the structural baseline cumulative hazard function
Λ0 to that of an exponential variable with mean 1, i.e. Λ0(s) = s, and fix the
value of β0 = (β0,z, β0,x)�. This results in the potential outcome T (z, x) fol-
lowing an exponential distribution with a rate (reciprocal of the mean) equal
to exp(xβ0,x) if z = 0 and exp(β0,z + xβ0,x) if z = 1. The specifications of the
design are given in Table 1. It is worth noting that the variable Z is endogenous
as it depends on the unobserved heterogeneity term U , which follows a stan-
dard uniform distribution on [0, 1] and which is taken independent of (W,X).
Note that, by the definition of Q in (2), it follows that Q = log(1 − U), and
therefore, W is a proper instrumental variable, as it is a random variable in-
dependent of Q (also unconditionally with respect to X) while dependent on
Z.

In each design, the probability of Z = 1 given a certain value of the vari-
able W is as follows: P (Z = 1|W = 0) = 0, and P (Z = 1|W = 1) is
around 0.54, mimicking the empirical application considered in the next sec-
tion.

Table 1

Distribution and coefficient specifications for each design. Note that B(p) stands for the
Bernoulli distribution of parameter p, U(a, b) represents the uniform distribution on the
interval [a, b], Beta(α,β) represents the Beta distribution with shape parameters α and β,
and ε is a standard normal variable. The random variable U ∼ U [0, 1] is the unobserved

heterogeneity of the model.
Design W X Z (β0,z , β0,x)

continuous
Beta B(0.5) Beta(2,5) I(W = 1)I(0.5U −W + 0.45 + X + 0.5ε ≥ 0) (0.7, 0.3)

continuous
uniform B(0.5) U(−0.5,0.5) I(W = 1)I(0.5U −W + 0.8 + X + 0.5ε ≥ 0) (0.7, 0.3)

discrete
Bernoulli B(0.5) B(0.5) I(W = 1)I(0.5U −W + 0.65 + 0.3X + 0.5ε ≥ 0) (0.7, 0.7)

We set the censoring variable, C, to be distributed as an exponential variable
with rate (reciprocal of the mean) λ. We then consider different levels of censor-
ing, specifically 20% and 40%, by setting λ = 0.43 and λ = 1.15, respectively,
for the discrete Bernoulli design, λ = 0.30 and λ = 0.82, respectively, for the
continuous uniform design, and λ = 0.33 and λ = 0.87, respectively, for the
continuous Beta design. Finally, with Y = min(T,C) and δ = I(T ≤ C) we
generate an iid sample of size n = 500 or 1000 observations having the same
distribution as (Y, δ, Z,X,W ).

We employ the Epanechnikov kernel to smooth the variable X when esti-
mating F x and, for each X = x, we select the bandwidth with a data-driven
direct plug-in estimate of the Integrated Mean Squared Error-optimal band-
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width (mse-dpi). This corresponds to the default bandwidth selection proposed
in the R package nprobust, for which we refer to [9]. In Appendix H, we show
that varying the kernel and bandwidth leads to similar results. Moreover, our
simulation studies showed that smoothing in the argument t during the esti-
mation procedure for F x leads to a little deterioration of the result and signif-
icantly increases the estimation time. Therefore, we consider smoothing in the
argument t to be a theoretical requirement that permits to show the asymp-
totic normality of the estimator, but that can be safely avoided during the
method’s application. Similarly, we chose to use the Epanechnikov kernel for
our simulations, which is a function of order ν = 2, even though Assumption 4
specifies an order of ν ≥ 4 for the kernel, due to its widespread acceptance in
the field.

The upper bound of C is infinite, allowing for any value of Ū ∈ (0, 1) to be
theoretically chosen, and so we set Ū = 0.9. As we explain in Supplementary
Material, we can choose U c

g having a degenerate distribution with a unique point
mass at Ū .

The results given in Table 2 are based on N = 5000 replications. We present
the average bias, standard deviation, and Mean Squared Error (MSE) for each
component of β = (βz, βx)�. Additionally, we report the coverage of 95% boot-
strap confidence intervals. The intervals are constructed by estimating the stan-
dard deviation of the proposed estimator based on a naive bootstrap resampling
procedure with replacement, and then plugging in the standard deviation in a
normal approximation of the bounds of confidence intervals. To accelerate the
simulations, we employed the method proposed in [17]. To evaluate the estima-
tor on a component-wise basis, we also include the Root Mean Squared Error
(RMSE) as a measure to assess the overall power of the estimator. The value
is computed following the formula RMSE =

√
N−1∑N

j=1 ‖β̂(j) − β0‖2, where
β̂(j) is the estimation of simulation j. For comparison purposes, the same quan-
tities are also given for the partial likelihood estimator. The results show that
the proposed estimator has low bias. Additionally, as the sample size increases,
the bias, and coverage of the estimator approach their theoretical values of 0
and 0.95 respectively. The performance of the estimator improves when the pro-
portion of censored observations is lower. It can be argued that the estimator
performs better under the discrete Bernoulli design, which may be attributed
to the simpler structure of this design, as the exogenous component is discrete
rather than continuous. As expected, the standard partial likelihood estimator
is biased.

In addition to the designs just discussed, we have also considered a further
design involving two continuous covariates, both uniformly distributed. This
design, made especially to study situations with more than one continuous ex-
ternal variable, is detailed in the Supplementary Material. The results from this
additional design provide further insights into the performance of our estimator
under more complex variable configurations.
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Table 2

Simulation results for each design. We include for the proposed estimator and the standard
partial likelihood estimator, for each level of censoring (Cens) and for different sample sizes
(n), the average of the bias (Bias), the standard deviation (Sd) and the Mean Squared Error

(MSE) for each component (Comp) of β = (βz , βx)�. For each case, we also include the
Root Mean Squared Error value (RMSE). For the proposed estimator, we also provide the

coverage of the 95% confidence intervals (CP95) for each component of β.
proposed estimator partial likelihood estimator

Design Cens n Comp Bias Sd MSE RMSE CP95 Bias Sd MSE RMSE

continuous
Beta

20%
500 βz −0.075 0.283 0.086 0.482 0.939 −0.264 0.158 0.095 0.440

βx −0.037 0.596 0.356 0.962 0.106 0.448 0.212

1000 βz −0.054 0.212 0.048 0.345 0.941 −0.262 0.111 0.081 0.368
βx −0.030 0.432 0.187 0.962 0.099 0.318 0.111

40%
500 βz −0.042 0.316 0.102 0.595 0.959 −0.296 0.181 0.120 0.503

βx −0.007 0.768 0.590 0.967 0.126 0.521 0.288

1000 βz −0.044 0.228 0.054 0.416 0.958 −0.293 0.128 0.102 0.419
βx 0.010 0.549 0.301 0.974 0.121 0.364 0.147

continuous
uniform

20%
500 βz −0.051 0.280 0.081 0.314 0.956 −0.231 0.158 0.078 0.325

βx −0.034 0.339 0.116 0.966 0.087 0.253 0.072

1000 βz −0.041 0.199 0.041 0.232 0.949 −0.232 0.110 0.066 0.287
βx −0.022 0.248 0.062 0.958 0.081 0.178 0.038

40%
500 βz −0.019 0.312 0.098 0.422 0.964 −0.258 0.181 0.099 0.370

βx −0.097 0.494 0.254 0.959 0.105 0.291 0.096

1000 βz −0.029 0.215 0.047 0.290 0.958 −0.259 0.126 0.083 0.326
βx −0.066 0.350 0.127 0.972 0.099 0.204 0.052

discrete
Bernoulli

20%
500 βz −0.009 0.283 0.080 0.261 0.954 −0.245 0.156 0.084 0.290

βx 0.012 0.231 0.053 0.962 0.031 0.155 0.025

1000 βz −0.011 0.202 0.041 0.185 0.952 −0.246 0.107 0.072 0.271
βx 0.014 0.159 0.025 0.964 0.030 0.107 0.012

40%
500 βz 0.041 0.308 0.096 0.288 0.955 −0.270 0.180 0.105 0.324

βx −0.008 0.263 0.069 0.970 0.039 0.176 0.033

1000 βz 0.026 0.215 0.047 0.204 0.952 −0.274 0.122 0.090 0.303
βx 0.001 0.176 0.031 0.968 0.038 0.122 0.016

7. Empirical application

The Illinois Unemployment Incentive Experiment was a controlled social ex-
periment conducted by the Illinois Department of Employment Security in
1984 to evaluate if cash bonuses reduce the duration of unemployment. New
claimants for Unemployment Insurance (UI) were randomly assigned to one of
three groups: the Job Search Incentive Experiment group (JSIE), the Hiring
Incentive Experiment group (HIE), or the control group. The JSIE group was
eligible for a $500 bonus if they found a job of at least 30 hours per week
within 11 weeks of the start of their unemployment period and held the job
for 4 months. The Hiring Incentive Experiment group had the same eligibility
requirements, but the $500 bonus was given to the hiring company instead. A
detailed description of the experiment can be found in [31].

It is worth noting that to be part of one of the three aforementioned groups,
claimants must be between 20 and 55 years old and have a valid unemployment
insurance claim. The duration of unemployment T was recorded as the number
of weeks in which participants received unemployment benefits, resulting in a
discrete data set. However, the true unemployment duration is continuous but
only observed by intervals. This creates a partial identification issue, not within
the scope of this paper. The data is treated as continuous. It is important to
note that unemployment insurance is granted for 26 weeks, so observations can
only be made up until the end of the UI claim and are therefore right censored
at 26 weeks. Approximately 40% of the observations are censored.
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To clarify the connection between our model and the experiment, we examine
the impact of the cash bonus in the JSIE (or HIE) experiment. Although group
assignment is randomly determined, participant agreement to participate in the
experiment is not independent. This is because, to participate in the program,
job seekers must also read the experiment description and sign an agreement
form at the start of their follow-up, and this can be influenced by the partici-
pant’s motivation to find work or by other personal attributes, such as specific
skills. A framework with two treatments, as indicated by the following variable
Z = (Z1, Z2)�, will be considered:

Z1 =
{

1 if the individual is in the JSIE group and agrees to participate
0 otherwise

Z2 =
{

1 if the individual is in the HIE group and agrees to participate
0 otherwise.

Therefore, Z = (0, 0)� corresponds to the control group, and Z = (1, 0)�, Z =
(0, 1)�, correspond to the JSIE and HIE group, respectively. To address selection
bias we utilize the group assignment variable W as instrumental variable:

W =

⎧⎪⎨
⎪⎩

0 if the individual is assigned to the control group
1 if the individual is assigned to the JSIE group
2 if the individual is assigned to the HIE group.

The validity of W as a proper instrumental variable follows from the fact that it
determines the group assignment, directly affecting the treatment variables Z1
and Z2 (relevance condition). The random assignment of W ensures that it is
independent of unobserved factors (exogeneity condition) influencing unemploy-
ment duration. Finally, the fact that one is eligible for treatment (W ∈ {1, 2})
is unlikely to affect unemployment duration by any other pathway than the
treatment itself (exclusion condition).

Note that, the rank invariance assumption in the Illinois Unemployment In-
centive Experiment is plausible because the bonuses offered in the JSIE and
HIE groups are likely to reduce the duration of unemployment by incentivizing
faster job searches. However, these incentives do not alter the intrinsic charac-
teristics or relative employability of participants. For example, individuals with
strong work histories and job search skills are likely to find employment more
quickly regardless of the bonus. Thus, while the bonuses may shorten unem-
ployment duration for all participants, they do not fundamentally change the
relative order of individuals’ abilities to secure a job.

We consider for this analysis a subset of 1,543 non-white women out of the
12,101 available individuals and we report in Table 3 the sample sizes for each
(W,Z) combination. JSIE and HIE experiments have refusal rates of 20% and
35%, indicating significant selection biases.
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Fig 1. Distribution of the Age variable. The histograms display the overall distribution of
Age (top left) and its distribution conditional on different levels of the categorical variables Z
and W . Specifically, the histograms depict the following: top row (from left to right) - overall
distribution of Age, Age conditional on Z = (0, 0)� and W = 0, and Age conditional on
Z = (0, 0)� and W = 1; bottom row (from left to right) - Age conditional on Z = (1, 0)� and
W = 1, Age conditional on Z = (0, 0)� and W = 2, and Age conditional on Z = (0, 1)� and
W = 2. All histograms use a consistent bin width to ensure comparability.

Table 3

Number of observations for each combination of levels of the variable W and Z.
W = 0 W = 1 W = 2

Z = (0, 0)� 527 104 176
Z = (1, 0)� 0 408 0
Z = (0, 1)� 0 0 328

Furthermore, we considered an exogenous variable X representing the age of
the subject, standardized to have a mean of zero and a variance of one. This
standardization ensures numerical stability in the estimation procedure. The
distribution of the Age variable is shown in Figure 1.

We use the proposed method to estimate the vector of coefficients. Similar to
Section 6, we estimate the conditional distribution function using the Epanech-
nikov kernel, and the same selection method for the bandwidth using data-
driven direct plug-in estimates of the Integrated Mean Squared Error-optimal
bandwidth. Since the observations are censored at 26 weeks and the support
of the unemployment duration T given Z,X,W should be the whole real line
(some people stay unemployed forever), we chose T̄ = 26. In the scenario we
are examining, where the closed-form solution of the system described in (15) is
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applicable, we chose Ū to be the maximum value for which the closed-formula
yields finite values for all z ∈ Z, x ∈ X , and u ∈ [0, Ū ]. That is, we set Ū = 0.6.
Table 4 displays the estimation results of the proposed estimator compared to
the partial likelihood estimator, where the standard deviation is computed us-
ing 5000 bootstrap resamples with replications, and the confidence intervals are
constructed using the estimated standard deviation and a normal approxima-
tion.

