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Introduction

0.1 Hemodynamic In-Vivo Simulations

The ability to quantify hemodynamic parameters related to the blood flow
behaviour is of great importance as it can help to drive decisions taken
in the clinical practice. Many research efforts are performed to identify
and understand the risks associated with cardiovascular diseases, or to eva-
luate the efficacy of intervention techniques practiced by clinicians. As
documented in [18], the forces exerted from the blood flow on the vascular
wall have an influence on the behaviour of endothelial and smooth cells
and are associated to physiological equilibrium of pathological state. For
example, it has been demonstrated, cf. [55], that some configurations of
the carotid bifurcation lead to flow instabilities facilitating the onset of the
atherosclerotic pathology. However, the risks associated to serious deseases,
like celebral aneusrysms and aorta malformations, and the complications
related to surgery, e.g. in case of vascular access creation for hemodialysis
patients, are not understood and require further investigations.

To take into account the challenging complexity of biological systems
and the strong role of geometry in determing hemodynamic patterns the
characterization of in-vivo hemodynamics need to be extended to large pa-
tient populations. In this context complex geometries, pulsatile and poten-
tially unstable flows and uncertainty on boundary conditions and geometry
need to be faced. In order to be successfully applied to blood flow simu-
lations an incompressible Navier-Stokes solver need to be robust, to allow
geometric flexibility, to be usable in a wide Reynolds number range, and
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2 Introduction

to be cost effective from the computational point of view. The design of a
INS solver able to come near the prescribed requirements will be the object
of the following chapters.

0.2 Segmentation of Medical Images

The starting point to perform in-vivo hemodynamic simulations is the re-
construction of the geometry (the segmentation process) from medical ima-
ges acquired with high-resolution angiographic imaging modalities such as
rotational angigraphy, computed tomography (CT) and magnetic resonance
(MR). The vmtk [3] open source software provides all the image processing
and computational geometries techniques to obtain a patient-specific do-
main definition through the segmentation process. vmtk is endowed with
meshing capabilities allowing to obtain hybrid meshes fitting the needs of
hemodynamic computations in an automated and user independent frame-
work [4].

0.3 Navier-Stokes Equations

The Navier-Stokes equations for an incompressible flow can be derived from
the equation of mass and momentum conservation in differential form

∂ρ

∂t
+∇ · (ρu) = 0, (1)

∂(ρu)
∂t

+∇ · (ρu⊗ u− σ) = f , (2)

where u(x, t) is the velocity field, ρ is the density, σ is the stress tensor,
and f represents all external forces acting on the fluid. In the assumption
of Newtonian fluids, here considered to simplify the blood flow model, the
stress tensor is a linear function of the velocity gradient, that is

σ = −pI + τ, (3)
τ = µ[∇u +∇uT ] + λ(∇ · u)I, (4)
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where I is the identity tensor, µ and λ are the first and second coefficients
of viscosity, respectively, and τ is the viscous stress tensor. Although the
inclusion of effects like deformable walls and non-Newtonian rheology is po-
tentially important for specific applications, their inclusion should be bal-
anced against the uncertainties associated with the imaging reproducibility,
the additional unknown parameters introduced and the increased compu-
tational costs, and will not be considered in this thesis.

For an incompressible fluid ∂ρ
∂t + u ·∇ρ = 0 holds true, so that the mass

conservation equation simplifies to

∇ · u = 0, (5)

which is referred to as the incompressibility constraint. Using the divergence-
free condition introduced above we are able to derive a more suited form
for the divergence of the viscous stresses

∇ · τ = µ∇2u, (6)

where we consider a constant viscosity µ. Hence, the equation of momentum
conservation can be rewritten as

ρ
∂u
∂t

+ (u · ∇) u = −∇p+ µ∇2u + f (7)

where
(u · ∇)u

def
= uj∇jui (8)

is the convective term accounting for inertial forces and

µ∇2u = ∇2
jui (9)

is the second order diffusion term. The unsteady Navier-Stokes equations
written in primitive variables (u, p) for an incompressible flow with con-
stant properties and homogeneous boundary conditions in a bounded and
connected domain Ω of Rd reads

ρ
∂u
∂t

+ (u · ∇) u = −∇p+ µ∇2u + f ,

∇ · u = 0,
u = 0|∂Ω,

(10)
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A non-dimensional form of the incompressible Navier-Stokes equations
can be obtained multiplying the equation of momentum conservation (7)
by the factor D

ρU0
, where U0 is the velocity of the free-stream flow, D

is the characteristic size, and µ is the dynamic viscosity. The equation
of momentum conservation can be written in non-dimensional variables
(u

′
(x

′
, t′), p

′
(x

′
, t′))

∂u
′

∂t′
+ (u

′ · ∇′
) u

′
= −∇′

p
′
+

1
Re
∇2 ′

u
′
+ f

′
, (11)

where the Reynolds number Re can be used to determine the dynamic
similitude between different experimental cases. From the physical point of
view the Reynolds number gives a measure of the ratio of inertial forces to
viscous forces implying which between the diffusion term and the convective
term dominates for given flow conditions. High-Reynolds number flows can
exhibit instabilities and generate turbulent flows where the unicity of the
solution is not granted. From the mathematical point of view the unsteady
incompressible Navier-Stokes equations are of mixed parabolic/hyperbolic
nature and the Reynolds plays a key role in the selection of a suitable
numerical scheme. As noted by Quarteroni and Valli [67], the larger is Re
the more difficult is the problem to handle. For high-Reynolds number the
convective term might induce numerical oscillations if not properly treated,
refer to Section 0.5 for further discussion on suitable discretizations for
convection-dominated flows.

0.4 Numerical Approximation of Incompressible
Navier-Stokes Equations

The complex problem of the numerical simulation of incompressible fluid
flows has been studied by several generation of scientist all over the world.
A great number of discretizations techniques in time and space, and solu-
tion methods for algebraic equations have been devised taking part in the
computational fluid dynamic (CFD) improvements in this challenging field.
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Under suitable regularity assumptions on the external forces and on the
data, the existence of a weak solution for the weak formulation of Equa-
tions (10), in two and three space dimensions, is a classical result (see e.g.
[37]). Most of the complexity related to the numerical simulation of the in-
compressible Navier-Stokes equations is related to the lack of pressure time
derivative in Equation (5) and, thus, to the differential-algebraic nature of
the incompressibility constraint. As noted by Couzy [25], a priori the set
of equations resulting from the discretization of system (10) is not suited
to be solved by an iterative method. This statement can be corroborated
referring to the theory developed in the context of differential-algebraic
equations (DAEs), evaluating the properties of the matrix resulting from
the spatial discretization, or considering alternative mathematical interpre-
tations of the discrete problem. In [41] Gresho and Sani demonstrated that
semi-discrete Galerkin variational formulations of the coupled variables sys-
tem (10) result in a DAEs index two system. The index is evaluated as the
minimal number of constraint differentiations such that the DAE can be
transformed by algebraic manipulations in a first order differential system
for all the original unknowns. The difficulty related to the solution process
of the differential system is predicted by the index, higher index DAEs are
considered harder to solve. In [67] Quarteroni and Valli recasted the Stokes
problem (system (10) purged from the convective term and the velocity
time derivative) in saddle-point formulation noting that pressure can be
considered the Lagrangian multiplier associated with the divergence-free
constraint. Saddle point linear systems are indefinite and often character-
ized by poor spectral properties thus, even employing state of art iterative
solvers, the iterative solution process can be very slow or stagnate. An ef-
fective iterative solution process of coupled variables incompressible Navier-
Stokes discretizations requires extra effort. The Uzawa algorithm provides
a saddle decomposition decoupling the Stokes problem in two symmetric
positive-definite forms, see e.g. [73] for details, and can be paired with
appropriate preconditioners for the pressure solver [60]. An alternative ap-
proach to solve the coupled Stokes system is to apply static condensation
or substructuring techniques to obtain the so-called Schur complement de-
composition, see e.g. [1]. In this framework the convective term can be
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treated either in explicit form or in Lagrangian formulation see e.g. [50].
In 1969 Chorin [19] and Temam [72] first suggested to circumvent the

issues associated to coupled variables discretization introducing projection
methods based on the pressure Poisson equation. The idea is to decouple
the incompressibility constraint from the equation of momentum conserva-
tion so that we can solve for pressure and velocity in separate steps. The
discretization of the convective term and the diffusion term is treated in the
advection-diffusion step while the pressure is recovered by means of pres-
sure solvers. Gresho and Sani [41] demonstrated that the pressure Poisson
reformulation of (10) corresponds to a direct index reduction of the DAEs
system. Even if coupled variables discretizations are easier to implement
and, in general, more accurate and flexible than projection methods, the
latter gained a lot of popularity thanks to the increased efficiency of the
solution process.

