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Abstract

This thesis is devoted to the achievement of numerical methods for the solu-
tion of the Navier-Stokes equations, both compressible and incompressible,
for �uid dynamics applications. The main objective has been to establish a
fair trade-o� between the accuracy requirement and the computational cost,
since although the higher resolution methodologies can proven to supply ad-
vantages as regards the quality of the solution provided, in fact they are often
claimed to be excessively costly.

This work can be divided into two parts. First we present the implemen-
tation of a spectral discontinuous Galerkin methods for the compressible
Navier-Stokes set. The co-location strategy in gaussian nodes along with
the tensorial computation of the approximating functions has been imple-
mented, for an e�ective assembly of the discrete operators. This approach
has also been joined with a p-multigrid method achieving an overall quite
interesting performance enhancement. An extensive numerical validation is
provided in order to investigate both the accuracy and the e�ciency of the
scheme.

The second part is dedicated to the solution of the incompressible Navier-
Stokes equations. A new semi-implicit algorithm has been devised through
a procedure of minimization of the implicitness level necessary to achieve
the solvability of the problem. Such an aim required to additively split the
system to outline and distinguish the implicitly considered parts from those
evaluated explicitly. This scheme clearly takes advantage in term of the
memory requirement.
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Chapter

1
Introduction

Computational �uid dynamics methods are currently employed in a wide
variety of �elds as a powerful tool to perform design, optimization and pre-
diction. The basic idea in numerics is to transform the continuum �eld to
a �nite discrete one and to solve the approximating problem by means of a
calculator. The kind of conditions we try to satisfy in order to implement
such a procedure de�nes the method itself. The quality of the discretization
can be evaluated either by theoretical means or numerical assessments, two
properties that allow the characterization of a scheme are the accuracy and
the stability. The former feature de�nes the rate of change of the error for
a re�nement process, therefore it indicates how well the solution has been
computed, the latter is instead worth to tell if possible oscillations can be
controlled or they otherwise can cause the blow up of the computation.

The modelization of a certain phenomenon requires �rst of all the deep un-
derstanding of its physical behaviour and at this aim the transport and trans-
fer mechanisms are of main importance to express the conservation or the
changes of relevant quantities, such as the mass, the momentum and the en-
ergy. `Practical problems in which convection plays an important role arise in
many applications as diverse as meteorology, weather-forecasting, oceanog-
raphy, gas dynamics, turbomachinary, turbulent �ows, granular �ows, oil
recovery simulation, modeling of shallow waters, transport of contaminant in
porous media, viscoelastic �ows, semiconductor device simulation, magneto-
hydrodynamics, and electro-magnetism, among many others. This is why
devising robust, accurate and e�cient methods for numerically solving these
problems is of considerable importance'. Another important mechanism in-
volved in the �uid motion description process is that of di�usive kind, as the
mean towards the homogeneity of the considered �eld.

This work is devoted to the resolution of the Navier-Stokes equations, both
compressible and incompressible, for �uid dynamics applications. Therefore
we devote the next sections of this introducing chapter to the presentation
of all the ingredients necessary to achieve the approximated solution of this
problem. In detail we �rst recall the governing equations, partially follow-

13



1.1. Navier-Stokes Equations 14

ing the [44], then we de�ne the main features characterizing the numerical
schemes in use, the �nite volume approach, the �nite element method and
the spectral method, with particular attention to our solution strategy.

1.1 Navier-Stokes Equations

The Navier-Stokes (NS) equations are the governing partial di�erential equa-
tions for the motion af many �uids, they entail the conservation principle for
the mass, the momentum and the energy; in di�erential conservative form
they read:

∂ρu

∂t
+ div(ρu⊗ u) = divT + ρf

∂ρ

∂t
+ divρu = 0

(ρe+ 1
2
ρ|u|2)

∂t
+ div

[(
ρe+

1

2
ρ|u|2

)
u
]

= div(T · u)− divq + ρf · u + ρr.

(1.1.1)

The u denotes the velocity of the �uid, ρ its density, e its internal energy
per unit of mass, u ⊗ u the tensor {uiuj}, T = T (u, p̂) the stress tensor, p̂
the pressure, q = q(θ) the heat �ux, θ the absolute temperature and �nally
f and r stand for the external force �eld per unit mass and for the heat
supply per unit mass per unit time. The behaviour of any particular �uid is
characterized by its constitutive law:

Tij =
[
− p̂+

(
ζ − 2µ

d

)
divu

]
δij + 2µDij

q = χ∇θ,
(1.1.2)

where D = D(u) is the deformation tensor whose components are given by

Dij =
1

2
(Djui +Diuj),

µ and ζ are the shear and the bulk viscosity coe�cients respectively and χ
the heat conductivity coe�cient while the δij de�nes the Kronecker tensor.
Alternatively the system (1.1.1) can be written in non-conservative formula-
tion, by exploiting the mass equation also known as continuity we can write

ρ
[∂u
∂t

+ u ·∇u
]

= ∇T + ρf

ρ
[∂e
∂t

+ u ·∇e
]

= T : D −∇ · q + ρr

(1.1.3)
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with T : D =
∑d

i,j=1 TijDij. Either the system (1.1.1) or the (1.1.3) can
be closed by means of thermodynamic principles which result to depend on
the compressibility level of the �uid, therefore we proceed on distinguishing
between compressible and incompressible �ows.

1.1.1 Compressible Flows

The following state equations can be used if the density ρ and the tempera-
ture θ are chosen to be the unknowns

p̂ = P (ρ, θ)

e = E(ρ, θ)

µ = µ∗(ρ, θ), ζ = ζ∗(ρ, θ), ξ = ξ∗(ρ, θ),

(1.1.4)

where P,E, µ∗, ζ∗, ξ∗ are known functions subjected to the thermodinamic
restrictions called Clausius-Duhem inequalities,

µ∗ ≥ 0, ζ∗ ≥ 0, ξ∗ ≥ 0.

From the well-known relation

dE = θ dS − P d(ρ−1),

with S de�ning the speci�c entropy, we have that E and P must satisfy the
compatibility condition

Eρ = ρ−2(P − θPθ),

the subscripts de�ne the partial derivatives with respect the indicated vari-
able.

1.1.2 Incompressible Flows

The incompressibility feature requires that any quantity of �uid does not
change its volume during time along the motion, namely

div u = 0, (1.1.5)

as it can be observed from the mass conservation entailed by the second
equation of the system (1.1.1). The pressure is no more related to thermody-
namic unknowns and therefore it can be computed through the momentum
equation, meantime the thermodynamic relations are the followings

e = E(θ), µ = µ∗(θ), χ = χ∗(θ). (1.1.6)
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The Navier-Stokes equations under the incompressibility requirement read
as follows

divu = 0

ρ
[∂u
∂t

+ (u · ∇)u
]

= −∇p̂+
d∑

j=1

Dj(µ
∗Dju + µ∗∇uj) + ρf

ρEθ

(∂θ
∂t

+ u · ∇θ
)

=
µ∗

2

d∑
i,j=1

(Diuj +Djui)
2 + divχ∗∇θ + ρr.

(1.1.7)

The problem must clearly be endowed of the suitable initial and boundary
conditions, which are to be constrained as the equation (1.1.5) suggests. On
solid walls the velocity is usually imposed to be zero, the so called no-slip
condition which provides a mechanism for the boundary to introduce vorticity
in the �uid.
The solution of the incompressible Navier-Stokes equations is inherently more
complicated than that of the compressible version, the di�culty is mainly due
to the continuity constraint which couples the velocity and the pressure �eld.
The equations are of incomplete parabolic kind with an elliptic part which
causes the instantaneous transmission of pressure signals through the whole
domain. In addition many phenomena, such as reverse �ow, large gradient
in p and u near sharp corners, inherent instability at very high Reynolds
(Re) number, can occour increasing the complexity of the motion and the
computational cost of the algebraic problem associated to the NS system
itself.

1.2 Numerical Methods

The main peculiarities of some numerical methods are here recalled, in partic-
ular we consider the �nite volume method (FVM), the �nite element method
(FEM), the spectral element method (SEM) and �nally the main protago-
nist of this thesis, the discontinuous �nite element method by a Galerkin
approach.

1.2.1 Finite volume method

The �nite volume method is the numerical resolution approach which shows
the most physical point of view among those presented. The solution is
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de�ned as the mean value assumed by the variable in each element of the
discretized domain Ωh. For the sake of presentation we consider a simple
hyperbolic equation in divergence form

∂u

∂t
+ ∇ · f(u) = 0 (1.2.1)

with f de�ning the �ux vector related to the equation in exam. The relax-
ation of the continuity requirement is a typical procedure adopted in order to
reach solutions that could not be otherwise computed. This weakening of the
equations is got by means of the Green divergence theorem, which performs
a reduction of the order of the maximum derivative of the discrete problem.
This process provides the so called weak form of the equations which is ob-
tained just by their multiplication by a suitably chosen test function φ and
integrating by parts the resulting equation,∫

Ω

∂uh

∂t
dx +

∫
∂Ω

f̂n(uh) dσ = 0. (1.2.2)

The exact solution u is then replaced by the discrete uh taken to be a piece-
wise constant function inside each element. The normal numerical �ux func-
tion f̂n(uh) used in place of the physical �ux de�nes the value to be imposed
on the boundary of each element. The computation of this vector resorts
to the solution of a Riemann problem, either exact or approximated. The
physical relevant solution, called the entropy solution since it is obtained by
means of the satisfaction of an entropy condition, can be achieved only by
monotone schemes which are but �rst order accurate. The higher order rep-
resentations require the use of reconstruction procedures and of �ux or slope
limiters to cure the generation of spurious oscillations around discontinuities,
in fact a quite cumbersome, if not di�cult, procedure to implement.

1.2.2 Finite element methods

The �nite element method originally developed for structural mechanic ap-
plications has been successively also extendend to �uid dynamics. In this
kind of discretization the numerical solution is assumed to be expressed by
a �nite number of functions of local nature. The appealing related to such
a kind of methods is also due to the mathematical foundation of which they
are endowed of. As a matter of fact the �nite element methods have recog-
nised as a form of the Rayleigh-Ritz problem, as it resorts to a �nite number
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of global functions to perform the approximation u(x) =
∑N

i=1 qiφi(x). The
weights qi are the unknown to be computed in order to somehow minimize
the error associated to the discrete problem to be solved. The presentation of
the �nite element methods following a Galerkin approach can be led starting
from the weighted residual formulation. At this purpose we consider a linear
di�erential equation,

L(u) = 0, in Ω (1.2.3)

provided of suitable boundary and initial conditions whose exact solution ue

is approximated by the following expansion

uh = u0(x, t) +
Ndof∑
i=1

ûi(t)φi(ψ), (1.2.4)

where the φi-s are called trial or expansion functions and ûi the unknown Ndof
coe�cients. Ndof de�nes the number of the degrees of freedom necessary to
span the space accomodating the solution, the value u0 accounts instead for
the initial data. The substitution of the numerical solution inside the original
problem (1.2.3) gives a non-zero residual

L(uh) = R(uh), (1.2.5)

the required coe�cients are searched as the values that minimize the inner
product of the residual itself tested against a weight function v,

(vj(x), R) = 0, j = 1, ...,Ndof, (1.2.6)

in the limit of the uh approaching the exact solution ue, the residual goes to
zero. The choice of the expansion functions φi(x) and of the test function
vj(x) determines the kind of the method, in particular the Bubnov-Galerkin
methods are recovered for trial and test functions chosen to be one another
coincident. A broader class of the Galerkin method known as Petrov-Galerkin
method uses only similar test and trial functions.

Finite element De�nitions

Some �nite element de�nitions which can be advised as the building blocks
of such a kind of methods are here provided in accordance with Ciarlet, see
[12].



19 1. Introduction

De�nition 1 (FE) A �nite element is de�ned as a triplet {K,P,Σ} where:

- K is a compact, connected, Lipschitz subset of Rd with non-empty in-
terior

- P is a vector space of functions p : K → Rm for some positive integer
m, m = 1 or m = d.

- Σ is a set of linearly indipendent linear forms φi, 1 ≤ i ≤ N de�ned
over the space P. The set Σ is P-unisolvent: given any real scalar αi

there exists a unique function p ∈ P such that φi(p) = αi. The linear
forms φi are called the local degree of freedom of the element, while pi

are the basis functions of the element.

We consider a bounded domain Ω with a Lipschitz-continuous boundary
which is approximated by a computational domain Ωh whose boundary is
taken to be piecewise-polynomial.

De�nition 2 (FE mesh) The set {K1, K2, .., Kn} over a domain Ωh with
a piecewise-polynomial boundary de�nes a geometrical division of Ωh into a
�nite number of non-overlapping open polygonal cells Ki such that

Ωh =
n⋃

i=1

K̄i.

Each cell Ki has a polynomial order pi.

De�nition 3 (Finite element interpolant) Given a unisolvent �nite el-
ement (K,P,Σ), let B = {ϕ1, ϕ2, .., ϕn} be the basis that spans the space P .
Let v ∈ V , where P ⊂ V , be a function for which the linear forms φ1, φ2, .., φn

are de�ned. We de�ne the local interpolant as

IK(v) =
n∑

i=1

φi(v)ϕi. (1.2.7)

From the linearity of the forms φi it follows the linearity of the interpolation
operator IK(v).
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1.2.3 Spectral element methods

Global spectral methods use a unique representation of the numerical solution
in the domain by means of a truncated series expansion,

u(x) ≈ uN(x) =
N∑

n=0

û φn. (1.2.8)

The basical strategy can be summarized through these two steps: �rst the
substitution of the approximation uN into the original equation suitably
manipulated, then the minimization of the residual is still to be entailed.
Pseudo-spectral collocation and modal Galerkin methods have been elab-
orated in this framework. The spectral collocation applied to the problem
(1.2.3) requires to look for a function uN supposed mainly to be of polynomial
kind, such that

LNuN = 0 at xi ∈ Ω,

where the xi are the collocation points in which the unknown �eld is to
be computed; the Gauss-Lobatto set is the classical choice. The LN is the
discrete counter-part of the operator L, obtained by replacing any derivative
by the pseudo-spectral derivative, namely the derivative of the interpolant
computed at the nodes xi.

The key feature of these schemes is the exponential convergence they provide,
also called spectral convergence. This property requires the solution to be
smooth enough and the same must be true even for the domain. The spectral
element method introduced by Patera [] joined the �nite element method
peculiarities with those related to spectral element method into an hybrid
scheme: higher order polynomials within each element and convergence got
by either p-type or h-type re�nement or both. The comparison between
standard �nite element and spectral hp element, see e.g. [20], shows that the
latter achieves an exponential convergence in the polynomial order, although
observed only when the solution is captured spatially. This result comes along
with an error per unit of computational work smaller than that associated to
the �nite element approach itself. Hence if we need high accuracy the spectral
hp strategy it allows to get it at a lower cost, as Sherwin and Karniadakis
extensively show in their works, e.g. see [31], [46].
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1.2.4 Discontinuous Galerkin methods

The discontinuous element methods was originally introduced by Reed and
Hill in 1973 and successively analyzed by Lesaint and Raviart for the solution
of the linear neutron transport equation. This method has received by now
the attention of many people either belonging to the mathematical �eld or to
the computational one because of some peculiarities we are going to outline.
DG methods join the key features of the �nite volume methods with those re-
lated to the �nite element methods, from the latter the accuracy achievement
has been mutuated. This valuable property is obtained by using high-order
polynomial functions within each element to approximate the solution �eld,
a quite easy procedure to implement especially in view of the not trivial
interpolation on wider stencil typical of the FVM. On the other hand DG
mantains the discontinuous functional representation as the �nite volume
approach does, this leads to the boundary treatment through the numerical
�uxes and the resolution of a Riemann problem, this endows the method
of the physical upwinding. Therefore such a scheme is particularly suitable
for the accurate resolution of hyperbolic problems, although meantime the
application of this discontinuous treatment to the elliptic part of the NS
equations has not been so straighforward to get. The truly accomodation of
this second order operator into the discontinuous approximation space is due
to the work of Bassi and Rebay [3] who made a `breakthrough in the frame-
work of the compressible Navier-Stokes equations', [16]. The way this result
has been achieved is presented in the next chapter, here we limit ourselves
to brie�y introduce the DG method approach for the NS system solution.
Take the conservative form of the problem, the two dimensional case is here
considered for semplicity,

∂u

∂t
= ∇ ·F c(u)−∇ ·Fv(u,∇u) = 0, (1.2.9)

with F c(u) de�ning the convective �ux vector and Fv(u,∇u) the viscous
�ux. Their components can be obtained by comparison with the system
(1.1.1), in particular the unknown vector and the convective �ux vector com-
ponentwise read as follows

u =


ρ
ρu
ρv
ρe

 , Fc,x =


ρu

ρu2 + p
ρvu
ρhu

 , Fc,y =


ρv
ρuv

ρv2 + p
ρhv

 , (1.2.10)
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while for the viscous vector Fv we have

Fv,x =


0

2ux + λ(ux + uy)
vx + uy

u[2ux + λ(ux + uy)] + v(vx + uy) + γ/Pr ex

 , (1.2.11)

Fv,y =


0

vx + uy

2vx + λ(ux + vy)
u(vx + uy) + v[2vy + λ(ux + vy)] + γ/Pr ey

 , (1.2.12)

where Pr stands for the Prandtl number, γ for the ratio between the speci�c
heats of the �uid, h = e+p/ρ and p = (γ−1)ρ[e−(u2+v2)/2]. Multipling the
equation (1.2.9) by a test function v we get the weighted residual formulation,∫

Ω

v
∂u

∂t
dx +

∫
Ω

v ∇ ·F(u,∇u) dx = 0, ∀v (1.2.13)

and integrating it by parts, element by element in view of the discontinuous
treatment, we obtain the weak formulation∑
K∈T

∫
K

v
∂u

∂t
dx+

∑
K∈T

∫
∂K

vF(u,∇u)·n dσ−
∑
K∈T

∫
K

∇v·F(u,∇u) dx = 0.

(1.2.14)
The discrete form of the (1.2.14) is then achieved by substituting the exact
solution with an approximation of polynomial kind like that provided by the
relation (1.2.7) in Def. 3, without global continuity requirements, as∫

K

vh
∂uh

∂t
dx +

∫
∂K

vhF̂(uh,∇uh) · n dσ −
∫

K

∇vh ·F(uh,∇uh) dx = 0,

(1.2.15)
for each element K belonging to the triangulation Th. The numerical �ux
F̂ has been introduced to establish the coupling between adjacent elements
that would be otherwise completely missing and moreover to weakly prescribe
the boundary conditions. The choice of this vector resorts to di�erent ideas
either the inviscid or the viscous part is considered, more details on this and
on the numerical �ux properties in the devoted following chapter.
The distinguishing features of DG methods are closely related to the discon-
tinuous functional approximation of the solution itself, in particular these
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schemes are characterized by an high degree of locality, each element inter-
changes information only with a limited number of neighbouring elements.
The discontinuous representation allows to use di�erent order of approxi-
mation for adjacent elements or to use non-conforming mesh with hanging
nodes with no di�culty, therefore the hp adaptivity can be exploited quite di-
rectly. The greatest geometrical �exibility and the easy handling of complex
geometries and boundaries are appealing and valuable properties of discon-
tinuous methods that prompted a lot of studies and interest towards them.
In addition the discrete formulae are very compact and this aspect can lead
to the easy implementation of implicit and parallel code. DG schemes are
also known for their robustness. Unfortunately this strategy is not without
weak points, the computational cost is often claimed to be the serious limit
to its development. Further understanding and details on DG methods can
be found e.g. in [2], [4]-[6], [13]-[15] and many more works not cited here.

1.3 Outline

This work can be ideally divided into two main parts, the �rst is the imple-
mentation of an higher order DG code for the solution of the compressible
Navier-Stokes equations, while the second part is related to the de�nition
of a new semi-implicit algorithm for the solution of the incompressible set.
We focused on the achievement of accurate results along with a computa-
tion as e�cient as possible, in order to mitigate the unconvenience refered
precedingly. Detailing the remainder of this thesis we have that the second
chapter is devoted to the description of our DG method applied to the NS
system, the chapter three deals with the de�nition of highly accurate solution
in e�ective way. A spectral DG scheme has been devised, both the classical
collocation approach and a variant accomplish the result; numerical assess-
ments are presented. Chapter four is instead the summary of the work we
did for the solution of the incompressible NS system, a �rst part for the sake
of the introduction of the existing strategies mainly based on the splitting
of the pressure-velocity �elds computation. After this acknowledgement the
semi-implicit algorithm is described together with numerical tests. Finally
the conclusions related to the overall work.