Table 4

Estimation results for the proposed estimator compared to the partial likelihood estimator.
For each component (Comp) of β = (βx, βz,1, βz,2)�, we give the estimated value (Est), the

standard deviation (Sd) and the confidence intervals at the 95% level (CI 0.025 and CI
0.975).

proposed estimator partial likelihood estimator
Est Sd CI 0.025 CI 0.975 Est Sd CI 0.025 CI 0.975

βx 0.019 0.083 −0.143 0.181 −0.136 0.040 −0.215 −0.058
βz,1 0.679 0.210 0.266 1.091 0.079 0.090 −0.098 0.256
βz,2 0.579 0.201 0.184 0.973 0.075 0.097 −0.115 0.264

The results in Table 4 show a remarkable difference between the proposed
estimator and the standard partial likelihood estimator. Specifically, the esti-
mated values for βz,1 and βz,2, using the proposed estimator, are both positive
and significant at the 95% confidence level. This provides empirical evidence
that both treatments increase the hazard rate of finding a job, that is they
reduce unemployment duration. Conversely, the values for these coefficients es-
timated using the standard method are close to zero and not significant at the
same confidence level, leading to the conclusion that there is no evidence of any
effects of the treatments on the duration.

The analysis using the partial likelihood estimator indicates that age has a
significant effect on reducing the unemployment spell for non-white women, as
evidenced by the negative and statistically significant estimate for βx. This im-
plies that being younger is beneficial in this context. However, when employing
the proposed estimator, the impact of age on the unemployment duration ap-
pears to be negligible. The estimated value for βx in this case is positive but
not statistically significant, suggesting that age may not play a significant role
in influencing the length of unemployment spells according to this estimation
method.

In conclusion, the proposed estimator and the partial likelihood estimator
yield different results leading to notably different cause-effect interpretations. It
could be argued that our estimator provides a more reliable estimation of the
regression coefficients compared to the partial likelihood estimator, especially
when assessing the influence of the treatments on the duration outcome variable.

Appendix

The following Appendix includes the proofs of Theorems 3.1, 5.1 and 5.2, which
are provided in Appendix B, D and E, respectively. The proofs make use of
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the technicalities and the notations discussed in Appendix A, the results on
F̂ (t, z|x,w) presented in Appendix C and the auxiliary lemmas reported in
Appendix F. Appendix G presents an interpretation of the identification as-
sumptions discussed in Section 3, in the context of one-sided non-compliance.
Appendix H contains additional simulations.

A. Technicalities and notation

A.1. Technicalities

The three steps of the estimation procedure discussed in the paper aim to clar-
ify the generality of our method. However, in order to obtain asymptotic re-
sults on the estimator β̂, it is necessary to properly formalize the fact that
the estimator is based on “proxy” observations. For that, we can argue as fol-
lows. Define the space F Ū,T̄

V = {φ : V × [0, Ū ] −→ [0, T̄ ]|‖φ‖∞ < ∞}, where
‖φ‖∞ = supv∈V,u∈[0,Ū ] |φ(v, u)|. Then, for any function φ ∈ F Ū,T̄

V , and any
continuous function g : V �→ R

l for some integer l ≥ 1, consider the quantities:

Qφ(t) = P (φ(V, Ũ) ≥ t,Δ = 1);
Eφ(g(v), t) = E[g(V )I(φ(V, Ũ) ≥ t)];

Eφ
1 (g(v), t) = E[g(V )I(φ(V, Ũ) ≥ t,Δ = 1)].

Consider the operator M which associates to a function φ ∈ F Ū,T̄
V a map

from B to R
dV , denoted by M(·, φ) and defined as

M(β, φ) = Eφ
1 (v, 0) +

∫ T̄

0

Eφ(v exp(v�β), s)
Eφ(exp(v�β), s) dQφ(s). (16)

The identification result of Theorem 3.2 can be equivalently stated by saying
that β0 is the unique point such that

‖M(β0, ϕ)‖ = 0. (17)

This is because ‖M(β, ϕ)‖ = 0 is the first order condition of the maximization
problem in β of the expected value of the PH partial likelihood based on the
variables ϕ(Z, Ũ),Δ, Z with respect to (Ũ ,Δ, Z). For any function φ ∈ F Ū,T̄

V ,
and any continuous function v �→ g(v), we define the sample analogue of the
quantities Qφ(t), Eφ(g(v), t) and Eφ

1 (g(v), t), respectively, as

Q̂φ(t) = n−1
n∑

i=1
I
(
φ(Vi, Ũi) ≥ t,Δi = 1

)
;

Êφ(g(v), t) = n−1
n∑

i=1
g(Vi)I

(
φ(Vi, Ũi) ≥ t

)
;
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Êφ
1 (g(v), t) = n−1

n∑
i=1

g(Vi)I
(
φ(Vi, Ũi) ≥ t,Δi = 1

)
.

Then, we consider the sample analog of the operator M , namely Mn, defined
as

Mn(β, φ) = Êφ
1 (v, 0) +

∫ T̄

0

Êφ
(
v exp(v�β), s

)
Êφ
(
exp(v�β), s

) dQ̂φ(s), (18)

Then, the estimator β̂ can be rewritten in a convenient mathematical refor-
mulation, which underlines its dependency on the estimator of ϕ̂:

β̂ ∈ arg min
β∈B

∥∥Mn(β, ϕ̂)
∥∥. (19)

This ensures to obtain the smallest number of censored proxy values, which
improves the efficiency of the third step procedure.

We now fix an arbitrarily small value τ > 0, and we suppose U c
g has a

uniform distribution on the interval [Ū − τ, Ū ]. Since Ũ = min(Ug, U
c
g ) and Ug

has a uniform distribution on [0, 1], we have:

P (Ũ ≤ u) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

0, if u < 0
u, if 0 ≤ u < Ū − τ

(1 − Ū
τ ) + u( 1

τ + Ū
τ ) − u2

τ if Ū − τ ≤ u < Ū

1, if u ≥ Ū

;

P (Ũ ≤ u,Δ = 1) =

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

0, if u < 0
u, if 0 ≤ u < Ū − τ

−u2

2τ + uŪ
τ − (Ū−τ)2

2τ , if Ū − τ ≤ u < Ū
Ū2−(Ū−τ)2

2τ , if u ≥ Ū

.

Note also that the choice of the distribution for U c
g has an impact on the distri-

bution of Ũ and therefore it affects the distribution of the proxies
(ϕ̂(Z,X, Ũ), Z,X,Δ). While the estimator β̂ is consistent with any choice of
the distribution of U c

g , depending on the resulting distribution of the proxies
the asymptotic variance of

√
n(β̂ − β0) can vary. We conjecture that the mini-

mum of the variance is obtained by choosing a distribution for U c
g maximizing

P (Δ = 1), that is when the distribution of U c
g is as close as possible to the

probability mass point concentrated in Ū , but it is outside the scope of this
paper to prove such a result.

A.2. Notations

In the sequel, we will use the following quantities. We denote by Γ1(β, φ) the or-
dinary derivative of M(β, φ) with respect to β, so Γ1(β, φ) = ∂

∂βM(β, φ), that is

Γ1(β, φ) =
∫ T̄

0

[Eφ(vv� exp(v�β), s)
Eφ(exp(v�β), s) −

(Eφ(v exp(v�β), s)
Eφ(exp(v�β), s)

)2]
dQφ(s).
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We denote by Γ2(β, φ)[φ̄−φ] the pathwise derivative of M(β, φ) at φ in direction
[φ̄− φ] when it exists, i.e.

Γ2(β, φ)[φ̄− φ] = lim
ε−→0

M(β, φ + ε[φ̄− φ]) −M(β, φ)
ε

. (20)

Define also the function �(v, t) as �(v, t) = ϕ(v, ·)−1(t), where t ∈ [0, T̄ ] and
v ∈ V. We denote by 1L the vector in R

L with each component equal to 1.
Lastly, to simplify the notation, for a function f(v, s) we denote by f ′(v, s) and
by f ′′(v, s) the first and second derivative of f(v, s) with respect to the last
argument s, respectively.

B. Proof of Theorem 3.1

First, remark that, by the “Kaplan-Meier type” arguments mentioned in Section
4, the left-hand-side of equation (5) is identified for all (θ�)L�=1 ∈

∏L
�=1[0, t̄∧cz�,x],

where cz�,x = mink=1,...,K cz�,x,wk
.

Next, notice that

ūx = sup
{
u ∈ [0, 1] : the system in (5) has a solution in

L∏
�=1

[0, t̄ ∧ cz�,x]
}
.

(21)
Indeed, for u ≤ ūx, since ūx = infz∈Z,w∈W ϕ(z, x, ·)−1(t̄ ∧ cz,x,w), we have
ϕx(u) ∈

∏L
�=1[0, t̄ ∧ cz�,x], so that (5) has a solution in

∏L
�=1[0, t̄ ∧ cz�,x] which

is ϕx(u). Next, for u > ūx, ϕx(u) /∈
∏L

�=1[0, t̄ ∧ cz�,x], so that (5) cannot have a
solution in

∏L
�=1[0, t̄∧ cz�,x] (otherwise it would have two solutions in R

L which
contradicts the assumption of the theorem). Equation (21) shows that ūx is
identified since its right-hand side is identified. Then, for all u ≤ ūx, ϕx(u) is
identified as the unique solution to (21) in (θ�)L�=1 ∈

∏L
�=1[0, t̄ ∧ cz�,x].

C. Results on F̂ (t, z|x,w)

In this section, we present results concerning the consistency and the rate of
convergence of F̂ (t, z|x,w) to F (t, z|x,w). In addition, it states the consistency
of f̂(t, z|x,w) and of its derivatives with respect to t and x up to order 2 + α.
These results will be used to ensure the regularity and the rate of convergence of
the estimator ϕ̂, which is crucial for the rate of convergence of β̂. Lastly, we show
that the estimators F̂ (t, z|x,w) and f̂(t, z|x,w) admit an iid representation.

Theorem C.1. Under Assumptions 3 and 4, the following results hold:

(i) sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

|F̂ (t, z|x,w)−F (t, z|x,w)| = Op((logn/(nh))1/2+hν+

επ).
(ii) sup

t∈[0,T̄ ],z∈Z,x∈X ,w∈W
|f̂(t, z|x,w)−f(t, z|x,w)| = Op((logn/(nhε))1/2+hν+

επ).
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(iii) sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

| ∂∂t f̂(t, z|x,w) − ∂
∂tf(t, z|x,w)| = op(1).

(iv) sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

| ∂2

∂t2 f̂(t, z|x,w) − ∂2

∂t2 f(t, z|x,w)| = op(1).

(v) sup
t1,t2∈[0,T̄ ],z∈Z,x∈X ,w∈W

| ∂2
∂t2 f̂(t1,z|x,w)− ∂2

∂t2 f(t2,z|x,w)|
|t1−t2|α = op(1).

(vi) sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

| ∂
∂x f̂(t, z|x,w) − ∂

∂xf(t, z|x,w)| = op(1).

(vii) sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

| ∂2

∂x2 f̂(t, z|x,w) − ∂2

∂x2 f(t, z|x,w)| = op(1).

(viii) sup
t∈[0,T̄ ],z∈Z,x1,x2∈X ,w∈W

| ∂2
∂x2 f̂(t,z|x1,w)− ∂2

∂x2 f(t,z|x2,w)|
|x1−x2|α = op(1).

(ix) For (t, z, x, w) ∈ [0, T̄ ]×Z×X ×W, the quantity F̂ (t, z|x,w)−F (t, z|x,w)
can be expressed as

F̂ (t, z|x,w) − F (t, z|x,w)

= (nh)−1
n∑

i=1
K

(
x−Xi

h

)
ηF (Yi, δi, Zi,Wi, t, z, x, w)

+ Rn(t, z, x, w);

where

ηF (Yi, δi, Zi,Wi, t, z, x, w)

= F (t|z, x, w)I(Wi = w)I(Zi = z) − pz,x,w
fX,W (x,w)

+ pz,x,wξ
F (Yi, δi, Zi,Wi, t, z, x, w);

ξF (Yi, δi, Zi,Wi, t, z, x, w)

= (1 − F (t|z, x, w))
[ ∫ min(Yi,t)

0

−dFY,1|Z,X,W (y|z, x, w)(
1 − FY |Z,X,W (y|z, x, w)

)2
+ δiI(Yi ≤ t)

1 − FY |Z,X,W (Yi|z, x, w)

]
;

and

sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

|Rn(t, z, x, w)| = Op

(
(logn/(nh))3/4 + hν + επ

)
.

(22)

(x) For (t, z, x, w) ∈ [0, T̄ ]×Z×X ×W, the quantity f̂(t, z|x,w)−f(t, z|x,w)
can be expressed as

f̂(t, z|x,w) − f(t, z|x,w)

= (nh)−1
n∑

i=1
K

(
x−Xi

h

)
I(Wi = w)I(Zi = z) − pz,x,w

fX,W (x,w) f(t|z, x, w)
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+ (nhε)−1
n∑

i=1
pz,x,wK

(
x−Xi

h

)

×
∫

K̃(u)ξF (Yi, δi, Zi,Wi, t− uε, z, x, w)du

+ rn(t, z, x, w)

and

sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

|rn(t, z, x, w)| = Op

(
(logn/(nhε))3/4 + hν + επ

)
.

Proof. The result follows from Lemma F.1 and Lemma F.2. More precisely, for
(i) we can write

|F̂ (t, z|x,w) − F (t, z|x,w)|
≤ |F̂ (t|z, x, w) − F (t|z, x, w)| |p̂z,x,w − pz,x,w|

+ F (t|z, x, w) |p̂z,x,w − pz,x,w| + pz,x,w |F̂ (t|z, x, w) − F (t|z, x, w)|

= Op

(
(logn/(nh))1/2 + hν + επ

)
Op

(
(logn/(nh))1/2 + hν

)
+ Op

(
(logn/(nh))1/2 + hν

)
+ Op

(
(logn/(nh))1/2 + hν + επ

)
= Op

(
(logn/(nh))1/2 + hν + επ

)
. (23)

The same argument can be used for (ii) − (viii) using Lemmas F.1, F.2 and
F.3. The result in (ix) and (x) are corollaries of Lemma F.4. In detail, observing
that

sup
x∈X ,w∈W

|(nh)−1
n∑

i=1
I(Wi = w)K(x−Xi

h
) − fX,W (x,w)| (24)

= Op((logn/(nh))1/2 + hν), (25)

we can write

p̂z,x,w − pz,x,w = (nh)−1
n∑

i=1

I(Wi = w)K(x−Xi

h )[I(Zi = z) − pz,x,w]
(nh)−1∑n

i=1 I(Wi = w)K(x−Xi

h )

= (nh)−1
n∑

i=1
K

(
x−Xi

h

)
I(Wi = w)I(Zi = z) − pz,x,w

fX,W (x,w)

+ O(hν + logn/(nh)).