Coupled variables discretizations will be considered in Chapter 2 while
projection methods will be considered in Chapter 1.

0.5 Galerkin Formulations

Finite elements were introduced in the 1960s focusing primarily in plane
elasticity problem, in the late 1970s Galerkin methods began to be applied
to fluid mechanics and in the 1980s finite elements were used routinely in
large-scale codes in flow simulations. The increased geometric complexity of
computational domains and the availability of efficient unstructured mesh
generation strategies had made finite difference methods less attractive.
A comprehensive review of the significant developments in finite element
methodology and its mathematical theory is given in [61].

Onward to the standard Bubnov-Galerkin method, were the variational
formulation is based on test and trial function belonging to the same func-
tional space, a broader class of Galerkin methods known as Petrov-Galerkin
or generalized Galerkin methods has been introduced. Test functions are
based upon a perturbation of trial functions chosen to improve the numer-
ical stability of the scheme or impose upwind conditions, see e.g. [49] and
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[47] . Petrov-Galerkin methods has been widely considered in the simula-
tion of convection-dominated compressible and incompressible flows.

Together with Galerkin formulations finite volume methods have always
been very popular, especially for the simulation of hyperbolic conservation
laws. Finite volumes formulations are derived from the integral form of
the equations, by restricting the integration to subregions of the compu-
tational domain, called control volumes. In the last decades discontinuous
Galerkin (dG) formulations, so called to distinguish them from Continuous
Bubnov-Galerkin and Petrov Galerkin (cG) formulations, have been gaining
attention in the scientific literature. dG are based on discontinuous func-
tion spaces and rely on flux formulations to establish connections between
the subregions of the computational domain. The analogies with finite vol-
umes formulations helped to close the gap between the finite element and
finite volume community allowing a useful exchange of flux formulations
and functional analysis tools. Recently some attempts to reformulate finite
volume schemes in a dG fashion emerged in literature [27], [13]. dG meth-
ods were first employed for the approximation of hyperbolic conservation
laws [56]. In 1982 Arnold [5] proposed the Symmetric Interior Penalty for-
mulation for elliptic problems while Bassi and Rebay [10] devised the first
fully discontinuous discretization, as well for the variables and for the flux,
of the Navier-Stokes equations. Later Cockburn and Shu proposed dG dis-
cretizations for advection-diffusion problems [20], while dG discretizations
of the incompressible Navier-Stokes equations were proposed in [23] and
[11].

As stated by the title, this thesis will tackle Galerkin formulations. DG
methods will be preferred to Petrov-Galerkin discretizations when dealing
with convection-dominated flows regimes. The former discretizations are
robust regards to the Reynolds number, allow to obtain LBB stable (cf.
e.g. [67]) equal order formulations, ensure a better conservation of physi-
cal quantities, and do not require to modify the test function space nor to
introduce stabilization terms involving the evaluation of non-trivial stabi-
lization parameters. As a matter of fact, in Petrov-Galerkin discretizations,
the stabilization parameters ensure that the amount of numerical viscosity
inherent to the addition of stabilization terms does not degradate the ac-
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curacy order of the former Galekin discretization. On the other hand dG
discretizations are more expensive from the computational point of view
requiring more degrees of freedom to get the same spatial accuracy degree
(it is interesting to note that the greater is the order of the approximation
the smaller is the difference in the degrees of freedom number). We rely on
standard cG formulations when the improved conservation property of dG
methods doesn’t pay off and a reduction in the number of degrees of free-
dom lead to sensible gains in the solution process, e.g. in pressure solvers
involved in projection methods.

0.6 Infrastructure

In the last decades the rapidly increasing performance and availability of
computational resources lead the way to more expensive formulations, like
fully implicit discontinuous Galerkin discretizations [65]. Complex data
structures allowing to store and dynamically adapt the computational do-
main over the solution process have been introduced in open-source finite
element libraries, see e.g. [53] and [9]. Open-source libraries dedicated to
the solution of initial boundary values problems modeled by partial differen-
tial equations have emerged as well, see e.g. [8], [48], both employing state
of art parallel iterative solvers. This projects take advantage of object ori-
ented programming paradigms and high performance computing algorithms
allowing researchers involved in the applied mathematics field to operate in
embedded environments. In this thesis we rely only on open-source projects
and the INS solver implementation for hemodynamic simulations here de-
vised will be released as an open-source project as well.

0.7 Thesis Organization

Every chapter of the thesis is conceived to be a stand-alone and self-
contained manuscript. This choice has the benefit to allow the reader to
focus only on a portion of the text but has the disadvantage to induce the
writer in some repetitions. I hope that the reader interested in the whole
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thesis will forgive me for that.
The succession of the chapters follows the temporal drafting. In Chapter

1 we propose an incompressible Navier-Stokes discretization with discon-
tinuous velocity and continuous pressure able to deal with high-Reynolds
unsteady flows, see also [15]. Chapter 2 explores the ability of coupled
variables Discontinuous Galerkin discretizations based on an artificial com-
pressibility device to deal with steady state computations. Chapter 3 aims
at quantifying the benefits of h-adaptive refinement based on element sub-
division in the context of dG discretizations. h-adaptivity is performed on
popular benchmark test cases using exact and effortless a posteriori error
estimators. The last Chapter 4 introduces an open-source solver for hemo-
dynamic simulations based on the discretization proposed in the second
chapter. Some steady an pulsatile patient-specific hemodynamc simulations
are presented employing post-processing and visualization techniques. The
solver can be consider the extension of the solution strategy proposed in
[14] to convection-dominated incompressible flows.





Chapter 1

A Pressure-Correction
Scheme for
Convection-Dominated
Incompressible Flows with
Discontinuous Velocity and
Continuous Pressure

1.1 INTRODUCTION

Discontinuous Galerkin (dG) methods offer effective means to obtain accu-
rate discretizations of complex problems on general meshes. In this work,
we deal with advection-dominated incompressible flows, which constitute a
challenging class of problems both in terms of numerical stability and com-
putational cost. In this context, dG methods offer many advantages: LBB
stable equal-order discretizations can be devised, the extension to arbitrary
unstructured and nonconforming grids is straightforward, and the resulting

11



12 A P-C Scheme for Convection-Dominated Incompressible Flows

discretization displays an increased stability in the high Reynolds regimes.
Another feature highly appreciated by practitioners in fluid dynamics is
that the discretization can be designed so that physical quantities such as
momentum or mass are locally conserved. Flexibility, however, comes at a
price. In particular, memory requirements as well as the increased compu-
tational cost have discouraged wide adoption of these methods up to now.
In this work we present an effective strategy to overcome these limitations
inspired by classical projection methods.

DG discretizations of the Incompressible Navier-Stokes (INS) equations
have been considered in several works. A mixed-order scheme on simplicial
meshes has been considered by Girault, Rivière and Wheeler [38], where
the authors prove LBB stability for polynomial orders up to the third.
More general meshes and equal-order approximation can be dealt with by
suitable pressure stabilization techniques. We refer to Cockburn Kanschat,
Schötzau and Schwab [23] and to Bassi, Crivellini, Di Pietro and Rebay
[11, 12]; see also [26]. Several techniques have been proposed for the dis-
cretization of the non-linear advective term. Convergence estimates for
a trilinear form with upwind stabilization have been derived by Girault,
Rivière and Wheeler [38]. In [23], Cockburn, Kanschat and Schötzau prove
the convergence of a fixed point iteration based on the LDG method intro-
duced in [22] to the solution of the INS problem. More recently, Di Pietro
and Ern in [28] have proposed a set of sufficient conditions on the trilinear
form ensuring convergence to minimal regularity solution.