Chapter

2
DG method for the NS eqs

Discontinuous Galerkin methods originally developed for advective problems
have been successively extended to advection-di�usion cases and even to pure
elliptic problems. In the following the compressible Navier-Stokes system,
written in conservative form as in the (1.2.9), is considered and discretized
in accordance to our DG �nite element method. The presentation is per-
formed accounting �rst for the inviscid part and secondarily for the viscous
contribution. The end of chapter is reserved to the DG scheme application
to the incompressible NS equations, INS.

2.1 The inviscid Navier-Stokes equations

We move from the inviscid part of the Navier-Stokes equations written in
compact conservative form

∂u

∂t
+ divf c(u) = 0, (2.1.1)

suitably endowed with boundary and initial conditions. The weak form is
reported below∫

K

v
∂u

∂t
dx−

∫
K

∇v · f c dx +

∫
∂K

vf c(u
∗) · n dσ = 0 ∀v, (2.1.2)

for each element K ∈ Ω. Since we approximate the solution by means of a
piecewise function with no global continuity requirements, we need to com-
pute a value u∗ that eliminates the ambiguity due to the double value on
each interface. The coupling between adjacent elements, that would be oth-
erwise completely missing, is established by means of a numerical �ux vector
f̂c. Its value depends on the internal interface state u−, on the neighboring
element interface state u+, also called external, and on the normal direction,
f̂c = f̂c(u

−, u+;n). Boundaries are treated exactly as internal faces with the
external data replaced by the conditions to be entailed, the BCs are refered
to be weakly prescribed. This �ux vector can be computed starting from

25
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physical consideration of upwinding, therefore any �ux function used in the
upwind �nite volume methods can be exploited. Many choices are available,
among them we recall the Godunov, the Engquist-Osher, the Lax-Friedrichs,
and the Van Leer �ux functions. The discontinuous formulation can be ob-
tained as follows; consider the functional space

Vh := {v ∈ Ld+2 (Ωh) : v|e ∈ Pk(e) ∀e ∈ Th}, (2.1.3)

where Pk(e) is the space of polynomial functions of degree at most k in each
element e and Th = {e} the triangulation of the discrete d−dimensional
domain Ωh. Assume the test and the expansion basis to be chosen inside
Vh, coincident one another, therefore the DG discretization of (2.1.2) is then
given by∑
e∈Th

∫
Ωe

vh
∂uh

∂t
dx−

∑
e∈Th

∫
Ωe

∇vh·f c(uh) dx+
∑
e∈Th

∫
∂Ωe

vhf̂c(u
−
h , u

+
h ;n) dσ = 0,

(2.1.4)
for each test function vh ∈ Vh. The summation over all the elements of the
contour integrals in eq. (2.1.4) can be substituted with the summation over
each interface, either of internal or boundary kind, as∑
i∈Ih

∫
Σb

[
v−h f̂c(u

−
h , u

+
h ;n−) + v+

h f̂c(u
+
h , u

−
h ;n+)

]
dσ +

∑
b∈Bh

∫
Γi

vhf c(u
∗
h) · n dσ,

(2.1.5)
where Ih and Bh denote the set of interface and boundary faces and Σh and
Γh the corresponding geometrical locii. While the (·)− and the (·)+ de�ne
the values of the trace of any quantity (·) evaluated on the two neighboring
elements sharing the interface i, the u∗ depends on the boundary data. The
DG form of the Euler equation we are dealing with is �nally reported joining
the eq.s (2.1.4) and (2.1.5),∫

Ωe

vh
∂uh

∂t
dx−

∫
Ωe

∇vh · f c(uh) dx +

∫
Σh

(v−h − v+
h )f̂c(u

+
h , u

−
h ;n−) dσ

+

∫
Γh

vhf c(u
∗
h) · n dσ = 0 ∀vh ∈ Vh.

(2.1.6)

The convective numerical �ux f̂c adopted in the numerical tests presented in
this work is the Godunov one, known to be the better strategy for non-linear
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problems since it produces the smallest amount of arti�cial viscosity, even
if the higher the order of approximation the lower the di�erences related
to the various �ux choices. We next describe the treatment of the viscous
contribution.

2.2 Viscous part of the Navier-Stokes equations

The discontinuous discretization approach for both convection-di�usion and
elliptic problems greatly resort to the work by Bassi and Rebay, (see [2],
1997). They reinterpreted the second order laplacian operator as a �rst order
system and then they applied the discontinuous discretization technique to
it, suitably accounting for the nature of the original operator. We report the
main ideas with reference to the Helmoltz problem:

−∆u− αu = f in Ω,

u = ub on Γ0, ∂nu = σb on Γn,
(2.2.1)

let αu be a reaction term and Γ0∪Γn = ∂Ω be the boundary of Dirichlet and
Neumann kind respectively. The useful equivalent form of the (2.2.1) reads

σ = ∇u, u = ub on Γ0

−∇ · σ − αu = f, σ · n = σb on Γn,
(2.2.2)

with the auxiliary vector σ taken to belong to Rd and the solution u to R.
We consider the DG form of the mixed system (2.2.2):∑

e∈Th

∫
Ωe

σh · τ h dx = −
∑
e∈Th

∫
Ωe

uh∇ · τ h dx +
∑
e∈Th

∫
∂Ωe

ûhτ h · n dσ

−
∑
e∈Th

∫
Ωe

∇vh · σh dx +
∑
e∈Th

∫
∂Ωe

vhσ̂h · n dσ + α
∑
e∈Th

∫
Ωe

vhuh dx = s,

(2.2.3)

for arbitrary test functions τ ∈ Gh and vh ∈ Qh,

Gh =
{
τ h ∈

[
L2(Ω)

]N

: τ h |e∈ [Pk(e)]
N , ∀e ∈ Th

}
,

Qh = {vh ∈ L2(Ω) : vh |e∈ Pk(e) : ∀e ∈ Th},
(2.2.4)

where s =
∑

e∈Th

∫
Ωe
vhf dx stands for the forcing contribution. As we have

already mentioned the numerical �ux functions ûh and σ̂h have the role to
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ensure the coupling between adjacent elements and to weakly prescribed the
boundary conditions. Another important aspect related to the choice of this
kind of functions is that they strongly a�ect the stability and accuracy prop-
erties of the method as well as the computational e�ciency. For semplicity
of notation the summations over the di�erent elements in equations (2.2.3)
will be written as the integrals over the whole computational domain. To
easily handle at least formally the interface discontinuity we introduce some
trace operators accounting for some relevant quantities such as the jump and
the average of the variables of interest. In detail for a vector quantity v and
a scalar q we have:

[[v]] = v+ ⊗ n+ + v− ⊗ n−, [[q]] = q+n+ + q−n−, (2.2.5)

{v} =
1

2
(v+ + v−), {q} =

1

2
(q+ + q−), (2.2.6)

notice that the jump of a vector is a scalar while the jump of a scalar gives
a vector, meantime for boundary faces the operators read

[[q]] = qn, {v} = v. (2.2.7)

The surface integral of the equations (2.2.3) can be modi�ed using the fol-
lowing identity that exploits the de�nitions we have just introduced,∫

∂Ωe

ûhτ h · n dσ =

∫
Γ

ûh[[τ h]] dσ +

∫
Γb

ûhτ h · n dσ (2.2.8)

as the integral summations of the equations (2.2.3) can now be rewritten∫
Ωh

σh ·τ h dx = −
∫

Ωh

uh∇ ·τ h dx+

∫
Σh

ûh[[τ h]] dσ+

∫
Γ0

h

ubτ h ·n dσ (2.2.9)

−
∫

Ωh

∇vh·σh dx+

∫
Σh

σ̂h[[vh]] dσ+

∫
Γ0

h

σ·nvh dσ−α
∫

Ωh

vhuh dx =

∫
Ωh

vhf dx

(2.2.10)
where the boundary Γh has been assumed to be only of Dirichlet kind Γ0

h. The
numerical �ux ûh is chosen to correspond to the simple centered numerical
�ux in accordance with the elliptic nature of the problem, i.e. ûh = {uh}.
Hence if we exploit the divergence theorem along with the next identity∫

Ωh

(
vh∇ · τ h + τ h ·∇vh

)
dx =

∫
Σh

(
{vh}[[τ h]] + {τ h}[[vh]]

)
dσ

+

∫
Γh

vhτ h · n dσ,

(2.2.11)
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we can replace the equation (2.2.9) with∫
Ωh

σh · τ h dx−
∫

Ωh

τ h ·∇uh dx +

∫
Σ0

h

{τ h} · [[uh]] dσ = 0 (2.2.12)

being Σ0
h = Σh ∪ Γ0

h.
The numerical �ux σ̂h of the second equation (2.2.10) of the mixed form of
the Helmoltz equation is simply chosen as the average too, i.e. σ̂h = {σh},
this makes the second equation of the mixed system reads

−
∫

Ωh

∇vh·σh dx+

∫
Σ0

h

{σh}·[[vh]] dσ−α
∫

Ωh

vhuh dx =

∫
Ωh

vhf dx. (2.2.13)

The resolution scheme given by the equations (2.2.12) and (2.2.13) has been
named the �rst Bassi and Rebay method BR1 in the well-known paper by
Brezzi et al. [1], which provides a complete survey on DG methods for the
solution of elliptic problems. In particular the BR1 has been proven to be
only weakly stable although consistent; it is moreover claimed of an enlarged
computational molecula responsible for the higher computational cost. Both
these problems have been solved and the new scheme named BR2 is now being
outlined, at this aim we �rst introduce the lifting-operator, a useful mean for
the discontinuity handling. Observing the role of the auxiliary variable σh in
the equation (2.2.12) it is evident that it corresponds to the internal gradient
plus an additional contribution which accounts for the jumps of uh at the
interfaces,∫

Ωh

τ h · (σh −∇uh)︸ ︷︷ ︸
Rh([[uh]])

dx = −
∫

Σ0
h

{τ h} · [[uh]] dσ. (2.2.14)

The approximated gradient, de�ned by the operator Rh, is therefore com-
puted by means of these contributions, the latter of which transfering the
e�ect of a discontinuity into the domain. The auxiliary variable and the
related numerical vector can now be written as

σh = Rh[[uh]] + ∇uh ⇒ σ̂h = {Rh[[uh]]}+ {∇uh}. (2.2.15)

This expression shows the dependence of the numerical �ux σ̂h on the jumps
related to all edges belonging to the two elements which share the generic
edge, hence e.g. for a triangular grids the support for each edge contains
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twelve elements, the cited enlarged molecula. The problem has been �xed
by introducing a local lifting operator r e

h for each edge e, both of interface or
boundary kind, which is non-zero only for the two elements, or just the only
element, containing the edge itself,∫

Ωe
h

τ h · r e
h([[uh]]) dx = −

∫
e

{τ h} · [[uh]] dσ, ∀e ∈ Σ0
h (2.2.16)

where Ωe
h is the support of the edge e. The link between the global and local

approach is directly provided by the lifting operator de�nitions (2.2.14) and
(2.2.16),

Rh([[uh]]) =
∑
e∈Σ0

h

r e
h([[uh]]). (2.2.17)

The numerical �ux associated to the auxiliar variable σ is now de�ned as
σ̂h |e= {r e

h([[uh]])} + {∇uh}e, meantime the scheme given by eqs. (2.2.12)
and (2.2.13) becomes∫

Ωh

σh ·Rh([[uh]]) dx =

∫
Σ0

h

{σh} · [[uh]] dσ

=
∑
e∈Σ0

h

∫
Ωe

h

σh · r e
h([[uh]]) dx

(2.2.18)

−
∫

Ωh

∇vh ·
(
∇uh + Rh([[uh]])

)
dx +

∫
Σ0

h

{∇uh} · [[vh]] dx+

+
∑
e∈Σ0

h

∫
e

{r e
h([[uh]])} · [[vh]] dσ − α

∫
Ωh

vhuh dx =

∫
Ωh

fvh dx.
(2.2.19)

2.3 DG for the INS

The incompressible Navier-Stokes equations discretized by a DG approach
are presented for the sake of completness. The equations written in conser-
vative form read as follows

∂u

∂t
+∇ · F(u, p) = ∇ · ν∇u (2.3.1)

where the inviscid �ux F is given by

F(u, p) = u⊗ u + pI := uiuj + pδij.
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The domain Ω is approximated by Ωh and this one is partitioned in order to
get a triangulation Th = {K}, where K is a set of non-overlapping elements.
The discrete solution (uh, ph) is assumed to belong to the space Pk of piece-
wise polynomial functions up to degree k on each element K, not necessarily
continuous on element interfaces,

uh ∈ Vh =
{
vh ∈

[
L2(Ω)

]d

: vh |K∈ [Pk(K)]d , K ∈ Th

}
,

ph ∈ Qh = {qh ∈ L2(Ω) : qh |K∈ Th(K) : K ∈ Th},
(2.3.2)

being d the number of space dimension. We �rst rewrite the integral form
(2.3.1) in weak form by means of test functions taken in the same functional
spaces the solution is assumed to belong to. Then we couple the adjoining
elements by means of numerical �uxes which for the advective components
still resorts to the solution of a Riemann problem, while for the di�usive
term, the BR2 scheme is exploited. This setting leads to the DG Navier-
Stokes approximation of the INS equations as follows∫

Ωh

∂uh

∂t
· vh dx+

∫
Ωh

ν∇huh : ∇hvh dx

−
∫

Γh

(
ν([[uh]] : {∇hvh}+ [[vh]] : {∇huh}) + α(uh,vh)

)
dσ

−
∫

Ωh

∇hvh : F(uh, ph) dx

+

∫
Γh

[[vh]] : F̂(u+
h , p

+
h ,u

−
h , p

−
h ) dσ = 0,

−
∫

Ωh

∇hqh · uh dx +

∫
Γh

[[qh]] · û(u+
h , p

+
h ,u

−
h , p

−
h ) dσ = 0,

(2.3.3)

the jump and average operators are those we refered to previously. The
interior penalty term α reads

α(uh,vh) =
∑
e∈Eh

ηe

∫
Ω

νre([[uh]]) : re([[vh]])dσ, (2.3.4)

where e is the generic face, Eh the set of boundary and internal element
faces, re : [L2(e)]d

2 → Σh is the lift operator de�ned as the solution of
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the (2.2.16). The ηe parameter belonging to R+ should be chosen owing to
stability requirements, the lower bound has been demonstrated to be equal
to four for quadrilater elements and three for triangles, although lower values
do also work.
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3
Spectral DG

This chapter is devoted to the de�nition of an higher order discontinuous
Galerkin scheme for the compressible NS equations solution, the key words
throughout the whole path are going to be accuracy and e�ciency.

Numerical simulations of practical engineering problems are usually satis�ed
with a relative error of order 10%, sometimes even more, therefore a second-
order or at most a third-order accurate scheme is exploited and nothing more.
Higher order methods have usually been employed only for direct numerical
simulations of turbulent �ows, however it has recently recognised that more
accurate approaches can provide signi�cant better resolution and results, see
e.g. [46], [22], [23]. This feature may be particularly relevant when a long
time integration is required, on this matter the analysis of Kreiss and Oliger
reported in [31]. It is shown that the higher the order of approximation the
lower the dependency of the computational work on the time of integration
even if a stronger operation count is involved. Relations linking the accuracy,
the work load and the time of integration, showing such a behaviour, are
de�ned as follows

W (n) ∝M1/n,

with W being the work and M the integration time for an accuracy of order
n + 1. In addition for lower admissible error it is possible to prove that the
higher accuracy becomes competitive even for short integration time.

The accuracy feature results to be of main importance for the resolution
of turbulent �ows, with vortices, eddies rotating �ows, structures not well-
localized in the domain. Jamenson outlines this scenario, (see [34]), and
substantiates the relevance of accurate solutions resorting to the approxima-
tion theory. He moved from the fact that any solution may be represented
in terms of its Fourier series. The leading error which is assumed to be
due merely to the spatial contribution and in particular to the derivatives
themselves has been there de�ned with the form

T.E. = C(∆x)p−1kp,

33
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where p is the order of the numerical scheme, ∆x the discretization step
and k the k-th Fourier mode. It can be observed that for increasing order
of approximation the error greatly decreases. The magnitude of the error
is strongly linked to the �nal time of integration, the longer the latter, the
higher the �rst, Ek

leading = TendT.E.
k. As we have already anticipated the high

accurate solution gives an exponential decay of the error, a more detailed
description in the next paragraph.

Spectral convergence

The convergence theory of the h-version of the �nite element methods states
that the numerical error decays algebraically by re�ning the mesh, therefore
the higher accuracy is achieved in the limit of a `vanishing' discrete step. The
p-type re�nement typical of the spectral schemes resorts instead to mantain
the discretization parameter �x and meantime to increase the order of the
approximating functions. For smooth enough solution the p-re�nement allows
to get the so called spectral convergence which is nothing but another way
to state the exponential decay of the error. In �gure 3.0.1 the comparison
between these two approaches is presented, the red line shows the convergence
history, (relatively to the density variable in the L2 norm), for the ringleb test
case, that will be next introduced, for successively �ner and �ner grids, from
16 to 4096 elements, for a linear approximation. The green line de�nes the
error behaviour for the same case, same variable, for the mesh of 16 elements
and an increasing polynomial order, till nine. The errors are plotted on
log− log axis as a function of the total number of degrees of freedom Ndof for
each trial. The �gure illustrates that when the polynomial order is kept �x,
the error behaves as a linear function of the number of degrees of freedom,
while instead for �xed mesh and varying order a nearly exponential trend is
got. For the sake of completeness to consider the heavier operation count
involved by the higher approximation, we mention that

Time P1(4096) ≈ Time P5(16)

o
(
E(P1)

)
= 10−4, o

(
E(P5)

)
= 10−5.

That is the simulation of order two on the �ner mesh requires the same
computational time as the necessary one to reach convergence on the coars-
est mesh of 16 elements, with the sixth order polynomial, the latter clearly
providing an higher accuracy.
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Figure 3.0.1: Error on log-log axis demonstrating the algebraic convergence
of the h-type re�nement and the exponential convergence of the p-type re-
�nement.

In consideration of the importance of well described �ows we focused on the
achievement of highly accurate schemes along with an e�cient implemen-
tation and resolution. The starting point has been our accurate robust DG
method which we tried to enhance with the e�ciency provided by the spectral
collocation approach. The e�ectiveness has been obtained by an improved
assembly procedure of the discrete operators of the NS system, mainly by
resorting to the employ of a tensor product strategy. The computational
advantage achieved has further been made an important factor by means a
p-multigrid solver, see [7]. The interpolation theory along with a quite de-
tailed description of the adopted strategies is given in the following before
an extensive assessment of the overall algorithm.

3.1 Approximation theory

Let Pn be the space of all polynomials of degree less or equal to n used to
de�ne the approximating function IK(v) of v, with IK(v) taken as a �nite
expansion of the form given by Def. 3, in �1.2. The quality of IK(v) is of
main importance especially for achieving an high-order representation. A
favourable criterion for the de�nition of the basis is the degree of orthogo-
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nality, with respect to a suitable inner product (·, ·) to be established. The
discrete operators involved by this issue are the elemental mass matrix, whose
i−th j−th entry is de�ned as usual by the inner product (ϕi, ϕj) and the
sti�ness matrix, namely

(
ϕ
′
i, ϕ

′
j

)
. The aim is to keep the conditioning num-

ber of these matrices down for increasing order n, as to avoid an unaccurate
or even unstable approximation. Many di�erent basis are available, although
all of them may be recast to two main approaches, the modal one and the
nodal one.
The modal space contains polynomials that are characterized by the hierar-
chical feature, namely for all n ≥ 0 each component of the basis belongs to
Pn and the higher order components are always got by enriching the lower
representation,

{B}n ∈ Pn, {B}n ⊂ {B}n+1.