Therefore, with a similar decomposition as in (23), we have

F̂ (t,z|x,w) − F (t, z|x,w)

= Op

(
(logn/(nh))1/2 + hν + επ

)
Op

(
(logn/(nh))1/2 + hν

)
+ F (t|z, x, w)

(
p̂z,x,w − pz,x,w

)
+ pz,x,w

(
F̂ (t|z, x, w) − F (t|z, x, w)

)
.

From this and Lemma F.4 the result in (ix) follows. With a similar argument,
we also obtain (x).
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D. Proof of Theorem 5.1

Proof. The proof is based on Lemma F.5 and on semiparametric Z-estimator-
related theory. In particular, we refer to Theorem 1 in [10], and in the following,
we show the fulfillment of conditions (1.1)-(1.5) of that theorem.

(1.1) The result follows from the definition of β̂.
(1.2) The result is a consequence of the identification of β0, given in Theorem

3.2 and the continuity of the map β �→ M(β, ϕ).
(1.3) Note that P (Ũ ≤ u) and P (Ũ ≤ u,Δ = 1) are continuous in u. In addition,

the functions g : V × B −→ R and g1 : V × B −→ R
dV defined as g(v, β) =

exp(v�β) and g1(v, β) = v exp(v�β) are Lipschitz in β uniformly in v,
since V and B are compact. Thus, the result easily follows.

(1.4) The result follows from Lemma F.5.
(1.5) The result is a consequence of the proof of Theorem 3 in [10], which is

shown to be valid in point (2.5) under Theorem 5.2 below.

E. Proof of Theorem 5.2

Proof. Fix a value α ∈ (0, 1). We are interested in showing that f̂(t, z|x,w) is
Lipschitz continuous up to order 2+α. Any value of α ∈ (0, 1) is suitable, taking
into account that a higher value of α restricts the conditions on the bandwidths
h and ε. Now, for a function f : Z × X × [0, Ū ] −→ R define the norm ‖ · ‖Φ as

‖f‖Φ =
∑
z∈Z

{
sup

u∈[0,Ū ],x∈X
|f(z, x, u)|

+ sup
u∈[0,Ū ],x∈X

| ∂
∂u

f(z, x, u)|

+ sup
u∈[0,Ū ],x∈X

| ∂
2

∂u2 f(z, x, u)|

+ sup
u∈[0,Ū ],x∈X

| ∂
∂x

f(z, x, u)|

+ sup
u∈[0,Ū ],x∈X

| ∂
2

∂x2 f(z, x, u)|

+ sup
u1,u2∈[0,Ū ],x∈X

| ∂2

∂u2 f(z, x, u1) − ∂2

∂u2 f(z, x, u2)
|u1 − u2|α

+ sup
x1,x2∈X ,u∈[0,Ū ]

| ∂2

∂x2 f(z, x1, u) − ∂2

∂x2 f(z, x2, u)
|x1 − x2|α

}
.

With the abuse of notation of denoting the restriction of ϕ(v, u) on V × [0, Ū ]
again as ϕ, under our regularity assumptions, for any α ∈ (0, 1), there exists
a constant m0 such that ‖ϕ‖Φ < m0. This result follows from the implicit
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function theorem and our regularity assumptions 5 and 6. Therefore, ϕ ∈ Φ,
where Φ = {f : Z×X×[0, Ū ] −→ R|f(z, x, ·) and f(z, ·, u) are twice differentiable
and such that ‖f‖Φ ≤ m0}. The norm ‖ · ‖Φ is defined specifically to establish
the set Φ. It ensures that the necessary level of regularity for the functions
involved in the theorem is met. This is crucial for achieving the Donsker property
results of the given class of functions. The set Φ is endowed with the norm
‖φ‖1 = supv∈V,u∈[0,Ū ] |φ(v, u)| + supv∈V,u∈[0,Ū ] |φ′(v, u)| for any φ ∈ Φ. The
operator M and its sample analog Mn are considered as operators on the space
(Φ, ‖ · ‖1).

The proof utilizes lemmas provided in the Online Appendix and Z-estimator-
related theory. In particular, we refer to Theorem 2 of [10] and, in the following,
we show the fulfillment of conditions (2.1)-(2.6) of that theorem.

(2.1) The result follows by definition of β̂.
(2.2) It is easy to see that Γ1(β, ϕ) is continuous in β and that Γ1(β0, ϕ) is

negative definite, and so it has full rank.
(2.3) First, note that, thanks to our regularity conditions, the functions ϕ′(v, u),

ϕ′′(v, u), �(v, t) and �′(v, t) exist. Assumption 1 (ii) also implies that, on
V × [0, Ū ], the function ϕ′(v, u) admits a minimum strictly greater than
zero. This, together with the definition of Φ which ensures that for any
φ ∈ Φ, the functions φ(v, u) and φ′(v, u) are uniformly bounded by the
constant m0, we obtain that there exists ε = ε(m0) > 0 such that for any
φ ∈ Φ the function ϕ + tφ is invertible for every |t| < ε.
Denoting the measure induced on V by the probability of the variable
V by μ(v), we can use Lemma F.8 and the boundedness of the involved
quantities to justify the following equalities:

lim
ε−→0

Eϕ+εφ(g(v), t) −Eϕ(g(v), t)
ε

= lim
ε−→0

1
ε

∫
V
g(v)

[
P
(
(ϕ + εφ)(V, Ũ) ≥ t|V = v

)
− P

(
ϕ(V, Ũ) ≥ t|V = v

)]
dμ(v)

= lim
ε−→0

1
ε

∫
V
g(v)

[
P
(
(ϕ + εφ)(v, Ũ) ≥ t|V = v

)
− P

(
ϕ(v, Ũ) ≥ t|V = v

)]
dμ(v)

= lim
ε−→0

1
ε

∫
V
g(v)

[
P
(
(ϕ + εφ)(v, Ũ) ≥ t

)
− P

(
ϕ(v, Ũ) ≥ t

)]
dμ(v)

= lim
ε−→0

1
ε

∫
V
g(v)

[
P
(
Ũ ≥ (ϕ + εφ)(v, ·)−1(t)

)
− P

(
Ũ ≥ ϕ(v, ·)−1(t)

)]
dμ(v)
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= −
∫
V
g(v)

{
I(�(v, t) < Ū − δ) + I(Ū − δ ≤ �(v, t) ≤ Ū)

× 1 + Ū − 2�(v, t)
δ

}
× φ(v, �(v, t))

ϕ′(v, �(v, t))dμ(v),

where we used the expression of the distribution of Ũ . With a similar
argument, we also obtain

lim
ε−→0

Eϕ+εφ
1 (g(v), t) − Eϕ

1 (g(v), t)
ε

= −
∫
V
g(v)

{
I(�(v, t) < Ū − δ) + I(Ū − δ ≤ �(v, t) ≤ Ū) Ū − �(v, t)

δ

}

× φ(v, �(v, t))
ϕ′(v, �(v, t))dμ(v).

The quantity dQφ(t)
dt can be written as

dQφ(t)
dt = ∂

∂t

∫
V
P (Ũ ≥ φ(v, ·)−1(t),Δ = 1)dμ(v)

=
∫
V

{
I(φ(v, ·)−1(t) < Ū − δ)

+ I(Ū − δ ≤ φ(v, ·)−1(t) ≤ Ū) Ū − φ(v, ·)−1(t)
δ

}
× ∂

∂t
φ(v, ·)−1(t)dμ(v).

Therefore, Lemma F.9 and again Lemma F.8 yield

lim
ε−→0

dQϕ+εφ(t)
dt − dQφ(t)

dt
ε

=
∫
V

{
I(�(v, t) < Ū − τ) + I(Ū − τ ≤ �(v, t) ≤ Ū) Ū

τ

}

× φ(v, �(v, t))�′(v, t)ϕ′′(v, �(v, t)) − φ′(v, �(v, t))
(ϕ′(v, �(v, t)))2 dμ(v)

+
∫
V

{
I(Ū − τ ≤ �(v, t) ≤ Ū)�(v, t)

′

τ

} φ(v, �(v, t))
ϕ′(v, �(v, t))dμ(v).

Then, we can define Then, we can define

eϕ(g, t)[φ] = −
∫
V
g(v)

{
I(�(v, t) < Ū − τ) + I(Ū − τ ≤ �(v, t) ≤ Ū)

× 1 + Ū − 2�(v, t)
τ

} φ(v, �(v, t))
ϕ′(v, �(v, t))dμ(v);

eϕ1 (g, t)[φ] = −
∫
V
g(v)

{
I(�(v, t) < Ū − τ)
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+ I(Ū − τ ≤ �(v, t) ≤ Ū) Ū − �(v, t)
τ

}
× φ(v, �(v, t))

ϕ′(v, �(v, t))dμ(v);

qϕ(t)[φ] =
∫
V

{
I(�(v, t) < Ū − τ) + I(Ū − τ ≤ �(v, t) ≤ Ū) Ū

τ

}

× φ(v, �(v, t))�′(v, t)ϕ′′(v, �(v, t)) − φ′(v, �(v, t))
(ϕ′(v, �(v, t)))2 dμ(v)

+
∫
V

{
I(Ū − τ ≤ �(v, t) ≤ Ū)�(v, t)

′

τ

} φ(v, �(v, t))
ϕ′(v, �(v, t))dμ(v);

qϕ(t) =
∫
V

{
I(�(v, t) < Ū − τ) + I(Ū − τ ≤ �(v, t) ≤ Ū) Ū − �(v, t)

τ

}

× �(v, t)
∂
∂uϕ(v, �(v, t))

dμ(v).

After some computation, it can be shown that

Γ2(β, ϕ)[φ] = e1(v, 0)[φ]

−
∫ T̄

0

{
eϕ(v exp(v�β), t)[φ]q(t) + Eϕ(v exp(v�β), t)qϕ(t)[φ]

}
Eϕ(exp(v�β), t)2 (26)

×Eϕ(exp(v�β), t)dt

+
∫ T̄

0

Eϕ(v exp(v�β), t)qϕ(t)eϕ(exp(v�β), t)[φ]
Eϕ(exp(v�β), t)2 dt. (27)

Therefore, by performing a routine Taylor expansion of M(β, φ) around
ϕ, we can verify the desired condition due to the fact that the quantities
eϕ(g, t)[φ], eϕ1 (g, t)[φ] and qϕ(t)[φ] are linear with respect to
(φ(v, u), φ′(v, u)) and the fact that Γ2(β, ϕ)[φ] is linear with respect to
(eϕ(g, t)[φ], eϕ1 (g, t)[φ], qϕ(t)[φ]). This shows that condition (2.3)(i) of [10]
is satisfied. Condition (2.3)(ii) is instead implied by the differentiability
in β of Γ2(β, ϕ)[φ].

(2.4) The result follows from the Implicit Function Theorem. We now explain
the argument in detail. Consider the map ĝ : R× R× R

L −→ R
K , defined

as

ĝ : (u, x, θ) �→ (ĝ1(u, x, θ), . . . , ĝK(u, x, θ))�, (28)

where ĝk(u, x, θ) =
∑L

l=1 F̂
x(θl, zl|wk) − u. By definition, ϕ̂ satisfies

ĝ(u, x, ϕ̂x(u)) = 0, for each u ∈ [0, Ū ], x ∈ X . Theorem C.1 implies
supu∈[0,Ū ],x∈X ‖Γ(ϕ̂x, F̂ x)(u)− Γ(ϕx, F x)‖ = op(1). Therefore, with prob-
ability tending to 1, Γ(ϕ̂x, F̂ x)(u) is invertible, because of Assumption 6.
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Thus, the Implicit Function Theorem implies

∂

∂u
ϕ̂x(u) = − Γ(ϕ̂x, F̂ x)(u)−1(∂ĝ0

∂u
(u, x, ϕ̂x(u)), . . . , ∂ĝK

∂u
(u, x, ϕ̂x(u))

)�
= Γ(ϕ̂x, F̂ x)(u)−11K . (29)

Using the same argument as in Equation (41), we obtain

∂

∂u
ϕ̂x − ∂

∂u
ϕx

=
(
Γ(ϕ̂x, F̂ x)−1 − Γ(ϕx, F x)−1

)
1K

=
(
Γ(ϕ̂x, F x)−1 − Γ(ϕx, F x)−1 + Op((logn/(nhε))1/2 + hν + επ)

)
1K
(30)

Using the boundedness of the second derivative in t of F (t, z|x,w) uni-
formly in x ∈ X , z ∈ Z, w ∈ W, t ∈ [0, T̄ ], Lemma F.7, and the differen-
tiability of the operator that associates to a matrix M its inverse M−1,
it holds supu∈[0,Ū ],x∈X ‖Γ(ϕ̂x, F x)−1 − Γ(ϕx, F x)−1‖ = op(n−1/4). This
results, together with Lemma F.7 implies ‖ϕ̂−ϕ‖1 = op(n−1/4). The reg-
ularity of F̂ (t, z|x,w) in both the arguments t, x implies, with a similar
argument, that also ϕ̂ has the same regularity in u, x and so ϕ̂ ∈ Φ with
probability tending to 1.

(2.5) For γ > 0, define Φγ = {φ ∈ Φ : ‖φ − ϕ‖1 < γ}. We first show that the
family

F = {(v, u) �→ I(φ(v, u) ≥ t)|φ ∈ Φγ , t ∈ [0, T̄ ]},

is Donsker. Using Theorem 2.5.6 of [25], it is sufficient to show that∫ ∞

0

√
logN[](ε̄,F , L2(P ))dε̄ < ∞,

where N[] is the bracketing number, P is the probability measure corre-
sponding to the joint distribution of (V, Ũ), and L2(P ) is the L2-norm.
Fix ε̄ > 0. In Corollary 2.7.2 of [25], it is stated that

m = N[](ε̄2,Φγ , L2(P )) ≤ exp(Kε̄−4/(2+α)).

