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Abstract. High-frequency data are informative but also very challenging to analyze. Appropriate sta-
tistical tools are required to extract useful information from such data. A 15-minute resolution sensor-
generated time series of the EpCO2 from October 2003 to August 2007 in a small order river system
in Scotland is used as an illustrative dataset. The aim of this paper is to study the daily patterns and
dynamics of EpCO2 using a Functional Data Analysis (FDA) approach. Using FDA, the discrete data
within each day have been transformed to a smooth curve; then, a K-means clustering procedure has
been applied to the spline coefficients defining the daily curves to identify the common daily patterns
which can then be linked to underlying climatological and hydrological conditions.
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1 Introduction

Advances in sensor technologies enable environmental monitoring programmes to record and store data
at high temporal frequencies. These technical improvements in data acquisition present an opportunity
to improve our understanding of environmental systems. However, to benefit from this wealth of data,
appropriate statistical tools are required to manipulate and analyze large volumes of serially correlated
data. In this paper, we consider a 15-minute resolution sensor-generated time series of the over-saturation
of CO2, EpCO2, from October 2003 to August 2007 in a small order river system of the River Dee,
Scotland. Surface waters are considered as key sources of atmospheric CO2, therefore comprehensive
understanding of the CO2 dynamics in surface waters, quantified by the EpCO2, is important. Due to the
high-frequency nature of the data and the complex dynamics of EpCO2 in relation to hydrodynamics,
sophisticated exploratory tools and statistical models are needed to extract the main characteristics of
the EpCO2 series. One approach to analyze the high-resolution EpCO2 time series is to investigate and
model its variations and relationship with hydrology over time using wavelets and additive models (see
[2] for details). Another strategy is to consider a functional data analysis approach, which is the main
focus of this paper.
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In Functional Data Analysis (FDA) [4], a time series can be treated as observations of a continuous
function collected at finite series of time points, the observations of interest for data analysis are then
curves over time. The paper describes the analysis of the daily dynamics of EpCO2 using an FDA ap-
proach. In particular, the ultimate goal of the paper is to investigate the common daily patterns of EpCO2
based on both mean level and shape, using functional clustering techniques. This, in turn, will help in de-
termining the underlying climatological and hydrological conditions responsible for the different EpCO2
daily patterns.

2 Methodology

In the context of FDA, the 96 (15-minute) observations within each day are considered as the discrete
observations of a continuous smooth function. This view of the data allows the daily EpCO2 patterns
to be estimated using smooth curves removing issues of high correlations and variability between 15-
minute observations. In this setting, the observations of interest are daily curves or functions, which are
considered as realizations of a functional stochastic process (Xi(t) : i ∈ Z), such that the time parameter
i is discrete representing day of the year and the time parameter t is continuous representing time of the
day. That is, xi(t) is regarded as the observation on day i, with intraday time parameter t.

Using the fda package in R, a smooth curve xi(t) is fitted for the observations within each day
(xi1, . . . ,xi96), i = 1, . . . ,1095 using cubic B-splines combined with a second-order roughness penalty,
such that xi(t) = ∑

K
k=1 aikφk(t) = aT

i Φ(t), where ai is the vector of basis coefficients (ai1, . . . ,aiK)
T to be

estimated for the ith sample path using penalized regression splines and Φ(t) is the vector of the basis
functions (φ1(t), . . . ,φK(t))T .

With analogy to any classical statistical analysis, detecting outliers is crucial. Functional outliers
can be identified using functional boxplots [5], developed based on the “band depth” measure which
determines how deep or central a curve is. As with classical boxplots, functional boxplots are then
constructed and functions are flagged as outliers if they fall outside the boxplot fences obtained by
inflating the interquartile range (IQR) by 1.5 × IQR. According to [5], functional boxplots are able to
detect both shape and magnitude outliers (see [5] for more details).