The simplest example of such a kind of basis is given by the monomials
{1, x, .., xn} which for higher order n provide an unaccurate and unstable be-
haviour. Better conditioning features can be achieved for example using the
Jacobi polynomial family Pα,β

n (x), which consists in the polynomial solutions
of the singular Sturm-Liouville problem. In one dimension for −1 ≤ x ≤ 1,
with parameters α, β > −1, they are de�ned for example by

Pα,β
n (x) =

(−1)n

n!
2−α−β(1−x)−α(1+x)−β dn

dxn

(
(1−x)α+n(1+x)β+n

)
(3.1.1)

and characterized by the following useful orthogonal relationship,∫ 1

−1

(1− x)α(1 + x)βPα,β
n (x) Pα,β

i (x)dx = Cδni, (3.1.2)

where δni stands for the usual Kronecker function and the constant C depends
on the degree n and on the parameters α and β. Particular choices of these
parameters retrieve some well-known Jacobi polynomials as the Legendre
(α = β = 0), or the Chebyshev polynomials (α = β = 1/2).
A more `physical' point of view is instead associated to the nodal space, the
polynomial interpolant of order n, given a set of n+1 points, is computed by
imposing the i-th expansion coe�cient to be coincident with the value to be
interpolated, i.e. In(f(xi)) = f(xi). Such an approximation makes the nodal
value be the required solution �eld, as it can be observed from the lagrangian
nodal relation itself de�ned in the following

In

(
f(x)

)
=

n+1∑
k=1

fN(xk) Lk(x) (3.1.3)
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where Lk is the k−th Lagrange polynomial

Lk =
πn+1

j=1 (x− xj)

πn+1
j=1 (xk − xj)

, j 6= k, (3.1.4)

which results in Lk(xj) = δkj, 1 ≤ k, j ≤ n + 1, with δ the Kronecker
function.
The conditioning number of the mass matrix for the hierarchical monomials
is shown to grow as 10n, being n the order of the polynomial expansion, and
the same can be refered for the lagrangian strategy in the case of equispaced
interpolation nodes for n > 5. The high conditioning number related to these
strategies is due to the fact that the basis is becoming numerically linearly de-
pendent for increasingly order of approximation. The Legendre polynomials
along with suitably chosen nodes provide instead a stable behaviour.
Once the basis has been chosen the function f can be approximated by a
locally continuous expansion of order n on each element Ωe ∈ Th, often this
procedure is �rst led and related to a reference standard element as

In

(
f(ξ)

)
=

n+1∑
i=1

fiPi

(
ξ(x)

)
, (3.1.5)

where fi are still the coe�cients and Pi the basis components. In one di-
mension the −1 ≤ ξ ≤ 1 is assumed to be the reference interval, the local
coordinate as been named ξ. The link between the local and the global space
is established by means of a map which transforms the reference element into
the actual one.
The extension of these approximations to two or three dimensions domains
is straightforward only for cartesian elements, for example we can consider a
reference quadrilateral with local coordinates −1 ≤ ξ1, ξ2 ≤ 1 and perform a
standard tensor product between the selected one-dimensional functions,

ϕij(ξ1, ξ2) = ϕi(ξ1)ϕj(ξ2), 1 ≤ i, j ≤ n+ 1, (3.1.6)

where ϕij represents the ij−th two dimensional shape functions. Simplicial

elements {x ∈ Rd, xi ≥ 0, 1 ≤ i ≤ d,
∑d

i=1 xi ≤ 1} require instead more care.
Since a great part of the e�ciency comes from the tensor product extension
(3.1.6) a frequently used strategy is the transformation of the simplex into a
cuboid introducing a collapsed coordinate system which makes the simplex
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bounds be limited between constant values. Consider the following two-
dimensional reference elements

T 2 = {(ξ, η)| − 1 ≤ ξ, η; ξ + η ≤ 0},

Q2 = {(ζ, η)| − 1 ≤ ζ, η ≤ 1},

the node (1, 1) ∈ Q2 can be entailed to collapse on its leftmost upper corner
as to get the reference triangle T 2. A suitable transformation of coordinates
which maps the elements one another, that in particular makes points with
constant ζ become points with constant (ξ + η), reads

T (Q) : (ζ, η) → (ξ, η) =

(
(1+ζ)(1−η)

2
− 1

η

)
, (3.1.7)

as depicted in Fig. 3.1.1. The triangular basis which spans the space T 2 needs

Figure 3.1.1: Triangle-quadrangle mapping

(n+1)(n+2)
2

degrees of freedom, the most straightforward choice for the basis is
the hierarchical approach given by the monomials xiyj with 0 ≤ i+ j ≤ n for
approximation of order n. Dubiner [18] proposed an orthogonal hierarchical
basis resorting to the Jacobi polynomials for the simplex element, which is
de�ned by means of a modi�ed tensor product along the ζ and the η axis,
exploiting the collapsed system (3.1.7). In two dimension the i,j-th shape
function reads

φij(ξ, η) = ϕi(ζ)ϕij(η)

= P(0,0)
i (ζ)(1− η)iP2i+1,0

j (η)
(3.1.8)

with 0 ≤ i + j ≤ n for an approximation in Pn, the factor (1 − η)i acting

on P(0,0)
i (ζ) keeps the expansion of order i with respect to the cartesian
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system. The idea can be extended to tetrahedra by employing the collapsing
procedure once more.
Spectral methods usually adopt a nodal strategy for cartesian domains, i.e. la-
grangian p−type elements through the zero of the Gauss-Lobatto polyno-
mials, while for simplicial elements they resort to a modal representation,
even because optimal interpolation nodes are not yet available. This kind of
transformation has been used by many authors in conjunction with di�erent
numerical techniques, both the modal [46] , [33], and the nodal [23], [22]
spaces have been considered.

Interpolation Nodes

The location of the nodes is of primary importance for the quality of the
approximation. Equispaced nodes lead to the well-known Runge oscilla-
tions and consequently to a bad conditioning of the mass-matrix. This phe-
nomenon is associated to the lack of information near boundaries, where this
behaviour is observed, therefore the addensation of nodes in these regions
allows to almost eliminate or greatly reduce the problem. The quality of the
interpolation function is usually measured by means of the maximum norm
‖ · ‖∞ and the error due to the approximation of f by p(x), ‖f(x) − pn(x)‖
is often estimated with respect to the best approximating polynomial rn(x)
achieveable,

‖r − f‖∞ = min
p∈Pn

‖p− f‖∞. (3.1.9)

The polynomial p(x) can be seen as the projection of the function f into the
space Pn by means of a projection operator Pn, which can be characterized
in terms of the spanning basis L,

‖Pn‖ = max
n∑

k=0

|Lk(x)| = Λn. (3.1.10)

The parameter Λn is known as the Lebesgue constant, its minimization en-
sures stability to the approximating function. For n−dimensional cartesian
domains the Gauss-Lobatto points have been proven the optimal choice, while
for triangular and tetrahedral geometries the optimal set is still not known.
Many attempts have been done in order to get a good set of interpolation
nodes, among them we recall the work of Taylor, Wingate and Vincent [25].
They presented an algorithm to compute Fekete nodes on triangles: this set
is obtained by maximixing the determinant of the generalized Vandermonde



3.1. Approximation theory 40

matrix associated to the selected basis B, on the boundary the Lobatto points
have been straightforwardly mantained. Another approach has been intro-
duced by Hesthaven see [30], by means of the electrostatic interpretation of
the Jacobi polynomials. He solved a minimization problem in which the po-
sitions of the nodes inside the reference triangle have been assumed as to be
the natural con�guration required by the electrostatic equilibrium.
Next we consider some basic concepts taken from the classical interpolation
theory at the aim to guess the error associated to the discretization process
itself.

3.1.1 Interpolation on a�ne meshes

The error involved by the approximating process uh → u with Vh → V for
conforming elements Vh ∈ V is now being considered. The �eld uh is mainly
taken to be of polynomial interpolant kind Πhu, the presentation is led in
accordance with [12].

Theorem 1 Let there be given a regular a�ne family of �nite elements
K,PK ,ΣK whose reference �nite element K̂, P̂ , Σ̂ undergoes to suitable as-
sumptions on the space it belongs to. Then there exists a constant C =
C(K̂, P̂ , Σ̂) indipendent of K such that

∀v ∈ Hk+1 (K) , ‖v−ΠKv‖m,K ≤ C
hk+1

K

ρm
K

|v|k+1,K , 0 ≤ m ≤ k+1, (3.1.11)

where ΠK de�nes the Pk-interpolation operator.

Consider a family of regular �nite elements for which the following properties
holds:

∃ σ s.t ∀K hK

ρK

≤ σ and hk → 0, (3.1.12)

where hK de�nes the diameter of the element K, ρK the diameter of the
smallest ball inscribed in K. The error estimate (3.1.11) in view of the
assumption (3.1.12) simpli�es to

‖v − ΠKv‖m,K ∼ o(hk+1−m
K ). (3.1.13)

Theorem 2 In addition to the previous regularity requirements we assume
that there exists an integer k ≥ 1 such that

Pk(K̂) ⊂ P̂ ⊂ H1
(
K̂

)
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and
Hk+1

(
K̂

)
⊂ Cs

(
K̂

)
where s is the maximal order of the partial derivatives involved by the refer-
ence element. If the solution of the variational problem u belongs to Hk+1 ((Ω)),
there exists a constant C indipendent of h such that

‖u− uh‖1,Ω ≤ Chk|u|k+1,Ω, (3.1.14)

where uh ∈ Vh is the numerical solution, h = maxhK, K ∈ Th.

Theorem 3 If the assumption of Theorem 2 holds and moreover we con-
sider s = 0 along with regularity requirements on the adjoint problem, then
there exists a constant C indipendent of h such that

|u− uh|0,Ω ≤ Chk+1|u|k+1,Ω, (3.1.15)

with the solution u which has still to be assumed to belong to Hk+1 (Ω).

The error upper bounds given by inequalities (3.1.14) and (3.1.15) de�ne the
best results achievable for a su�ciently smooth solution. As remarked by the
hyphotesis entailed by these theorems it stems out that the higher the order
of convergence, the higher the assumed regularity of the solution.

3.1.2 Interpolation on non-a�ne meshes

Consider the interpolation on a family of quadrangular grids, the following
results hold, see [12], [19].

Lemma 1 Let K be a non-degenerate convex quadrangle in R2, and FK ∈
[Q1]2 a unique bijective transformation such that FK(K̂) = K, the map is
not a�ne. The jacobian matrix JK of FK and its determinant are bounded
by geometrical constant,

‖det(JK)‖L∞(K̂) ≤ ch2
K ,

‖JK‖[L∞(K̂)](2,2) ≤ chK .
(3.1.16)

Theorem 4 Let {K̂, P̂ , Σ̂} be the reference �nite element with K̂ = [0, 1]2

and associated normed vector space V (K̂). Assume that there exists an in-

teger k such that Qk ⊂ P̂ and Hk+1
(
K̂

)
⊂ V (K̂). Let K be a qudrangle
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in R2 and let Πk
K be the local interpolation operator in K. Let the family

Th be shape regular, namely the equation (3.1.12) holds. Then there exists a
constant c such that for all h and v ∈ Hk+1 (Ω),

‖v − ΠKv‖0,Ω +
k+1∑
m=1

hm
(
‖v − ΠKv‖m,K

) 1
2 ≤ chk+1|v|k+1,Ω. (3.1.17)

If V k
h is H1-conformal,

∀h, ∀v ∈ Hk+1 (Ω) , ‖v − ΠKv‖k+1,Ω ≤ chk|v|k+1,Ω. (3.1.18)

3.1.3 Elemental approximation

The procedure necessary for the achievement of the numerical solution, such
as the interpolation, the quadrature and the error estimates may be easier
performed using a reference space, which is then mapped into the real ele-
ment. Let ξ be the local reference coordinates while x the global coordinates
related to the domain Ω and let F : ξ ∈ K̂ →

(
Fj(ξ)

)n

j=1
∈ Rn be the

one-to-one mapping which performs the transformation.

De�nition 4 (Isoparametric families of �nite element) The family of
�nite elements (K,PK ,ΣK) is an isoparametric family if all its elements are

isoparametrically equivalent to a single reference �nite element (K̂, P̂ , Σ̂),

namely a one-to-one mapping FK : K̂ → Rn, FK ∈ (P̂ )n exists such that

K = FK(K̂)

PK = {p : K → R; p = p̂ · F−1
K ; p̂ ∈ P̂}

ΣK = {p(FK(âi); 1 ≤ i ≤ N}.
(3.1.19)

In the a�ne case the Jacobian of the mapping is constant, therefore the
transforming map (3.1.19) does not alter the nature of the polynomial de�ned

in P̂ , while for the higher order approximation the reference polynomials are
mapped into functions which are in general no more belonging to Pn. This
problem can be ignored as soon as you are working with the reference element
although the same happens for the real geometry. We just remark that the
invertibility of the mapping is ensured if we have a regular isoparametric
family, namely eq. (3.1.12) holds.
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An element is said to be sub-parametric when the order of the geometri-
cal polynomials is lower than that associated to the interpolation procedure,
while it is super-parametric in the opposite situation. In this last case the con-
vergence may be not achieved as the discretization parameter h approaches
zero. The error bounds presented in �3.1.1 are still valid for the higher order
iso-parametric elements provided the mapping of such a kind of family is
not too far from the a�ne one and is su�ciently regular. The discrepancy
between them must be such as to yield the same interpolation error as in the
a�ne case. The proof of the above statement can be �nd in Ciarlet [12].

Numerical integration

Volume and surface integrals are usually approximated by numerical integra-
tion i.e. quadrature formulae which compute the integral by a �nite summa-
tion of the integrand functions suitably weighted. For the reference element
we therefore have ∫

Ωe

f(x)dx =

∫
Ωref

f(ξ)
∂x

∂ξ
dξ, (3.1.20)

where ∂x
∂ξ

de�nes the Jacobian of the mapping. The integrand is conveniently
replaced by a lagrangian interpolant of degree Q− 1,∫

Ωref

f(ξ)dξ =

Q∑
i=1

ωif(ξi) +R(f), (3.1.21)

being ωi the quadrature weights, ξi the evaluation nodes and R(f) the in-
tegration error. The summation results to be exact for polynomial of order
Q − 1 for the equispaced nodes choice, although for better placements it is
possible to exactly integrate higher order polynomials, it is the case of the
Gaussian nodes. There are three types of Gaussian integration rules, the
Gauss, the Gauss-Radau and the Gauss-Lobatto. The �rst uses quadrature
nodes computed as zeros of a polynomial which are located only inside the
reference domain, i.e. in one dimension [−1, 1], the second assumes one zero
to be coincident with one of the end points, usually with the ξ = −1 point,
while the latter exploits both the boundaries.

Gauss Lobatto quadrature

This quadrature rule evaluates the functions f of the summation (3.1.21)
on non equispaced points ξi containing the end-points of the domain itself,
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−1 < ξ < 1. The internal nodes are obtained as the roots of the �rst
derivatives of Legendre polynomials of degree n − 1, L′

n−1 , when we are
looking for the n−points rule. The weights ωi are computed by

ωn,k =
2

n(n− 1)L2
n−1

(ξi), k = 2, .., n− 1, (3.1.22)

while for ξ = ±1 we have

ωn,1 = ωn,n =
2

n(n− 1)
. (3.1.23)

The order of accuracy provided by the Lobatto quadrature formulae is 2n−3
when using n nodes. The extension to cartesian multidimensional domain
makes use of the product of the one-dimensional rule along each direction of
the domain, e.g. in two-dimension we get∫ ∫

refQ

g(ξ1, ξ2)dξ1dξ2 ∼
n∑

i=1

m∑
j=1

ωiωjg(ξi, ξj). (3.1.24)

Gauss quadrature

The Gauss quadrature rule still consists of the weighted evaluation of the
integrand function in well-chosen non equidistributed nodes. In this case the
quadrature nodes do not have to ful�ll any constrained position, this stems
in an increase of the accuracy order, as a matter of fact a n-integration nodes
rule guarantees to exactly integrate polynomials of degree up to 2n− 1. The
integration points are the roots of the Legendre polynomials Ln(ξ), while the
weights are given by

ωn,i =
2

(1− ξ2
n,1)L

′
n(ξ)2

i = 1, .., n. (3.1.25)

The extension to multi-dimensional structured domains follows the tenso-
rial approach presented in equation (3.1.24). For triangular element it is
even possible to recast the integrand function to the reference quadrilateral
(3.1.7). The Jacobian involved by this coordinate transformation introduces
a linear contribution which raises the order of the function to be integrated,
this would require to increase the order of the quadrature formula in the ξ2
direction. Such a process is claimed to generate an unuseless addensation of
points near the collapsed vertex. It is otherwise possible to employ accurate
cubature rule whose nodes are better distributed inside the element providing
an accuracy of order 2n.
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Convergence rate - Quadrature order

The approximation of the variational form on the reference element requires
to consider the e�ect of the integration of products, of derivatives and more-
over the possible presence of non-linearities due to the mapping procedure.
These operations may produce a function which does belong no more to the
space of polynomials Pn. Therefore the order of accuracy of the quadra-
ture rule should such that to correctly evaluate the highest order functions,
however the involved non-linearities often make the integrand quantity some-
what unknown. Therefore an exact computation would require a scheme for
rational function which is not available. The following theorem has the pur-
pose to brie�y assess the accuracy of the quadrature rule, (see paragraph 4.1,
[12]). Assume we are solving a second-order elliptic boundary value problem,
∆u = f , whose variational form is provided by the following bilinear forms

a(u, v) =

∫
Ω

n∑
i.j=1

aij∂iu∂jv dx, f(v) =

∫
Ω

fv dx, V = H1
0 (Ω) , (3.1.26)

with aij ∈ W k,∞ (Ω) and f ∈ W k,q (Ω), q ≥ 2. The e�ect of the numerical
integration on the rate of convergence of conforming methods does not de-
termine an alteration of the estimates given by Theorem 2 as stated by the
following theorem.

Theorem 5 Consider a regular triangulation of the domain Ω as done in
Theorem 1, assume that there exists an integer k ≥ 1 such that

P̂ = Pk(K̂), Hk+1
(
K̂

)
⊂ Cs(K̂), (3.1.27)

where s is the maximal order of partial derivatives occuring in the de�nition
of the set Σ̂. Provided the reference quadrature formulae are taken to exactly
integrate functions in space P2k−2(K̂), then if the solution of the variational
problem u ∈ H1

0 (Ω), there exists a constant C indipendent of h such that

‖u− uh‖1,Ω ≤ Chk
(
|u|k+1,Ω +

n∑
i.j=1

‖aij‖k,∞,Ω‖u‖k+1,Ω + ‖f‖k,q,Ω

)
, (3.1.28)

where uh ∈ Vh is the discrete solution.
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The Galerkin methods require to numerically compute inner products of
the form (·, ·), in particular for linear problems the minimum number of
quadrature points necessary for the exact evaluation of such a product are
n + 1, while for quadratic non-linearities 3n/2 + 2 points are needed. In
the case of cubic non-linearities the minimum number is 2n + 2. Mainly
the linear contribution is only exactly considered, therefore the associated
scheme su�ers of an aliasing phenomenon of the highest modes clearly due
to the under-integration which may be treated by a �ltering approach. Such
a process is here just mentioned. Consider the following inner product

(ϕ, ψ)Q =

Q∑
q=1

ωiϕq(ξi)ψ(ξi), (3.1.29)

with ϕ ∈ Pn and ψ ∈ P2n expanded in term of Legendre polynomials and
decomposed as follows

(ϕq, ψ)Q =
(
ϕq,

n+1∑
p=1

N̂pLp

)
Q

+
(
ϕq,

2n+1∑
p=n+2

N̂pLp

)
, (3.1.30)

the exact integration of the above product is achieved by neglecting the last
contribution which by de�nition corresponds to a null error R in (3.1.21), a
cut of the selected frequencies.