Let φL
1 ≤ φT

1 , . . . , φ
L
m ≤ φT

m be the functions defining the m brackets for
Φγ . Thus, for each fixed t and φ ∈ Φγ , we have

I(φL
i (v, u) ≥ t) ≤ I(φ(v, u) ≥ t) ≤ I(φT

i (v, u) ≥ t),

for some i = 1, . . . ,m. Define FL
i (t) = P (φL

i (V, Ũ) ≥ t), and let tLij for j =
1, . . . , O(ε̄−2), partition the line in segments having FL

i -probability less
than or equal to a fraction of ε̄2. Similarly, define FT

i (t) = P (φT
i (V, Ũ) ≥
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t), and let tTij for j = 1, . . . , O(ε̄−2), partition the line in segments hav-
ing FT

i -probability less than or equal to a fraction of ε̄2. Now define the
following bracket for t:

tLij1 ≤ t ≤ tTij2 ,

where tLij1 is the largest of the tLij with the property of being less than or
equal to t and tTij2 is the smallest of the tTij with the property of being
greater than or equal to t. We will now show that the brackets for F are
given by

I(φL
i (v, u) ≥ tTij2) ≤ I(φ(v, u) ≥ t) ≤ I(φT

i (v, u) ≥ tLij1).

Note that, taking eventually a smaller γ > 0, for φ1, φ2 ∈ Φγ , there exist
φ1(v, ·)−1 and φ2(v, ·)−1, which we can denote by ρ1(v, t) and ρ2(v, t),
respectively. In addition, by the regularity assumptions on ϕ, it is easy to
show that there exists a constant Θ, such that, for any integer k ≥ 1, we
have

‖ρ1 − ρ2‖P,k ≤ ‖ρ1 − ρ2‖∞ ≤ Θ‖φ1 − φ2‖1, (31)

where ‖ · ‖P,k is the Lk(P ) norm. This also implies that there exists a
constant K such that

‖I(φL
i (V, Ũ) ≥ tTij2) − I(φT

i (V, Ũ) ≥ tLij1)‖
2
P,2

= P (φT
i (V, Ũ) ≥ tLij1) − P (φL

i (V, Ũ) ≥ tTij2)
= FT

i (tLij1) − FL
i (tTij2)

≤ FT
i (t) − FL

i (t) + Kε2.

Now, denote by fŨ (u) the quantity fŨ (u) = dP (Ũ ≤ u)/du, which exists
a.e., and by ρLi (v, t) and ρTi (v, t) the functions φL

i (v, ·)−1 and φT
i (v, ·)−1,

respectively. Then, using a Taylor expansion, we obtain

FT
i (t) − FL

i (t) =
∫
V

(
P (Ũ ≥ ρTi (v, t)) − P (Ũ ≥ ρLi (v, t))

)
dμ(v)

=
∫
V
fŨ (ξ(v, t))

(
ρTi (v, t) − ρLi (v, t)

)
dμ(v), (32)

where ξ(v, t) is a point between ρTi (v, t) and ρLi (v, t). Therefore, for a
suitable constant J bounding fU , we obtain

FT
i (t) − FL

i (t) ≤ J‖ρTi (v, t) − ρLi (v, t)‖P,1

≤ J‖ρTi (v, t) − ρLi (v, t)‖P,2

≤ JΘε̄2.

Hence for the class F and for each ε̄ > 0, we have at most
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O(ε̄−2 exp(Kε̄−4/(2+α))) brackets in total. However, for ε̄ > 1, one bracket
suffices. So, it holds∫ ∞

0

√
logN[](ε̄,F , L2(P ))dε̄ < ∞.

This shows that the class F is Donsker. Together with Theorem 2.10.6
in [25], this result also implies that the following families of functions are
Donsker:

F1 = {V × [0, Ū ] � (v, u) �→ exp(v�β)I(φ(v, u) ≥ t)
|t ∈ [0, T̄ ], β ∈ B, φ ∈ Φγ};

F2 = {V × [0, Ū ] × {0, 1} � (v, u,Δ) �→ I(φ(v, u) ≥ t)I(Δ = 1)
|t ∈ [0, T̄ ], φ ∈ Φγ};

F3 = {V × [0, Ū ] × {0, 1} � (v, u,Δ) �→ v exp(v�β)I(φ(v, u) ≥ t)I(Δ = 1)
|t ∈ [0, T̄ ], β ∈ B, φ ∈ Φγ}.

Now, consider F1. What remains to show is that if βn is a sequence in n
converging to β0 (with respect to the Euclidean norm) and φn is a sequence
in n converging to ϕ (with respect to ‖ · ‖1) then

E
{[(

exp
(
V �βn

)
I
(
φn(V, Ũ) ≥ t

)
− exp

(
V �β

)
I
(
ϕ(V, Ũ) ≥ t

))
− E

(
exp
(
V �βn

)
I
(
φn(V, Ũ) ≥ t

)
− exp

(
V �β

)
I
(
ϕ(V, Ũ) ≥ t

))]2}
−→ 0

This result easily follows from the regularity of the distribution of Ũ , the
compactness of the support of V , the independence between V and Ũ , the
definition of the norm ‖ · ‖1 and the Lipschitz continuity of v �→ exp(v�β)
in β uniformly in v. More precisely, write

E
{[(

exp
(
V �βn

)
I
(
φn(V, Ũ) ≥ t

)
− exp

(
V �β

)
I
(
ϕ(V, Ũ) ≥ t

))
−E

(
exp
(
V �βn

)
I
(
φn(V, Ũ) ≥ t

)
− exp

(
V �β

)
I
(
ϕ(V, Ũ) ≥ t

))]2}
= I1 + I2,

where

I1 = E[exp(2V �βn)I(φn(V, Ũ) ≥ t)]
+ E[exp(2V �β0)I(ϕ(V, Ũ) ≥ t)]
− 2E[exp(V �βn)I(φn(V, Ũ) ≥ t) exp(V �βn)I(φn(V, Ũ) ≥ t)];

and

I2 =
(
E[(V �βn)P (φn(V, Ũ))] − E[(V �β0)P (ϕ(V, Ũ))]

)2
.
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Now, using similar arguments as before, we have

sup
v∈V

|P (φn(v, Ũ) ≥ t) − P (ϕ(v, Ũ) ≥ t)|

= sup
v∈V

|P (Ũ ≥ ρn(v, t)) − P (Ũ ≥ �(v, t)|

≤ K‖φn − ϕ‖1

for a suitable constant K, where ρn(v, t) = φn(v, ·)−1(t). Also,

sup
v∈V

| exp(v�βn) − exp(v�β0)| ≤ K‖βn − β0‖,

for a further constant K. Therefore, it is easy to see that I2 −→ 0. Using
the independence between V and Ũ , similar arguments also show that
I1 −→ 0. Similar results can be shown for the families F2 and F3. Thus,
from Corollary 2.3.12 in [25], we have that, for any sequence ςn = o(1), it
holds

sup
s∈[0,T̄ ],‖β−β0‖≤ςn,‖φ−ϕ‖1≤ςn

|Q̂φ(s) −Qφ(s) − Q̂ϕ(s) + Qϕ(s)| (33)

= op(n−1/2);
sup

s∈[0,T̄ ],‖β−β0‖≤ςn,‖φ−ϕ‖1≤ςn

‖Êφ(g(β, v), s)

−Eφ(g(β, v), s) − Êϕ(g(β0, v), s) + Eϕ(g(β0, v), s)‖ = op(n−1/2);
(34)

sup
s∈[0,T̄ ],‖β−β0‖≤ςn,‖φ−ϕ‖1≤ςn

‖Êφ
1 (g(β, v), s))

−Eφ
1 (g(β, v), s) − Êϕ

1 (g(β0, v), s) + Eϕ
1 (g(β0, v), s)‖ = op(n−1/2).

Now, with a similar decomposition as the one in [24] (page 97), we can
write

Mn(β, φ)−M(β, ϕ) − (Mn(β, ϕ) −M(β0, ϕ))

=
6∑

j=1
Djn(β, φ) +

8∑
j=1

Rjn(β, φ),

where Djn(β, φ) = Cjn(β, φ) − Cjn(β0, ϕ),

C1n(β, φ) = Êφ
1 (v, 0) − Eφ

1 (v, 0);
C2n(β, φ) = −[Q̂φ(0) −Qφ(0)]Eφ(v exp(v�β), 0)/Eφ(exp(v�β), 0);

C3n(β, φ) =
∫ T̄

0
[(Q̂φ(s) −Qφ(s))/Eφ(exp(v�β), s)]dEφ(v exp(v�β), s);

C4n(β, φ) =
∫ T̄

0
[(Q̂φ(s) −Qφ(s))Eφ(v exp(v�β), s)/Eφ(exp(v�β), s)2]
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dEφ(exp(v�β), s);

C5n(β, φ) =
∫ T̄

0
[(Êφ(v exp(v�β), s) − Eφ(v exp(v�β), s))

× 1/Eφ(exp(v�β), s)]dQφ(s);

C6n(β, φ) =
∫ T̄

0
[(Êφ(exp(v�β), s) −Eφ(exp(v�β), s))

× Eφ(v exp(v�β), s)/Eφ(exp(v�β), s)2]dQφ(s);

and

R1n(β, φ) =
∫ T̄

0
[(Êφ(v exp(v�β), s) − Eφ(v exp(v�β), s))

× 1/Êφ(exp(v�β), s)]d
(
Q̂φ(s) −Qφ(s) − Q̂ϕ(s) + Qϕ(s)

)
;

R2n(β, φ) =
∫ T̄

0

{
[(Êφ(v exp(v�β), s) − Eφ(v exp(v�β0), s))

× 1/Êφ(exp(v�β), s)]
− [(Êϕ(v exp(v�β0), s) −Eϕ(v exp(v�β0), s))

× 1/Êϕ(exp(v�β), s)]
}

d
(
Q̂ϕ(s) −Qϕ(s)

)
;

R3n(β, φ) =
∫ T̄

0
[(Êφ(v exp(v�β), s) − Eφ(v exp(v�β), s))

× (Êφ(exp(v�β), s) −Eφ(exp(v�β), s))
× (Êφ(exp(v�β), s)Eφ(exp(v�β), s))−1]d

(
Qφ(s) −Qϕ(s)

)
;

R4n(β, φ) =
∫ T̄

0

{
[(Êφ(v exp(v�β), s) − Eφ(v exp(v�β), s))

× (Êφ(exp(v�β), s) −Eφ(exp(v�β), s))
× (Êφ(exp(v�β), s)Eφ(exp(v�β), s))−1]
− [(Êϕ(v exp(v�β0), s) −Eϕ(v exp(v�β0), s))
× (Êϕ(exp(v�β0), s) −Eϕ(exp(v�β0), s))

× (Êϕ(exp(v�β0), s)Eϕ(exp(v�β0), s))−1]
}

dQϕ(s);

R5n(β, φ) = −
∫ T̄

0
[(Êφ(exp(v�β), s) −Eφ(exp(v�β), s))

×Eφ(v exp(v�β), s)/(Êφ(exp(v�β), s)Eφ(exp(v�β), s))]
d
(
Q̂φ(s) −Qφ(s) − Q̂ϕ(s) + Qϕ(s)

)
;

R6n(β, φ) = −
∫ T̄

0

{
[(Êφ(exp(v�β), s) −Eφ(exp(v�β), s))

×Eφ(v exp(v�β), s)/(Êφ(exp(v�β), s)Eφ(exp(v�β), s))]
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− [(Êϕ(exp(v�β0), s) − Eϕ(exp(v�β0), s))Eϕ(v exp(v�β0), s)

× (Êϕ(exp(v�β0), s)Eϕ(exp(v�β0), s))−1]
}

d
(
Q̂ϕ(s) −Qϕ(s)

)
;

R7n(β, φ) =
∫ T̄

0
[(Êφ(exp(v�β), s) −Eφ(exp(v�β), s))2Eφ(v exp(v�β), s)

× (Êφ(exp(v�β), s)Eφ(exp(v�β0), s)2)−1]d
(
Qφ(s) −Qϕ(s)

)
;

R8n(β, φ) =∫ T̄

0

{
[(Êφ(exp(v�β), s) − Eφ(exp(v�β), s))2Eφ(v exp(v�β), s)

× (Êφ(exp(v�β), s)Eφ(exp(v�β), s)2)−1]
− [(Êϕ(exp(v�β0), s) − Eϕ(exp(v�β0), s))2Eϕ(v exp(v�β0), s)

× (Êϕ(exp(v�β0), s)Eϕ(exp(v�β0), s)2)−1]
}

dQϕ(s).

This decomposition, and the equalities in (33) imply the assertion.
(2.6) The statement can be reduced to showing that

n1/2{Mn(β0, ϕ)+Γ2(β0, ϕ)[ϕ̂−ϕ]} can be expressed as a sum of iid terms
of the form

n1/2{Mn(β0, ϕ) + Γ2(β0, ϕ)[ϕ̂− ϕ]

= n−1/2
n∑

i=1
η(Yi, δi, Zi,Wi, Xi,Δi, Ũi) + op(1).

The fact that n1/2Mn(β0, ϕ) admits such representation is thanks to the
decomposition given in (2.5). We now show that the same holds for the
term n1/2Γ2(β0, ϕ)[ϕ̂− ϕ], whose expression is given in (26).
Define p(z, x) = P (Z = z|X = x) and denote by ν(x) the density of X.
First, consider e1(v, 0)[ϕ̂− ϕ], that is

e1(v, 0)[ϕ̂− ϕ]

= −
∫
X

L∑
l=1

(z�l , x�)�
∂
∂uϕ(zl, x, 0)

(
ϕ̂(zl, x, 0) − ϕ(zl, x, 0)

)
p(zl, x)ν(x)dx.

Denote Γ(ϕx, F x)−1
l the lth row the matrix Γ(ϕx, F x)−1. Given two vec-

tors v and w denote by vw the inner product, defined by v�w. We can
write

e1(v, 0)[ϕ̂− ϕ]

= −
∫
X

L∑
l=1

(z�l , x�)�
∂
∂uϕ(zl, x, 0)

(
(nh)−1

n∑
i=1

K

(
x−Xi

h

)

× (Γ(ϕx, F x)−1)l

(
L∑

l=1

ηF (Yi, δi, Zi,Wi, ϕ(zl, x, 0), zl, x, wk)
)K

k=1

)
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× p(zl, x)ν(x)dx + op(n−1/2)

= (nh)−1
∫
X

n∑
i=1

K

(
x−Xi

h

)
b(Yi, δi, Zi,Wi, x)dx + op(n−1/2),

where

b(Yi, δi, Zi,Wi, x) = −
L∑

l=1

(z�l , x�)�
∂
∂uϕ(zl, x, 0)

(
(Γ(ϕx, F x)−1)l

×
( L∑

l=1

ηF (Yi, δi, Zi,Wi, ϕ(zl, x, 0), zl, x, wk)
)K
k=1

)
p(zl, x)ν(x).

