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ergodic diffusion processes by different
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Abstract

We consider a nonparametric goodness of fit test problem for the
drift coefficient of one-dimensional ergodic diffusions, where the diffu-
sion coefficient is a nuisance function which is estimated in some sense.
Using a theory for the continuous observation case, we first consider
a test based on discrete time observations of the processes.Then we
also construct a test based on the data observed discretely in space,
that is, the so-called tick time sampled data. We prove that in both
sampling schemes the limit distribution of the test is the supremum
of the standard Brownian motion, thus the test is asymptotically dis-
tribution free. We also show that the tests are consistent under any
fixed alternatives.
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1 Introduction

In this paper we review some recent results on goodness of fit test for ergodic

diffusion process. These models are widely used in finance to model e.g.

asset prices, interest or exchange rates. Despite the fact that in the last

thirty years diffusion models have been proved to be immensely useful, not

only in finance and more generally in economics science, but also in other

fields such as biology, medicine, physics and engineering, the problem of

goodness of fit tests for diffusion processes has still been a new issue in

recent years. Goodness of fit tests play an important role in theoretical and

applied statistics, and the study for them has a long history. Such tests are

really useful especially if they are distribution free, in the sense that their

distributions do not depend on the underlying model. The origin goes back

to the Kolmogorov-Smirnov and Crámer-von Mises tests in the i.i.d. case,

established early in the 20th century, which are asymptotically distribution

free.

Although their great importance in application, the theory of goodness

of fit tests for diffusion processes has not received much attention from re-

searcher as the theory of estimation has. When the diffusion processes is

observed on continuous time Kutoyants [17] discusses some possibilities of

the construction of such tests in his Section 5.4, where he considers the

Kolmogorov-Smirnov statistics based on the continuous observation of a dif-

fusion process. The goodness of fit test based on the Kolmogorov-Smirnov

statistics is asymptotically consistent and the asymptotic distribution un-

der the null hypothesis follows from the weak convergence of the empirical

process to a suitable Gaussian process. Unfortunately these tests are not

asymptotically distribution free. Note that the Kolmogorov-Smirnov statis-

tics for ergodic diffusion process was studied in Furnie [8], see also Furnie
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and Kutoyants [9] for more details, while the weak convergence of the em-

pirical process was proved in Negri [20], (see Van der Vaart and Van Zanten,

[28] for further developments). More recently Dachian and Kutoyants in [3]

and [4] propose a modification of the Kolmogorov-Smirnov and the Cramer-

von Mises test and prove that they are asimptotically distribution free and

discuss the behaviour of the power function under local alternatives. Negri

and Nishiyama [21] following another approach, based on the score marked

empirical processes propose an asymptotic distribution free and consistent

test. In Lee and Wee [14] a similar approach based on the residual empirical

process was proposed to study a goodness of fit test for diffusion process with

the drift in a parametric form and a constant diffusion coefficient. The work

of Negri and Nishiyama [21] follow an approach based on the innovation mar-

tingale and it is motivated by the work of Koul and Stute [16] who considered

a non-linear parametric time series model (see also Section 7.3 of Nishiyama

[25] which is a reprint of his thesis in 1998). They studied the large sample

behavior of the proposed test statistics under the null hypotheses and present

a martingale transformation of the underlying process that makes tests based

on it asymptotically distribution free. Some considerations on consistency

have also been done. The approach is well expounded in Koul [15]. See

Delgado and Stute [5] and references therein for more recent information.

Of course more interesting for applications are tests based on discrete

time observations. In a pioneer work At-Sahalia [1] considered the problem

of testing the parametric specification of an ergodic diffusion process via the

transitional density of the process. Chen and Gao [2] (see also reference there

in) propose a test for model specication of a parametric diffusion process

based on a kernel estimation of the transitional density of the process.