Di�erentiation

Derivatives computation can be performed either in the physical space or
in the transformed space, it however clearly requires useful e�ective formu-
lae. Being F(ξ) the mapping from the standard region to the real one, the
di�erentiation of uh(x) with respect to x is obtained as

duh(ξ)

dx
=

duh(ξ)

dξ

dξ

dx
=

n+1∑
p=1

ûp
dϕp(ξ)

dξ

dξ

dx
, (3.1.31)

where ϕp is the p-th component of the expansion basis. The derivative
dϕp(ξ)

dξ

can be computed by means of a quite directly manner for the modal Jacobi
family since many analytic expressions do exist. Even the lagrangian nodal
approach is endowed of general relations for the derivatives calculation, we
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mention the evaluation based on the Lagrange representation provided by
Funaro,

Li(ξ) =
gQ(ξ)

g
′
Q(ξi)(ξ − ξi)

, gQ(ξ) =

Q∏
j=1

(ξ − ξj), (3.1.32)

whose derivatives are given by

dLi(ξ)

dξ
=
g
′
Q(ξ)(ξ − ξi)− qQ(ξ)

g
′
Q(ξi)(ξ − ξ2

i )
. (3.1.33)

3.2 Spectral DG method

The interest towards high-order accurate solutions of the Navier Stokes equa-
tions in aerodynamics and in many other application �elds requires to focus
mainly on the e�ciency matters. Therefore the numerical discretization must
resort to procedures that keep the operation count value down, such an aim
involves the construction and the evaluation phase of the discrete operators
associated to the Galerkin formulation of the system to be solved. Once
the �nal algebraic system has been obtained e�ective resolution strategies
are needed to rapidly approach the unknown �elds. In accordance with the
interpolation theory the optimal convergence can be achieved if the problem
is endowed of the su�cient regularity, this aspect clearly has a central role
for high accuracy levels.
After the presentation of the main issues related to the interpolation theory
and to the construction of the discrete operators, such as the discrete lapla-
cian or the discrete advection for the NS problem, we are going to present
our works for the purpose outlined in the beginning of this paragraph. We
have devised a spectral DG scheme for the Navier-Stokes equations solu-
tion joining the robustness and �exibility of the latter, and nonetheless the
inherent accuracy already characterizing it, with the exponential behaviour
provided by the spectral approaches. The overall scheme should be such that
to match the higher order representation with an assembly phase and with
a solution methodology as e�ective as possible in order to reduce the strong
dependence of the computational cost on the level of approximation. In con-
sideration of this we have built the discrete operators resorting to the use
of the nodal co-location strategy typical of spectral methods, along with a
tensorial computation of the approximating functions. The discrete problem
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has been solved by means both of a linearized implicit method and of the
new p-multigrid scheme presented in [7], that fully exploits the advantages
of the reduction cost that the fair operator construction has achieved.
The numerical scheme adopted is of discontinuous Galerkin kind as intro-
duced in the second chapter, the advective numerical �ux has been ob-
tained by the resolution of the Riemann problem through the Godunov ap-
proach, while the numerical di�usive �ux has been computed through the
BR2 method. The approximated solution �eld uh has been represented in
the nodal space, the related interpolation nodes choice is detailed in the
following.
The strategy we are going to present is only concerned with structured possi-
bly non-conforming domains, on this issue we make some discussion in order
to outline the conditions in which this approach may be useful. In fact lo-
calized �uid �ow features can be well resolved by means of either a selective
local re�nement process or of an e�cient higher-order discretization. The for-
mer strategy known as adaptive mesh re�nement (AMR) o�ers an accurate
and e�cient resolution in the case of structures that are limited to a part of
the domain and not `widely di�used' through all it. The inherent �exibility
provided by a discretization through triangles and tetrahedra may work as
well as the AMR if the �eld is approximated in a su�ciently accurate way.
Moreover the higher schemes are shown to be competetive, if not superior,
with respect to the adaptive strategies in the case of complicated structures
to be de�ned unless higher order functions are used in the AMR techniques
themselves, see [34]. Hence we focused on highly accurate results through
the use of unstructured domains or non-conforming cartesian elements. We
have worked on the de�nition of a strategy that well resolves the �ow struc-
tures by an higher-order computational competitive strategy: �exible and
accurate DG plus e�cient tensorial co-location on cartesian domains plus
e�ective p-multigrid resolution.

3.2.1 Co-location strategy

The e�ciency we have talked about for so long �nds its explication in the
easiest assembly of the discrete operators permitted by the co-location of
the interpolation points at the same position of the evaluation nodes. The
tensor product strategy for the construction of the function results to be the
mean to accomplish such an aim, the positive e�ect is particuraly relevant
for the derivatives computation. The classical spectral methods assume the
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solution to be approximated and computed in the Gauss-Lobatto nodes. For
the former aspect the choice has already refered as the optimal one while
for the latter it results to be responsible of under-integration. However this
fact has been claimed to be negligible because the integration error has been
proven to be consistent with that introduced by the approximation process
itself and therefore the overall scheme should work in coherent way, [46]. We
now describe the computational advantages which come from the use of the
Lobatto nodes as unique set for both interpolation and quadrature.

Diagonal local-mass matrix

Consider a two dimensional cartesian reference domain Ωref spaned by the
shape functions φij ∈ Pn computed as the tensor product of the one dimen-
sional lagrangian functions,

φij(ξk) = ϕi(ξr)ϕj(ηs) (3.2.1)

where ξk is the k-th quadrature node and with i, j = 1, .., n+ 1 the local in-
dices along the ξ and η directions respectively and with r, s the local number
of the quadrature points. The link between the 2d and the 1d numberings is
provided by a bijective map k = f(i, j). The delta Kronecker property of the
adopted functions makes the mass matrix be diagonal, for the DG this fact
represents a limited saving, since the matrix has a local nature. The discrete
laplacian matrix do not have a particular structure, it is a full matrix.

Discrete operator assembly

The fair evaluation of the discrete operators constitutes the key point for
the e�ciency matter, the advective and the di�usive terms gain important
advantage from the derivatives computation. In detail if we consider a two
dimensional reference element, isotropic for semplicity of notation, spaned
by the shape functions φij ∈ Pn, with i, j = 1, .., n + 1, we get e.g. for the
derivatives along the x direction the following sempli�cation

∂φij(ξk)

∂ξ
= ϕj(ηs)

∂ϕi(ξr)

∂ξ

6= 0 for j = s ∧ r = 1, .., n+ 1.

(3.2.2)

Therefore, for approximating functions belonging to Pn on a nd-dimensional
domain, the derivatives matrix evaluation requires nd(n+ 1) operations, for
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each quadrature node on each element for each unknown equation. This value
replaces the operation count of the standard approach, using two di�erent
set of nodes, which amounts to (n+ 1)2 operations for each quadrature node
on each element, for each unknown. The reduced operation count due to
the tensorial approach in co-located elements is shown in Fig. 3.2.1 and it is
usually named sum factorization transform. The easier jacobian assembling

Figure 3.2.1: Isoparametric mapping of order two. Circled in red the degrees
of freedom involved by the node (1,1) for the derivatives calculation in the
case of co-located strategy
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−1

(ξ)=x F

i

y

x
j

1,1

ξ

η

procedure e.g. for the advective contribution,
∫

K
v ·∇F c dx, requires to exe-

cute only nd3(n+1) operations instead of the standard nd(n+1)4 operations
for each node on each element of the computational domain, clearly for each
unknown equations. The viscous contribution for each element on each node
passes from (n+ 1)4 operations to nd4(n+ 1)2, for each block of the matrix
of the sytem.

Surface contribution handling

Another important computational reduction comes from the interface contri-
bution evaluation, which exploits the clear convenience given by the presence
of nodes on the edges, (or faces in 3d) themselves. Therefore the value of
a certain �eld is already available and it does not require to exploit the
complete expansion to be recovered. In addition the discrete operator con-
struction mantains the favourable approach above described. Consider for
example the assembly of residual and jacobian contribution of the viscous
contribution ∫

Γh

ν
(
[[uh]] : {∇hvh}+ [[vh]] : {∇huh}

)
dσ, (3.2.3)
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given by a standard residual assembly procedure it would require (n + 1)4

operations for each quadrature node on each face for each equation, while
by the reduced process the count dicreases to (n + 1)2. For the jacobian
contribution the reduction results to be more signi�cant as shown for the
volume integral precedengly, since it is applied to each block matrix involved
for each node, for each face.
The memory requirement is minimal if derivatives are stored just for the
reference element and then computed on the real domain each time they are
required.
The above described strategy has been mutuated, as said, from the classical
spectral methods with the attempt to enhance the performance of the numer-
ical discretization. The �rst step we did has been consisted in the realization
of such a spectral DG code and in its successive validation. The next step
has been a trial towards a slightly new technique, which exploits all the dis-
cretization ingredients we have presented, but that it resorts to a di�erent set
of co-location nodes. This idea is mainly due to some experimental observa-
tion we did that will be shown in the sequel and to the associated interest in
understanding the balance between accurate representation of the unknown
�eld and its evaluation. Since the Gauss-Lobatto nodes de�ne the optimal
choice from an interpolation point of view but they are not enough to exactly
integrate the NS discrete inner products, we thought to reverse the approach.
We therefore used another gaussian set to provide right quadrature admit-
ing this choice being optimal no more for the approximation, i.e. the Gauss
nodes. The co-location on this set preserves the advantages of the Lobatto
set choice except for the fair evaluation of the interface contribution. As a
matter of fact, since there are no nodes directly located on the boundaries,
internal or external, it is necessary to resort to the complete polynomial ex-
pansion based on the internal values in order to get the required �eld. Further
description is given in the following by means of a series of test cases.

3.2.2 Inviscid Test Case

The validation of our spectral DG scheme has been led �rst by solving the
Euler equations for some well-known two dimensional test case, in particular
we considered the ringleb channel, the �ow past a circle and the gaussian
bump. The �rst problem has been exploited for the de�nition of the accuracy
property and even for the evaluation of the computational improvement that
the spectral technique mutuation provided to the algorithm. The other tests
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have furtherly assessed the comparison between the two set of co-location
nodes adopted and nonetheless they was the way to verify the capacity and
the robustness of the code. Di�erent computational triangulations of the
domain have been used, those reported in this section are mainly the nearly
coarsest possible to best outline the high accuracy relevance. Tests have been
done on �ner grids too.

Ringleb Test Case on Lobatto Nodes

The ringleb test case provides the analytical solution for an inviscid �ow
which turns around a symmetric obstacle. The solution is obtained by an
hodograph method in implicit form and it reads

x(q, k) = ± 1

kqρ

(
1− q2

k2

1
2 )
,

y(q, k) =
1

2ρ

( 1

q2
− 2

k2

)
+

1

2
J ,

J =
1

c
+

1

3c3
+

1

5c5
− 1

2
ln

(1 + c

1− c

)
,

(3.2.4)

where k is a stream-function that can be expressed as k = q
sin θ

and with θ
that de�nes the angle between the velocity vector and the vertical direction.
While q is the ratio between the local velocity and the speed of sound at
stagnation condition c0, c the local speed of sound divided by c0 and ρ the
ratio between the local density value and the stagnation value. The Mach
contour �eld is shown in Fig. 3.2.2 for an approximation obtained by a tenth
order polynomial. We considered the ringleb domain with stream function
k1 = 0.8 and k2 = 1.2 and we evaluated the error with respect to the L2 (Ω)
norm for di�erent domain discretizations. The accuracy and the e�ciency
data of this spectral DG approach are listed in Tab. 3.2.1 which resumes
the error in norm L2 (Ω) for the computed density �eld, the energy and the
velocity along the x-direction. The solutions are refered to grids obtained
as usual by a process of successive halving of the space discretization step,
trials have been done for increasing order of approximation. The rate of
convergence are reported in columns number six and seven for the continuity
and the momentum equations, they result to be nearly optimal values in
comparison with the estimates provided by the theory. The last column shows
the computational time reduction related to the modi�ed discrete operator
assembly involved by the tensorial approximation functions on the co-location
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Figure 3.2.2: Mach contour �eld; P10 approximation, solution �eld achieved
by co-location on Lobatto nodes.

set. The percentages are relative values with respect to the time required for
the operators construction before inserting the improving procedure. The
enhancement is quite good even for polynomial order not too high as the
forth order data show. The lack of optimality prompted the second trial
with Gauss nodes as unique set either to interpolate and integrate.

Ringleb Test Case on Gauss Nodes

We therefore performed the ringleb test to adress the accuracy-e�ciency
trade-o� using the Gauss points, less optimality from the interpolation point
of view, but higher accuracy for the inner product evaluation. The results
are listed in Tab. 3.2.2, the collected data are related exactly to the same
conditions of the previous cases. The convergence rate is observed to almost
exactly approach the expected values and however they are superior to the
results provided by the tests with the Lobatto nodes. Nonetheless the com-
putational saving is lower because of the larger number of operations related
to the interface operators construction. The comparison of the behaviour of
these two set is made furtherly clear by the Fig. 3.2.3 which summarizes
the results of the above tables. The Gauss based algorithm allows to get
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Table 3.2.1: Ringleb test case with co-location on Lobatto nodes

Pn Mesh Eρ EρE Eρu Oρ Oρu −∆%

3 16x8 6.82e-5 1.18e-4 2.35e-5 3.5 3.46 -78
32x16 6.03e-6 1.08e-5 2.30e-6 3.56 3.21
64x32 5.10e-7 9.88e-7 2.49e-7

4 16x8 7.23e-6 1.24e-5 2.68e-6 3.75 4.33 -84
32x16 5.38e-7 9.12e-7 1.33e-7 4.36 4.28
64x32 2.62e-8 4.47e-8 6.87e-9

5 8x4 2.07e-5 3.61e-5 1.25e-5 3.15 4.83
16x8 2.33e-6 3.90e-6 4.39e-7 5.92 5.74 -87
32x16 3.86e-8 6.47e-8 8.20e-9

6 8x4 1.83e-5 3.09e-5 5.26e-6 7.04 6.99
16x8 1.39e-7 2.36e-7 4.17e-8 5.58 6.19 -90
32x16 2.92e-9 4.90e-9 5.71e-10

8 8x4 1.76e-6 2.97e-6 4.82e-7 8.24 8.69
16x8 5.82e-9 9.75e-9 1.17e-9

10 8x4 1.76e-7 2.96e-7 4.63e-8 10.51 8.14
16x8 1.20e-10 2.01e-10 1.64e-10

the spectral convergence as the lin-log line shows with its linearity, while
the Lobatto strategy behaves only in nearly optimal fashion. We tried to
evaluate the accuracy meantime the e�ciency, at this aim we present the
data in Tab. 3.2.3 which contains the results for order nine and ten for both
Gaussian kind of nodes. The time for the discrete operators assembly proce-
dure is reported together with the error in norm L2 (Ω) for these trials. For
comparable values of the achieved errors and clearly similar accuracy, i.e. the
P8 using the Gauss points choice and the P9 using the Lobatto, the latter
approach demonstrates to give a great advantage in term of e�ciency. This
leads to the consideration that for su�ciently smooth �eld this con�guration
may be the right choice.

Circle test

This second test case requires to solve the inviscid Euler equations past a cir-
cle, the solution �ow �eld should prove to be symmetric with respect to the
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Table 3.2.2: Ringleb test case with co-location on Gauss nodes

Pn Mesh Eρ EρE Eρu Oρ Oρu −∆%

3 16x8 8.59e-6 1.53e-5 8.92e-6 4.01 3.72 -33
32x16 5.34e-7 9.74e-7 6.75e-7 4.18 3.91
64x32 2.94e-8 5.53e-8 4.50e-8

4 16x8 9.41e-7 1.66e-6 8.90e-7 5.05 4.80 -40
32x16 2.83e-8 5.05e-8 3.19e-8 5.02 4.92
64x32 8.70e-10 1.56e-9 1.06e-9

5 8x4 8.19e-6 1.40e-5 4.84e-6 6.22 6.13
16x8 1.10e-7 1.89e-7 6.92e-8 5.84 5.63 -46
32x16 1.92e-7 3.29e-9 1.40e-9

6 8x4 2.15e-6 3.65e-6 9.95e-7 6.77 6.43
16x8 1.97e-8 3.35e-8 1.15e-8 7.07 7.08 -50
32x16 1.47e-10 2.50e-10 8.49e-11

8 8x4 1.86e-7 3.15e-7 8.12e-8 8.97 8.56
16x8 3.71e-10 6.25e-10 2.16e-10

10 8x4 1.74e-8 2.95e-8 7.36e-9 12.47 11.12 -66
16x8 3.09e-12 5.58e-12 3.30e-12

Table 3.2.3: Lobatto vs Gauss: e�ciency and accuracy. Ringleb 8x4 mesh

Nodes Pn Tot Tset Eρ EρE Eρu

L 8 27.72 s 1.76e-6 2.97e-6 4.82e-7
G 8 70.02 s 1.86e-7 3.15e-7 8.12e-8
L 9 30.06 s 2.39e-7 4.07e-7 7.40e-8
G 9 96.90 s 6.39e-8 1.09e-7 3.04e-8

obstacle itself as to guarantee the entropy conservation. The computational
domain has its far-limits at 20 where the far boundary condition is entailed
while the wall is required to ful�ll a simmetric boundary conditions. The
problem has been solved using the co-location both in Gauss and in Lobatto
nodes. The Gauss points allowed to reach the convergence quite strightfor-
wardly, even almost indipendently of the grid used, while the Lobatto nodes
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Figure 3.2.3: Convergence in L2 norm as a function of the expansion order
for the inviscid Ringleb test case: Gauss vs Lobatto

result to be a quite more delicate choice, we suggest because of the lower
accuracy they provide. As a matter of fact for su�ciently accurate polyno-
mials the problem disappears or dicreases and the solution can be obtained.
The �eld reported in Fig. 3.2.2 is computed using Gauss nodes till order 4,
and from there on using the Lobatto set, in particular the �gure refers to a
P8 approximation on a 16× 8 computational mesh.
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Figure 3.2.4: Mach contour for the Inviscid Circle Test Case
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Bump Test Case

Another problem used for the sake of validation has been considered and
here provided. The domain of this test consists in a half pro�le with a
sinusoidal bump, the in�ow is located on the left of the channel while the
out�ow on the right side. The reference Mach value used for the simulations
amounts to 0.4. The mach �ow �eld is reported in Fig. 3.2.5 together with
its computational grid. This simulation refers to a nine-th order polynomial
approximation with the co-location strategy exploiting the Lobatto nodes,
although both gaussian set has been positively emploied. The considerations

Figure 3.2.5: Mach contour for the Bump Test Case, approximating function
in P8 on the quite coarse grid shown

above presented and the overall behaviour of the scheme for these problems
lead us to observe that for smooth enough problem, such as the motion in
a channel or more generally in zones far away from strong variations, the
Lobatto nodes may be advisable for their higher e�ciency. However from
now on we decided to use the Gauss set renouncing to a `piece' of e�ciency
in virtue of the major reliability.

3.2.3 Naca0012 Test Case

The compressible Navier-Stokes equations have been considered to de�ne
the �ow �eld around the classical Naca0012 pro�le. The computation has
been performed on quite coarse structured grids obtained through an `O'
distribution of points around the airfoil.
The �rst case we considered is that of the laminar transonic �ow at an angle
of attack α = 10◦, freestream Mach number of 0.8, Reynolds number based
on the freestream velocity of 73, with the wall temperature equal to the
freestream total temperature. The far �eld is positioned at a radius of 10.
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The Mach contour and the related isolines, for a polynomial approximation
belonging to P6, are reported in Fig. 3.2.6. The adopted grid shown in �gure
is a 10 × 6 with the larger number refering to the number of elements dis-
tributed along the airfoil surface and the smaller instead de�ning the number
of elements in the radial direction.
We successively considered the subsonic viscous �ow over the Naca0012 air-
foil at an angle of attack α = 0◦, free stream Mach number equal to 0.5
and a Reynolds number of 5000, such a value is near the upper limit for
a steady laminar �ow. The wall is assumed to be adiabatic and non-slip
and it is represented by a parabolic curve. A distinguishing feature of this
test case is the separation region of the �ow occurring near the trailing edge
which causes the formation of a small recirculation bubble that extends in
the near-wake region of the airfoil, detail in Fig. 3.2.7. The solution is get-
ting smoother and smoother with the increasing of the polynomial order of
the approximating functions, indicating that the solution becomes more ac-
curate. This behaviour may be appreciated even by observing the Tab. 3.2.4
that contains the drag coe�cients, pressure and viscous componentwise, for
this test case. Some reference values for these parameters are reported in
the last part of the table, such values are better approached for the higher
order of approximation even though the very coarse mesh used. However the
accordance can be observed not to be completely achieved, the reason might
be the poor geometrical representation that in fact the second order 10 × 8
grid o�ers. Hence we attempt to improve the resolution of the �eld solution
by means of a more accurate de�nition of the airfoil pro�le, at this aim we
carried out supplementary trials. In particular we used a pro�le of the third
and a forth polynomial degree approximation, the results are resumed in the
central part of the table Tab. 3.2.4 itself, showing the favourable behaviour
of the better de�ned pro�le.
Further validation is provided by the following test: the study of the �ow
around the Naca0012 airfoil with an angle of attack of 2◦, M=0.5 and Reynolds
number of 5000. The performance coe�cients are compared with those pro-
vided in the UNBG report for the Adigma project, MTC Test Case3. The
computational mesh here shown, see Fig. 3.2.9, is just one of those tested
and it is been chosen to put in evidence the performance of the code, its
robustness, accuracy and e�ciency. The Mach �eld is depicted in Fig. 3.2.9
for a P9 polynomial approximation, in Tab. 3.2.5 the drag and lift coe�cients
are listed and they might be refered to the asymptotic values presented in the
above mentioned Adigma report. The P9 solution �eld is obtained by means
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Figure 3.2.6: Mach contour for the Naca0012 pro�le M=0.8, Re=73, α = 10◦.
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Figure 3.2.7: Naca0012, Mach 0.5, Re=5000, α = 0◦, P9 approximation on a
8× 4 mesh, far �eld at 10. Streamtrace detail: recirculation zone
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Table 3.2.4: Drag coe�cient for the Naca0012 airfoil for approximation Pn

and geometrical order of representation Pn
G, case: M=0.5 Re=5000, α = 0◦.