As regards time marching schemes, splitting methods have also been
considered also in conjunction with (fully or partially) discontinuous space
discretizations. The original pressure-correction method is due to Chorin
and Temam [19, 72]; an incremental form was later proposed by Goda [39],
while a second-order incremental scheme is due to Van Kan [75]. In [58]
Liu and Shu propose a method for the two-dimensional INS equations in
the vorticity stream-function formulation with discontinuous velocity and
continuous pressure. In [69], Shahbazi, Fischer and Ethier introduce an ef-
fective three-step algebraic splitting dG discretization of the INS equations
in primitive variables with explicit treatment of the non-linear term in the
advection diffusion step. As noted by Sherwin [50], in high Reynolds incom-
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pressible flows, splitting methods can be computationally efficient and com-
petitive in accuracy compared to more expensive coupled methods. As a
matter of facts, a coupled velocity and pressure system involves the solution
of the saddle point problem induced by the incompressibility constraint,
which in turn requires ad-hoc preconditioners and has limited applicability
to 3D large-scale unsteady simulations. Moreover, in convection-dominated
flows, the time step is restricted by stability considerations in the first place,
so that the splitting error, scaling as ∆t/Re for a first order method, fails to
limit the accuracy of the scheme.

In this work we propose a formulation based on the well known pressure-
correction scheme featuring discontinuous velocity and continuous pressure.
As the space couple is LBB stable for equal- and mixed order discretiza-
tions, pressure stabilization is not needed, thereby reducing the coupling
between the momentum and the pressure equation. In this configuration
we are able exploit the ability of dG to deal with convection-dominated
flows maintaining a less expensive Galerkin discretization for the Laplacian
operator associated with the pressure projection step. Both the steps of
the scheme can be solved with iterative methods employing standard pre-
conditioners, resulting in an effective solution process. To avoid time step
restrictions the advection-diffusion step is discretized in time using a fully
implicit backward Euler or second-order backward differentiation formula.

1.2 SOLUTION STRATEGY

The material is organized as follows: §1.2.1 contains a general overview
of projection methods, §1.2.2 deals with the time discretization and §1.2.3
with the space discretization.

1.2.1 Projection Methods

Let Ω ⊂ Rd, d ∈ {2, 3}, denote a bounded connected open set and let tF >
0. We consider the unsteady INS equations with homogeneous Dirichlet
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boundary conditions,

∂u
∂t

+ uj∇ju− ν∇2u +∇p = f in Ω× (0, tF ),

∇ · u = 0 in Ω× (0, tF ),
u(x, t) = 0 for a.e. x ∈ ∂Ω, t ∈ (0, tF ),
u(x, 0) = u0(x) for a.e. x ∈ Ω,∫

Ω p = 0,

where ν > 0 denotes the (constant) viscosity, f is a given body force and u0

is the initial condition. In the above, we made use of Einstein’s convention
for repeated indices. The main idea of projection methods is to decouple
the incompressibility constraint ∇ · u = 0 from the momentum equation.
This strategy is attractive because it only requires to solve an advection-
diffusion equation for the velocity and an elliptic equation for the pressure
at each time step, thereby lending itself to a more efficient implementation
than a fully coupled scheme. The decoupling is achieved by introducing a
projection operator onto the space of divergence-free functions,

D
def= {v ∈ [L2(Ω)]d | ∇ · v = 0 in Ω, v · n = 0 on ∂Ω}.

and using the classical decomposition

[L2(Ω)]d = D ⊕∇(H1(Ω)). (1.1)

Equation (1.1) states that every function v ∈ [L2(Ω)]d can be uniquely
decomposed into a divergence-free component plus an irrotational one. De-
note by PD : [L2(Ω)]d → D the operator that maps every function of
[L2(Ω)]d into its divergence free part. For a given v ∈ [L2(Ω)]d, this pro-
jection can be computed by solving the Neumann problem for the potential
φ ∇

2φ = ∇ · v, in Ω,
∂φ

∂n
= v · n, on ∂Ω,

and setting
PD(v) = v −∇φ. (1.2)
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Applying the divergence operator to the momentum equation and using the
divergence-free constraint, we obtain the Poisson equation for the pressure

∇2p = ∇ · (f − u · ∇u) in Ω× (0, tF ), (1.3)

while taking the normal component on ∂Ω and using the homogeneous
Dirichlet boundary conditions yields

∂p

∂n
= n · (f + ν∇2u) on ∂Ω× (0, tF ). (1.4)

The exact pressure satisfies the system (1.3)-(1.4). In the context of pro-
jection methods, a modified version of this problem is used to obtain a
pressure approximation at each time step, as will be discussed in the next
section.

1.2.2 Pressure-Correction Scheme and Time Integration

This section addresses the time discretization by the pressure correction
method and pinpoints the relation between the semi-discrete formulation
and the computation of PD. More precisely, we consider, for the sake of no-
tation, the incremental form of the pressure-correction with backward Euler
time discretization, while a higher-order time discretization will be derived
by means of a second-order backward differentiation formula (BDF). We
introduce a partition of the time domain (0, tF ) into equally spaced inter-
vals of length ∆t and set, for n > 0, tn def= n∆t. Let (ũ0,u0, p0) denote a
set of initial guesses and define the sequence of triplets (ũn+1,un+1, pn+1)
iteratively by solving the following problems:

un+1 − ũn

∆t
− ν∇2un+1

+ (un+1 · ∇)un+1 +
1
2

(∇ · un+1)un+1 +∇pn = fn+1
in Ω,

un+1 = 0 on ∂Ω,
(1.5)
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and 
ũn+1 − un+1

∆t
+∇(pn+1 − pn) = 0 in Ω,

∇ · ũn+1 = 0 in Ω,
ũn+1 · n = 0 on ∂Ω.

(1.6)

(Temam’s device [72] has been used in (1.5) to obtain a skew-symmetric
version of the advective term.) Both ũn and un represent approximations of
the exact velocity at the discrete time tn. In particular, un accounts for mo-
mentum diffusion and advection as well as for the exact boundary condition,
whereas ũn incorporates the divergence-free constraint. It can be checked
that the projection step (1.6) is equivalent to setting ũn+1 = PDun+1,
thereby showing that the algorithm (1.5)-(1.6) belongs to the class of pro-
jection methods.

Following Guermond and Quartapelle [42], it is possible to devise for-
mulations which do not require the actual computation of ũn. As a matter
of facts, from the first equation of (1.6) it is inferred that

ũn = un −∆t∇(pn − pn−1).

Plugging the above expression evaluated at discrete times tn and tn−1 into
equation (1.5) yields

un+1 − un

∆t
− ν∇2un+1 + (un+1 · ∇)un+1

+
1
2

(∇ · un+1)un+1 = fn+1 −∇(2pn − pn−1)
in Ω,

un+1 = 0 in ∂Ω.
(1.7)

Applying the divergence operator to the first equation of (1.6), the pro-
jection step can be reformulated as a Poisson equation for the pressure
increment (pn+1 − pn)

−∇2(pn+1 − pn) = − 1
∆t
∇ · un+1 in Ω,

∂(pn+1 − pn)
∂n

= 0 on ∂Ω.
(1.8)
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The pressure approximation pn+1 can be obtained as a result of the pro-
jection process avoiding the direct discretization of problem (1.3)-(1.4).
However, considering the second equation in (1.8), we infer that, on ∂Ω,

∇pn+1 · n = ∇pn · n = . . . = ∇p0 · n on ∂Ω. (1.9)

This boundary condition is clearly different from the consistent one derived
in (1.4), and it is responsible for the appearance of a spurious boundary
layer in the approximate solution (cf. Orszag [62]). It has been demon-
strated by Shen [70] and E and Liu [29] that enforcing an artificial bound-
ary condition in a projection method limits the temporal accuracy of the
pressure to first order, whereas second order can still be attained for the
velocity. In the context of finite element methods, the enforcement of the
consistent boundary condition requires either to resort to more expensive
projection methods [44] or to adopt alternative formulations [30]. Interest-
ingly enough, however, due to the presence of viscosity in the right hand
side of equation (1.4), the accuracy loss ascribed to the imposition of the ar-
tificial boundary condition (1.9) decreases with the increase in the Reynolds
number. This aspect limits the benefits provided by costly projection for-
mulations when dealing with convection-dominated flows and will be nu-
merically investigated in §1.3.2.

The final form of the pressure-correction algorithm is obtained replacing
the backward Euler scheme by a BDF2, thereby modifying (1.7) as follows:

(
β0

∆t
− ν∇2

)
un+1 + (un+1 · ∇)un+1 +

1
2

(∇ · un+1)un+1 =

fn+1 −
(
β1

∆t
un +

β2

∆t
un−1

)
−∇(γ1p

n + γ2p
n−1 + γ3p

n−2)
in Ω,

un+1 = 0 on ∂Ω,
(1.10)

where the coefficients β0 = 3/2, β1 = −2, β2 = 1/2 are associated to the
BDF2 formula, while taking γ1 = 7/3, γ2 = −5/3, γ3 = 1/3 yields a pressure
extrapolation computed according to the BDF order (cf., e.g., Guermond,
Minev and Shen [44]). To avoid time step restrictions and extrapolations for
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the non-linear term, equation (1.10) can be solved by means of the Newton
method requiring the computation of the analytic Jacobian associated with
each linear iteration. In the same framework equation (1.8) becomes

−∇2(pn+1 − pn) = − β0

∆t
∇ · un+1 in Ω,

∂(pn+1 − pn)
∂n

= 0 on ∂Ω.
(1.11)

1.2.3 Space Discretization

The fully discrete problem is based on a discontinuous Galerkin discretiza-
tion of (1.7) combined with a standard continuous Galerkin discretization
of (1.8). This choice guarantees LBB stability and it allows to benefit from
the favourable properties of dG methods in advection-dominated regimes.