After removing the detected outliers, a functional clustering procedure is performed to visualize the
similarities and differences between the daily EpCO2 curves and highlight the underlying climatological
and hydrological conditions. One approach is to cluster the daily curves based on their spline coefficients
using classical clustering techniques such as K-means [1]. The K-means procedure is iterative, in which
the number of clusters is first specified, then each object is assigned to the cluster with the nearest mean
such that the within-cluster sum of squares is minimized. The optimal number of clusters is initially
selected using the gap statistic [6], which compares the change in the observed within-cluster dispersion
with that expected under a null reference distribution of no clustering.

3 Results

Initially, a smooth curve is fitted for the observations within each day using saturated cubic B-splines
combined with a roughness penalty. The smoothness of the curves is controlled by the smoothing pa-
rameter selected based on a sensitivity analysis. Next, functional boxplots were used to detect the out-
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lying daily curves. The EpCO2 curves of 29/8/2005, 23/9/2005 and 27/9/2005 are marked as shape and
magnitude functional outliers and 26/9/2005 is flagged as a magnitude outlier. It is unsurprising to find
outliers in adjacent days since the daily curves are time dependent. This number of potential outliers
might decrease if the correlation between the curves is taken into account. However, 4 functional out-
liers represent only 0.4% of the total number of curves, and hence it was decided to delete these 4 curves
before proceeding with any further analysis.

Figure 1: The average daily EpCO2 (top) and flow (bottom) colored by their class membership obtained
using K-means clustering of the EpCO2 daily curves’ splines coefficients. The top left legend shows the
mean curve of each cluster.

After summarizing each daily curve with its estimated spline coefficients, K-means clustering was
applied for a range of different number of clusters and the gap statistic was calculated to select the optimal
number of clusters. The gap statistic identified consistently 5 optimal groups to represent the daily
patterns of EpCO2 for curves fitted using different smoothing parameters. This indicates that the optimal
number of clusters is not sensitive to the chosen smoothing parameter. Next, a K-means procedure with 5
centers is applied to the spline coefficients. The top left legend in Figure 1 shows the grouping structure
of the EpCO2 daily curves which clearly depends on the estimated EpCO2 mean levels. This is because
the clusters are formed using the K-means procedure in which the classification is primarily based on
the mean level. Another element of distinction between the 5 groups is the shape of the daily pattern of
EpCO2. Some of the groups have a clear daily cycle with a drop in the EpCO2 during day time while
others have a fairly constant EpCO2 level over the day. The top and bottom panels of Figure 1 display
the daily average EpCO2 and flow (indicative for wet/dry days) respectively, and the class membership
of each day according to the results of K-means clustering of the EpCO2 daily curves. The figure shows
that the turquoise and green curves representing a generally high EpCO2 average with medium to severe
drops in the EpCO2 average level during the day light hours are more prominent in dry summer days,
whilst the orange curves characterized by a lower EpCO2 average and a medium trough during daytime
underly the relatively wet spring and summer days. The blue curves with fairly stable and relatively
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low levels of average EpCO2 characterize the dry periods of winters and springs and the red group of
curves consisting of a variable set of daily patterns often corresponds to the high flow events occurring
in autumn and winter.

4 Discussion

In conclusion, FDA is shown to be a key tool in analyzing high-frequency environmental data. FDA has
allowed the data observed every 15 minutes within each day to be expressed as continuous smooth func-
tions without being concerned about the high-correlations between the 15-minute observations within
the same day. After detecting the functional outliers, the primary results of functional clustering analysis
indicated that the mean EpCO2 level underlies the grouping structure. It is also evident that the EpCO2
daily pattern is determined partly by the underlying hydrological (flow) and climatological (season) con-
ditions.

Further work will investigate classifying the daily curves based on their Functional Principal Compo-
nents scores (FPCs) using the classical clustering algorithms. Two key advantages for the use of FPCs are
(i) identifying the primary sources of variations in the daily patterns of EpCO2 and; (ii) the orthogonality
and hence the independence between the FPCs of the same smooth curve. The shortcoming of either
functional clustering approach described here is that the serial dependence between the daily curves has
not been taken into account. Therefore, current work involves the extension of dynamic FPCs [3] which
take advantage of the serial dependence between curves.
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