In a non-parametric framework the work of Negri and Nishiyama [21]
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can be extended in the case with discrete time observation (Masuda and

al. [19]) and in the case of discrete observation in space (the so called tick

time sampling, see Negri and Nishiyama [23]). In Nishiyama [26] the same

approach is used to propose two type of goodness of fit test based on a kernel

estimator. The first type is for the drift and the second one is for the diffusion

coefficient.

In this work we review in a unique context the tests based on the score

marked empirical process to see how they works in different sample schemes.

The test is for the drift coefficient while the unknown diffusion coefficient is

considered as a nuisance function which is estimated in the test procedure.

In the next section we present the model, its properties and some general

conditions and assumptions used through all the text. In Section 3 we present

the case of continuous observation. Section 4 is devoted to the study of the

test statistics when the process is observed in discrete time. In Section 5 we

study the test statistics when the process is observed discretely in space, the

tick-time sample scheme. Finally Section 6 is devoted to some conclusions

and comments

2 Model and general conditions

Given a general stochastic basis, that is, a probability space (Ω,A,P) and a

filtration {At}t≥0 of A, let us consider a one dimensional diffusion process X

solution of a stochastic differential equation, that is a strong Markov process

with continuous sample paths which satisfies the following

Xt = X0 +

∫ t

0

S(Xt)dt+

∫ t

0

σ(Xt)dWt, (1)
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where S and σ are functions which satisfy some properties described later

and in the next sections, {Wt : t ≥ 0} is a standard Wiener process and the

initial value X0 is finite almost surely and is independent of Wt, t ≥ 0.

We consider a case where a unique strong solution X of (1) exists, and

we shall assume that X is ergodic. We are interested in goodness of fit test

for the drift coefficient S, while the diffusion coefficient σ2 is an unknown

nuisance function which we estimate in our testing procedure. That is, we

consider the problem of testing the null hypothesis H0 : S = S0 versus

H1 : S 6= S0 for a given S0. The meaning of the alternatives “S 6= S0” will

be precisely stated later.

The scale function of a diffusion process solution of the stochastic differ-

ential equation (1) is defined by

p(x) =

∫ x

0

exp

{
−2

∫ y

0

S(v)

σ2(v)
dv

}
dy.

The speed measure of the diffusion process (1) is defined by mS,σ(dx) =

1
σ(x)2p′(x)

dx.

By the ergodic property (see for example Gikhman and Skorohod, [11] or

Durrett, [6]) there exists an unique invariant probability measure µS,σ such

that for every measurable function g ∈ L1(µS,σ) we have with probability

one,

lim
T→∞

1

T

∫ T

0

g(Xt)dt =

∫

R

g(z)µS,σ(dz).

Moreover the invariant measure µS,σ has a density given by

fS,σ(y) =
1

mS,σ(R)σ(y)2
exp

{
2

∫ y

0

S(v)

σ(v)2
dv

}
,
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where

mS,σ(R) =

∫ ∞

−∞

1

σ(x)2
exp

{
2

∫ x

0

S(v)

σ2(v)
dv

}
dx

is finite.

Let us introduce the following notation. Let (T, ρ) be a metric space.

We denote by Cρ(T) the space of continuous functions on T, by ℓ∞ρ (T) the

space of bounded functions on T. We equip both the spaces with the uniform

metric and we denote by “→p” and “→d” the convergence in probability and

in distribution respectively. In our work we consider T = [−∞,+∞].

3 Continuous observation

Suppose that we observe the process solution of the stochastic differential

equation (1) up to time T and we wish to test the two different simple

hypotheses

H0 : S = S0

H1 : S 6= S0,

where S 6= S0 means

xS∫

−∞

(S(y) − S0(y))fS,σ(y)dy 6= 0, for some x ∈ R

Let us introduce the following conditions

A1. The diffusion process X, which is a solution of (1) for (S, σ), is regular,

and the speed measure mS,σ is finite. (Thus the process X is ergodic.)