Thus, by standard change of variable and Taylor expansion, we obtain

e1(v, 0)[ϕ̂− ϕ]

= n−1
n∑

i=1

∫
X
b(Yi, δi, Zi,Wi, hx + Xi)K(x)dx

= n−1
n∑

i=1

∫
X

[b(Yi, δi, Zi,Wi, Xi)

+
ν−1∑
j=1

(hx)j ∂j

∂xj
b(Yi, δi, Zi,Wi, Xi) + Op(hν)]K(x)dx

= n−1
n∑

i=1
b(Yi, δi, Zi,Wi, Xi) + op(n−1/2),

where in the last equality we used that Op(hν) = op(n−1/2). Now, write
qϕ(t)[ϕ̂− ϕ] = I1 + I2, where

I1 =
∫
V
g0(v, t)

(
ϕ̂(v, ρ(v, t)) − ϕ(v, ρ(v, t))

)
dμ(v);

I2 =
∫
V
g1(v, t)

( ∂

∂u
ϕ̂(v, ρ(v, t)) − ∂

∂u
ϕ(v, ρ(v, t))

)
dμ(v);

and

g0(v, t) =
{
I(�(v, t) < Ū − δ) + I(Ū − δ ≤ �(v, t) ≤ Ū) Ū

δ

}
× �′(v, t)ϕ′′(v, �(v, t))

ϕ′(v, �(v, t))

+
{
I(Ū − δ ≤ �(v, t) ≤ Ū)�(v, t)

′

δ

} 1
(ϕ′(v, �(v, t)))2

g1(v, t) =
{
I(�(v, t) < Ū − δ) + I(Ū − δ ≤ �(v, t) ≤ Ū) Ū

δ

}
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× 1
(ϕ′(v, �(v, t)))2

Using a similar argument as for e1(v, 0)[ϕ̂ − ϕ] we again can show that
there exists a function b̃(y, δ, z, w, x) such that

I1 = n−1
n∑

i=1
b̃(Yi, δi, Zi,Wi, Xi) + op(n−1/2).

We now focus on I2, and we write it as I2 = I21 + I22 + op(n−1/2), where

I21 =
∫
X

L∑
l=1

g0(zl, x, t)
[
(nh)−1

n∑
i=1

K

(
x−Xi

h

)

×
L∑

j=1
κl
j(x, �(zl, x, t))ηj(Yi, δi, Zi,Wi, x, �(zl, x, t))

+ (nh)−1
n∑

i=1
K

(
x−Xi

h

) L∑
j=1

K∑
k=1

ζljk(x, �(zl, x, t))I(Wi = wk)

× I(Zi = zl) − pzl,x,wk

fX,W (x,wk)
f(t|zl, x, wk)

]
× p(zl, x)ν(x)dx

I22 =
∫
X

L∑
l=1

g1(zl, x, t)
[
(nhε)−1

n∑
i=1

K

(
x−Xi

h

)

×
∫

K̃ ′(s)
L∑

j=1

K∑
k=1

ζljk(x, �(zl, x, t))ξF (Yi, δi, Zi,Wi, t− sε, zl, x, wk)ds
]

× p(zl, x)ν(x)dx.

So, again with a similar argument as before, I21 admits such representa-
tion, and we now discuss I22. Theorem 3 (b) of [27] implies that

(nh)−1
n∑

i=1
K

(
x−Xi

h

)
ξF (Yi, δi, Zi,Wi, t− sε, zl, x, w)

= (nh)−1
n∑

i=1
K

(
x−Xi

h

)
ξF (Yi, δi, Zi,Wi, t, z, x, w)

+ Op

(
(ε logn/(nh))1/2 + ε1/2hν

)
.

Since
∫
K̃ ′(s)ds = 0,

∫
sK̃ ′(s)ds = −1 and

∫
sjK̃ ′(s)ds = 0 for j =

2, . . . , π, we obtain

I22 =
∫
X

L∑
l=1

g1(zl, x, t)
[
(nhε)−1

n∑
i=1

K

(
x−Xi

h

)
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×
∫

K̃ ′(s)
L∑

j=1

K∑
k=1

ζljk(x, �(zl, x, t))F (t− εs, z|x,w)ds
]

× p(zl, x)ν(x)dx + Op

(
(logn/(nhε))1/2 + ε−1/2hν

)
=
∫
X

L∑
l=1

g1(zl, x, t)

×
[
(nhε)−1

n∑
i=1

K

(
x−Xi

h

)

×
∫

K̃ ′(s)
L∑

j=1

K∑
k=1

ζljk(x, �(zl, x, t))
(
− sεf(t, zl|x,wk)

+ 1
2s

2ε2f ′(t, zl|x,wk) −
1
6s

3ε3f ′′(t, zl|x,wk) + · · · + O(επ+1)
)
ds
]

× p(zl, x)ν(x)dx + Op

(
(logn/(nhε))1/2 + ε−1/2hν

)
)

=
∫
X

L∑
l=1

g1(zl, x, t)

×
[
(nh)−1

n∑
i=1

K

(
x−Xi

h

) L∑
j=1

K∑
k=1

ζljk(x, �(zl, x, t))(f(t, zl|x,wk)

+ O(επ))
]
× p(zl, x)ν(x)dx

+ Op

(
(logn/(nhε))1/2 + ε−1/2hν

)
Note that Op

(
(logn/(nhε))1/2 + ε−1/2hν

)
= op(n−1/2) since w < 2νu− 1.

All the other terms in Γ2(β0, ϕ)[ϕ̂ − ϕ] can follow the same arguments,
from which the assertion follows.

F. Auxiliary lemmas

F.1. Lemmas for Theorem C.1

Lemma F.1. Under Assumption 4, we have

(i) sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

|F̂ (t|z, x, w)−F (t|z, x, w)| = Op((logn/(nh))1/2+hν+

επ).
(ii) sup

t∈[0,T̄ ],z∈Z,x∈X ,w∈W
|f̂(t|z, x, w)−f(t|z, x, w)| = Op((logn/(nhε))1/2+hν+

επ).
(iii) sup

t∈[0,T̄ ],z∈Z,x∈X ,w∈W
| ∂∂t f̂(t|z, x, w) − ∂

∂tf(t|z, x, w)| = op(1).

(iv) sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

| ∂2

∂t2 f̂(t|z, x, w) − ∂2

∂t2 f(t|z, x, w)| = op(1).
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(iv)

sup
t1,t2∈[0,T̄ ],z∈Z,x∈X ,w∈W

| ∂
2

∂t2
(f̂(t1|z, x, w)

− f̂(t2|z, x, w) − f(t1|z, x, w) + f(t2|z, x, w))|/|t1 − t2|α = op(1).

Proof. First, Proposition 1 in [2] implies

sup
t∈[0,T̄ ]

sup
z∈Zw∈W,x∈X

|F̃ (t|z, x, w) − F (t|z, x, w)| = Op((logn/(nh))1/2 + hν).

(35)

The result in (i) then follows by integration by parts and the following decom-
position:

F̂ (t|z, x, w) − F (t|z, x, w)

=
∫

H

(
t− u

ε

)
dF̃ (u|z, x, w) − F (t|z, x, w)

=
∫

F̃ (t− εu|z, x, w)K̃(u)du− F (t|z, x, w)

=
∫ (

F̃ (t− εu|z, x, w) − F (t− εu|z, x, w)
)
K̃(u)du

+
∫ (

F (t− εu|z, x, w) − F (t|z, x, w)
)
K̃(u)du.

Specifically, we obtain that
∣∣∣ ∫ (F̃ (t− εu|z, x, w) − F (t− εu|z, x, w)

)
K̃(u)du

∣∣∣
≤
∫

Op((logn/(nh))1/2 + hν)K̃(u)du

= Op((logn/(nh))1/2 + hν).

Using Assumption 4, the Taylor expansion F (t − εu|z, x, w) − F (t|z, x, w) =
−εuf(t|z, x, w) + 1

2ε
2u2 ∂

∂tf(t|z, x, w) + · · · + O(επ) and the boundedness of
f(t|z, x, w) and its derivatives in the argument t, we have∫ (

F (t− εu|z, x, w)
)
− F (t|z, x, w)

)
K̃(u)du = O(επ).

The result in (ii) corresponds to the rate of convergence of the term (T3) in
the proof of Lemma 2 in the Supplementary Material of [16]. More precisely,
write f̂(t|z, x, w) − f(t|z, x, w) = I1 + I2, where

I1 = ε−1
∫

K̃

(
t− s

ε

)
d
(
F̃ (s|z, x, w) − F (s|z, x, w)

)
;
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I2 = ε−1
∫

K̃

(
t− s

ε

)
dF (s|z, x, w) − f(t|z, x, w).

Now, integrating by parts and using standard change of variables, we can write
I1 = I11 + I12 + I13, where

I11 = ε−1
∫ (

F̃ (t− uε|z, x, w)

− EF̃ (t− uε|z, x, w) − F̃ (t|z, x, w) + EF̃ (t|z, x, w)
)
K̃ ′(u)du;

I12 = ε−1
∫ (

EF̃ (t− uε|z, x, w)

− F (t− uε|z, x, w) −EF̃ (t|z, x, w) + F (t|z, x, w)
)
K̃ ′(u)du;

I13 = ε−1(F̃ (t|z, x, w) − F (t|z, x, w)
) ∫

K̃ ′(u)du.

Now, I13 is straightforwardly equal to 0, because of Assumption 4. Following the
proof of Theorem 3(b) of [27] it can be shown that there exists a finite constant
M1 such that

I11 ≤ M1ε
−1 sup

t,s∈[0,T̄ ],|t−s|≤ε,z∈Z,x∈X ,w∈W

∣∣F̃ (t|z, x, w) −EF̃ (t|z, x, w)

− F̃ (s|z, x, w) + EF̃ (s|z, x, w)
∣∣

= Op((logn/(nhε))1/2).

For the term I12, it is possible to follow the work of [28] with consideration here
of higher-order kernels. We have that

I12 ≤ ε−1
∫ (

b(t− uε|z, x, w)hν + o(hν) + O(n−1) − b(t|z, x, w)hν
)
K̃ ′(u)du,

where the function b is in equation (3.3) in [28], and where their Taylor expan-
sion term o(hν) can be replaced by O(hν+1). Hence, under Lipschitz continuous
requirements for the function b(t|z, x, w) with respect to t induced by Assump-
tion 4, we obtain I12 = ε−1O(εhν+hν+1+n−1) = O(hν), due to the assumptions
on the bandwidths.

This argument shows that I1 = Op((logn/(nhε))1/2 + hν). For the term I2,
we can write

I2 = ε−1
∫

K̃

(
t− s

ε

)(
f(s|z, x, w) − f(t|z, x, w)

)
ds,

and apply standard Taylor expansion and change of variables to show that
I2 = O(επ).

For the result in (iii), we can use a similar argument, where we will have
ε−2K̃ ′′(u) in place of ε−1K̃ ′(u), obtaining a rate of convergence for ∂

∂t f̂(t|z, x, w)−
∂
∂tf(t|z, x, w) equal to

Op((logn)1/2n−1/2h−1/2ε−3/2) + ε−2Op(hν+1) +Op(hν) + ε−2Op(n−1) +O(επ).
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The same applies for the result in (iv) with rate of convergence

Op((logn)1/2n−1/2h−1/2ε−5/2) + ε−3Op(hν+1) +Op(hν) + ε−3Op(n−1) +O(επ).

The result in (v) follows by the almost sure behavior of the modulus of
continuity of d2

dt2 f̂(t|z, x, w) − d2

dt2 f(t|z, x, w), with a similar proof as the one
given in Lemma 2.11 in [26]. Thus

sup
t1,t2∈[0,T̄ ],z∈Z,x∈X ,w∈W

| ∂
2

∂t2
(f̂(t1|z, x, w)

− f̂(t2|z, x, w) − f(t1|z, x, w) + f(t2|z, x, w))|/|t1 − t2|α

= Op((logn)1/2n−1/2h−1/2ε−5/2−α) + ε−3−αOp(hν+1)
+ ε−αOp(hν) + ε−3−αOp(n−1) + O(επ).

Lemma F.2. Under Assumption 4, we have

(i) sup
z∈Z,x∈X ,w∈W

|p̂z,x,w − pz,x,w| = Op((log n/(nh))1/2 + hν).

(ii) sup
z∈Z,x∈X ,w∈W

| ∂
∂x p̂z,x,w − ∂

∂xpz,x,w| = op(1).

(iii) sup
z∈Z,x∈X ,w∈W

| ∂2

∂x2 p̂z,x,w − ∂2

∂x2 pz,x,w| = op(1).

(iv) sup
z∈Z,x1,x2∈X ,w∈W

| ∂2
∂x2 (p̂z,x1,w−p̂z,x2,w−pz,x1,w+pz,x2,w)|

|x1−x2|α = op(1).

Proof. The quantity p̂z,x,w corresponds to an adjusted Nadaraya-Watson esti-
mator designed for estimating a conditional probability of a discrete outcome
variable. The outcome variable, in this case, is the variable Z, the conditioning
variable is X and the weight for the ith observation is equal to the indicator of
whether Wi equals w or not. The result in (i) then follows from [18]. The results
in (ii) − (iii) can be proved similarly as in Proposition 5.3 of [26], obtaining

sup
z∈Z,x∈X ,w∈W

| ∂
∂x

p̂z,x,w − ∂

∂x
pz,x,w| = Op((logn/(nh3))1/2 + hν),

and

sup
z∈Z,x∈X ,w∈W

| ∂
2

∂x2 p̂z,x,w − ∂2

∂x2 pz,x,w| = Op((log n/(nh5))1/2 + hν).