Reference Pn
G Grid Pn CD,p CD,v

2 10x8 3 2.3698e-2 3.2228e-2
10x8 4 2.3010e-2 3.2742e-2
10x8 6 2.2841e-2 3.2814e-2
10x8 8 2.2817e-2 3.2898e-2

3 10x8 4 2.3297e-2 3.3031e-2
5 2.2938e-2 3.2870e-2

8 10x8 4 2.3231e-2 3.2897e-2
5 2.2952e-2 3.2852e-2

DG ([2]) 64x16 3 2.208e-2 3.303e-2
Triangle scheme ([37]) 320x54 2.29e-2 3.32e-2

Cell-vertex scheme ([45]) 256x64 2.27e-2 3.27e-2
Cell-centered scheme ([45]) 512x128 2.235e-2 3.299e-2



61 3. Spectral DG

Figure 3.2.8: Naca0012, Mach 0.5, Re=5000, α = 0◦, P9 approximation on a
8× 4 computational mesh, far �eld located at a distance of 10.
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of 3200 dof per equation while the reference �eld is related to a very �ne grid
for a P6 approximation with more then 250k degrees of freedom per equation,
whose computation has been performed by means of eight processors. Mu-
tuating the convergence criteria from the report, namely |EC,L| ≤ 5e− 3 and
|EC,D| ≤ 5e− 4 for the lift and drag coe�cient it is possible to add that the
simulation reported in Tab. 3.2.5 shows that the P7 approximation would be
enough to ful�ll the lift required tolerance while the asymptotic drag values
is reached when using the P9 functions. A part of the error may be due to the
di�erent geometrical pro�le that in fact is treated by the very �ne geometry
used for the reference computation and by the very poor one o�ered in the
presented case by the 8 × 4 grid. In addition in Tab. 3.2.6 the same pa-

Table 3.2.5: Lift and Drag coe�cient for the Naca0012 airfoil for di�erent
order of approximation, case: M=0.5 Re=5000, α = 2◦, grid 8× 4.

Pn CD,p CD,v CD CL,p CL,v CL

P4 2.6095e-2 3.3045e-2 5.9141e-2 6.0038e-2 5.2559e-4 6.0563e-2
P5 2.5699e-2 3.3209e-2 5.8909e-2 4.3912e-2 3.6511e-4 4.4277e-2
P6 2.5219e-2 3.3381e-2 5.8601e-2 4.5453e-2 3.8875e-4 4.5842e-2
P7 2.4889e-2 3.2905e-2 5.7795e-2 4.1621e-2 3.4428e-4 4.1966e-2
P8 2.4509e-2 3.2865e-2 5.7375e-2 4.0648e-2 3.4178e-4 4.0989e-2
P9 2.4331e-2 3.2693e-2 5.7024e-2 3.7085e-2 3.1850e-4 3.7404e-2

ref 2.4062 e-2 3.2635e-2 5.6697e-2 3.8368e-2 3.5992e-4 3.8728e-2

rameters are available for the P7 polynomial representation along with those
provided by a linear functional approximation on two di�erent �ner grids.
The last line still contains the reference data. The eighth order solution has
been computed by means of the p-multigrid, that is going to be presented
in a while, instead the second-order solution resorts to a full implicit DG
scheme. They both reach an accuracy of 10−9 on the residual, the compu-
tation has been performed on a laptop, ram 512 Mb, whose computational
times are provided for the comparison. The forth and the sixth columns de-
�ne the relative error committed for the drag and the lift with respect to the
asymptotic values. The balance between the achieved accuracy and required
cost shows that higher order strategies may ensure accurate results together
with an acceptable expense, in fact for well devised schemes they result to
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Table 3.2.6: Lift and Drag coe�cient for the Naca0012 airfoil, comparison
between P6 through MG solver and P1 for the full implicit solution for two
di�erent grids. Case: M=0.5 Re=5000, α = 2◦. Results obtained on 512Mb
laptop, residual down to 10−9.

Pn Grid CD ∆EC,D CL ∆EC,L Time Solver

P1 64× 32 5.8586e-2 3.33% 5.4457e-2 40.61% 4m33s Impl
P1 96× 48 5.7523e-2 1.45% 4.8520e-2 25.28% 18m Impl
P7 8× 4 5.7790e-2 1.92% 4.2063e-2 8.61% 10m13s p-MG

ref 5.6697e-2 3.8728e-2

be competitive approaches.

3D test: ls 89 blade

For the sake of validation a three dimensional test, which is a part of a still
in progress work is also presented. The Mach contour shown in Fig. 3.2.10
and its section refer to a model simple case with Reynolds number equal to
100 and reference Mach number of 0.3 for the turbine blade "ls 89" taken
in periodic con�guration. The right and the left wall are entailed to satisfy
the no-slip condition, the blade is assumed to be an adiabatic wall. The
coarse grid shown is made of 68 elements, the span has just been halfed. The
approximation is forth order accurate.

3.2.4 p-Multigrid Method

The classical iterative methods for the numerical solution of the system
Ax = g result to be all characterized by the following behaviour: during
the �rst iterations we have the maximum rate of convergence after these
we can observe an important decreasing in the resolution e�ectiveness. This
phenomenon is due to the e�cient elimination of the oscillatory modes of the
error, once these components have been removed the e�ciency of the error
reduction with respect to the remaining smooth components soon becomes
unsatisfactory. This damping factor for the oscillatory modes is an important
property of any relaxation scheme and it is named smoothing factor of the
scheme. Such a situation can be better understood just by considering the
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Figure 3.2.9: Mach contour for the Naca0012 test case with M=0.5 Re=5000,
α = 2◦ on the 8×4 grid. P7 approximation obtained through the p-multigrid,
data in Tab. 3.2.6.
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Figure 3.2.10: Mach contour for LS89 blade for a grid of 68 elements for P3

approximation

(a) Mach contour

(b) Detail at the middle of the span
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generic iterative method,

xk+1 = xk +Brk,

where rk de�nes the residual at the k-th iteration and by de�nition r =
g −Ax. Subtracting this equation from the exact solution u gives the error
of the (k + 1)-th step,

ek+1 = ek +Brk,

the change in error is made with spatially local corrections coming from the
residual, since smooth modes have smooth residual the change in the error
will be of the same order, originating therefore the slow convergence.
Two strategies facing this problem are mentioned, �rst we can look for a
better guess solution using a starting coarser grid which allows to exploit the
advantage coming from the more favourable convergence factor, which goes
like 1 − o(h2), being h the step size of the computational grid. Secondarily
the �x for this selective behaviour shown in correspondence of di�erent fre-
quencies, may be found in the so called correction scheme. In this approach
at the outset we relax on the original problem for some steps till the slowing
down is observed. Then we somehow transfer the residual on a coarser grid
where it will take a more oscillatory apparence, and hence it will be there
e�ciently damped by the iterative scheme. After this relaxation sweep the
error so computed is transfered back to the �ne mesh and used to correct the
�rst solution. This procedure is summarized as follows

Solve Ax = g ⇒ Ae = r :

relax Ax = g on Ωh → vh

compute r = g − Avh ⇒ relax Ae = r on Ω2h

correction vh + e2h → vh

(3.2.5)

Hence the solution of the system Ax = g, which corresponds to Ae = r,
damps the oscillatory part of the error during the �rst few iterations on the
�ner grid, then the remaining smooth part responsible of the computational
time increase is transformed in order to e�ectively be cancelled out. Such
a kind of strategy has been named multigrid technique and many variants
has been devised. The entire family of multigrid cycling schemes has been
classi�ed as µ-cycle method, inside it we can �nd the V cycle, the W cycle
and the full multigrid V -cycle. The transfering mechanism between grids of
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Table 3.2.7: Comparison between the full p-multigrid with or without the
enhancing spectral tensorial co-location strategy.

Test case MG MG+TP −∆%

Inviscid naca0012, M=0.5, α = 0, 16x8, P0→6 3m 40s 1m 38s −55%
Inviscid Circle, 16x8, P0→6 3m 03s 1m 25s −53%
Inviscid Bump, 12x2, P0→9 11m 15s 3m 22s −70%
Viscous naca0012, M=0.5, α = 0, 16x8, P0→3 5m 10s 3m 01s −41%

di�erent size is usually described by means of the so called prolongation and
restriction operators I h

2h and I 2h
h .

An improved convergence may even be achieved by varing the polynomial
order during the resolution process in place of the grid size, in this case the
method is called p-multigrid or originally multi-order. The spectral DG pre-
cedingly introduced exploits such a kind of solution strategy, in particular
the high-accurate p-multigrid presented in [7] has been used. This algorithm
is based on a semi-implicit Runge-Kutta smoother for high-order polynomial
approximations and on a fully implicit backward-Euler for piecewise approxi-
mations. The Tab. 3.2.7 shows the time necessary to achieve the convergence,
i.e. the residual down to 10−10, for some of test cases already introduced for
the number of levels outlined, P(·)→(·). The �rst value is the time required by
the p-multigrid itself to reach the solution �eld, while the second is refered to
the computational load required by the same p-multigrid scheme exploiting
the tensorial strategy on co-located elements detailed in �3.2. The computa-
tional enhancement is expressed by the relative percentages reported in the
last column. The listed values are related to trials performed on a laptop,
512Mb and 1.5GHz clock frequency.





Chapter

4
Semi-implicit RK for the INS eqs

In this chapter the solution of the incompressible Navier-Stokes equations is
considered. After a �rst characterization of the problem from a mathematical
and numerical point of view, some existing algorithms are described. In
the second part the new semi-implicit solution strategy is presented and its
accuracy has been assesed by means of a series of numerical model cases.

4.1 Incompressible NS equations

The Navier-Stokes equations are the governing partial di�erential equations
for the motion of many �uids, they originally stated only the conservation
of the momentum although they now usually de�ne the mass conservation
too. If we consider an isothermal Newtonian �uid with constant properties
the Navier-Stokes system written in terms of the primitive variables, velocity
and pressure, can be compactly written as

∂u

∂t
+ u · ∇u = ν∆u−∇p+ g

∇ · u = 0, u = 0 on ∂Ω,
(4.1.1)

where p is the kinematic pressure �eld, u the velocity �eld, ν the kinematic
viscosity and g the body force. Boundary condition of pure Dirichlet kind
has been provided in this introduction for the sake of semplicity. The solution
process of the INS equations results to be more complicated, both theoreti-
cally and computationally, than that related to compressible �uid �ows, the
reason should mainly refered to the mathematical nature of the problem
itself. It is an incomplete parabolic system in which the pressure and the ve-
locity �eld are strongly coupled. Another source of di�culty comes from the
inherent non-linearity which may be responsible for instability phenomena.
In order to better understand the feature of the problem we are dealing with,
we consider the non-dimensional form of the NS equation, as

∂u

∂t
+ u · ∇u =

1

Re
∆u−∇p, (4.1.2)

69
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being Re, the Reynolds number Re = ρuL/µ, the dimensionless number
that expresses the ratio of convection to di�usion. The limiting cases are the
Stokes �ow for vanishing Reynolds number and the inviscid Euler case in the
opposite situation.
An alternative form of the Navier-Stokes problem can be obtained by rewrit-
ing the equations in terms of the velocity u and the vorticity ω = ∇ × u,
therefore by assuming the �uid to be endowed of constant properties the
system reads

Dω

Dt
= (∇ · ω)u + ν∆ω in Ω,

∆u = −∇× u in Ω,

∇ · u = 0 in Ω,

ω = ∇× u in Ω.

(4.1.3)

This formulation results to be more general than the standard vorticity-
streamfunction which instead is limited to two-dimensional cases.
The further understanding of the peculiarities of the NS equations is nextly
provided by the decomposition of the original problem in subproblems each
of them taking into account a di�erent aspect of the whole system. In detail
the linear Stokes equations are �rst considered just to deal with the pressure-
velocity coupling. Afterwards the steady NS by reintroducing the nonlinear
contribution of the advective component, at the end the discretization in
time process is discussed.

The Stokes Problem

The steady Stokes equations accounts for the di�usive behaviour of the mo-
tion of a general �uid �ow, often called creeping �ow, and they can be written
as

−ν∆u +∇p = g in Ω

∇ · u = 0 in Ω

u = 0 on ∂Ω.

(4.1.4)

This equations results to be useful either for theoretical analysis purposes
or for numerical method assesments, they gain advantage from the absence
of the convective contribution in allowing to only investigate the div-grad
coupling without the complication induced by the non-linearity e�ect. The
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variational form of the Stokes problem can then be obtained as usual by
considering the integral form of the equations. Multipling them by a suit-
able test function and by performing an integration by parts, the resulting
equations read as follows

ν

∫
Ω

∇u : ∇v dx−
∫

Ω

p∇ · v dx =

∫
Ω

g · v dx ∀v ∈ V∫
Ω

q∇ · u dx = 0 ∀q ∈ Q
(4.1.5)

with V = H1
0 (Ω), Hilbertian space of order one with null trace on the bound-

ary and with Q = L2
0(Ω). The zero subscript stands for the null average of q

on the domain Ω which entails the pressure to be uniquely de�ned. The exis-
tence matter can be treated by resorting to the decomposition of the original
problem in subparts simpler to consider [44]. We �rst take into account the
bilinear form ν(∇v,∇u) which can be proven to be coercive, this property
along with the fact that the application of the right hand side of the momen-
tum equation of the (4.1.5) v → (g,v) is linear and continuous makes the
viscous problem ν(∇v,∇u) = (v, g) admit a unique solution, (the result is
obtained by virtue of the Lax-Milgram theorem). For the remaining part of
the �rst equation in (4.1.5) i.e. (p,∇ · v) let L be an element of V

′
then

this functional identically vanishes on Vdiv if there exists a unique function
p ∈ L2 (Ω) up to an additive constant such that

L(v) = (p,∇ · v), ∀v ∈ V,

with Vdiv := {H1
0 (Ω) ,∇ · u = 0}. These two steps are resumed in the

following theorem:

Theorem 6 Let Ω be a bounded domain in Rd with a Lipschitz continuous
boundary and for each g ∈ L2(Ω)d let u be the solution to ν(∇v,∇u) =
(v, g), then there exists a function p ∈ L2(Ω), which is unique up to an
additive constant, such that

ν(∇v,∇u)− (p,∇ · v) = (g,v).

Another interesting approach to the Stokes problem is obtained by starting
from the weak form provided by the (4.1.5) compactly considered as

a(u,v) + b(v, p) = (g,v) ∀v ∈ V
b(u, p) = 0 ∀p ∈ Q,

(4.1.6)
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for which there still exists a unique solution, with the pressure de�ned up
to a constant. As before the pressure �eld can be uniquely computed by
modi�ng the space in which it is looked for, namely entailing the pressure to
have a zero average, p ∈ L2

0 (Ω); alternatively one can decide to �x its value
in one point. The proof of the fact that the solution �eld (u, p) of the weak
form of the linear NS equations (4.1.6) is also the solution of the original
di�erential problem has been led by density arguments.
The solution of the Stokes problem can even resort to interesting variational
statements which once more reveal the strong pressure-velocity link and their
mutual constrained evolution. In particular the solution �eld (u, p) can be
achieved from the minmax problem related to the linear NS system itself,
namely a minimization problem plus a constraint,

L(v, q) : =
1

2
a(v,v) + b(v, q)− (g,v), v ∈ V, q ∈ Q,

L(u, p) : = min
v∈V

max
q∈Q

L(v, q).
(4.1.7)

The extremum, which is the solution we are looking for, represents the mini-
mizer over all u and the maximizer over all p taken in L2 of the functional L
given in (4.1.7) which is nothing but an alternative way of writing the Stokes
equations.
The discretization process is then performed by considering the Galerkin
approximation of the system (4.1.6), i.e. �nd uh ∈ Vh and ph ∈ Qh, eq.
(2.3.2), such that

a(uh,vh) + b(vh, ph) = (g,vh) ∀vh ∈ Vh

b(uh, ph) = 0 ∀ph ∈ Qh,
(4.1.8)

where the approximated pressure and velocity solutions are taken to be of
the polynomial form presented in the preliminary de�nition in �1.2 by Def.
3, with ϕi, i = 1, NDOFu the basis for the velocity and ψj, j = 1, NDOFp for
the pressure. The algebraic system associated to the discrete formulation
given above by the (4.1.8) is usually written as[

A BT

B 0

] (
un+1

pn+1

)
=

(
fn+1

0

)
, (4.1.9)

the matrix are componentwise de�ned by comparison with the preceding
expressions as

Aij = a(ϕi,ϕj), Bli = b(ϕi,ψl), fi = (f ,ϕi), (4.1.10)
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where the bilinear form are directly obtained from the (4.1.5) and the (4.1.6)
comparison. The matrix A is usually called sti�ness matrix, while BT the
discrete gradient operator and B the discrete divergence operator. The solu-
tion of the system (4.1.9) undergoes to requirements on the matrix in order
to prevent its singularity. In particular the classical �nite element strategy
requires the satisfaction of the well known inf-sup condition. In practice the
allowable functional spaces for the pressure and the velocity approximation
to be stable are de�ned. This condition is usually ensured by a mixed inter-
polation approach, in particular the velocity is chosen to belong to a richer
space than that accomodating the pressure �eld. In the �nite volume method
the stability is instead obtained by employing staggered grids for the two un-
known variables. The violation of such a requirement leads to unstable and
oscillating solutions, in particular it gives rise to spurious pressure modes.
Other stabilization techniques have been devised which allow to use equal
order of approximation, such a kind of methods are going to be described
in the next sections along with the most adopted solution strategies for the
resolution of the Navier-Stokes equations. For the discontinuous Galerkin
method the inf-sup or LBB condition is not required hence restriction on the
basis functions has not to be entailed. Once the solvability of the system
(4.1.10) has been somehow achieved it is possible to compute the solution
�eld (u, p), which is formally obtained as

u = A−1(g −BTp),

BA−1BTp = BA−1g.
(4.1.11)

The Navier Stokes problem

The weak form of the NS equations can be obtained just by re-introducing
the non-linear advective part into the (4.1.6), namely

a(u,v) + c(u;u,v) + b(v, p) = (g,v) ∀v ∈ V

b(u, p) = 0 ∀p ∈ Q,
(4.1.12)

where the trilinear form c(·; ·, ·) is related to the non-linear convective term,
the Hilbert spaces for the discrete solution are chosen as before asV = H1

0 (Ω)
and Q = L2

0 (Ω). Similarly to what has been done for the Stokes problem we
can reformulate the steady NS system as made up of two sub-steps, the �rst
one that neglects the pressure contribution and a second one that accounts for



4.1. Incompressible NS equations 74

it. This procedure still allows to make some considerations on the existence
of the solution. For the former sub-part,

a(u,v) + c(u;u,v) = (g,v) ∀v ∈ Vdiv (4.1.13)

being Vdiv the subspace of V of divergence free functions, it has been proven
that if u solves this equation then there exists a p such that (u, p) is a solution
to the original problem (4.1.12). The converse is also true, namely if (u, p)
is a solution of the NS system then u solves the above equation, the proofs
can be found in [44]. Finally for the sake of completness it remains only to
consider the unsteady contribution which makes the Navier-Stokes equations
(4.1.1) read as follows:

(u(t),v),t + a(u(t),v) + c(u(t);u(t),v) + b(v, p(t)) = (g(t),v)

b(u(t), p) = 0
(4.1.14)

for all v(t) ∈ V and p(t) ∈ Q, in t ∈ [0, T ], with u(0) = u0,h. The solution
of (4.1.14) has been proved to exist by Leray in 1934 and Hopf in 1951 by
means of considerations similar to those presented previously for the Stokes
problem and the steady Navier-Stokes. On the other hand the uniqueness
still remains an open question for the three dimensional case whereas in two-
dimension the solution has shown to belong to C0([0, T ];Hdiv) and to be
unique. Under additional assumptions it is also possible to demonstrate the
existence of more regular solutions.
The discrete Galerkin approximation of the unsteady NS can be reached by
considering two suitable subset Vh ∈ V and Qh ∈ Q where the solution
(uh(t), ph(t)) is assumed to be an expansion such the one introduced by Def.
3. Extensive analysis has been carried on about the discretization in order
to recover suitable error estimates such as

||u(t)− uh(t)||0 ≤ C1(t)h
k, ||p(t)− ph(t)||0 ≤ C2(t)h

k−1, (4.1.15)

for k = 2, .., 5, clearly provided the �nite dimensional spaces have been chosen
with the associated approximability property. Such bounds must undergo to
requirements on the initial data, these values have to ful�ll a compatibility
condition on the boundary, in particular if the H3(Ω)-norm of u(t) remains
bounded up to t = 0 the external force �eld g and the initial velocity �eld
must be such that

∇p0 = g + ν∆u0 on ∂Ω, (4.1.16)
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with p0 solution to the Neumenn problem

∆p0 = −∇ · [(u0 ·∇)u0)] in Ω

∂p0

∂n
= ν∆u0 · n on ∂Ω,

(4.1.17)

with g ∈ Hdiv. In fact such a condition can not easily be checked , there-
fore the only condition to satisfy is the solenoidality condition for the initial
velocity �eld,

∇ · u0 = 0 in Ω

n · u0 = n ·w0 in ΓD,
(4.1.18)

where ΓD de�nes the portion of the boundary on which the normal velocity
n · w0 condition is speci�ed. The normal condition reported above states
that no impulsive changes in the normal directions are permissible unless
the violation of the div-free requirement, meantime the impulsive changes
result admissible for the tangential component. Such a situation is respon-
sible of the vortex sheet phenomenon on the no-slip boundaries. The initial
pressure has instead no initial conditions to satisfy, it stems that its value is
determined by the velocity �eld itself.
We hence got the discrete in space, but still continuous in time, algebraic
form of the NS equations that reads

M
du

dt
(t)− Au(t) + C(u(t))u(t) +BTp(t) = g(t)

Bu(t) = 0,
(4.1.19)

with u(0) = u0 and whose matrices are componentwise given by

Mij =

∫
Ω

ϕi ·ϕj dx, Aij = a(ϕi,ϕj), Bli = b(ϕi,ψl),

C(W)ij =
Ndofu∑
m=1

∫
Ω

(ϕm ·∇)ϕj ·ϕi dx, fi = (f ,ϕi),

(4.1.20)

where ϕi is the i−th basis function for the velocity belonging to Vh and ψj

the j-th function for the pressure taken in Qh.
After performing a suitable time discretization and a linearization for the
convective part we get the �nal algebraic system Ax = b, to be numerically
solved; before starting the discussion about this we shortly recall how to
handle the time variations.
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Time Discretization Process

The time discretization process can be performed by means of suitable �nite
di�erence schemes or simply by considering the time just as it were another
variable. In this work we will exploit only the �rst approach and a brief
description of the schemes that will be used is provided. The NS equations
discretized in space can be advanced in time using for example the single
step θ-scheme, therefore the system (4.1.19) becomes

M
uk+1 − uk

∆t
+ C(uk+1

θ )uk+1
θ − Auk+1

θ +BTpk+1 = gk+1
θ

Buk+1 = 0.