A2. Define Σ2
S,σ =

+∞∫
−∞

σ2(z)fS,σ(z)dz. The invariant density fS,σ satisfies

0 < Σ2
S,σ < +∞.
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We consider the stochastic process defined, for every x ∈ [−∞,+∞], as

VT (x) =
1√
T

∫ T

0

1
(−∞,x]

(Xt)(dXt − S0(Xt)dt). (2)

Here 1A is the indicator function of a measurable set A. Negri and Nishiyama

[21], following Koul and Stute [16], called a slightly different version of this

process the score marked empirical process, and obtained the following result,

which is a fruit of the combination of the weak convergence theory for for

ℓ∞-valued continuous martingales based on the metric entropy developed by

Nishiyama [24], [25] and a theorem for local time of ergodic diffusion processes

given by van Zanten [29] (see also van der Vaart and van Zanten [28]).

Theorem 1. Assume A1 and A2 for (S0, σ). Under H0 : S = S0, suppose

that a positive consistent estimator Σ̂T for ΣS0,σ is given. Then it holds that

CT =
supx∈[−∞,∞] |V T (x)|

Σ̂T
→d sup

t∈[0,1]

|Bt|,

where {Bt : t ≥ 0} is a standard Brownian motion.

The proof can be found in Negri and Nishiyama [21]. As a consequence

the test based on the following statistical decision function φ∗
T = 1{CT >cα},

where the critical value cα is defined by P
(
sup0≤t≤1 |Bt| > cα

)
= α, is asymp-

totically distribution free. We observe that in continuous time observation

we can always suppose that σ is known because it can be estimated without

error. See Kutoyants [17]. It is well known that the distribution function of

the supremum over t ∈ [0, 1] of |Bt| is given by

F (x) = P

(
sup

t∈[0,1]

|Bt| ≤ x

)
=

4

π

∞∑

n=0

(−1)n

2n+ 1
exp

(
−(2n+ 1)2π2

8x2

)

See Feller [7].
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The proposed test is consistent under any fixed alternative. In order to

have consistency we have to study the asymptotic behavior of CT under a

fixed alternative. Denote by S the class of function S which satisfy A1, A2

and

∫ xS

−∞

(S(z) − S0(z))fS,σ(z) dz 6= 0 for some xS ∈ (−∞,+∞]

We have the following result

Theorem 2. Assume A1 and A2 for (S, σ). Under H1 : S ∈ S, if Σ̂T is

bounded in probability, then

CT =
supx∈[−∞,∞] |V T (x)|

Σ̂T
6= OP (1).

Also the proof of this theorem can be found in Negri and Nishiyama [21].

4 Discrete time observations

The test procedure presented in the previous Section 3 is based on the con-

tinuous observation of the process on [0, T ]. One interesting points was to

try to extend the result obtained for continuous time observation when the

test statistics is based on discrete time observation, which is more realistic

in applications.

As well as Negri and Nishiyama [22], where the small diffusion model was

considered, we take an approach based on a certain marked empirical process

to construct an asymptotically distribution free test, where “empirical pro-

cess” actually means an innovation martingale. What follows is an attempt

to develope the method used in continuous time observation when we have

discrete time observations.
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In the sequel we denote Log m = log(1+m) and we consider the following.

Sampling scheme. The process X = {Xt : t ∈ [0,∞)} is observed at

times 0 = tn0 < tn1 < · · · < tnn such that, as n → ∞, tnn → ∞ and hn =

O(n−2/3(Log n)1/3) (which implies nh2
n → 0) where hn = max1≤i≤n |tni −tni−1|.

This condition implies hn → 0, so we may assume that hn ≤ 1 without loss

of generality. We will propose an asymptotically distribution free test based

on this sampling scheme, namely, high frequency data. We should mention

that there is a huge literature on discrete time approximations of statistical

estimators for diffusion processes; see e.g. the Introduction of Gobet et al. [12]

for a review including not only high frequency cases but also low frequency

cases. However, it seems difficult to obtain asymptotically distribution free

results based on low frequency data.