The result in (iv) follows from Lemma 2.11 in [26], and we obtain

sup
z∈Z,x1,x2∈X ,w∈W

| ∂2

∂x2 (p̂z,x1,w − p̂z,x2,w − pz,x1,w + pz,x2,w)|
|x1 − x2|α

= Op((logn)1/2(nh5+2α)−1/2 + hν)

Lemma F.3. Under Assumption 5, we have
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(i) sup
t∈[0,T̄ ],x∈X ,z∈Z,w∈W

| ∂
∂x F̂ (t|z, x, w) − ∂

∂xF (t|z, x, w)| = op(1).

(ii) sup
t∈[0,T̄ ],x∈X ,z∈Z,w∈W

| ∂2

∂x2 F̂ (t|z, x, w) − ∂2

∂x2F (t|z, x, w)| = op(1).

(iii)

sup
t∈[0,T̄ ],x1,x2∈X ,z∈Z,w∈W

| ∂
2

∂x2 (F̂ (t|z, x1, w)

− F̂ (t|z, x2, w) − F (t|z, x1, w) + F (t|z, x2, w))|/|x1 − x2|α = op(1).

Proof. The results in (i) and (iii) follow from Proposition 5.5 in [26]:

sup
t∈[0,T̄ ],x∈X ,z∈Z,w∈W

| ∂
∂x

F̂ (t|z, x, w) − ∂

∂x
F (t|z, x, w)|

= Op((logn/(nh3))1/2 + hν + επ),

and

sup
t∈[0,T̄ ],x∈X ,z∈Z,w∈W

| ∂
2

∂x2 F̂ (t|z, x, w) − ∂2

∂x2F (t|z, x, w)|

= Op((logn/(nh5))1/2 + hν + επh−1).

The result in (iii) follows from Proposition 5.6 in [26],

sup
t∈[0,T̄ ],x1,x2∈X ,z∈Z,w∈W

| ∂
2

∂x2 (F̂ (t|z, x1, w)

− F̂ (t|z, x2, w) − F (t|z, x1, w) + F (t|z, x2, w))|/|x1 − x2|α

= Op((logn/(nh5+2α))1/2 + hν + επh−1−α).

Lemma F.4. Under Assumption 4, we have

(i)

F̂ (t|z, x, w) − F (t|z, x, w)

= (nh)−1
n∑

i=1
K

(
x−Xi

h

)
ξF (Yi, δi, Zi,Wi, t, z, x, w)

+ Rn(t, z, x, w),

where

sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

|Rn(t, z, x, w)| = Op

(
(logn/(nh))3/4 + hν + επ

)
.

(36)

(ii)

f̂(t|z, x, w) − f(t|z, x, w)
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= (nhε)−1
n∑

i=1
K

(
x−Xi

h

)∫
K̃ ′(u)ξF (Yi, δi, Zi,Wi, t− uε, z, x, w)du

+ rn(t, z, x, w),

where

sup
t∈[0,T̄ ],z∈Z,x∈X ,w∈W

|rn(t, z, x, w)| = Op

(
(logn/(nhε))3/4 + hν + επ

)
.

Proof. The result in (i) is an easy adaptation of Lemma 1 in the Supplementary
Material of [16]. The result in (ii) follows from (i) and the fact that

f̂(t|z, x, w) − f(t|z, x, w) = ε−1
∫

K̃

(
t− s

ε

)
d
(
F̃ (s|z, x, w) − F (s|z, x, w)

)
+ ε−1

∫
K̃

(
t− s

ε

)
dF (s|z, x, w) − f(t|z, x, w).

More precisely, rewrite f̂(t|z, x, w) − f(t|z, x, w) as

f̂(t|z, x, w) − f(t|z, x, w)

= ε−2
∫

K̃
′
(
t− s

ε

)(
F̃ (s|z, x, w) − F (s|z, x, w)

)
ds

+ ε−1
∫

K̃

(
t− s

ε

)(
f(s|z, x, w) − f(t|z, x, w)

)
ds

= ε−2
∫

K̃
′
(
t− s

ε

)(
F̂ (s|z, x, w) − F (s|z, x, w)

)
ds

+ ε−1
∫

K̃

(
t− s

ε

)(
f(s|z, x, w) − f(t|z, x, w)

)
ds

+ Op

(
(logn/(nh))3/4 + hν + ε3

)

= (nhε)−1
n∑

i=1
ε−1

∫
K̃

′
(
t− s

ε

)
K

(
x−Xi

h

)
ξF (Yi, δi, Zi,Wi, s, z, x, w)ds

+ Op

(
(logn/(nh))3/4 + hν + ε3

)
+
∫

K̃(u)
(
f(t− εu|z, x, w) − f(t|z, x, w)

)
du. (37)

Since

f(t− εu|z, x, w) = f(t|z, x, w) − uε
∂f(t|z, x, w)

∂t

+ 1
2u

2ε2
∂2f(t|z, x, w)

∂t2
+ · · · + O(επ),

and because of Assumption 4, we have∫
K̃(u)

(
f(t− εu|z, x, w) − f(t|z, x, w)

)
du = O(επ).
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Therefore, by standard change of variable, equation (37) leads to the result in
(ii).

F.2. Lemma for Theorem 5.1

Lemma F.5. Under Assumptions 4 and 5, it holds ‖ϕ̂− ϕ‖∞ = op(1).

Proof. Theorem C.1 implies that

sup
x∈X

‖A(ϕ̂x, F̂ x) −A(ϕ̂x, F x)‖∞ = op(n−1/4).

Now, the proof of the result we are interested in is similar to the one of Theorem
4.1 in [5]. More precisely,

‖A(ϕ̂x, F x)‖∞ ≤ ‖A(ϕ̂x, F̂ x)‖∞ + ‖A(ϕ̂x, F̂ x) −A(ϕ̂x, F x)‖∞
≤ ‖A(ϕ̂x, F̂ x)‖∞ + sup

x∈X
‖A(ϕ̂x, F̂ x) −A(ϕ̂x, F x)‖∞

= ‖A(ϕ̂x, F̂ x)‖∞ + op(n−1/4). (38)

By definition,

‖A(ϕ̂x, F̂ x)‖∞
= inf

θ∈FŪ,T̄
Z

‖A(θ, F̂ x)‖∞

≤ inf
θ∈FŪ,T̄

Z

‖A(θ, F x)‖∞ + sup
θ∈FŪ,T̄

Z

‖A(θ, F̂ x) −A(θ, F x)‖∞

≤ sup
x∈X

inf
θ∈FŪ,T̄

Z

‖A(θ, F x)‖∞ + sup
x∈X

sup
θ∈FŪ,T̄

Z

‖A(θ, F̂ x) −A(θ, F x)‖∞

= 0 + op(n−1/4),

where in the last equality we used Assumption 5.
This argument and (38) imply that supx∈X ‖A(ϕ̂x, F x)‖∞ = op(n−1/4), and

so ‖ϕ̂x − ϕx‖∞ = op(1) uniformly in x ∈ X by Assumption 5.

F.3. Lemmas for Theorem 5.2

Lemma F.6. Under Assumption 4 and 6, there exist ς, c > 0 such that for any
θ ∈ F Ū,T̄

Z such that ‖θ− ϕx‖∞ ≤ ς, it holds ‖θ− ϕx‖∞ ≤ c‖A(θ, F x)‖∞, where
ς, c do not depend on x ∈ X .

Proof. Since F (·, z|x,w) is twice differentiable, also A(·, F x) is twice differen-
tiable in the first argument. Since F (·, z|x,w) has a bounded second derivative,
uniformly in z, w, x, also the second derivative of A(·, F x)(u) is bounded in [0, T̄ ]
by a constant M1 which does not depend on x. Using the Taylor expansion, for
θ ∈ F Ū,T̄

Z , it holds

A(θ, F x)(u) ≤ A(ϕx, F x)(u) + Γ(ϕx, F x)(u)(θ(u) − ϕx(u))
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+ M1‖θ(u) − ϕx(u)‖2.

This implies that

‖A(θ, F x)(u) −A(ϕx, F x)(u) − Γ(ϕx, F x)(u)(θ(u) − ϕx(u))‖
≤ M1‖θ(u) − ϕx(u)‖2

≤ M1‖θ − ϕx‖2
∞.

The previous inequality yields

‖A(θ, F x) −A(ϕx, F x) − Γ(ϕx, F x)(θ − ϕx)‖∞ ≤ M1‖θ − ϕx‖2
∞.

Since A(ϕx, F x) = 0, we have

‖Γ(ϕx, F x)(θ − ϕx)‖∞ ≤ ‖A(θ, F x)‖∞ + M1‖θ − ϕx‖2
∞.

By Assumption 6, there exists a constant M2 > 0, which does not depend on x
or u ∈ [0, Ū ] such that

M2‖θ − ϕx‖∞ −M1‖θ − ϕx‖2
∞ ≤ ‖A(θ, F x)‖∞.

Choosing ς > 0 small enough, we obtain that when ‖θ − ϕx‖∞ ≤ ς, then

M2

2 ‖θ − ϕx‖∞ ≤ ‖A(θ, F x)‖∞,

which finishes the proof.

Lemma F.7. Under Assumptions 4, 5 and 6, we have ‖ϕ̂− ϕ‖∞ = op(n−1/4).

Proof. Similarly as in the proof of Lemma F.5, we obtain

sup
x∈X

‖A(ϕ̂x, F x)‖∞ = op(n−1/4),

and ‖ϕ̂x − ϕx‖∞ = op(1) uniformly in x ∈ X . Hence, by Lemma F.6, we have
‖ϕ̂x −ϕx‖∞ ≤ c‖A(ϕ̂x, F x)‖∞ with probability approaching to 1, where c does
not depend on x. We obtain,

sup
x∈X

‖ϕ̂x − ϕx‖∞ ≤ c sup
x∈X

‖A(ϕ̂x, F x)‖∞ = op(n−1/4),

which is the assertion.

Lemma F.8. Given a function f(x), denote by f−1(y) its inverse, such that
f−1(f(x)) = x. Denote by T the operator that associates to a function f(x)
its inverse T (f)(y) = f−1(y). Denote by Γ(f)[h] the Gâteaux derivative of the
operator T at f in direction h, defined as

Γ(f)[h](y) = lim
t→0

T (f + th)(y) − T (f)(y)
t

.
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Then, the Gâteaux derivative of the operator T takes the following form:

Γ(f)[h](y) = − h(f−1(y))
f ′(f−1(y)) ,

where f ′(x) = d
dxf(x).

Proof. Solving for x the equation y = f(x)+th(x), we have x = f−1(y−th(x)) =
f−1(y)− th(f−1(y)) d

dyf
−1(y)+O(t2), where O(t2) denotes terms of order t2 or

higher. Therefore,

T (f + th)(y) = f−1(y) − th(f−1(y)) 1
f ′(f−1(y)) + O(t2).

The assertion then follows.

Lemma F.9. Given a function f(x), denote by f−1(y) its inverse, as in Lemma
F.8. Denote by T the operator that associates to a function f(x) the derivative
of its inverse T (f)(y) = d

dyf
−1(y), and denote by Γ(f)[h] the Gâteaux derivative

of T , defined as in Lemma F.8. Then, Γ(f)[h] takes the following form:

Γ(f)[h](y) =
h
(
f−1(y)

)
d
dyf

−1(y)f ′′(f−1(y)
)
− h′(f−1(y)

)
f ′
(
f−1(y)

)2 ,

where f ′(x) = d
dxf(x) and f ′′(x) = d2

dx2 f(x).

Proof. In the proof of Lemma F.8 we have shown that

(f + th)−1(y) = f−1(y) − th(f−1(y)) d

dy
f−1(y) + O(t2).

Therefore,

T (f + th)

= d

dy
(f + th)−1(y)

= 1
(f ′ + th′)((f + th)−1(y))

=
{
f ′(f−1(y) − th(f−1(y)) d

dy
f−1(y) + O(t2)

)
+ th′(f−1(y) − th(f−1(y)) d

dy
f−1(y) + O(t2)

)}−1

= 1
f ′
(
f−1(y)

)
− th

(
f−1(y)

)
d
dyf

−1(y)f ′′
(
f−1(y)

)
+ th′

(
f−1(y)

)
+ O(t2)

= 1
f ′
(
f−1(y)

){1 − t

f ′
(
f−1(y)

)[h′(f−1(y)
)

− h
(
f−1(y)

) d

dy
f−1(y)f ′′(f−1(y)

)]
+ O(t2)

}
.

The assertion then follows.
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Lemma F.10. Under Assumption 6, we have

(i)

ϕ̂x(u) − ϕx(u) = (nh)−1
n∑

i=1
K

(
x−Xi

h

)
ηϕ(Yi, δi, Zi,Wi, x, u)

+ Sn(u, x);

where

ηϕ(Yi, δi, Zi,Wi, x, u) = Γ(ϕx, F x)−1

(
L∑

l=1

ηF (Yi, δi, Zi,Wi, ϕ(zl, x, u), zl, x, wk)
)K

k=1

.

and

sup
u∈[0,Ū ],x∈X

|Sn(u, x)| = op(n−1/2). (39)

(ii) Denoting by ηϕj the jth component of ηϕ, we have

∂

∂u
ϕ̂x(u) − ∂

∂u
ϕx(u)

= (nh)−1
n∑

i=1
K

(
x−Xi

h

)⎛⎝ L∑
j=1

κl
j(x, u)ηj(Yi, δi, Zi,Wi, x, u)

⎞
⎠

L

l=1

+ (nh)−1
n∑

i=1
K

(
x−Xi

h

)( L∑
j=1

K∑
k=1

ζljk(x, u)

× I(Wi = wk)
I(Zi = zl) − pzl,x,wk

fX,W (x,wk)
f
(
ϕ(zl, x, u)|zl, x, wk

))L

l=1

+ (nhε)−1
n∑

i=1
K

(
x−Xi

h

)∫
K̃ ′(s)

×

⎛
⎝ L∑

j=1

K∑
k=1

ζljk(x, u)ξF (Yi, δi, Zi,Wi, ϕ(zl, x, u) − sε, zl, x, wk)

⎞
⎠

L

l=1

ds

+ sn(u, x)

for suitable functions κl
j(x, u) and ζljk(x, u), varying j, l = 1, . . . , L and

k = 1, . . . ,K, and where

sup
u∈[0,Ū ],x∈X

|sn(u, x)| = op(n−1/2). (40)
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Proof. Theorem C.1 provides a representation of the quantity F̂ (t, z|x,w) −
F (t, z|x,w), and similar arguments to those used in the proof of Theorem 4.2
in [5] yield the first equality. Specifically, the first-order conditions of the opti-
mization program (12) are

Γ(ϕ̂x, F̂ x)�A(ϕ̂x, F̂ x) = 0,

which leads to

Γ(ϕ̂x, F̂ x)�A(ϕx, F̂ x) + Γ(ϕ̂x, F̂ x)�Γ(ϕx, F̂ x)(ϕ̂x − ϕx) + Γ(ϕ̂x, F̂ x)�Rx = 0,

where Rx = A(ϕ̂x, F̂ x) −A(ϕx, F̂ x) − Γ(ϕx, F̂ x)(ϕ̂x − ϕx). Thus, we have

ϕ̂x − ϕx = −[Γ(ϕ̂x, F̂ x)�Γ(ϕx, F̂ x)]−1Γ(ϕ̂x, F̂ x)�A(ϕx, F̂ x)
− [Γ(ϕ̂x, F̂ x)�Γ(ϕx, F̂ x)]−1Γ(ϕ̂x, F̂ x)�Rx

= −Γ(ϕx, F̂ x)−1A(ϕx, F̂ x) − Γ(ϕx, F̂ x)−1Rx.