Let {T }h>0 denote a shape-regular, quasi-uniform family of simplicial
meshes of the domain Ω. The mesh faces are collected in the set Fh parti-
tioned into F ih ∪ Fbh, where Fbh collects the faces located on the boundary
of Ω, whereas, for all F ∈ F ih there exist T1, T2 ∈ Th, T1 6= T2, such
that F = ∂T1 ∩ ∂T2. For any function φ such that an integrable (possibly
two-valued) trace is defined on F ∈ F ih we let

[[φ]] def= φ|T1
− φ|T2

, {φ} def=
1
2

(φ|T1
+ φ|T2

).

On boundary faces, the jump and average operators are conventionally
defined by [[φ]] = {φ} = φ. Finally, for F ∈ Fbh, nF represents the unit
outward normal to Ω, whereas for F ∈ F ih, nF is defined as the unit normal
pointing from T1 to T2 (the order of the elements sharing F is arbitrary
but fixed).

For a given polynomial degree k ≥ 1, we introduce the following finite
dimensional spaces:

V k
h

def= {vh ∈ L2(Ω) | ∀T ∈ Th, vh|T ∈ Pkd(T )},

Qkh
def= {qh ∈ C0(Ω) | ∀T ∈ Th, qh|T ∈ Pkd(T )}.
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The discrete velocity and pressure are sought, respectively, in

Uh
def= [V k

h ]d, Ph
def= Qkh/R.

For simplicity of notation we identify equal-order and mixed-order velocity-
pressure discretizations respectively as dG(k)-cG(k) and dG(k)-cG(k − 1)
(cG standing for “continuous Galerkin”).

Diffusive term in the momentum equation The diffusive term is
discretized following Arnold [5], and the k-dependency of the penalty pa-
rameter is accounted for as in Georgoulis et al. [36]. For all uh, vh ∈ Uh,
the corresponding bilinear form is then given by

ah(uh,vh) def=
∫

Ω
∇h,juh,i∇h,jvh,i +

∑
F∈Fh

ηk2

hF

∫
F

[[uh]] · [[vh]]

∑
F∈Fh

∫
F

[{∇h,juh,i} [[vh,i]]nF,j + {∇h,jvh,i} [[uh,i]]nF,j ] ,

where η is a positive penalty parameter and Einstein’s convention has been
used for repeated indices.

Nonlinear advective term in the momentum equation For the
advective trilinear form, we follow Di Pietro and Ern [28], where a non-
dissipative formulation relying on Temam’s device is proposed. For all
wh, uh, vh ∈ Uh we set

th(wh,uh,vh) def=
∫

Ω
wh,j · ∇h,juh,ivh,i −

∑
F∈Fi

h

∫
F

nF · {wh} [[uh]] · {vh}

+
1
2

∫
Ω

(∇h ·wh)(uh · vh)− 1
2

∑
F∈Fh

∫
F

nF · [[wh]] {uh · vh},

yielding a non-conservative dG method that contains a source term pro-
portional to the divergence of the discrete velocity (still converging to zero
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as the mesh is refined). A conservative variant of the advective term dis-
cretization requiring the non-standard modification of the pressure field
first proposed in [23] has been devised in [28].

Discrete velocity divergence and discrete pressure gradient The
bilinear form associated to the discretization of the velocity divergence in
the mass conservation equation is defined, for all (vh, qh) ∈ Uh × Ph as

bh(vh, qh) def=
∫

Ω
(∇h · vh)qh −

∑
F∈Fh

∫
F

nF · [[vh]] {qh}.

Integration by parts yields

bh(vh, qh) = −
∫

Ω
vh · ∇qh +

∑
T∈Th

∑
F⊂∂T

∫
F

vh · nF qh −
∑
F∈Fh

∫
F

nF · [[vh]] {qh}

= −
∫

Ω
vh · ∇qh +

∑
F∈Fi

h

∫
F

nF · {vh} [[qh]] = −
∫

Ω
vh · ∇qh,

where we have used the continuity of the functions in cG(k) to conclude.
Refer to [15] for a demonstration of LBB stability for the dG(k)-cG(k) space
couple which was adressed by means of numerical experiments by Cotter
et al. [24].

Finally, the bilinear form associated to the time derivative discretization
is

mh(uh,vh) def=
∫

Ω
uh · vh.

The discrete equivalent of equation (1.10) consist in seeking un+1
h ∈ Uh

such that

β0

∆t
mh(un+1

h ,vh) + νah(un+1
h ,vh) + th(unh,u

n+1
h ,vh) + th(un+1

h ,unh,vh) =∫
Ω

fvh −m(u∗h,vh)− bh(p∗h,vh) + th(unh,u
n
h,vh), ∀vh ∈ Uh, (1.12)
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where we have set u∗h
def=

β1

∆t
unh+

β2

∆t
un−1
h and p∗h

def= γ1p
n
h + γ2p

n−1
h + γ3p

n−2
h ,

with the coefficients βi and γi defined in section 1.2.2. Finally, the discrete
problem corresponding to equation (1.11) consists in seeking pn+1

h ∈ Ph
such that∫

Ω
∇hpn+1

h · ∇hqh = − β0

∆t
bh(un+1

h , qh) +
∫

Ω
∇hpnh · ∇hqh, ∀qh ∈ Ph,(1.13)

with the coefficient β0 defined in section 1.2.2.

1.3 NUMERICAL VALIDATION

In order to demonstrate the effectiveness of the solution method in the
simulation of advection-dominated incompressible flows, we now present
temporal and spatial accuracy results obtained for a set of classical bench-
mark cases.

1.3.1 Implementation

The solver is implemented using the tools provided by the libMesh open
source finite element library [53]. For the approximating polynomial space
Pk(T ) we use monomials in case of the finite element space V k

h and Lagrange
polynomials for the space Qkh. Thus, velocity is approximated with a modal
shape function while pressure is discretized by means of a nodal shape
function. The quadrature points are computed by means of a Gaussian
quadrature formula and the quadrature order is set so that the mass matrix
is exactly integrated. The quadrature order is not increased to take into
account exact integration of the non-linear term.

Parallelization is provided by the libMesh library at the assembly level,
while data structures and algorithms for the parallel solution of sparse linear
systems are provided by the PETSc toolkit [8]. Both levels make use of the
MPI communication protocol following a distributed memory model. Mesh
partitioning is performed using the METIS library or its parallel counterpart
ParMETIS.
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Figure 1.1: Temporal accuracy of the scheme evaluated using the unsteady
Navier-Stokes Taylor Vortex analytical solution (see text for details).

1.3.2 Temporal Accuracy

In order to confirm the temporal accuracy estimates derived by E and Liu
[29], we consider the Taylor vortex test along with the benchmark problem
proposed by Couzy [25].

Taylor vortex temporal test The aim of this test is to demonstrate
that the scheme (1.12)–(1.13) allows to march in time with high CFL num-
bers independently of the Reynolds number while preserving the theoretical
temporal accuracy. The computational domain consist of the space-time
cylinder Ω × (0.1, 6.1) with Ω = (−π/2, π/2)2. The Dirichlet boundary con-
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ditions as well as the initial condition are deduced by the exact solution

u = [− cos(πx) sin(πy)i + sin(πx) cos(πy)j] e−2πνt,

p = − cos(2πx) cos(2πy)e−4πνt,

where {i, j} denotes the canonical basis of R2. The space discretization
relies on a dG(2)-cG(2) approximation on a very fine 300×300 quadrilateral
grid, yielding L2-projection errors of the order of 10−8 for the exact solution
(u, p). The simulations were run with time steps ∆t ∈ {0.2, 0.1, 0.05, 0.025}
and Reynolds number Re ∈ {102, 103, 104}. The results are summarized in
Figure 1.1. The slope of the fit for the velocity and pressure in L2 norm is
2. The maximum CFL number, corresponding to the largest time step and
computed as proposed in [50] for an advection model problem, is about 50.
The implicit treatment of the non-linear term allows to choose ∆t according
to accuracy considerations related to the splitting error and to the physics
to be modelled instead of dealing with the stringent stability limit of the
advection-diffusion operator.