To define the test statistics, we introduce an array of constants in the state

space of the process, −∞ = xn
0 < xn

1 < xn
2 < · · · < xn

m(n) < xn
m(n)+1 = ∞

such that, as n→ ∞,

max
2≤k≤m(n)

|xn
k − xn

k−1| → 0, xn
1 ↓ −∞, xn

m(n) ↑ ∞.

For example, one may consider xn
k = −n+ (k/n) with k = 1, 2, ..., 2n2. Next

we introduce a sequence of functions {ψn
k}k,n defined on (−∞,∞) which

approximates the indicator function 1(−∞,xn

k
].

Definition 1. Let a sequence of positive constants bn be given. For every k =

1, 2, ...,m(n), ψn
k is the continuous, piecewise linear function on (−∞,∞)

defined by

ψn
k (z) =





1, z ∈ (−∞, xn
k ],

line, z ∈ [xn
k , x

n
k + bn],

0, z ∈ [xn
k + bn,∞).

9



Also we define ψn
0 ≡ 0 and ψn

m(n)+1 ≡ 1.

This function satisfies the following properties:

|ψn
k (z) − ψn

k (z′)| ≤ b−1
n |z − z′|;

|ψn
k (z) − 1(−∞,xn

k
](z)| ≤ 1[xn

k
,xn

k
+bn](z).

Our test statistics is based on the random field Un = {Un(x) : x ∈

[−∞,∞]} defined by Un(−∞) = 0 and

Un(x) =
1√
tnn

n∑

i=1

ψn
k (Xtn

i−1
)[Xtn

i
−Xtn

i−1
− S0(Xtn

i−1
)|tni − tni−1|]

for x ∈ (xn
k−1, x

n
k ], 1 ≤ k ≤ m(n) + 1.

We call it the smoothed score marked empirical process based on discrete

time observation.

This Un is an approximation of the random field V n = {V n(x) : x ∈

[−∞,∞]} defined by

V n(x) =
1√
tnn

∫ tnn

0

1(−∞,x](Xt)[dXt − S0(Xt)dt],

which is the score marked empirical process based on continuous time obser-

vation given by (2).

Let us introduce some more conditions. First of all we observe that in

order to prove the results of the previous Section 3 we did not mention any

specific condition that assure the existence of a solution (strong or weak does

not matter) of the stochastic differential equation. To prove the results with

discrete time observation some more is needed.
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A0. There exists a constant K > 0 such that

|S(x) − S(y)| ≤ K|x− y|, |σ(x) − σ(y)| ≤ K|x− y|.

Under this condition, the SDE (1) has a unique strong solution X.

A3. The diffusion coefficient is bounded: σ2
∗ := supx∈R

σ(x)2 < ∞. The

invariant density fS,σ is bounded.

A4. supt∈[0,∞)E|Xt|2 <∞.

Condition A0, A3 and A4 are essential in discrete sample case. The

following condition deals with the rate of convergence of the high frequency

sample scheme and the rate of convergence of the sequence {bn}.

A5. In addition to hn = O(n−2/3(Log n)1/3), which implies nh2
n → 0, we

assume the following:

(i) b−2
n hn · Log n · Log m(n) → 0;

(ii) bnLog m(n) → 0.

Typically, Log m(n) = O(Log nα) for some α > 0. In this case, the above

(i) and (ii) are satisfied if we take bn = n−1/4Log n.

The main result is the following (see Masuda et al., [19])

Theorem 3. Assume A0 – A5 for (S0, σ). Under H0 : S = S0, it holds that

Dn =
supx∈[−∞,∞] |Un(x)|

Σ̂n
→d sup

t∈[0,1]

|Bt|,

where {Bt : t ≥ 0} is a standard Brownian motion and Σ̂n is a consistent

estimator for ΣS0,σ.