(4.1.21)

The superscript n identi�es the present instant time t, while n + 1 the sub-
sequent instant t + ∆t, uk+1

θ = θuk+1 + (1 − θ)uk and similarly pk+1
θ =

θpk+1 + (1− θ)pk and gk+1
θ = g(θtk+1 + (1− θ)tk), 0 ≤ θ ≤ 1 are the values

of these variables evaluated at an intermediate instant between the old time
tk and the new one tk+1. The level of implicitness is provided by the value of
the parameter θ which characterizes the scheme from an accuracy and sta-
bility point of view. For example with θ = 1/2 we get the Cranck-Nicolson
scheme which is second order accurate, while other values of θ yield just a
�rst order accuracy, for θ = 0, 1 we have the well-known forward and back-
ward Euler time stepping. Implicit schemes give nonlinear settings which
can be dealt with the standard Newton linearization process. One way to
avoid the computational e�ort of fully implicit scheme is to resort to semi-
implicit methods, e.g. evaluating the advective term as C(uk

θ)u
k+1
θ , or even

to the straightforward explicit approach i.e. C(uk
θ)u

k
θ . The latter choice is

often associated with a spectral collocation method. The main advantages
of an explicit scheme are the easy parallelization of the code and the small
memory requirement, although they pay o� through the restricive stability
condition.
Higher accuracy can be achieved using a multistep technique which is based
on the use of wider stencils during the time derivatives discretization pro-
cess, this amounts to consider higher order Taylor expansions. Among these
schemes we mention the backward di�erence formulae, shortly BDF,

du

dt
≈
γ0u

k+1 −
∑j−1

q=0 αqu
k−q

∆t
(4.1.22)

with γ0 =
∑j−1

q=0 αq for consistency. Such schemes are recognised to be sti�y
stable, namely absolutely stable in the left immaginary plane in the stability
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diagram and accurate for all components around the origin. These schemes
are implicit but it is also possible to use a mixed explicit/implicit treatment
of the advective/di�usive contributions. In addition we also mention that the
BDF schemes are endowed of a larger stability region than that associated
to either Adams-Bashforth or Adams-Moulton of corresponding order.
An increasing accuracy can be obtained also using a compact stancil just by
performing more than one functional evaluation of the discrete operator for
each time step, as the Runge Kutta (RK) schemes do, the general form reads

U0
h = Uk

h

U
(i)
h =

i−1∑
k=0

(αikU
(k)
h + ∆tβikL(U

(k)
h )), i = 1, 2, ..s

Uk+1
h = U

(s)
h ,

(4.1.23)

for a scheme of s stages, with parameters αik and βik ful�lling stability and
accuracy conditions. This method does not require an initialization or start-
up procedure and the time step can be altered dynamically. The new semi-
implicit algorithm subsequently presented in this chapter adopted an additive
semi-implicit RK scheme, we postpone its description at the aim to join it
with the method itself, refer to ([50]).

4.2 INS solution strategies

The Navier-Stokes system discretized in space and time Ax = b requires
suitable strategies to be e�ectively solved. As we have already reported in
the preceding section, classical continuous methods, like the �nite element
method and the spectral method, undergo to the satisfaction of the com-
patibility condition which leads to stable computation and, under suitable
assumptions, allows these methods to achieve good convergence results. How-
ever even schemes violating the inf-sup condition can be employed success-
fully by resorting to stabilization technique. The di�erent available strate-
gies can be divided into two main categories, the methods which mantain the
pressure-velocity coupling and those which perform a decomposition of the
original problem in order to try to deal with sub-problems easier to solve.
The latter way of proceeding results to be most e�ective for problems char-
acterized by high Reynolds number values, as a matter of fact in this cases
the velocity error scales with ν∆t, smaller the higher the Re number.
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In the remainder of this paragraph we will consider either coupled or split-
ted strategies, trying to outline the most important peculiarities of each of
them. In particular we are �rst going to show some stabilization methods
whose main purpose is to suitably introduce a perturbation in the continuity
equation in order to prevent the singularity of the resolution matrix or its
instability. Next the description of the splitting methods, i.e. projection,
pressure Poisson, fractional-step, or even operator splitting follows.
A quite complete survey about the incompressible Navier-Stokes equations is
provided by [35] while a very extensive source is given by Gresho and Sani,
[26], see also [27], [28], [29]. We have also made reference to [31].

4.2.1 Incompressibility constraint relaxation

The solution of the Navier-Stokes equations can be performed without resort-
ing to staggered grids or mixed interpolating functions for the velocity and
the pressure, in fact such a strategies may be a little cumbersome mainly
for example when adaptivity is performed. Therefore a suitable perturba-
tion can be introduced at the aim to achieve a stabilization of our problem,
Ax = b, [

C BT

B εR

] (
u
p

)
=

(
f
εr

)
(4.2.1)

where the matrix C has been assumed to sum up the unsteady contributions,
the advective and the di�usive terms, while B and BT has instead mantained
the previously de�ned meaning. The quantity εR de�nes the stabilization
matrix, with ε representing a tuning parameter of the perturbation entity, εr
a possible perturbation of the right hand side. The most adopted procedures
are listed below

∇ · u = ε∆p, (4.2.2a)

∇ · u = −1

λ
p, (4.2.2b)

∇ · u = −c∂p
∂t
. (4.2.2c)

the �rst approach performs a pure stabilization of the pressure while the
others respectively resort to the modi�cation of the mass conservation based
on a more mathematical and physical point of view. These methods, namely
the pressure stabilization, the penalty and the arti�cial compressibility are
detailed in the following.
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Pressure stabilization

The introduction of a second order laplacian contribution in the continuity
equation (4.2.2a) constitutes a pure smoothing procedure of the pressure.
This idea, originally presented by Brezzi and Pitkaranta (1984), comes di-
rectly from the observation that applying the divergence operator on the
dynamic equation we get a laplacian pressure contribution, therefore our
perturbation matrix R in weak form resembles the sti�ness matrix, although
in this case for the pressure variable,

Rij = ε
∑
K

h2
K

∫
ΩK

∇Ψi ·∇Ψj dx. (4.2.3)

The perturbation R is often made to depend on the local mesh size hK of
each element K of the domain ΩK , the ε parameter is a positive user-de�ned
constant. Its value clearly in�uences the accuracy of the overall scheme,
as a matter of fact too large values of this parameter may lead to a non-
divergence free velocity �eld, namely a stable but not accurate computation,
on the other hand too small ε does not allow to e�ectively stabilize the
equations. Many techniques have been devised to establish how large this
parameter should be, even by means of considerations on local properties.
Among them we just mention the use of optimal bubbles to enrich the velocity
approximation inside each element of the domain, the additional degrees
of freedom are eliminated before the element assembly. From an accuracy
point of view we can say that the perturbation introduced is only �rst order
accurate and therefore there is no gain in using higher order approximation,
although some generalizations have also been devised. The strategy proposed
by Hughes and Franca for higher accurate solutions consists in adding mesh-
dependent Galerkin least-squares perturbation terms, an element by element
stabilization which allows to decrease the continuity demand.

Penalty Methods

The incompressibility relaxation through the introduction of the missing pres-
sure variable is known as penalty formulation, if we take the pressure from the
(4.2.2b) and we substitute it inside the momentum equation we can directly
compute the solenoidal velocity we are looking for,

∂u

∂t
+ u · ∇u = ν∆u +∇(λ∇ · u) + g. (4.2.4)
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The pressure can �nally be obtained from the modi�ed continuity equation
itself. The dynamic momentum equation we are now dealing with results
to be `penalised' by the amount of the infringement of the constraint itself.
The penalty parameter λ is responsible for the accuracy of the scheme, the
larger values give the greater accuracy but they also render the system more
di�cult to solve; in the limit of the in�nite approach the original problem
is retrieved. The penalty method can be understood as a way of solving
constrained variational problems in approximated way. If we recall the Stokes
problem in its variational form,

L(v, q) =
1

2

∫
Ω

(ν∇v : ∇v − g · v) dx−
∫

Ω

q∇ · v dx

L(u, p) = min
v∈V

max
q∈Q

L(v, q).

with the pressure p acting as a Lagrange multiplier, in this framework the
penalty approach reads

L̃(v) =
1

2

∫
Ω

ν∇v : ∇v − g · v dx +
1

2
λ2

∫
Ω

(∇ · v)2 dx,

equivalent to the solution of ν∆u + g+ λ∇(∇ ·u) = 0, namely by virtue of
(4.2.4) the steady Stokes equations. This formulation is characterized by an
initial spurious transient, a penalty shock wave, a phase in which the pressure
adjusts itself to ensure the incompressibility. This sti� behaviour prevents the
use of explicit methods for the solution process, while implicit sti�y stable
BDF methods make the transient disappears. The penalty method is quite
attractive since easily achieves the pressure elimination, but it is not without
drawbacks, even serious. First it is not known how the parameter should
be chosen, furthermore the solution of the modi�ed momentum equation
is not straightforward since e.g. the penalty matrix BTQ−1B discretizing
the ∇(λ∇ · u) term for continuous approach results to be global, (Q is a
pressure mass matrix, BT the discrete gradient operator and B the discrete
divergence operator). The numerical solution is quite sti� because of the
large λ parameter required, �nally we remark the sacri�cation of the global
incompressibility constraint.

Arti�cial Compressibility

A compressible �uid characterized by a low Mach number can be considered
to be nearly incompressible, therefore the methodology tipically used for
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the compressible cases can thought to be exploited for the solution of the
incompressible equations themselves. The mass conservation for compressible
�ows reads

∂ρ

∂t
+ ∇ · (ρu) = 0 (4.2.5)

or if manipulated by means of the linearized equation of state,

∂p

∂t
+ c20ρ0∇ · u = 0. (4.2.6)

Such an equation is easily achieved starting from the solenoidality require-
ment just by introducing the unsteady pressure term which allows to recover
the hyperbolic nature missing in the original incompressible set. This meth-
ods are most e�ciently numerically attacked using implicit procedure since
the arti�cial speed of sound seriously limit the time step to very small values.
A new application of this idea has been performed by Bassi et al. , see
[6]. The arti�cial compressibility term has been introduced only for the
construction of the interface �uxes. The formulation is therefore always a
consistent approximation of the NS equations indipendently of the amount
of the arti�cial compressibility introduced. The evolution of the pressure
and of the velocity �elds seemed to have been enhanced by the stronger link
established between them by the unique numerical �ux function F̂, used both
for the pressure and the velocity,

F̂
(
u+

h , p
+;u−h , p

−
)

= F̂(u∗, p∗)

with u∗ and p∗ denoting the solution of the Riemann problem.

4.2.2 Projection methods

Projection methods are a time marching technique which allows to simplify
the system (4.1.1) as a series of decoupled elliptic equations for the velocity
and the pressure. Two main steps can be de�ned, �rst we compute a predic-
tion of the velocity by resorting to a pressure-guessed �eld, then we calculate
the correction needed to achieve the right velocity by considering what has
not been correctly taken into account or has been neglected previously. The
theoretical background of this approach is the Helmholtz decomposition prin-
ciple which states that the space L2 (Ω) can be decomposed into the direct
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sum of Hdiv and G,

G = {w ∈ [L2 (Ω)]d : w = ∇q , q ∈ H1 (Ω)},
Hdiv = {v ∈ [L2 (Ω)]d : ∇ · v ∈ L2 (Ω)}.

(4.2.7)

Therefore any vector umay be thought as made up of a solenoidal part and an
irrotational one, u = v+w. Since the divergence part is more complicated to
compute the usual procedure is to �nd the irrotational part and by means of
this to correct the guessed �eld u which is not div-free. Before introducing the
main projection algorithms we present the projection applied to the Navier-
Stokes equations. Nextly the description of the derived equation used for
the computation of the irrotational contribution, which comes in place of the
continuity constraint, partially following the approach presented by Gresho
and Sani.

Navier-Stokes equations projection

The projection strategy for the NS equations can be illustrated as follows:
�rst consider the momentum equation

∂u

∂t
+∇p = ν∆u− u ·∇u ≡ g, (4.2.8)

then apply it the divergence operator directly entailing the resulting expres-
sion to be zero. In this way we get ∆p = ∇ · g and from this one at least
formally we can therefore recover the pressure as

p = ∆−1∇ · g ⇒ ∇p = ∇∆−1∇ · g
∂u

∂t
= (I −∇∆−1∇·)g.

(4.2.9)

We now introduce two operators, P = I − ∇∆−1∇· and Q = I − P =
∇∆−1∇·, which are orthogonal, meantime the �rst solenoidal and the second
irrotational. These properties make the operator P projects onto the null
space of div and Q onto the null space of curl. Returning to the equation
(4.2.8) and exploiting the operators P and Q we can write

∂u

∂t
= Pg(u) = g −∇p

⇒ g = Pg + Qg,
(4.2.10)
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which de�nes the orthogonal decomposition of g. In practice P `strip o�'
the gradient part of g revealing its div-free part as stated by the Helmoltz
decomposition principle. The projection procedure can be summarized by
the following steps:

1. Guess the pressure gradient somehow

2. Solve the momentum equation for an intermediate velocity �eld which
is not div-free because of the non-exact pressure, for example for the
Stokes case with the simple backward Euler time-stepping we have

ũk+1 − uk

∆t
+ Aũk+1 +BTpk = f,

where A and BT are the discrete sti�ness and gradient operator as
de�ned in (4.1.10).

3. Project the intermediate velocity onto the div-free subspace resorting
to an elliptic equation for the pressure,

BBT (pk+1 − pk) = (Bũk+1 −Bu)/∆t

remind that B is the discrete divergence operator, which in this step
has been used to entail the mass conservation constraint.

4. Compute the velocity and update the pressure,

uk+1 = ũk+1 −∆tBT (pk+1 − pk)

These projection methods are intended only for time accurate simulations
not for quickly time marching to steady solutions via large ∆t, nevertheless
they also allow to achieve steady state via `accurate' time marching.
The projection strategy has been used in many ways originating many di�er-
ent methods, one of the characterizing feature may perhaps be the starting
point. We can hence distinguish between the schemes �rst performing the
time discretization which allows to achieve a simpler partial di�erential equa-
tion and those that treat before the space approximation which deal with a
system of ordinary di�erential equations. Before describing some of these
algorithms we introduce the elliptic equation for the pressure involved by the
divergence-free velocity requirement, called the pressure Poisson equation.
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4.2.3 Pressure Poisson equation

The pressure Poisson equation PPE is derived from the Navier-Stokes equa-
tions to replace the incompressibility constraint. This substitution often
requires the introduction of higher order derivatives and moreover it makes
the right BCs quite di�cult to implement.
We can simply obtain the PPE equation by a di�erentiation process, as
the application of the divergence operator to the equation of motion. This
operation has obviously to manage with existence issues, as a matter of fact it
is allowed only if the initial problem is smooth enough to make the divergence
of the momentum equation have sense. Clearly the new formulation of our
problem does not allow to achieve all the solution the original form provides.
Since there are many alternative ways to write the viscous and even the
advective terms many formulations of the PPE equation are available, these
forms although equivalent in the continuum they can give rise to di�erent
discrete equation and hence di�erent algorithms. Here we limited ourselves
to mention some of those most useful for some considerations.
The straightforward application of the incompressibility condition to the mo-
mentum equation gives the following PPE equation

∆p = ∇ ·
(
ν∆u + g − u · ∇u− ∂u

∂t

)
, (4.2.11)

as this formulation is not easy to implement, a simpli�ed working form can
be reached just by cancelling out all the terms that vanish because of the
solenoidality constraint ∇ · u = 0, i.e.

∆p = ∇ · (g − u · ∇u). (4.2.12)

Unfortunately this formulation results in the ill-posedness of the scheme and
in the non-uniqueness of the solution as detailed in [26], paragraph 3.10.3. As
a matter of fact it is shown that this Poisson equation requires the divergence
to satisfy a transient heat equation, which it is not always the case. To
observe this fact we just have to subtract the (4.2.12) from the divergence of
the (4.2.9),

∂(∇ · u)

∂t
= ν∆(∇ · u).

Therefore if the initial and boundary conditions are di�erent than zero at
the starting time then spurious solutions can be found. A better situation is
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achieved retaining the `seemingly' zero viscous term when imposing the zero
divergence on the velocity �eld

∆p = ∇ · (g + ν∆u− u · ∇u). (4.2.13)

The boundary condition for the pressure �eld must be such that to ensure
the imposition of ∇ · u = 0 on the boundary Γ, unfortunately not all the
formulations allow to entail physical boundary conditions in agreement with
this requirement. A consistent Neumann boundary conditions for the PPE
is achieved for example by appling the normal to the momentum equation,
e.g. for the second order pressure equation (4.2.13) we have

∂p

∂n
= n ·

(
g + ν∆u− u · ∇u− ∂u

∂t

)
. (4.2.14)

The divergence free velocity �eld is to be satis�ed on the closure of the domain
Ω at the initial time, namely the boundary Γ has to ful�ll n · u0 = n ·w0,
(normal Dirichlet BC), being w0 the imposed velocity at t = 0. Normal
impulsive changes in velocity would require a discontinuous normal velocity
that violates the div-free requirement on the boundary.

4.2.4 Explicit Projection Methods

Explicit methods evaluate all the steady operators of an equation at the
current istant time tk, therefore their implementation results to be quite
easy and directly parallelizable, they although pay for their semplicity by
stability restrictions on the time step. This stability values must somehow
be estimated either from theoretrical analysis or more often from euristic
arguments. Usually the advancing in time of such a kind of methods is slow
because only small steps are allowed, additionally the restriction on the ∆t
can in fact be more severe owing to accuracy issues.
One explicit strategy devised by Chan and subsequently by Gresho performs
a cost reduction by updating the pressure less frequently than once per time
step, therefore the expensive PPE is solved less frequently than the backward
Euler would do. Their approach can be summarized by the following steps:

- Solve the advection-di�usion part using the stability restriction com-
puted for a certain number of steps resorting to an approximated pres-
sure gradient guessed via linear extrapolation.
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- Project the computed velocity to the div-free space in order to get the
`true' velocity.