Couzy decoupling error temporal test

The second test aimed at assessing the accuracy of the proposed splitting
method is the one proposed by Couzy [25]. The INS equations are solved
on the time-space cylinder Ω × (0, 0.75), with space domain Ω = (0, 1)2 \
(0.4, 0.6)2 consisting of a square with a hole in the middle. We consider the
exact solution

u = [− cos(πx/2) sin(πy/2)i + sin(πx/2) cos(πy/2)j] sin(πt),
p = −π sin(πx/2) sin(πy/2) sin(πt).

The forcing term as well as the Dirichlet boundary conditions and the
initial condition are deduced from the above expression. The problem is
discretized in space using dG(2)-cG(2) elements on a fine grid composed
by 24,400 quadrilaterals, ensuring that spatial errors are dominated by
temporal errors. The L2 and L∞ error for both velocity and pressure are
evaluated at each time step using increased-order quadrature rules to pro-
vide the required accuracy. The simulation is run for Reynolds number
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Figure 1.2: Temporal accuracy of the scheme evaluated on the unsteady
Navier-Stokes problem proposed by Couzy (see text for details).

Re ∈ {10, 100, 1000}, corresponding to ν = {0.1, 0.01, 0.001}. The results
are summarized in Figure 1.2. The slope of the fit for the velocity in L2

and L∞ norm and for the pressure in L2 norm is almost 2, while the or-
der of convergence for the pressure in L∞ norm is somewhere in between
the order of velocity and the order of velocity minus one, confirming the
expected convergence rate. Interestingly enough, while the velocity error is
almost independent of the Reynolds number, the pressure error decreases
with the increase of the Reynolds number. This behavior is referable to the
pressure boundary layer due to the artificial Neumann boundary condition
derived in equation (1.9). In the vanishing viscosity limit, equation (1.9)
enforces the consistent boundary condition in equation (1.4) so that the
splitting error limiting the accuracy of the pressure vanishes.

1.3.3 Spatial Accuracy

To numerically assess the spatial convergence rates, we consider the Ko-
vasznay flow [54] in the two-dimensional domain (−0.5, 1.5)× (0, 2) and the
solution proposed by Ethier and Steinman [33] in the three-dimensional do-
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Figure 1.3: Kovasznay test case. Top row and bottom row left, spatial
accuracy of the finite element discretization evaluated on the steady Navier-
Stokes problem proposed by Kovasznay (see text for details). Bottom row
right, streamlines and velocity contours.
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Figure 1.4: Ethier-Steinman test case. Top row and bottom row left, spatial
accuracy of the finite element discretization evaluated on the steady Navier-
Stokes problem proposed by Ethier and Steinman (see text for details).
Bottom row right, velocity contours and velocity vectors.
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main (−1, 1)3. In these test cases we deal with low Reynolds number flows
(as a matter of fact, the Kovasznay solution is similar to the low-speed flow
of a viscous fluid past an array of cylinders while the three-dimensional
solution consists in a series of counter-rotating vortices involving all three
Cartesian velocity components). The exact solution of the Kovasznay flow
is given by

u = 1− eλxcos(2πy)i +
λ

2π
eλx sin(2πy)j,

p =
1
2

(1− e2λx),

where λ =
1

2ν
− (

1
4ν2

+ 4π2)
1
2 . The unsteady analytical solution devised

by Ethier and Steinman reads

u =− a(eaxsin(ay + dz) + eazcos(ax+ dy))e−d
2ti

− a(eaysin(az + dx) + eaxcos(ay + dz))e−d
2tj

− a(eazsin(ax+ dy) + eaycos(az + dx))e−d
2tk

p =− a2

2
(e2ax + e2ay + e2az

+ 2sin(ax+ dy)cos(az + dx)ea(y+z)

+ 2sin(ay + dz)cos(ax+ dy)ea(z+x)

+ 2sin(az + dx)cos(ay + dz)ea(x+y))e−2d2t,

where a = π
4 and d = π

2 . In order to evaluate the spatial convergence
without dealing with temporal errors we consider the solution at time t = 0
and we add a forcing term balancing diffusion terms in the absence of
unsteady terms (while convective terms balance the pressure gradient).

In both test cases we set ν = 0.025 (corresponding to Re = 40), Dirich-
let boundary conditions are imposed according to the exact solution, while
initial conditions over the whole domain corresponds to zero velocity and
pressure. In order to obtain a steady-state solution, a pseudo-time integra-
tion is performed employing a fixed time step ∆t = 0.1. The L2 error for



28 A P-C Scheme for Convection-Dominated Incompressible Flows

both velocity and pressure as well as the L2 error for the velocity gradients
are displayed in Figures 1.3 and 1.4. The theoretical convergence rates of
hk+1 for the L2 error on the velocity, of hk for the L2 error on the pressure
and for the L2 error on the velocity gradients are confirmed for both the
dG(k)-cG(k) and dG(k)-cG(k − 1) discretizations. It is interesting to note
that in the approximation of the three-dimensional solution proposed by
Ethier and Steinman the dG(1)-cG(1) discretization shows a second order
convergence rate for the pressure error in L2 norm while the theoretical
convergence rates for the velocity underestimate the numerically evaluated
ones by half an order.

Albeit the order of convergence is the same, dG(k)-cG(k) discretizations
yield more precise pressure approximations than dG(k)-cG(k−1) discretiza-
tions, scoring a point for equal order finite element spaces implementations.
It has to be noticed, however, that the computational effort required by the
iterative solution of the projection step accounts for most of the cost of the
algorithm, which makes dG(k)-cG(k−1) discretizations more efficient. Un-
like the advection-diffusion step, the number of iterations required by the
projection step strongly increases moving from k = 1 to k = 2 reveal-
ing the need of better preconditioning techniques for higher-order pressure
discretizations.

1.3.4 2D and 3D Lid-Driven Cavity

As a final test case, we consider the two- and three-dimensional lid-driven
cavity flow. The computational domain for this problem is a square (a cube
in 3D) with edges of unit length. The top side of the cavity slides with a
constant imposed velocity, while no-slip Dirichlet boundary conditions are
imposed on the remaining sides. Despite its simple geometry, this lid-driven
cavity flow presents complex flow patterns due to multiple recirculating
secondary vortices at the corners of the cavity, see Figure 1.5. The space
discretization is based on dG(2)-cG(1) elements on a 120×120 quadrilateral
grid in 2D and a 50 × 50 × 50 hexahedral grid in 3D. The simulation is
advanced in time adopting a pseudo-time integration with fixed time step
∆t = 0.1 until a steady-state is reached.
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Figure 1.5: 2D lid-driven cavity test. Streamlines for Re 1000, 10000, 20000.

Figure 1.6: 3D lid-driven cavity test, Re1000. Streamlines color-coded by
velocity magnitude. Side, front and bottom view.
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We present 2D lid-driven cavity solutions at Reynolds number Re =
1000, Re = 10000, and Re = 20000 and compare them with the accurate
reference solutions presented in [32]. In that work the values of the two
components of the velocity are tabulated along the horizontal and vertical
centerlines for Re ≤ 21000. These reference solutions have been obtained
on a very fine uniform grid of 601 × 601 with a streamfunction and vor-
ticity formulation of the Navier-Stokes equations. In Figure 1.7 it can be
appreciated that velocity profiles match the reference solutions for all the
Reynolds numbers here considered. As the Reynolds number increases, the
gradient of the velocity at the boundary layers becomes stronger and the
number of recirculating vortices at the corners on the cavity increases. In
these cases, the accuracy of the solution critically depends on modeling the
shear layer along the lid and the discontinuity in the boundary condition
at the upper right and left corner.

The 3D lid-driven cavity solution is computed at Reynolds number Re =
1000, and compared with the velocity results tabulated along the x-axis
and y-axis in [2]. In that paper the solutions were computed employing a
projection method coupled to a fifth-order accurate Chebyshev collocation
discretization on a 96 × 96 × 64 hexahedral mesh. In Figures 1.6 and 1.7
the symmetry of the streamlines and the perfect agreement between the
velocity profiles can be appreciated.

Overall, these results demonstrate that high levels of accuracy can be
reached for shear-driven flows at high Reynolds numbers using a projection
method.