The random field Un takes values in ℓ∞([−∞,∞]), and the random field

V n takes values in Cρ([−∞,∞]) almost surely. Moreover we prove the uni-

form approximation supx∈[−∞,∞] |Un(x) − V n(x)| →p 0 that is essential to
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obtain the asymptotic result. This latest result follows by the exponential

inequality for continuous martingales, from the maximal inequality for general

random variables (see van der Vaart and Wellner [27]) and from the following

Lemma.

Lemma 1. For every ε > 0 there exists a constant K > 0 such that

lim sup
n

P

(
1

Log n
max
1≤i≤n

supt∈(tn
i−1

,tn
i
] |Xt −Xtn

i−1
|2

tni − tni−1

≥ K

)
< ε.

To prove it, it is sufficient to show that

E

(
max
1≤i≤n

supt∈(tn
i−1

,tn
i
] |Xt −Xtn

i−1
|2

tni − tni−1

)
= O(Log n).

A consistent estimator for ΣS0,σ is given by the following

Lemma 2. Assume A0 – A4 for (S0, σ). The estimator

Σ̂n =

√√√√ 1

tnn

n∑

i=1

|Xtn
i
−Xtn

i−1
|2

is consistent for ΣS,σ.

To prove the last theorem note that it is sufficient that hn goes to zero.

In order to prove the consistency of the test we have to study the test

statistics under the alternative. We denote by S the class of functions S

which satisfies A0 – A4 and

∫ xS

−∞

(S(z) − S0(z))fS,σ(z)dz 6= 0 for some xS ∈ (−∞,∞]. (3)

The precise description of our problem is testing the null hypothesis H0 :

S = S0 versus the alternatives H1 : S ∈ S.

The following result guarantees the consistency of the test.
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Theorem 4. Assume A0–A5 for (S, σ). Under H1 : S ∈ S, if Σ̂n is bounded

in probability, then it holds that

Dn =
supx∈[−∞,∞] |Un(x)|

Σ̂n
6= OP (1).

5 Tick time observations

Tick time sample scheme, roughly speaking, consists in observing the under-

ling process only when the process reaches some fixed valued of a suitable

grid in the state space. The moments when the process reaches those values

are called tick times. Tick times arises in many problems in finance, when

for example, the prices are sampled with every continued price changes in

bid or ask quotation data. See for example the work of Fukasawa [10] and

reference therein. Usually in finance the most common scheme is one where

the prices are sampled at regular interval in calendar time. With the in-

creasing availability of transaction data alternative sampling scheme, such as

tick time sampling and transaction time sampling, has gain popolarity. See

Griffin and Oomen [13] for an interesting discussion on these different sample

scheme. The technique used for discrete time observation can be extended to

construct a test statistics when observations are sampled as in the following

Sampling scheme. For every T > 0, let ∪p(a
T
p , a

T
p+1] be a countable par-

tition of (−∞,+∞) and assume that infp |aT
p+1 − aT

p | > 0 for each T . The

process X = {Xt : t ≥ 0} is observed at random times 0 = τT
0 < τT

1 < · · · <

τT
n(T ) < τT

n(T )+1 = T where N(T ) = sup{i : τT
i < T}, τT

0 = 0

τT
1 = inf{t > 0 : Xt = aT

p for some p}

13



and

τT
i = inf{t > τT

i−1 : Xt = aT
p−1 or Xt = aT

p+1 if XτT
i−1

= aT
p } i ≥ 2

We suppose that hT = o(T−1/2) as T → ∞ where hT = supp |aT
p+1 − aT

p |

To define the test statistics, as we did in the discrete time sample case,

we introduce an array of constants in the state space if the process, −∞ =

xT
0 < xT

1 < xT
2 < · · · < xT

m(T ) < xT
m(T )+1 = ∞ such that, as T → ∞,

max
2≤k≤m(T )

|xT
k − xT

k−1| → 0, xT
1 ↓ −∞, xT

m(T ) ↑ ∞.

For example, one may consider xT
k = −[T ] + (k/[T ]) with k = 1, 2, ..., 2[T ]2.

Next we introduce a sequence of functions {ψT
k }k,[T ] defined on (−∞,∞)

which approximates the indicator function 1(−∞,xT

k
].