Now, Theorem C.1 implies that ‖A(ϕx, F̂ x)‖∞ = Op((log n/(nh))1/2 + hν +
επ) and that Γ(ϕx, F̂ x) = Γ(ϕx, F x) + Op((logn/(nhε))1/2 + hν + επ). Under
Assumption 6, we have

Γ(ϕx, F̂ x)−1 = (Γ(ϕx, F x) + Op((logn/(nhε))1/2 + hν + επ)
)−1

=
(
Γ(ϕx, F x)(I + Γ(ϕx, F x)−1Op((logn/(nhε))1/2 + hν + επ))

)−1

=
(
I + Γ(ϕx, F x)−1Op((logn/(nhε))1/2 + hν + επ)

)−1Γ(ϕx, F x)−1

=
(
I − Γ(ϕx, F x)−1Op((logn/(nhε))1/2 + hν + επ)

)
Γ(ϕx, F x)−1

= Γ(ϕx, F x)−1 −
(
Γ(ϕx, F x)−1)2Op((logn/(nhε))1/2 + hν + επ)

= Γ(ϕx, F x)−1 + Op((logn/(nhε))1/2 + hν + επ) (41)

where the last equality is due to the boundedness of the involved quantities.
Thus, we obtain

Γ(ϕx, F̂ x)−1A(ϕx, F̂ x)
= [Γ(ϕx, F̂ x)−1 − Γ(ϕx, F x)−1]A(ϕx, F̂ x) + Γ(ϕx, F x)−1A(ϕx, F̂ x)
= Op((logn/(nhε))1/2 + hν + επ)Op((logn/(nh))1/2 + hν + επ)

+ Γ(ϕx, F x)−1A(ϕx, F̂ x)
= Γ(ϕx, F x)−1A(ϕx, F̂ x) + op(n−1/2)

The proof of Theorem 5.1 implies that Rx = op(n−1/2). Since, for every k =
1, . . . ,K, it holds u =

∑L
l=1 F

x(ϕx
l (u), zl|wk), we obtain

ϕ̂x(u) − ϕx(u)
= Γ(ϕx, F x)−1A(ϕx, F̂ x) + op(n−1/2)
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= Γ(ϕx, F x)−1

(
L∑

l=1

F̂ x(ϕx
l (u), zl|wk) − F x(ϕx

l (u), zl|wk)
)K

k=1

+ op(n−1/2)

= (nh)−1
n∑

i=1
K

(
x−Xi

h

)
Γ(ϕx, F x)−1

(
L∑

l=1

ηF (Yi, δi, Zi,Wi, ϕ(zl, x, u), zl, x, wk)
)K

k=1

+ op(n−1/2).

We now show the result in (ii). To simplify the argument we assume L =
K = 2, but it will be clear that the result holds for any integer L ≥ 1. Denote by
1L the vector in R

L with all entrances equals to 1. We have shown in equation
(29) that

∂

∂u
ϕ̂x − ∂

∂u
ϕx =

(
Γ(ϕ̂x, F̂ x)−1 − Γ(ϕx, F x)−1

)
1K

=
(

1
f̂x(ϕ̂x

1 , z1|w1)f̂x(ϕ̂x
2 , z2|w2) − f̂x(ϕ̂x

2 , z2|w1)f̂x(ϕ̂x
1 , z1|w2)

×
[
f̂x(ϕ̂x

2 , z2|w2) −f̂x(ϕ̂x
2 , z2|w1)

−f̂x(ϕ̂x
1 , z1|w2) f̂x(ϕ̂x

1 , z1|w1)

]

− 1
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)fx(ϕx
1 , z1|w2)

×
[
fx(ϕx

2 , z2|w2) −fx(ϕx
2 , z2|w1)

−fx(ϕx
1 , z1|w2) fx(ϕx

1 , z1|w1)

])
1K

We now show that the aimed iid representation holds for the first component
of ∂

∂u ϕ̂
x − ∂

∂uϕ
x, that is ∂

∂u ϕ̂
x
1 − ∂

∂uϕ
x
1 , and clearly the same argument can be

used for the second component. So, write

∂

∂u
ϕ̂x

1 − ∂

∂u
ϕx

1 = f̂x(ϕ̂x
2 , z2|w2) − f̂x(ϕ̂x

2 , z2|w1)
f̂x(ϕ̂x

1 , z1|w1)f̂x(ϕ̂x
2 , z2|w2) − f̂x(ϕ̂x

2 , z2|w1)f̂x(ϕ̂x
1 , z1|w2)

− fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)fx(ϕx
1 , z1|w2)

= I1 + I2,

where

I1 = f̂x(ϕ̂x
2 , z2|w2) − f̂x(ϕ̂x

2 , z2|w1)
f̂x(ϕ̂x

1 , z1|w1)f̂x(ϕ̂x
2 , z2|w2) − f̂x(ϕ̂x

2 , z2|w1)f̂x(ϕ̂x
1 , z1|w2)

− f̂x(ϕx
2 , z2|w2) − f̂x(ϕx

2 , z2|w1)
f̂x(ϕx

1 , z1|w1)f̂x(ϕx
2 , z2|w2) − f̂x(ϕx

2 , z2|w1)f̂x(ϕx
1 , z1|w2)

;

I2 = f̂x(ϕx
2 , z2|w2) − f̂x(ϕx

2 , z2|w1)
f̂x(ϕx

1 , z1|w1)f̂x(ϕx
2 , z2|w2) − f̂x(ϕx

2 , z2|w1)f̂x(ϕx
1 , z1|w2)
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− fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)fx(ϕx
1 , z1|w2)

.

We first start with I1, and using standard Taylor expansion, we can write I1 =
I11 + I12, where

I11 =
((

f̂x(ϕx
1 , z1|w1)f̂x(ϕx

2 , z2|w2) − f̂x(ϕx
2 , z2|w1)f̂x(ϕx

1 , z1|w2)
)−2

×
( d
dt

f̂x(ϕx
2 , z2|w2) −

d

dt
f̂x(ϕx

2 , z2|w1)
)

× (f̂x(ϕx
1 , z1|w1)f̂x(ϕx

2 , z2|w2) − f̂x(ϕx
2 , z2|w1)f̂x(ϕx

1 , z1|w2))

−
(
f̂x(ϕx

1 , z1|w1)f̂x(ϕx
2 , z2|w2) − f̂x(ϕx

2 , z2|w1)f̂x(ϕx
1 , z1|w2)

)−2

×
(
f̂x(ϕx

2 , z2|w2) − f̂x(ϕx
2 , z2|w1)

)
× (f̂x(ϕx

1 , z1|w1)
d

dt
f̂x(ϕx

2 , z2|w2) −
d

dt
f̂x(ϕx

2 , z2|w1)f̂x(ϕx
1 , z1|w2))

)
× (ϕ̂x

2 − ϕx
2) + Op(‖ϕ̂x

2 − ϕx
2‖2

∞);

I12 = −
(
f̂x(ϕx

1 , z1|w1)f̂x(ϕx
2 , z2|w2) − f̂x(ϕx

2 , z2|w1)f̂x(ϕx
1 , z1|w2)

)−2

×
(
f̂x(ϕx

2 , z2|w2) − f̂x(ϕx
2 , z2|w1)

)
×
( d
dt

f̂x(ϕx
1 , z1|w1)f̂x(ϕx

2 , z2|w2) − f̂x(ϕx
2 , z2|w1)

d

dt
f̂x(ϕx

1 , z1|w2)
)

× (ϕ̂x
1 − ϕx

1) + Op(‖ϕ̂x
1 − ϕx

1‖2
∞)

Now, I12 = I121 + I122, with

I121 =
(
−
(
f̂x(ϕx

1 , z1|w1)f̂x(ϕx
2 , z2|w2) − f̂x(ϕx

2 , z2|w1)f̂x(ϕx
1 , z1|w2)

)−2

×
(
f̂x(ϕx

2 , z2|w2) − f̂x(ϕx
2 , z2|w1)

)
×
( d
dt

f̂x(ϕx
1 , z1|w1)f̂x(ϕx

2 , z2|w2) − f̂x(ϕx
2 , z2|w1)

d

dt
f̂x(ϕx

1 , z1|w2)
)

+
(
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)fx(ϕx
1 , z1|w2)

)−2

×
(
fx(ϕx

2 , z2|w2) − fx(ϕx
2 , z2|w1)

)
× ( d

dt
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)
d

dt
fx(ϕx

1 , z1|w2))
)

× (ϕ̂x
1 − ϕx

1);

I122 = −
(
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)fx(ϕx
1 , z1|w2)

)−2

×
(
fx(ϕx

2 , z2|w2) − fx(ϕx
2 , z2|w1)

)
× ( d

dt
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)
d

dt
fx(ϕx

1 , z1|w2))

× (ϕ̂x
1 − ϕx

1) + Op(‖ϕ̂x
1 − ϕx

1‖2
∞).

It is easy to show that I121 = op(n−1/2) because ∂
∂t f̂

x is bounded with proba-
bility tending to 1, f̂x − fx = Op(n−1/4) and ϕ̂x

1 − ϕx
1 = op(n−1/4). Denote by
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ηϕl the lth functional component of ηϕ for l = 1, . . . , L. It follows that

I12 = op(n−1/2) + I122

= −
(
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)fx(ϕx
1 , z1|w2)

)−2

×
(
fx(ϕx

2 , z2|w2) − fx(ϕx
2 , z2|w1)

)
× ( d

dt
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)
d

dt
fx(ϕx

1 , z1|w2))

× (nh)−1
n∑

i=1
K

(
x−Xi

h

)
ηϕ1 (Yi, δi, Zi,Wi, x, u) + op(n−1/2).

A similar argument can be used for I11.
We now focus on I2, which, by standard decomposition argument, can be

written as I2 = I21 + I22 + op(n−1/2), where

I21 = fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1) − f̂x(ϕx
2 , z2|w2) − f̂x(ϕx

2 , z2|w1)
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)fx(ϕx
1 , z1|w2)

I22 =
(
fx(ϕx

2 , z2|w2) − fx(ϕx
2 , z2|w1)

)
(
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)fx(ϕx
1 , z1|w2)

)2
×
(
fx(ϕx

1 , z1|w1)fx(ϕx
2 , z2|w2) − fx(ϕx

2 , z2|w1)fx(ϕx
1 , z1|w2)

− f̂x(ϕx
1 , z1|w1)f̂x(ϕx

2 , z2|w2) + f̂x(ϕx
2 , z2|w1)f̂x(ϕx

1 , z1|w2)
)

This equality and standard decomposition arguments similar to the ones used
before, imply that it is possible to use the iid representation of f̂x−fx to obtain
a representation for I21 and I22. This means that there exist four functions
ζ0
lk(x, u) for l, k = 1, 2 such that

I2 =
2∑

l,k=1

ζ0
lk(x, u) ×

(
(nh)−1

n∑
i=1

K

(
x−Xi

h

)

I(Wi = wk)
I(Zi = zl) − pzl,x,wk

fX,W (x,wk)
f(ϕ(zl, x, u)|zl, x, wk)

+ (nhε)−1
n∑

i=1
pzl,x,wk

K

(
x−Xi

h

)

×
∫

K̃(s)ξF (Yi, δi, Zi,Wi, ϕ(zl, x, u) − sε, zl, x, wk)ds
)

+ op(n−1/2).

To summarize, there exist some differentiable functions κl
j(x, u) and ζljk(x, u),

for j, l = 1, . . . , L, k = 1, . . . ,K such that

∂

∂u
ϕ̂x(u) − ∂

∂u
ϕx(u)
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= (nh)−1
n∑

i=1
K

(
x−Xi

h

)⎛⎝ L∑
j=1

κl
j(x, u)ηj(Yi, δi, Zi,Wi, x, u)

⎞
⎠

L

l=1

+ (nh)−1
n∑

i=1
K

(
x−Xi

h

)( L∑
j=1

K∑
k=1

ζljk(x, u)I(Wi = wk)

× I(Zi = zl) − pzl,x,wk

fX,W (x,wk)
f(ϕ(zl, x, u)|zl, x, wk)

)L

l=1

+ (nhε)−1
n∑

i=1
K

(
x−Xi

h

)

×
∫

K̃ ′(s)

⎛
⎝ L∑

j=1

K∑
k=1

ζljk(x, u)ξF (Yi, δi, Zi,Wi, ϕ(zl, x, u) − sε, zl, x, wk)

⎞
⎠

L

l=1

ds

+ op(n−1/2).

This corresponds to the result in (ii).

G. Simpler identification conditions in randomized experiments
with non-compliance

In this section, we provide the reader with conditions under which (5) has a
unique solution similar to the ones discussed in [12] or in [7]. We focus on the
simpler case where both the treatment Z and the instrument W are binary in
the presence of a randomized experiment with non-compliance, a scenario that
frequently arises in empirical applications.

We consider X = x and u ∈ [0, 1] to be fixed. Let fx
T |Z,W (t|z, w) be the

density of T given Z = z,W = w,X = x and ν, f > 0 be small constants. We
define the set L as the closed rectangle of vectors (t0, t1) ∈ R

2 satisfying the
following conditions:

(i) P(T ≤ tZ |W = w1, X = x) ∈ [u− ν, u + ν] for each w1 ∈ {0, 1};
(ii) fx

T |Z,W (t|z, w) > f is bounded from below for all z, w ∈ {0, 1} such that
P(Z = z|W = w,X = x) > 0.