1.4 CONCLUSIONS

We have presented an efficient and robust INS solver for high-Reynolds
unsteady flows. Efficiency is ensured by the use of a projection method to
decouple the momentum conservation equation from the incompressibility
constraint, thereby allowing an effective solution process based on standard
preconditioned iterative solvers. Robustness regards to the Reynolds num-
ber is guaranteed by the fully implicit dG discretization of the advection-
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Figure 1.7: Lid-driven cavity test. Plots of horizontal (red) and vertical
(blue) velocity components along the vertical and horizontal centerlines
respectively. Top row and bottom row left, 2D lid-driven cavity at Re 1000,
10000 and 20000: the dots correspond to the reference values provided by
Erturk et al [32]. Bottom row right, 3D lid-driven cavity at Re1000: the
dots correspond to the reference values provided by Albensoeder et al [2].



32 A P-C Scheme for Convection-Dominated Incompressible Flows

diffusion step.
We demonstrated the ability to accurately resolve 2D and 3D chal-

lenging benchmark problems in moderate to high Reynolds numbers flow
regimes with time steps larger than the ones imposed by the CFL stability
limit. The possibility to manage hybrid grids can be exploited to extend the
solver applicability to complex geometries as the ones required for hemo-
dynamic simulations. An open-source hemodynamics solver based on the
proposed algorithm will be the subject of future work.



Chapter 2

Steady Incompressible
Navier-Stokes Solvers Based
on Coupled Variables
Artificial Compressibility dG
Discretizations

2.1 INTRODUCTION

During the last decade Discontinuous Galerkin methods (dG) have been
gaining popularity inside the finite element community thanks to their
increased flexibility and robustness compared to standard Galerkin dis-
cretizations. A key aspect of dG methods is the strong relation between
the properties of the primal formulation and the interface numerical fluxes
which provide a weak coupling between neighboring elements. It is pos-
sible to demonstrate, cf. [6], that a suitable choice of numerical fluxes,
e.g. consistent and conservative fluxes, leads to a numerical scheme en-
joying the same desirable features. In this framework fluxes formulations

33
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borrowed from the finite volume community can be easily introduced ex-
tending the application range of finite elements methods. The retain of the
local conservativity of physical quantities makes dG particularly well suited
for industrial application where reliability is the main purpose. Moreover
dG allows a straitforward extension of high-order numerical schemes to ar-
bitrarily unstructured and possibly non-conforming grids leading the way
to local hp adaptivity.

Up to now, dG methods have primarily adressed hyperbolic conser-
vation laws, even if the extension to incompressible fluid flows has been
considered with success in literature, see e.g. Rivière and Wheeler [38] and
Cockburn, Kanschat and Schötzau [23]. Among other, dG discretizations of
the incompressible Navier-Stokes equations allows LBB stable equal order
finite element combinations by means of pressure stabilization techniques
simplifying the implementation of coupled variables formulations.

The aim of this work is to compare two different treatments of the invis-
cid numerical fluxes involved in the dG discretizations of the incompressible
Navier-Stokes equations devised by Di Pietro and Ern [28], and by Bassi et
al. [11], maintaining the same Symmetric IP discretization for the viscous
numerical fluxes [5]. Although the former discretization leads to an inviscid
centered numerical flux while the latter is a Godunov scheme based upon
the exact solution of a Riemann problem, both methods share the idea
to recover equations iperbolicity at the discrete level through an artificial
compressibility perturbation.

The comparison will be carried out on the 2D lid-driven cavity in mod-
erate to high Reynolds number flow regimes. In all the configurations a
fully implicit backward Euler method based on the computation of an an-
alytic Jacobian will be coupled to a pseudo-time integration to reach a
steady state convergence. The number of pseudo-time iterations needed to
obtain a prescribed convergence rate, the number of iteration required by
the inner linear loop, and the dG discretization residual will be reported
for mesh sizes and polynomial degrees able to provide accurate solutions
for this challenging test case. We hope that this can help to point out
the differences in the selected approaches allowing the best choice for the
problem at hand.
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In the following Sections we will introduce the incompressible Navier-
Stokes equations and present the Symmetric Interior Penalty discretization
of the viscous term. In Sections 2.2.5 and 2.2.4 we will recast the inviscid
numerical fluxes formulations proposed by Bassi et al. and Di Pietro et al.
in a common framework. Finally, in Sections 2.4.1 and 2.4.2 the numerical
results will be discussed.

2.2 DG VARIATIONAL FORMULATION

2.2.1 Incompressible Navier-Stokes dG Discretization, Vis-
cous Term and Inviscid Fluxes

We consider the incompressible Navier-Stokes equations in conservative
form 

∂u
∂t
− ν∇2u +∇ · F (u, p) = f ,

∇ · u = 0,
u = 0 on ∂Ω,

(2.1)

where Ω is an open bounded connected subset of Rd, p = P
ρ is the pressure

divides by density and u is the velocity vector, with components in the
Cartesian basis of Rd. In what follows, for two tensors of rank 2 in Rd,
say τ and σ, we shall let τ : σ

def=
∑

1≤i,j≤d τijσij ; also, for two vectors
v, w ∈ Rd we shall denote by v ⊗w the tensor of components viwj . With
the notation introduced above, the inviscid flux tensor F (u, p) is given by

F (u, p) = u⊗ u + pI, (2.2)

where I = δij .
To obtain a dG discretization of Equations (2.1) a common approach

consist in treating the Laplacian diffusion term and the inviscid flux in-
dependently. As a matter of fact the approximation of the incompressible
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Euler equation 
∂u
∂t

+∇ · F (u, p) = f ,

∇ · u = 0,
u = 0 on ∂Ω,

(2.3)

and the discretization of the diffusion term can be regarded as the building
blocks of the dG methods here considered. The weak form of Equations
(2.3) reads: find (u, p) ∈ H1

0 (Ω)d×L2
0(Ω) s.t. for all (v, q) ∈ H1

0 (Ω)d×L2
0(Ω),∫

Ω

∂u
∂t
·v−

∫
Ω
∇v : F (u, p)+

∫
∂Ω

v⊗n : F (u, p)−
∫

Ω
q∇·u =

∫
Ω
f ·v, (2.4)

where n is the unit outward normal to Ω.
To help out the discussion about the commonalities between the dG

formulation considered hereafter it is useful to remove the non-linear term
from Equations (2.3) retrieving the well known Darcy problem

∂u
∂t

+∇p = f ,

∇ · u = 0,
u = 0 on ∂Ω,

(2.5)

As will be pointed out in Sections 2.2.5 and 2.2.4 the dG approximations
of Equations (2.1) proposed by Bassi et al. and Di Pietro et al. are based
on an artificial compressibility perturbation of Equations (2.3) and (2.5)
respectively.

2.2.2 Variational Settings

Once an admissible triangulation Th>0 of the domain Ω is introduced, let
k > 0 and consider the finite dimensional space

V k
h := {vh ∈ L2(Ω); ∀T ∈ Th, vh|T ∈ Pk(T )}, (2.6)

so that
Uh = [V k

h ]d, Ph = V k
h /R, Xh = Uh × Ph. (2.7)
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The mesh faces are collected in the set Fh partitioned into F ih ∪F bh, where
Fbh collects the faces located on the boundary of Ω and for F ∈ F ih there
are T1 and T2 such that F = ∂T1 ∩ ∂T2. For any function φ such that a
(possibly two-valued) trace is defined on F , let

[[φ]] def= φ|T1 − φ|T2 , {φ}
def=

1
2

(φ|T1 + φ|T2), (2.8)

while for F ∈ Fbh the jump and average operators are conventionally defined
as [[φ]] = φ and {φ} = φ. For F ∈ F ih, nF is defined as the unit normal
pointing from T1 to T2 while, for F ∈ Fbh, nF represents the unit outward
normal to Ω.

2.2.3 Symmetric IP Laplacian Discretization

For all (uh,vh) ∈ Uh × Uh, we consider the Symmetric Interior Penalty
discretization of the Laplacian operator first devised by Arnold in [5],

ah(uh,vh) =
∫

Ω
∇huh : ∇hvh

−
∑
F∈Fh

∫
F

({∇huh} : [[vh]]⊗ nF + {∇hvh} : [[uh]]⊗ nF )

+
∑
F∈Fh

σ

∫
F

[[uh]] · [[vh]] , (2.9)

where σ = Cσ
k2

hF
, with Cσ > 0, as suggested by Georgoulis in [36].