- Solve the PPE to recover the pressure.

- De�ne the pressure time step via local error estimates.

The major time step found in the forth step is based only on considerations
that ignore the subcycling procedure.

4.2.5 Semi-implicit Projection Methods

Semi-implicit methods can be viewed as the attempt to get a good compro-
mise between the explicit and the implicit approach, at this aim the viscous
term is treated implicitly in order to avoid the stroger stability restriction
related to this part of the equation, while the advective contribution is con-
sidered explicitly so to easily achieve a linearized form. This kind of methods
provide a cost-e�ective balance between `expensive' implicit methods and the
`unstable' explicit schemes. The principal problem with the projection meth-
ods (implicit, semi-implicit but not explicit), is the spurious boundary layer
induced by the viscous component wherever the BC of Dirichlet type is spec-
i�ed for the tangential velocity, at worst we have an o(

√
ν∆t) boundary for

the pressure and o(1) for the normal gradient of the pressure.

A semi implicit scheme presented by Gresho and Chan reads as follows

- Solve the momentum equation

∂u∗

∂t
= ν∆u∗ − u∗ ·∇u∗ + g −∇p0

u∗ = w̃ on ΓD,
(4.2.15)

being u∗ the intermediate velocity �eld to be computed and w̃ an
intermediate boundary condition to be imposed. At the outset the
pressure has been somehow guessed.

- Project u∗ to the div-free subspace at t = T

u(x, T ) = Pu∗(x, T ), (4.2.16)
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which corresponds to

u∗ = u + ∇ϕ, ∇ · u = 0 in Ω.

n · u = n ·w on ΓD

⇒ ∇ · u∗ = ∆ϕ.

(4.2.17)

Comparison of equations (4.2.16) and (4.2.17) con�rms that P = I −
∇∆−1∇· as stated in the relation (4.2.9), section �4.2.2.

- Finally recover u and p from the (4.2.17) and the PPE equation:

∆p = ∇ · (g − u∗ ·∇u∗)

∂p/∂n = n · (ν∆u− u ·∇u− ∂w/∂t) on ΓD.
(4.2.18)

The optimal, i.e. second-order, boundary conditions, for either the inter-
mediate velocity �eld and the �nal one, can be obtained from a Taylor se-
ries expansion. We consider the approximation for u and u∗, e.g. u(t) =
u0 + tu̇0 + t2/2ü0 + o(t3) we substitute u̇0 and ü0 with the time derivatives
of the steady part of the NS equations, namely

u̇0 = u̇∗0 = ν∆u∗ − u∗ ·∇u∗ + g −∇p0 ≡ f

ü0 =
∂f(u)

∂t
t=0, ü∗0 =

∂f(u∗)

∂t
t=0.

Finally after subtracting the expansions related to the two velocity �eld u∗−
u = t2/2∇p0 + o(t3), we just introduce the boundary data and we get the
Dirichlet BC for u∗,

w̃ = w +
t2

2
∇ṗ0 |ΓD

. (4.2.19)

Some more manipulations involving the above expansions applied to the Pois-
son equation in the (4.2.17) give the second order condition for ϕ, namely

ϕ =
T 2

2
ṗ0, (4.2.20)

however these expressions are in fact not exploited since they require the
use of ṗ0 which is not easily computed. For this reason simpler conditions
are usually adopted, w̃ = w. We point out that the projected velocity u
does not satisfy the exact Dirichlet boundary condition as a matter of fact
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τ · u 6= τ · w, with τ de�ning the unit tangent vector. The slip-velocity
due to this fact and the imposed Dirichlet boundary conditions, result to be
responsible of a phenomenon called vortex sheet. To better understand the
link between BC and vorticity production it can be worth to consider the
scalar vorticity ω on the boundary and its �ux, which are de�ned by

ω =
∂uτ

∂n
− ∂un

∂τ
(4.2.21)

F = −ν ∂ω
∂n

= −ν∆uτ , (4.2.22)

with the last equality of the equation (4.2.22) obtained by exploiting the
continuity constraint. Since the �ux F is related to the tangential viscous
term we can consider the tangential contribution of the momentum equation,

F = −ν∆uτ = τ ·
(
f − Du

Dt
−∇p

)
(4.2.23)

and subsequently we integrate it in time:∫ T

0

Fdt =

∫ T

0

(
f − Du

Dt

)
dt︸ ︷︷ ︸

g

−
∫ T

0

∂p

∂τ
dt

= g −
∫ T

0

(∂p0

∂τ
+ t

∂ṗ0

∂τ
+
t2

2

∂2p̈0

∂τ 2
+ ...

)
dt

= g −
(
T
∂p0

∂τ
+
T 2

2

∂ṗ0

∂τ
+
T 3

6

∂2p̈0

∂τ 2
+ ...

)
.

(4.2.24)

This last equation shows how imposing more accurate boundary conditions
such as the (4.2.19) allows to increase the accuracy of vorticity injection.
As �nal remark, these methods are intended only for `time accurate' simula-
tions not for quickly time-marching to steady-state solutions.

4.2.6 Pressure correction schemes

The class of projection methods contemplates the so called pressure correc-
tion schemes, which still perform the splitted computation of the velocity and
the pressure �elds. The algorithm consists of two steps, in its simplest form
the �rst one solves the viscous and the advective parts of the momentum
equation while the second considers the divergence-free velocity constraint.
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In the following equations the non-incremental version of the pressure cor-
rection method is presented,

1

∆t
(ũk+1 − uk)− ν∆ũk+1 + u∗ · ∇ũk+1 = gk+1,

ũk+1 |Γ = 0,
(4.2.25a)

{
1

∆t
(uk+1 − ũk+1) +∇pk+1 = 0

∇ · uk+1 = 0, uk+1 · n |Γ= 0

}
, (4.2.25b)

where ũ is the predicted velocity and u∗ the value related to the discretiza-
tion of the advective part. As it can be observed the �rst substep (4.2.25a)
accounts for the viscous and the advective components, while the equation
(4.2.25b) enforces incompressibility. In [27] accuracy results are shown, in
particular this scheme gives a �rst order for the velocity, (measured in the
H1 (Ω) norm) and only of one half for the pressure, (in the L2 (Ω) norm).
This sub-optimal performance is due to the spurious unphysical boundary
condition that the equation (4.2.25b) involves, namely ∇pk+1 |Γ= 0.
The pressure and velocity �elds may better interplay one another just by
not neglecting ∇pk in the equation (4.2.25a), therefore the improved scheme
which exploits a BDF2 scheme (4.1.22) for the time discretization reads

1

2∆t
(3ũk+1 − 4uk + uk−1)− ν∆ũk+1 + u∗ · ∇ũk+1 +∇pk =gk+1,

ũk+1 |Γ =0,
(4.2.26a)

{
1

2∆t
(3uk+1 − 3ũk+1) +∇(pk+1 − pk) = 0

∇ · uk+1 = 0, uk+1 · n |Γ= 0

}
, (4.2.26b)

this scheme is known as incremental pressure correction method. Conver-
gence results exhibit a second order accuracy for the velocity in the H1 (Ω)
norm and only of order one for the pressure in the L2 (Ω) norm. This is still a
symptom of the numerical boundary layer induced by the spurious boundary
conditions associated even with this scheme,

∇pk+1 · n |Γ= ∇pk · n |Γ .
A cure was proposed in the rotational incremental pressure correction scheme,
the idea is to enforce the continuity constraint thoroughly the scheme,

1

2∆t
(3ũk+1 − 4uk + uk−1)− ν∆ũk+1 + u∗ · ∇ũk+1 +∇pk =gk+1

ũk+1 |Γ =0
(4.2.27a)
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1

2∆t
(3uk+1 − 3ũk+1) +∇φk+1 = 0

∇ · uk+1 = 0, uk+1 · n |Γ= 0

φk+1 = pk+1 − pk + ν∇ · ũk+1

 , (4.2.27b)

this formulation considers the viscous term in rotational form i.e. it resorts to
the identity ∆u ≡ ∇(∇·u)−∇×∇×u. To better understand this approach
it can be useful to look at the momentum equation that the rotational scheme
in fact solves,

1

2∆t
(3uk+1−4uk+uk−1)−ν∇×∇×uk+1+u∗ ·∇uk+1+∇pk = gk+1, (4.2.28)

as it can be seen just by recomposing the substeps (4.2.27a)-(4.2.27b) to
retrieve the full statement of momentum conservation. The foundamental
aspect is that the (4.2.28) displays no spurious boundary layers, since now
the Neumann BC is

∂p

∂n

∣∣∣k+1

Γ
= (gk+1 − ν∇×∇× uk+1) · n |Γ . (4.2.29)

This pressure boundary condition results to be consistent and stable and
even more reliable than the exact BC,

∂pe

∂n
= n · ν∆u,

which is obtained from the momentum equation projected in the normal
direction. As a matter of fact the rotational form (4.2.29) allows to better
control the boundary divergence �ux directly by means of the time step.
Hence it prevents its accumulation during the integration, which may cause
instability phenomena. This behaviour can be appreciated by considering
the exact boundary condition and using the Taylor expansion of the curl of
the vorticity,

∂pk+1
e

∂n
= ν

(∂Dk+1u

∂n
− ωk+1

s

)
⇒ ∂Dk+1u

∂n
=

1

ν

∂pk+1
e

∂n
+ ωk

s + ∆t
∂ωk

s

∂t
+ ..

with Du = ∇ · u and ωs = ∇ × ω · n. If we use the laplacian form of the
Neumann condition the above equation becomes

∂Dk+1u

∂n
∝ ∂Dku

∂n
+ ∆t

∂ωk
s

∂t
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which shows the increase of divergence �ux in time, if instead we consider
the form (4.2.29) we get a direct control on the divergence through each time
step,

∂Dk+1u

∂n
∝ ∆t

∂ωk
s

∂t
.

Although the enhancement got by the use of the correct boundary condition,
the rate of convergence of the rotational scheme is not optimal yet, the con-
vergence of the pressure numerically results half order less than what one
should expect and it has also been proven analitically. It remains that the
tangential part of the velocity is not correctly imposed, Guermond shows
that the optimal order is got back when you are using smooth, i.e. circular
domains.
In conclusion the dual splitting strategy of the above scheme is presented,
it is enough to reverse the pressure role with that of the velocity within the
predictor-corrector steps. First the momentum equation for the pressure with
the viscous component, which has but guessed, is solved

1

2∆t
(3ũ− 4uk + uk−1)− ν∇×∇× uk + u∗ · ∇ũk+1 +∇pk+1 = gk+1

∇ũ = 0, ũ · n = 0 on ∂Ω

(4.2.30)

then a velocity correction is computed

3uk+1 − 3ũ

2∆t
= ν∆uk+1 + ν∇×∇× uk

uk+1 = 0 on ∂Ω.

(4.2.31)

The div-curl form of the viscous term has been used in accordance with the
achievement of physical boundary conditions for the pressure, the overall
behaviour is exactly the same of the above described pressure correction
scheme.
A consistent splitting scheme fully second order is also been proposed by
Guermond and Shen starting from the ideas provided by the pressure-correction
scheme. They compute the pressure as the Galerkin projection of the momen-
tum equation tested against the gradient of a function belonging to H1 (Ω),∫

Ω

∇q ·∇p dx =

∫
Ω

∇q · (g + u ·∇u + ν∆u) dx, ∀q ∈ H1 (Ω) (4.2.32)
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therefore the overall scheme is given by the following steps,

1

2∆t
(3uk+1 − 4uk + uk−1)− ν∆uk+1 + u∗ · ∇uk+1 +∇p̄k = fk+1,

uk+1 |Γ =0, on ∂Ω,
(4.2.33)

(∇q,∇ψ) =
(
∇q,

3uk+1 − 4uk + un−1

2∆t

)
, ∀q ∈ H1 (Ω) ,

pk+1 = ψk+1 + p̄k − ν∇ · uk+1,

(4.2.34)

with p̄ = 2pk − pk−1 de�ning an extrapolation of order two of the pressure,
the rotational form have clearly been exploited.

4.2.7 Fractional step methods

Another class of methods that adressed the splitting of the unknwon pressure
and velocity �elds, is known as fractional step. These schemes still compute
the solution of the incompressible NS equations by considering the viscous
part and the incompressible constraint separately, in order to handle in each
step just one feature. An elliptic advection-di�usion problem �rst and an
inviscid problem afterwards for the pressure variable.

Guermond and Quartapelle introduced in 1997, (see [29]), a stable incre-
mental fractional step method in which a semi-implicit approximation of the
non-linear part of the NS equations is used to avoid any time-step restiction.
Their alghoritm reads

(uk+1
h − uk

h

δt
,vh

)
+ a(uk+1

h ,vh) + b(uk
h,u

k+1
h ,vh) = (gk+1,vh)− (∇p̄h,vh)

(∇
(
pk+1

h − pk
h

)
,∇qh) = −(∇ · uk+1

h , qh)

δt
,

(4.2.35)

the bilinear form a(·, ·) de�nes the viscous contribution while the trilinear
form b(·, ·, ·) is related to the inertial part. This scheme yields a �rst order
accuracy in time in the natural norm.

An explicit fractional-step matrix-free approach is presented in [39] where
the combination of a classical fractional-step scheme along with an arti�-
cial compressibility strategy is exploited, a second order convergence for an
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oscillation free pressure is achieved. The �rst step consists in solving the mo-
mentum equation without taking care of the pressure term and by performing
a Taylor expansion of the steady part of the equation,

u∗−uk = ∆t(−u ·∇u+ν∆u)k +
∆t2

2
u ·∇(u ·∇u+∇P +ν∆u)k, (4.2.36)

with the second order term acting as a stabilization. The subsequent step
amounts to the computation of the pressure:( 1

β2

)k

(pk+1 − pk) = −∆t(∇ · uk + θ1∇ · u∗ −∆tθ1(∆pk)), (4.2.37)

the parameter θ1 is the positive factor needed to enhance the pressure stabil-
ity while the β is the �nite arti�cial compressible wave speed replacing the
true velocity c in the compressible mass conservation 1

c2
∂p
∂t

= ∇ · u. Its value
has a crucial role in the overall stability of the scheme and it is computed by
considering the advective and di�usive velocity of the �ow itself. The local
time step of the simulation is got as ∆t = h/(|uconv| + β) multiplied by a
safety factor. Finally the intermediate velocity u∗ is corrected by accounting
for the interplay with the pressure �eld

uk+1 = u∗ −∆t∇pk. (4.2.38)

The second order accuracy is achieved by replacing ∇pk in the third step
(4.2.38) with ∇(pk+1−pk) and implementing a dual time stepping procedure
as follows

uk+1 = u∗ −∆t∇(pk − pm)−∆t
∆uR

∆τ

∆uR =
3uk − 4um + um−1

2

(4.2.39)

where ∆uR de�nes the real time variation of u which is second order in time,
m is the real time label and k the local iteration within each real time step
in implicit approach.

4.2.8 Algebraic operator splitting

The splitting strategy can be applied either to the di�erential form directly
or to the algebraic system obtained after performing some kind of space-time
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discretization, both strategies give rise to schemes that can be traced back
to the framework of projection methods. In this paragraph the algebraic
point of view is presented, for this purpose we consider the linear system
Axk+1 = bk+1 associated to the discretized NS equations in space and in
time, which reads [

C DT

D 0

] [
uk+1

pk+1

]
=

[
fk+1

gk+1

]
. (4.2.40)

The matrices read C = 1
∆t
M + S, S = K + B(uk), f = F k+1 + 1

∆t
Muk

and gk+1 = 0, DT de�nes the discrete gradient operator and D the adjoint
operator of DT , M = (ϕi, ϕj) is the mass matrix and K = [a(ϕi, ϕj)] the
sti�ness matrix. The solution �eld (u− p) can formally be retrieved as

uk+1 = C−1(fk+1 −DTpk+1)

DC−1DTpk+1 =DC−1fk+1 − gk+1,
(4.2.41)

actually two quite expensive steps. The pursued improving strategy is that of
performing a splitted computation by means of an approximated lower-upper
factorization, in this presentation the Yosida method has been considered,
see [42]. The original system (4.2.40) is therefore numerically adressed by
the LU rewriting of the matrix A which directly stems in the decoupling of
the variables we are looking for,[

C DT

D 0

]
=

[
C 0
D −DC−1DT

] [
I C−1DT

0 I

]
. (4.2.42)

In detail we have:

Cu∗,k+1 = fk+1

−DC−1DTpk+1 = gk+1 −Du∗,n+1

Cuk+1 = Cu∗,k+1 −DTpk+1,

(4.2.43)

the �rst step allows to compute the intermediate not constrained velocity �eld
u∗, the second step corresponds to the discrete laplacian equation entailing
the incompressibility and �nally the third step perfoms the correction on the
velocity �eld u∗ due to the pressure �eld in order to ensure ∇ · u = 0.
Inexact factorizations suitably approximate C−1 in order to get better per-
formances, di�erent choices are available, for the sake of their presentation
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C−1 is substituted by H1 in the lower triangular matrix of the factorization
and by H2 in the upper one making the original matrix be as[

C CH2D
T

D D(H2 −H1)D
T

]
. (4.2.44)

In the case the two matrices are coincident H1 = H2 6= C−1, we have a mass
preserving scheme, while if they di�er from one another we are dealing with
a quasi-compressibility method. The Yosida method takes H1 = ∆tM−1 and
H2 = C−1 mantaining unchanged the momentum equation, the approxima-
tion matrix H1 is the �rst order truncation of the Neumann expansion of C

−1

itself. In [42] an extensive analysis has been led on the well-posedness and
on the stability along with a thoroughly study of the splitting error, enforced
by numerical results.
The improvement of the scheme has been achieved by means of a pressure
correction strategy similarly to that introduced in �4.2.6, where the equation
(4.2.27b) provides the end of step pressure pk+1

end = pk+1 − ν∇ · u∗,n+1. The
modi�ed matrix factorization that accomplished such an aim reads[

C 0
D −DH1D

T

] [
I H2D

TR
0 Q

]
, (4.2.45)

where the matrix Q de�nes the pressure correction and the R establishes
the link between the pressure and the �nal velocity. High-order accuracy is
pursued through the requirement of null error splitting, the expression of this
matrix can be found in [21]. In this paper the spectral discretization is joined
with an higher order LU approximation of the matrix A, the Yosida4 method
together with a forth order discretization in time produce a solution with an
accuracy of (∆t)4 for the velocity in the discrete L2-norm and of (∆t)7/2

for the pressure. A complete theoretical analysis and numerical assessment
establish the accuracy, a forth order in time has been achieved.

4.3 New Semi-implicit DG method

The goal of this chapter is to present our new algorithm for the numerical
solution of the incompressible NS equations. In the previous sections we
described some existing strategies facing the Navier-Stokes problem, at the
aim to introduce the main ideas that have been exploited for its solution.
After this we �rst of all outline the key points that we tried to keep �x during
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the de�nition process of the scheme, these concepts are of main importance
for the right physical and mathematical understanding of the �ow behaviour.
In particular we remind that the pressure surely plays a central role as its
value allows to keep the �ow div−free everywhere for each instant by adjust-
ing itself istantaneously in time. This fact is tightly linked to the div-grad
coupling between the velocity and the pressure itself, as a thoroughly mathe-
matical study of the system can show. This variable must clearly be treated
implicitly to make its change possible in time, overcoming the original lack
for hyperbolicity with respect to its contribution. Owing to the (u − p) re-
lationship we also have to adopt the same kind of time treatment for the
continuity equation. As regards the solution strategies they can all be recast
to either coupled or splitted approach, refering to the di�erential or to the
algebraic point of view. Summarizing we can de�ne the splitting methods
as a decomposition of the problem into simpler parts, easier to consider, in
this framework the projection, the pressure correction and the fractional step
methods may be accomodated. This way of proceeding involves the de�ni-
tion of an equation for the pressure which often necessitates of unphysical
pressure BCs. Instead relaxing the continuity equation allows to modify the
system structure and hence to compute the overall solution �eld directly,
such a procedure presents however the critical managing of the perturbation
term.
In our solution strategy the interplay between the pressure and the velocity
has been modeled by means of the changes of the �eld towards convergence
carried on by the natural evolution involved by the discontinuous scheme
itself. The discretization of the problem has been done trying to entail the
minimum level of implicitness necessary to achieve the solvability of the alge-
braic system. Such an approach performs therefore a semi-implicit treatment
of the INS, in which the exlicit contribution acts almost as `forcing' part for
the implicit one. The meaning of this statement will be better explained in
the following. The additive Runge-Kutta method introduced in [50] has been
used to suitably evaluate the di�erent contributions of the system.