We use the notation tZ = (1−Z)t0 +Zt1. We want to show that there exists
a unique t = (t0, t1)� ∈ L such that Πx(t) = 0, where

Πx(t) =
[
P
(
T ≤ tZ

∣∣W = 0, X = x
)
− u

P
(
T ≤ tZ

∣∣W = 1, X = x
)
− u

]
.

The Jacobian of Πx(t) with respect to t, denoted by Πx(t)′, takes the following
form:

Πx(t)′ =
[
fx(t0, 0|0) fx(t1, 1|0)
fx(t0, 0|1) fx(t1, 1|1)

]
.
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where fx(t, z|w) = fx
T |Z,W (t|z, w)P(Z = z|W = w,X = x). We make the fol-

lowing Assumption:

(B) (i) fx
T |Z,W (ϕ(z, x, u)|z, w) > f for all z, w ∈ {0, 1}, x ∈ X such that
P(Z = z|W = w,X = x) > 0;

(ii) Πx(t)′ has full rank for all t ∈ L, x ∈ X .

Assumption (B) guarantees that (ϕ(0, x, u), ϕ(1, x, u))� belongs to L and that
the system in (5) has a unique solution. We refer to Theorem 3.2 of [7] or Section
2.4 of [12] for a detailed proof.

Assumption (B)(i) means that for X = x and for all populations Z = z,W =
w that appear in the data, there are some subjects with U = u in this population.
Assumption (B)(ii) is a full rank condition, which is standard in econometrics.
Similarly as in [12], we can provide the following interpretation of (B)(ii). The
matrix Πx(t)′ has full rank for all t ∈ L, x ∈ X if and only if

fx(t0, 0|0)
fx(t0, 0|1) >

fx(t1, 1|0)
fx(t1, 1|1) , for all t ∈ L, x ∈ X (42)

(or the same property with < instead of >). This inequality can be interpreted
as a monotone likelihood ratio condition: for all t ∈ L, x ∈ X , the instrument
increases (or decreases) the likelihood ratio in (42).

Let us also consider the special case of randomized experiments with one-
sided non-compliance where P(Z = 1|W = 0, X = x) = 0. Notice that

F x(s, z|w) = P(T ≤ s|Z = z,W = w)P(Z = z|W = w,X = x)
= P(U ≤ ϕx

z (·)−1(s)|Z = z,X = x,W = w)P(Z = z|W = w,X = x).

By the implicit function theorem and the chain rule this yields

fx(s, z|w) = P(Z = z|W = w,X = x)
(ϕx

z )′(ϕx
z (·)−1(s)) fU |Z,W,X(ϕx

z (·)−1(s)|z, w, x)),

where fU |Z,W,X(u|z, w, x) is the density of the distribution of U given Z =
z,W = w,X = x evaluated at u. By the chain rule and the fact that U follows
a uniform distibution given W,X, we obtain

fx(s, z|w) = 1
(ϕx

z )′(ϕx
z (·)−1(s))P(Z = z|W = w,X = x, U = ϕx

z (·)−1(s)).

Hence, it can be seen that under one-sided non-compliance, Assumption (B)
holds as long as P(Z = 1|W = w,X = x, U = v) > ξ for some ξ > 0, for
all v ∈ [0, 1], x ∈ X . This condition means that every subject has at least a
probability ξ of being treated Z = 1 if they are assigned to the treatment group
W = 1.
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H. Further simulations

H.1. Choice of the kernel and bandwidth

In this section, we conduct the same simulation as discussed in Section 6, varying
the choice of kernel and bandwidth in the smoothing procedure of the contin-
uous covariate X for the estimator F̂ (t, z | x,w). Specifically, we explore two
different bandwidth choices: the second-generation Direct Plug-in implementa-
tion of MSE-optimal bandwidth (mse-dpi), which is the default method in the
R package nprobust, and the second-generation Coverage Error optimal band-
width (ce-dpi). We also consider two different kernels: the Epanechnikov kernel
and the uniform kernel.

The results for the Epanechnikov kernel with mse-dpi bandwidth choice are
reported in the main text in Table 2. The results for the other combinations–
uniform kernel with mse-dpi, Epanechnikov kernel with ce-dpi, and uniform
kernel with ce-dpi–are presented in Tables 5, 6, and 7, respectively. The results
across these different combinations are comparable.

Table 5

Simulation results for Beta and continuous design, with uniform kernel and mse-dpi choice
of bandwidth. We include for the proposed estimator and the standard partial likelihood

estimator, for each level of censoring (Cens) and for different sample sizes (n), the average
of the bias (Bias), the standard deviation (Sd) and the Mean Squared Error (MSE) for each
component (Comp) of β = (βz , βx)�. For each case, we also include the Root Mean Squared
Error value (RMSE). For the proposed estimator, we also provide the coverage of the 95%

confidence intervals (CP95) for each component of β.

proposed estimator partial likelihood estimator

Design Cens n Comp Bias Sd MSE RMSE CP95 Bias Sd MSE RMSE

continuous
Beta

20%

500
βz −0.100 0.262 0.078

0.504
0.928 −0.265 0.155 0.094

0.439
βx 0.016 0.654 0.428 0.973 0.103 0.451 0.214

1000
βz −0.067 0.197 0.043

0.353
0.919 −0.262 0.108 0.080

0.367
βx −0.010 0.446 0.199 0.970 0.087 0.327 0.115

40%

500
βz −0.043 0.300 0.092

0.657
0.958 −0.295 0.182 0.120

0.509
βx 0.052 0.856 0.735 0.962 0.123 0.525 0.291

1000
βz −0.044 0.217 0.049

0.448
0.959 −0.295 0.127 0.103

0.421
βx 0.009 0.580 0.336 0.971 0.115 0.371 0.151

continuous
uniform

20%

500
βz −0.073 0.270 0.078

0.324
0.962 −0.230 0.162 0.079

0.326
βx −0.005 0.368 0.136 0.974 0.084 0.256 0.073

1000
βz −0.055 0.185 0.037

0.234
0.950 −0.231 0.110 0.066

0.288
βx 0.014 0.255 0.065 0.968 0.081 0.181 0.039

40%

500
βz −0.031 0.307 0.095

0.441
0.980 −0.257 0.185 0.100

0.373
βx −0.080 0.500 0.256 0.940 0.102 0.297 0.099

1000
βz −0.034 0.196 0.040

0.300
0.960 −0.262 0.125 0.084

0.328
βx −0.057 0.365 0.136 0.978 0.103 0.204 0.052
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Table 6

Simulation results for Beta and continuous design, with Epanechnikov kernel and ce-dpi
choice of bandwidth. We include for the proposed estimator and the standard partial

likelihood estimator, for each level of censoring (Cens) and for different sample sizes (n),
the average of the bias (Bias), the standard deviation (Sd) and the Mean Squared Error
(MSE) for each component (Comp) of β = (βz , βx)�. For each case, we also include the
Root Mean Squared Error value (RMSE). For the proposed estimator, we also provide the

coverage of the 95% confidence intervals (CP95) for each component of β.

proposed estimator partial likelihood estimator

Design Cens n Comp Bias Sd MSE RMSE CP95 Bias Sd MSE RMSE

continuous
Beta

20%

500
βz −0.095 0.269 0.081

0.506
0.939 −0.265 0.155 0.094

0.439
βx 0.019 0.663 0.439 0.969 0.103 0.451 0.214

1000
βz −0.070 0.198 0.044

0.360
0.918 −0.262 0.108 0.080

0.367
βx −0.005 0.446 0.199 0.967 0.087 0.327 0.115

40%

500
βz −0.045 0.306 0.096

0.690
0.959 −0.295 0.182 0.120

0.509
βx 0.073 0.873 0.768 0.943 0.123 0.525 0.291

1000
βz −0.047 0.218 0.050

0.463
0.957 −0.295 0.127 0.103

0.421
βx 0.036 0.594 0.355 0.963 0.115 0.371 0.151

continuous
uniform

20%

500
βz −0.074 0.270 0.078

0.323
0.950 −0.230 0.162 0.079

0.326
βx 0.006 0.361 0.130 0.974 0.084 0.256 0.073

1000
βz −0.062 0.180 0.036

0.234
0.940 −0.231 0.110 0.066

0.288
βx 0.020 0.257 0.066 0.968 0.081 0.181 0.039

40%

500
βz −0.037 0.312 0.099

0.458
0.974 −0.257 0.185 0.100

0.373
βx −0.063 0.516 0.271 0.934 0.102 0.297 0.099

1000
βz −0.038 0.198 0.041

0.310
0.964 −0.262 0.125 0.084

0.328
βx −0.052 0.386 0.152 0.980 0.103 0.204 0.052

Table 7

Simulation results for Beta and continuous design, with uniform kernel and ce-dpi choice of
bandwidth. We include for the proposed estimator and the standard partial likelihood

estimator, for each level of censoring (Cens) and for different sample sizes (n), the average
of the bias (Bias), the standard deviation (Sd) and the Mean Squared Error (MSE) for each
component (Comp) of β = (βz , βx)�. For each case, we also include the Root Mean Squared
Error value (RMSE). For the proposed estimator, we also provide the coverage of the 95%

confidence intervals (CP95) for each component of β.

proposed estimator partial likelihood estimator

Design Cens n Comp Bias Sd MSE RMSE CP95 Bias Sd MSE RMSE

continuous
Beta

20%

500
βz −0.098 0.270 0.082

0.511
0.945 −0.265 0.155 0.094

0.439
βx 0.022 0.661 0.438 0.971 0.103 0.451 0.214

1000
βz −0.074 0.200 0.045

0.364
0.919 −0.262 0.108 0.080

0.367
βx −0.002 0.447 0.199 0.968 0.087 0.327 0.115

40%

500
βz −0.040 0.304 0.094

0.695
0.962 −0.295 0.182 0.120

0.509
βx 0.093 0.877 0.777 0.954 0.123 0.525 0.291

1000
βz −0.044 0.219 0.050

0.463
0.963 −0.295 0.127 0.103

0.421
βx 0.052 0.594 0.356 0.961 0.115 0.371 0.151

continuous
uniform

20%

500
βz −0.077 0.268 0.078

0.325
0.948 −0.230 0.162 0.079

0.326
βx 0.003 0.366 0.134 0.970 0.084 0.256 0.073

1000
βz −0.067 0.180 0.037

0.235
0.938 −0.231 0.110 0.066

0.288
βx 0.019 0.258 0.067 0.966 0.081 0.181 0.039

40%

500
βz −0.031 0.306 0.095

0.455
0.978 −0.257 0.185 0.100

0.373
βx −0.068 0.520 0.274 0.934 0.102 0.297 0.099

1000
βz −0.037 0.199 0.041

0.311
0.972 −0.262 0.125 0.084

0.328
βx −0.056 0.384 0.151 0.972 0.103 0.204 0.052
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H.2. An example of higher dimensional covariate

This section presents an additional design that includes two continuous covari-
ates. The table below provides detailed specifications for this design, similar to
those in the main text. The specification of the simulation remains unchanged,
including the baseline cumulative hazard function Λ0, and the number of repli-
cations N = 5000. Thus, we refer to the main text for these details.

Regarding the value of the rate λ of the exponential distribution of the cen-
soring variable, we set λ = 0.41, 1.14 to achieve 20% and 40% censoring rates,
respectively.

The results of this additional design are in line with the previous simulations,
indicating that, differently from the partial likelihood estimator, the proposed
estimator presents unbiased results and maintains good coverage probability.
This consistency across different designs and censoring levels further validates
the robustness of our estimator, especially in complex scenarios involving mul-
tiple continuous covariates. The detailed outcomes of this extended analysis
substantiate the estimator’s applicability and effectiveness in a broader range
of statistical modeling contexts.

Table 8

Specifications for the additional design with two continuous covariates. Here, U(a, b)
represents the uniform distribution over the interval [a, b]. The expression for Z is structured

to reflect the relationship with the two covariates and the instrumental variable W . The
coefficients (β0,z , β0,x1 , β0,x2) correspond to the impact of Z, X1, and X2 respectively.

Design W X1 X2 Z (β0,z , β0,x1, β0,x2)
Continuous uniform-uniform B(0.5) U(0, 1) U(0, 1) I(W = 1)I(1 −W + 0.5U + 0.5ε ≥ 0) (0.9, 0.2, 0.2)

Table 9

Simulation results for design. We include for the proposed estimator and the standard
partial likelihood estimator, for each level of censoring (Cens) and for different sample sizes
(n), the average of the bias (Bias), the standard deviation (Sd) and the Mean Squared Error
(MSE) for each component (Comp) of β = (βz , βx1 , βx2 )�. For each case, we also include
the Root Mean Squared Error value (RMSE). For the proposed estimator, we also provide

the coverage of the 95% confidence intervals (CP95) for each component of β.
proposed estimator partial likelihood estimator

Design Cens n Comp Bias Sd MSE RMSE CP95 Bias Sd MSE RMSE

Design
Continuous

uniform-uniform

20%

500
βz −0.068 0.241 0.063

0.388
0.945 −0.199 0.149 0.062

0.335βx1 −0.048 0.334 0.114 0.958 0.003 0.245 0.060
βx2 −0.053 0.339 0.118 0.967 −0.000 0.253 0.064

1000
βz −0.052 0.177 0.034

0.275
0.937 −0.200 0.106 0.051

0.275βx1 −0.039 0.233 0.056 0.961 −0.001 0.176 0.031
βx2 −0.042 0.239 0.059 0.962 0.001 0.173 0.030

40%

500
βz −0.025 0.270 0.073

0.541
0.965 −0.222 0.169 0.078

0.384βx1 −0.086 0.472 0.230 0.955 0.002 0.288 0.083
βx2 −0.091 0.462 0.221 0.951 −0.002 0.292 0.085

1000
βz −0.031 0.196 0.039

0.401
0.963 −0.222 0.120 0.064

0.311βx1 −0.072 0.348 0.126 0.950 0.002 0.205 0.042
βx2 −0.077 0.354 0.131 0.950 0.004 0.203 0.041
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