2.2.4 Formulation Proposed by Bassi et al.

In [11] Bassi et al. introduced in the context of dG methods the idea
to recover the iperbolicity of equations adding an artificial compressibility
term to the continuity equation at the discrete level. Accordingly, the
interface inviscid numerical fluxes of the Stokes, Oseen and Navier-Stokes
equations can be modeled as Godunov flux by means of an exact Riemann
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solver. The artificial compressibility method applied to the Navier-Stokes
equations requires the solution of the Riemann problem associated to the
non-linear system 

1
c2

∂p

∂t
+
∂un
∂x

= 0,

∂un
∂t

+
∂(u2

n + p)
∂x

= 0,

∂ut
∂t

+
∂unut
∂x

= 0,

(2.10)

where x denotes a locally defined axis oriented as the interface normal vec-
tor nF , un represents the normal velocity component, and the tangential
velocity ut component can be recovered once the pressure and the normal
velocity component have been computed. The unsteady pressure term in
the first of Equations (2.22) is the local artificial compressibility perturba-
tion that allows to recover the iperbolicity of the problem. If F ∈ F ih the
discontinuous initial datum for the Riemann problem is given by (u|T1 , p|T1)
and (u|T2 , p|T2), while if F ∈ Fbh the external state must be defined accord-
ing to the boundary conditions. The non-linear Riemann problem (2.10)
doesn’t admit an analytical solution therefore the solutions (u∗, p∗) are com-
puted employing the exact iterative Riemann solver proposed by Gottlieb
and Groth in the context of compressible fluid flow simulations [40].

Using the variational settings introduced in Section 2.2.2 the dG dis-
cretization of the Euler Equations (2.4) requires to find (uh, ph) ∈ Xh s.t.

∫
Ω

∂uh

∂t
· vh −

∫
Ω
∇hvh : F (uh, ph)+∑

F∈Fh

∫
F

[[vh]]⊗ nF : F̂ ((uh|T1 , ph|T1), (uh|T2 , ph|T2)) =
∫

Ω
f · vh

−
∫

Ω
∇hqh · uh +

∑
F∈Fh

∫
F

([[qh]] · nF ) · û((uh|T1 , ph|T1), (uh|T2 , ph|T2)) = 0

(2.11)
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∀(vh, qh) ∈ Xh. In the equations system (2.11)

F̂ ((uh|T1 , ph|T1), (uh|T2 , ph|T2)) = F̂ (u∗, p∗),
û((uh|T1 , ph|T1), (uh|T2 , ph|T2)) = u∗ (2.12)

are suitable expression of the inviscid numerical fluxes ensuring the coupling
between degrees of freedom belonging to neighboring elements, see [12] for
details, while F (uh, ph) is the inviscid flux.

2.2.5 Formulation Proposed by Di Pietro and Ern

In [28] Di Pietro and Ern have carried out stability estimates and con-
vergence analysis for two dG discretizations of the incompressible Navier-
Stokes equations presented in primal formulation. In order to recover the
flux formulation we consider as starting point the weak formulation of Equa-
tions (2.1), seek (u, p) ∈ H1

0 (Ω)d×L2
0(Ω) s.t. for all (v, q) ∈ H1

0 (Ω)d×L2
0(Ω),∫

Ω

∂ui
∂t

vi + ν

∫
Ω
∂jui∂jvi +

∫
Ω
∂j(uiuj)vi −

∫
Ω
p∂ivi +

∫
Ω
q∂iui =

∫
Ω
fivi.

(2.13)
Introducing in the Navier-Stokes equations the modified advection term
first proposed by Temam [72] to achieve stability, equation (2.13) can be
rewritten as ∫

Ω

∂ui
∂t

vi + ν

∫
Ω
∂jui∂jvi −

∫
Ω
p∂ivi +∫

Ω
∂j(uiuj)vi −

∫
Ω

1
2

(∂juj)uivi +
∫

Ω
q∂iui =

∫
Ω
fivi. (2.14)

It is interesting to note that the left hand side of the above equation is no
more in divergence form yielding a non-conservative dG discretization. A
conservative variant of the advective term discretization requiring the non-
standard modification of the pressure field first proposed in [23] has been
devised in [28] and will not be considered hereafter. In what follows we
briefly recall the bilinear and trilinear forms Di Pietro and Ern introduced
for the dG discretization of Equation (2.14).
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Discrete Velocity Divergence Operator

Define on Uh × Ph the bilinear form

bh(vh, qh) = −
∫

Ω
∇h · vhqh +

∑
F∈Fi

h

∫
F

nF · [[vh]] {qh}. (2.15)

Discrete Pressure Gradient Operator

Define on Ph × Vh the bilinear form

ch(qh,vh) =
∫

Ω
∇hqh · vh −

∑
F∈Fh

∫
F

nF · [[vh]] {qh}. (2.16)

Pressure Stabilization Term

Define on Ph × Ph the bilinear form

sh(qh, rh) =
∑
F∈Fi

h

γhF

∫
F

[[qh]] [[rh]] , (2.17)

where γ ∈ R+ is a penalty parameter.

Mass Matrix Operator

Define on Uh × Uh the bilinear form

mh(uh,vh) =
∫

Ω
uh · vh. (2.18)
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Convective Trilinear Form

For all (wh,uh,vh) ∈ [Uh]3

th(wh,uh,vh) =
∫

Ω
(wh · ∇huh) · vh −

∑
F∈Fi

h

∫
F

nF · {wh} [[uh]] · {vh}+

∫
Ω

1
2

(∇h · wh)(uh · vh)−
∑
F∈Fh

∫
F

nF · [[wh]]
1
2
{uh · vh}.

(2.19)

This centered numerical flux formulation yields a non conservative dG
method, but contains a source term proportional to the divergence of the
discrete velocity (still converging to zero as the mesh is refined, see [28] for
details).

Using the bilinear forms introduced above together with the Symmetric
IP discretization of the diffusion term (2.9), the semi-discrete dG approxi-
mation of Equation (2.14) consist of seeking (uh, ph) ∈ Xh s.t.

mh(
∂uh

∂t
,vh) + ν ah(uh,vh)− bh(uh, qh) + th(uh,uh,vh)

+ch(ph,vh) + sh(ph, qh) =
∫

Ω
fvh, ∀(vh, qh) ∈ Xh. (2.20)

Although the above discretization has been presented in primal formu-
lation it is possible to recover the inviscid numerical fluxes involved in the
dG formulation. Removing the bilinear for associated to the viscous term
discretization and the trilinear form from Equation (2.20) one obtains the
spatial discretization of the Darcy problem (2.5), seek (uh, ph) ∈ Xh s.t.

mh(
∂uh

∂t
,vh)− bh(uh, qh) + ch(ph,vh) + sh(ph, qh) =

∫
Ω
fvh,

∀(vh, qh) ∈ Xh. (2.21)

In [12] it was demonstrated that the above formulation can be obtained
choosing the inviscid numerical fluxes to be introduced on F ∈ F ih and
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F ∈ Fbh as the analytical solution of the planar Riemann problem associated
to the system 

1
c2

∂p

∂t
+
∂un
∂x

= 0,

∂un
∂t

+
∂p

∂x
= 0,

(2.22)

where x denotes a locally defined axis oriented as the interface normal vector
nF and un represents the normal velocity component. As for the Riemann
problem (2.10), the unsteady pressure term in the first of Equations (2.22)
is the local artificial compressibility perturbation that allows to recover
the iperbolicity of the problem. Furthermore the stabilization parameter γ
of Equation (2.17) turns out to be related to the artificial compressibility
parameter c by means of the relation γ = 1

c , cf. [26] for details. If F ∈
F ih the discontinuous initial datum for the Riemann problem is given by
(u|T1 , p|T1) and (u|T2 , p|T2), while if F ∈ F bh the external state must be
defined according to the boundary conditions.

2.3 TIME INTEGRATION

2.3.1 Pseudo Transient Continuation

As stated in the introduction both the dG formulation here presented are
discretized in time with a fully implicit backward Euler method based on
the computation of an analytic Jacobian Matrix. Fully implicit coupled
variables discretizations of the Incompressible Navier-Stokes equations are
best suited for the computation of steady state solutions where the possibil-
ity to march in time regardless of the CFL condition can be fully exploited.
The costly solution of the saddle point problem induced by the incom-
pressibility constrain [67] makes this class of methods less attractive in the
context of unsteady flow simulations where the time step size is imposed
by accuracy considerations rather than stability ones.