4.3.1 The algorithm

We moved from the idea that if we were able to solve the original scheme
directly someway, without resorting to any trick, as mixed interpolation or
staggered grids, or to stabilization techniques, we should compute a pressure
�eld pk+1 at the istant tk+1 such that the associated velocity �eld is solenoidal.
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The simplest semi-discrete scheme resuming this concept and that set our
starting point up, reads as follows

∂u

∂t
+ uk · ∇uk − ν∆uk +∇pk+1 = 0

∇ · uk+1 = 0,
(4.3.1)

where as usual the superscript k de�nes the current istant time tk and the k+1
the next time tk+1 ≡ tk + ∆t. The temporal accuracy issue requires the use
of a scheme that well addresses both the implicit and the explicit dynamic.
This goal has been achieved by means of an additive semi-implicit Runge-
Kutta method, in particular we refer to the ASIRK schemes presented in
[50], this approach seemed the one that better could suit our algorithm. Con-
sider the �rst-order ordinary di�erential equations involved by some spatial
discretization procedure given by

du

dt
= f(u) + g(u), (4.3.2)

where u is the vector of discretized �ow �eld variables. The right hand side
has been somehow additively splitted into two parts, f and g, the former
explicitly evaluated and the latter implicitly. A general r-stage additive semi-
implicit Runge-Kutta methods integrates the system (4.3.2) as

un+1 = un +
r∑

j=1

wjkj

ki = h
{
f

(
un +

i−1∑
j=1

bijkj

)
+ g

(
un +

i−1∑
j=1

cijkj + aiki

)}
,

(4.3.3)

for i = 1, .., r, with h = ∆t the time step size and ai, bij, cij, wj the RK pa-
rameters determined by Zhong through stability and accuracy requirements.
A more computationally e�cient semi-implicit RK scheme is provided by
the semi-implicit extension of the Rosenbrock RK method, which avoids the
expensive use of the nonlinear solver required by the implicit approach for
the nonlinear part g,[
I − haiJ

(
un +

i−1∑
j=1

dijkj

)]
ki = h

{
f

(
un +

i−1∑
j=1

bijkj

)
+ g

(
un +

i−1∑
j=1

cijkj

)}
(4.3.4)
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for i = 1, .., r, with J the Jacobian matrix of the term g. Most of the
Rosenbrock methods use ai = a and dij = 0, we implemented the so called
ASIRK − 3B scheme.
We �rst consider the dynamic equation to de�ne its `implicitness' level, in
particular we separately account for the inertial and viscous contribution and
for the pressure term as∫

K

ϕ
∂u

∂t
dx +

∫
K

ϕ ·∇p dx +Ru = 0, (4.3.5)

being Ru the former part. We then integrate by parts elementwise the pres-
sure contribution,∫

K

ϕ ·∇p dx =

∫
∂K

ϕ p̂ · n dσ −
∫

K

p∇ϕ dx, (4.3.6)

which by virtue of a counter-integration also reads∫
∂K

ϕ(p̂− p)n dσ +

∫
K

ϕ∇p dx. (4.3.7)

The pressure volume integral is the only part we advise numerically to nec-
essarily evaluate in implicit form. By virtue of the discretization performed
till now we can propose the INS system in the following formulation,

Gp = 0,∫
K

ϕ
∂u

∂t
dx + Gu + Ru = 0,∫

K

ϕ
∂v

∂t
dx + Gv + Rv = 0.

(4.3.8)

The G terms are those to be implicitly treated, while the R explicitly, re-
spectively in the �rst equation of the system which is clearly the continuity
constraint and in the momentum conservation, the implicit part of the latter
has been just de�ned, i.e.

Gu =

∫
K

ϕ
∂p

∂x

∣∣∣
int

dx, Gv =

∫
K

ϕ
∂p

∂y

∣∣∣
int

dx. (4.3.9)

The next step is the de�nition of the overall ingredients necessary to achieve
the discrete continuity equation, that as said is naturally implicitly consid-
ered. In order to establish the necessary link with the momentum equation
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we �rst apply the Rosenbrock approach to the constraint itself as follows

G (uk+1, pk+1) ∼ G (uk) +
∂G

∂u±
∆u± +

∂G

∂p±
∆p±. (4.3.10)

Such a procedure represents the mean to couple in the sense of minimum
`implicitness' level the pressure and the velocity �eld, as a matter of fact it
allows to outline how the di�erent parts have to be accounted for. At this
purpose we turn to the weak integral form of the continuity,∫

∂K

ϕ ûk+1
n (p±,u±) dσ −

∫
K

uk+1 ·∇ϕ dx = 0, (4.3.11)

where as usual the ûn stands for the normal numerical �ux vector responsible
of the discontinuity handling in the DG discrete approach. The boundary
integral is then treated by means of the Rosenbrock method ûk+1

n = ûk
n + J ,

with J the Jacobian of the numerical �ux vector, which enables the discon-
tinuity to introduce the necessary variations that make the evolution of the
whole �eld be possible,

ûk+1
n = ûk

n +
∂ûn

∂p±
∆p± +

∂ûn

∂u±
∆u±, (4.3.12)

similarly for the volume integral.
Further understanding of the algorithm may perhaps be provided by consid-
ering the algebraic point of view, at this aim we look for the de�nition of the
components of the algebraic �nal system Au = b. Therefore in more detail
we �rst focus on the dynamic equation for the x−contribution

M
∆U

∆t
+Ru + Mx∆P = 0, (4.3.13)

being Ru the residual of the momentum equation along the x−axis for the
explicit contribution, with M de�ning the usual mass matrix and Mx the
matrix associated to the discretization of the internal pressure gradient con-
tribution,

Gu =

∫
K

ϕ
∂p

∂x

∣∣∣
int

dx → Mij,x = (ϕi, ϕj,x).

We point out that (U, V, P ) represent the degrees of freedom of the problem,
the coe�cient of the polynomial expansion to be computed as to achieve the
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required solution. The discrete continuity equation is obtained by the ad-
hoc inclusion of variations of the velocity and pressure �elds coming from the
momentum itself, in particular we begin by introducing the matrix associated
to the continuity inside this framework, A B C

Mx M 0
My 0 M

 ∆P
∆U
∆V

 =

 Rp

Ru

Rv,

 (4.3.14)

being Rp the residual of the continuity, its components are given by

Aij =

∫
∂k

ϕi
∂ûn

∂p±
ϕ±j dσ

Bij =

∫
∂k

ϕi
∂ûn

∂u±
ϕ±j dσ −

∫
K

ϕi,x · ϕj dx

Cij =

∫
∂k

ϕi
∂ûn

∂v±
ϕ±j dσ −

∫
K

ϕi,y · ϕj dx.

(4.3.15)

The variations ∆u± and ∆v± as well as ∆u in (4.3.11) to be inserted into the
(4.3.14) can be thought as the summation of two contribution, one deriving
from the pressure evolution while the other from the velocity �eld, which are
being mutually interchanging information. As regards this matter we have

∆u

∆t
= M−1

(
Ru +Mx∆P

)
,

∂ûn

∂u±
∆u± =

∂ûn

∂u±
(
M−1Ru∆t+M−1Mx∆P∆t

)
,

(4.3.16)

the latter part is the internal implicit pressure given by the (4.3.9). The
discrete continuity system is then provided as said by accounting for the
contributions of the momentum, in view of this the system to be solved
reduces to the following

[
A B C

] ∆P
∆U
∆V

 =

 Rp

Ru

Rv

 . (4.3.17)

Accordingly equation (4.3.17) is equivalent to the following resolution equa-
tion(
A+BM−1Mx∆t+CM

−1My∆t
)
∆P = B

(
M−1Ru∆t

)
+C

(
M−1Rv∆t

)
+Rp.

(4.3.18)
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We mention that the discretization has been performed by means of orthonor-
mal basis, a choice that favourably a�ects the previous expression,(

A+BIMx∆t+ CIMy∆t
)
∆P = B

(
IRu∆t

)
+ C

(
IRv∆t

)
+Rp. (4.3.19)

4.3.2 Numerical Results

We now illustrate the convergence properties of the semi-implicit scheme we
have just presented. We �rst considered the Kim and Moin and the travelling
waves model problems to de�ne the behaviour with respect to the space-time
discretization process. The double shear layer problem has also been solved
for the purpose of validation.

Time-Space Convergence

In this section results of convergence studies for the above described DG
ASIRK scheme are presented. The order of the algorithm is estimated �rst
by means of the Kim and Moin problem, see [32], in which a di�usion of the
wave �eld can mainly be observed and then by a similar case in which along
with the di�usion towards homogeneity we have the traveling of the waves
themselves, see [38]. The error can be expressed by the following standard
expression

E ≈ C1h
p + C2∆t

k (4.3.20)

where p de�nes the rate of convergence in space while k in time. The def-
inition of these values are not straightforwardly achieved in the case of a
component, either the spatial or the temporal, being predominant. In this
matter we outline the fact that for these problems the overall error is domi-
nated by the spatial error and this makes the accuracy in time more critical
to be evaluated.

Kim and Moin test case

This test case has been proposed by Kim and Moin and it considers the
Navier-Stokes equations problem inside the unit square domain Ω = (0.25, 1.25)×
(0.5, 1.5), with the analytical solution provided in the following

u = −cos(2πx)sin(2πy)e−8π2νt,

v = sin(2πx)cos(2πy)e−8π2νt,

p = −0.25(cos(4πx) + cos(4πy))e−16π2νt,

(4.3.21)
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with Reynolds number equal to 100 and Dirichlet boundary conditions which
set u = 0 ∀(x, y) ∈ Γ and v = −sin(2πx)e−8π2νt for yΓ = 0.5, 1.5 and v =
cos(2πy)e−8π2νt for xΓ = 0.25, 1.25. In Tab. 4.3.1 we show the error in norm
L1(Ω) for the pressure and the velocity along the x−axis for �ner and �ner
grids, whose step size h has been successively halfed. The trials are related
to polynomial order ranging from one to six and RK schemes of the second
or the third order. The rate of convergence can be observed to be nearly in
accordance with the expected theoretical values. The time step of these runs
has been de�ned by means of relations accounting for the di�usive and the
advective behaviour, for each order of approximation, such as

∆t ≤ ∆x2

2n+ 1
,

being n the polynomial order and ∆t and ∆x the steps in time and in space.
The temporal accuracy characterization requires instead the evaluation of
the exponent k in the equation (4.3.20). The frequent predominance of the
spatial dynamic may be overcome by using a very �ne grid for which the
spatial discretization becomes less signi�cant, perhaps allowing to outline
the time changes. Another attempt in this direction, we suggest may be
provided by the following procedure: we �rst compute the �eld for a given
mesh with a very little time step for which the leading error should be the
one in space, than for runs with larger time step on the same mesh this
error is suitably penalised. In this way the temporal behaviour should be
revealed, the Tab. 4.3.2 contains the data related to such a strategy, the rate
of convergence both for the pressure and the velocity results are shown to be
equal to one, although the use of the third order RK scheme.

Traveling waves test case

The following exact traveling wave solution of the NS equations holds

u(x, y, t) = 1 + 2cos(2π(x− t))sin(2π(y − t))e−8π2νt

v(x, y, t) = 1− sin(2π(x− t))cos(2π(y − t))e−8π2νt

p(x, y, t) = −(cos(4π(x− t)) + cos(4π(y − t)))e−16π2νt,

with Re = 100 on a doubly periodic unit square. The Tab. 4.3.3 shows
the error behaviour for di�erent time steps, in particular the scheme seems
to be limited to the �rst order, as already pointed out precedengly. The
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Table 4.3.1: Convergence rate for the Kim and Moin Test Case: DG approx-
imation in Pn plus ASIRK − 3B(·, ·).

Pn h L1
p-error Order p L1

u-error Order u

1 8× 8 0.20e-1 - 0.38e-1 -
(2, 2) 16× 16 0.55e-2 1.85 0.86e-2 2.14

32× 32 0.13e-2 2.08 0.20e-2 2.10
64× 64 0.34e-3 1.93 0.51e-3 1.97

2 4× 4 0.25e-1 - 0.68e-1 -
(3,3) 8× 8 0.22e-2 3.50 0.88e-2 2.94

16× 16 0.27e-3 3.02 0.11e-2 3.00

3 4× 4 0.26e-2 - 0.81e-2 -
(3, 3) 8× 8 0.17e-3 4.07 0.52e-3 3.96

16× 16 0.12e-4 3.82 0.31e-4 4.06

4 4× 4 0.32e-3 - 0.13e-2 -
(3, 3) 8× 8 0.19e-4 4.07 0.44e-4 4.88

16× 16 0.58e-5 1.71 0.12e-5 5.19

5 4× 4 0.67e-4 - 0.15e-3 -
(3, 3) 8× 8 0.17e-5 5.30 0.21e-5 6.15

6 4× 4 0.46e-4 - 0.21e-4 -
(3, 3) 8× 8 0.58e-6 6.30 0.15e-6 7.12

increase of the order can be noticed for time steps values approaching the
reference, in agreement with the error evaluation above exposed, the temporal
dynamics is newly overshadowed. Di�erent orders of approximation have
been considered, with additive Runge-Kutta of order two and three, they
all gave a �rst order accuracy in time. We mention that these simulations
are characterized by a very small residual on the continuity equation, almost
at the outset it assumes values of order 10−6 at worst, with that related to
the momentum equations some order higher. Furher veri�cation has been
led even exploiting very �ne grids, the results are in accordance with those
just presented, only the errors of the 128 × 128 grid in Tab. 4.3.4 are here
reported.
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Table 4.3.2: Time accuracy for the Kim and Moin problem on a 16× 16 grid
and RK (3, 3), reference time step ∆t = 1e− 5

Pn ∆t L1
p-error Order p L1

u-error Order u

1 1e-3 0.25e-3 - 0.27e-3 -
5e-4 0.12e-3 1.05 0.13e-3 1.05
2.5e-4 0.63e-4 0.93 0.67e-4 0.96
1.25e-4 0.30e-4 1.07 0.32e-4 1.06
6.25e-5 0.13e-4 1.09 0.14e-4 1.19

Double Shear Layer problem

This problem involves a doubly periodic pair of shear layers, the domain of
this inviscid NS test is provided by the square Ω = (0, 2π)× (0, 2π) and it is
endowed of the following initial conditions,

u(x, y, 0) =

 tanh
(

2y−π
2ρ

)
if y ≤ π,

tanh
(

3π−2y
2ρ

)
if y > π,


v(x, y, 0) = δ sin(x),

with parameters ρ = π
15

and δ = 0.05. Numerical accuracy is assessed in
qualitative way by looking at conservation of the kinetic energy and of the
enstrophy, (i.e. one-half the square of the vorticity). At this aim the Tab.
4.3.5 and the Tab. 4.3.6 report the values of these quantities for order of
approximation of one and three. The data obtained for this problem when
solving by means of a full implicit scheme with the jacobian matrices com-
puted analitically, without any approximation, are also listed for the sake
of comparison with the semi-implicit strategy approach. The conservation
can be estimated through the relative percentage provided for each trial, the
value is clearly refered to the variable itself at t = 0. The behaviour can
also be appreciated in Fig. 4.3.1. The contours of Fig. 4.3.2 allow to ap-
preciate the accuracy of higher order schemes, the P3 and P5 are compared
at the istant time of 4 seconds and at 8 seconds. The dicreasing of spurious
structures is observed.
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Table 4.3.3: Convergence rate in time for the traveling waves problem, order
of approximation Pn, ASIRK(·, ·), grid (· × ·).

Pn ∆t L1
p-error Order p L1

u-error Order u

ref ∆t = 1e− 5
1e-3 0.29e-3 - 0.34e-3 -
5.e-4 0.14e-3 1.05 0.17e-3 1.00

P1 2.5e-4 0.71e-4 0.97 0.85e-4 1.00
(2,2) 1.25e-4 0.34e-4 1.06 0.40e-4 1.08
8x8 6.25e-5 0.15e-4 1.17 0.18e-4 1.15

3.125e-5 0.63e-5 1.25 0.75e-5 1.26
1.5625e-5 0.16e-5 1.97 0.20e-5 1.90

ref ∆t = 2.5e− 5
2 1e-3 0.48e-5 - 0.34e-5 -

(3,3) 5e-4 0.36e-6 3.73 0.16e-5 1.08
1e-4 0.97e-7 - 0.25e-6 -
5.e-5 0.34e-7 1.51 0.84e-7 1.57

1 1e-3 0.57e-3 - 0.27e-3 -
(3,3) 5e-4 0.28e-3 1-02 0.13e-3 1.04

2.5e-4 0.13e-3 1.10 0.65e-4 1.00
1.25e-4 0.61e-4 1.09 0.29e-4 1.16
6.25e-5 0.24e-4 1.34 0.12e-4 1.26
3.125e-5 0.69e-4 1.79 0.32e-5 1.90

Table 4.3.4: Time accuracy for traveling waves problem on a very �ne mesh.

Pn ∆t L1
p-error Order p L1

u-error Order u

ref ∆t = 1.25e− 5
P1−3,3 1e-4 0.33e-3 - 0.79e-5 -
128x128 5e-5 0.14e-3 1.23 0.35e-5 1.17
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Table 4.3.5: Enstrophy conservation implicit vs semi-implicit

T Implicit ∆% Semi-implicit ∆%

0 2.02323 -0.00 2.01784 -0.00
P1 4 1.92202 -5.74 1.88568 -6.54

8 1.54202 -24.37 1.49457 -25.93

0 2.02790 -0.00 2.02788 -0.00
P3 4 2.03051 +0.12 2.02903 -0.05

8 1.95911 -3.39 1.94808 -3.9

Table 4.3.6: Kinetic Energy conservation implict vs semi-implicit

T Implicit ∆% Semi-implicit ∆%

0 0.867912 -0.00 0.867917 -0.00
P1 4 0.867579 -0.03 0.867317 -0.06

8 0.863875 -0.46 0.863536 -0.50

0 0.867917 -0.00 0.867917 -0.00
P3 4 0.867950 4 · 10−3 0.867916 −1 · 10−4

8 0.867789 0.01 0.867863 −6 · 10−3

Figure 4.3.1: Conservation satisfaction for the kinetic energy and for the en-
strophy for the double shear layer problem. Implicit-semi implicit comparison
for polinomial order 1,3,5.

(a) Kinetic Energy Conservation (b) Enstrophy conservation
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Figure 4.3.2: Vorticity lines for a 64× 64 grid, levels from -7 to 7 by 20

(a) P3, T=4s (b) P5, T=4s

(c) P3 T=8s (d) P5 T=8s





Chapter

5
Conclusions

A spectral discontinuous Galerkin scheme has been presented and shown to
achieve highly accurate solutions along with interesting computational per-
formances. The use of tensorial nodal basis functions in co-located elements
along with a p- multigrid scheme accomplished such an aim. The co-location
strategy resorting to Gauss nodes despite not being the optimal choice from
an approximation point of view proved to stem in a more reliable and robust
behaviour. The de�nition of the smoothness level remains a critical point
especially for the Gauss-Lobatto choice. This set can be advised for the
solution in zones far away from strong changes, where they can ensure the
better accuracy-e�ciency trade-o�. The de�nition of an algorithm for hybrid
grids is the subject of present and nearly future works, already implemented
although not described here.

A new semi-implicit INS solution algorithm has been devised resorting to
an unusual discretization approach. The interlink between the pressure and
the velocity �eld is obtained entailing the minimum level of implicitness and
making the exchange of informations towards convergence being available
and used as soon as they are computed. The discontinuity evolution pro-
vides the mean for the variables evolution. The algorithm does not involve
the introduction of approximations, as neither linearizations nor perturba-
tions have been required, nor spurious boundary conditions are needed. The
convergence study shows the expected order for the spatial error, meantime
the temporal accuracy seems to be limited to the �rst order. A peculiar
characteristic is the sudden achievement of an almost vanishing continuity
residual which someway complicates the evolution of the error itself, maybe
preventing the achievement of the right order. However the scheme demon-
strated to be able to reach good solution �eld, we just mention the quality of
the double shear vorticity �eld. Nonethless we remark the memory saving.
The behaviour is still under investigation, the propagation of the initial error
is one of the aspect we are studing.
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