Definition 2. Let a sequence of positive constants bT be given. For every k =

1, 2, ...,m(T ), ψT
k is the continuous, piecewise linear function on (−∞,∞)

defined by

ψT
k (z) =





1, z ∈ (−∞, xT
k ],

line, z ∈ [xT
k , x

T
k + bT ],

0, z ∈ [xT
k + bT ,∞).

Also we define ψT
0 ≡ 0 and ψT

m(T )+1 ≡ 1.

This function satisfies the following properties:

|ψT
k (z) − ψT

k (z′)| ≤ b−1
T |z − z′|;

|ψT
k (z) − 1(−∞,xT

k
](z)| ≤ 1[xT

k
,xT

k
+bT ](z).

Instead of condition A3 we introduce the following condition for the pair

14



(S, σ) which is assumed in the tick sample case.

A3’. supz∈R
(1 + |z|2)fS,σ(z) <∞

Moreover instead of condition A5 we assume the following

A5’. In addition to hT = o(T−1/2), we assume the following:

(i) b−1
T hT ·

√
logm(T ) → 0;

(ii) bT logm(T ) → 0.

Typically, logm(T ) = O(log Tα) for some α > 0. In this case, the above

(i) and (ii) are satisfied if we take bT = T−1/4.

Under A2, A3’ and A4 we can prove that N(T ) < ∞ almost surely.

We approximate the random process V T given by (2) by the random field

UT = {UT (x) : x ∈ [−∞,∞]} defined by

UT (x) =
1√
T

n∑

i=1

ψT
k (XτT

i−1

)[XτT
i
−XτT

i−1

− S0(XτT
i−1

)|τT
i − τT

i−1|]

for x ∈ (xT
k−1, x

T
k ], 1 ≤ k ≤ m(T ) + 1.

The main result is the following (see Negri and Nishiyama, [23])

Theorem 5. Assume A0 – A2, A3’, A4 and A5’ for (S0, σ). Under H0 :

S = S0, it holds that

T n =
supx∈[−∞,∞] |UT (x)|

Σ̂T
2

→d sup
t∈[0,1]

|Bt|,

where

Σ̂T
2 =

√√√√ 1

T

N(T )+1∑

i=1

|XτT
i
−XτT

i−1

|2

is a consistent estimator for ΣS0,σ and {Bt : t ≥ 0} is a standard Brownian

motion.

The proof is based on the uniform approximation supx∈[−∞,∞] |UT (x) −

V T (x)| →p 0 that is essential to obtain the asymptotic result. Also in this
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case, with similar argument as in the discrete case sample scheme, we obtain

that the test is consistent under any alternative as in (3).

6 Conclusions

We have reviewed some results on goodness of fit test for the drift coefficient

of a diffusion process when the observations comes from different sample

schemes. We have proved that the proposed tests statistics are asymptoti-

cally distribution free and so we can calculate exact reject regions. For diffu-

sion models this is, up to our knowledge, the first result in a nonparametric

framework. We have also proved that the tests are consistent for any fixed al-

ternative. One may think that, for example in the discrete sample case, would

be more natural to consider the random field Ũn = {Ũn(x);x ∈ [−∞,∞]}

given by

Ũn(x) =
1√
tnn

n∑

i=1

1(−∞,x](Xtn
i−1

)[Xtn
i
−Xtn

i−1
− S0(Xtn

i−1
)|tni − tni−1|]

(that is, the case bn = 0) instead of Un. This is the most natural approx-

imation of the random process V T given by (2). At least in our proof, the

uniform approximation supx∈[−∞,∞] |Un(x)−V n(x)| →p 0 is due to the conti-

nuity in z of the function ψn
k , so it does not seem easy to translate the result

for V n into that for Ũn. However, it is conjectured that the same result

would hold also for Ũn; see a simulation study in Masuda et al. [19]. The

same argument can be done for the tick time sample case.
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