In order to perform a comparison of the ability to reach a steady state
solution, the backward Euler method has been coupled with a pseudo-
transient continuation method. In this context the time derivative dis-
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cretization has no physical interpretation but must reflect the distance from
the stable solution in order to ensure the Newton method convergence. We
can state that the time derivative acts with precoditioning purposes so
that the Newton method solution is not too far from the solution guess.
Furthermore, the backward Euler non-linear loop related to each pseudo-
time iteration can be avoided as time accuracy is pointless as well as the
achievement of the Newton method full convergence, see [35] for details.

We introduce a partition of the pseudo-time domain into intervals of
arbitrary length ∆t, to be chosen according to the steady state convergence
rate. Steady state is reached as ∆t → ∞ and rh((uh

n, pnh), (vh, qh)) → 0,
where rh is the spatial discretization residual (see Sections 2.3.3 and 2.3.2
for details), and (uh

n, pnh) are the velocity and pressure discrete solutions
at time tn. At each time step, after (∆uh,∆ph) ∈ Xh is obtained resolving
the linear equations system

1
∆t

mh(∆uh,vh) + jh((uh
n, pnh), (∆uh,∆ph), (vh, qh)) =

−rh((uh
n, pnh), (vh, qh)) ∀(vh, ph) ∈ Xh

(2.23)
where jh is the dG discretization Jacobian, the solution at time step tn+1

is computed as (uh
n+1, pn+1

h ) = (uh
n, pnh)+(∆uh,∆ph). It is interesting to

note that in the limit ∆t→∞ equation (2.23) consist in a single iteration
of the Newton method applied to the steady discrete problem, achieving
quadratic convergence in the computation of steady state solutions.

The time step size is evaluated locally into each element T of the tri-
angulation Th according the law proposed in [50] for a generic advection
problem

∆t|T =
CFL hT

k2 ‖umax|T ‖
(2.24)

where hT /P 2 can be considered as an approximation to the minimum mesh
spacing ∆x, ‖umax|T ‖ is the maximum local velocity for the element T , and
k is the polynomial degree of the finite element space V k

h . The CFL growth
along the solution process is computed according to the relation
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CFL def= min
(

CFLmin

rβ
,CFLmax

)
(2.25)

r
def= max

(
‖rh((uh

n, pnh), (vh, qh))‖L2

‖rh((uh
0, p0

h), (vh, qh))‖L2

,
‖rh((uh

n, pnh), (vh, qh))‖L∞
‖rh((uh

0, p0
h), (vh, qh))‖L∞

)
,

where CFLmin, CFLmax and β are user-defined input parameters.

2.3.2 Bassi et al. Jacobian and Residual Formulation

The residual to be substituted in Equation (2.23) reads

rh((uh
n, pnh), (vh, qh)) = ν ah(uh

n,vh)

−
∫

Ω
∇hvh : F (uh

n, pnh)−
∫

Ω
∇hqh · uh

n

+
∑
F∈Fh

∫
F

[[vh]]⊗ nF : F̂ (u∗(uh
n, pnh), p∗(uh

n, pnh))

+
∑
F∈Fh

∫
F

([[qh]] · nF ) · û∗(uh
n, pnh)

(2.26)
The Jacobian to be substituted in Equation (2.23) reads

jh((uh
n, pnh), (∆uh,∆ph), (vh, qh)) =

∂rh((uh
n, pnh), (vh, qh))

∂(uh
n, pnh)

(∆uh,∆ph)

(2.27)

2.3.3 Di Pietro and Ern Jacobian and Residual Formulation

The Jacobian of the DiPietro and Ern dG discretization to be substituted
in Equation (2.23) reads

jh((uh
n, pnh), (∆uh,∆ph), (vh, qh)) = ν ah(∆uh,vh)− bh(∆uh, qh)+
th(uh

n,∆uh,vh) + th(∆uh,uh
n,vh) + ch(∆ph,vh) + sh(∆ph, qh)

(2.28)
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Similarly, the residual to be substituted in Equation (2.23) reads

rh((uh
n, pnh), (vh, qh)) = ν ah(uh

n,vh)− bh(uh
n, qh)+

th(uh
n,uh

n,vh) + ch(pnh,vh) + sh(pnh, qh)
(2.29)

2.4 VERIFICATION AND COMPARISON

Fist of all we want to stress the point that for the sake of comparison
both methods have been implemented in the same framework, that is, the
libMesh open-source finite element library. Actually only the libMesh mesh
and equations system data structures are employed while the finite element
implementation is based on a home made FE library called teFE, see Ap-
pendix A.1 for details. teFe implements high-order finite element spaces
based on Jacobi polynomials, see eg. [50], allowing to obtain orthogonal
modal basis functions that are particularly well suited for dG discretiza-
tions.

To ensure the faithfulness of our implementations we first verify the the-
oretical convergence rates testing against the Kovasznay analytical solution
of the incompressible Navier-Stokes equations, see Section 2.4.1. Thus, a
performance comparison performed on the 2D lid-driven cavity flow eval-
uates the ability of each method to reach the steady state solution of this
challenging test case, see Section 2.4.2.

2.4.1 Kovasnay Flow

To numerically assess the spatial convergence rates, we consider the Ko-
vasznay flow [54] in the two-dimensional domain (−0.5, 1.5) × (0, 2). The
exact solution to the Navier-Stokes equations is given by

u = 1− eλx cos(2πy) i +
λ

2π
eλx sin(2πy) j ,

p =
1
2

(1− e2λx), (2.30)

where λ = 1
2∗ν − ( 1

4∗ν2 + 4π2)
1
2 and we set ν = 0.025 to obtain a Reynolds

number Re = 40. Dirichlet boundary conditions are imposed according to
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Figure 2.1: Spatial accuracy of the Galerkin discretization proposed by Di
Pietro and Ern [28] evaluated on the steady Navier-Stokes problem pro-
posed by Kovasznay (see text for details).
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Figure 2.2: Spatial accuracy of the Galerkin discretization proposed by
Bassi et al. [11] evaluated on the steady Navier-Stokes problem proposed
by Kovasznay (see text for details).
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the exact solution while the initial conditions corresponds to zero velocity
and pressure over the whole domain. In Figures 2.1 and 2.2 we show the ve-
locity and pressure convergence rates for the error in L2 norm for decreasing
values of the mesh spacing h and equal order polynomials approximation,
up to k = 14. The theoretical convergence rates of hk+1 for the L2 error
on the velocity, and hk for the L2 error on the pressure are confirmed for
both discretizations here considered. While the absolute value of velocity
errors are comparable the pressure ones are significantly smaller in case of
the Bassi et al. dG discretization. This could be ascribed to the treatment
of boundary conditions involved in the Bassi et al. discretization, which is
based on the introduction of an external velocity-pressure state. As oppo-
site to standard Dirichlet boundary conditions, both velocity and pressure
values are specified according to the analytical solution and considered as
input parameters for the solution of the Riemann problem on Fbh.

2.4.2 2D Lid-Driven Cavity Flow

Employing the backward Euler time integration coupled to the pseudo tran-
sient continuation presented in Section 2.3.1 we search for the steady state
solution of the 2D lid-driven cavity flow for Reynolds numbers 1000, 5000,
and 10000. The computational domain for this problem is a square with
edges of unit length where the top side of the cavity slides with a constant
imposed velocity, while no-slip homogeneous Dirichlet boundary conditions
are imposed on the remaining sides.

For the solution of the linear Equations system (2.23) we rely on the well
know ILU0 preconditioned GMRES (x/y) algorithm [8] where the number
Krylov spaces (x) and the maximum number of iterations (y) are user-
defined input parameters. The time integration is performed until

‖(∆uh,∆ph)‖L2 < 1 · 10−7 (2.31)

when we consider the steady state has been reached.
The number of pseudo transient continuation steps, see Table 2.1, and

the mean number of iteration required by the inner linear loop, see Table
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Number of non-linear (Newton) iterations

Re mesh order GMRES Bassi et al. Di Pietro et al.

1000
80×80 k = 1 60/120 60 42
40×40 k = 2 60/120 27 28
20×20 k = 3 60/120 23 23

5000

160×160 k = 1 120/240 233 306
80 ×80 k = 2 120/240 196 163
50×50 k = 3 120/240 152 149
20×20 k = 6 120/240 689 116

10000

240×240 k = 1 240/480 480 1955
120×120 k = 2 120/240 753 1342
80×80 k = 3 120/240 762 537
40×40 k = 6 120/240 653

Table 2.1: Number of pseuto-transient time iteration required to obtain
steady state solutions of the 2D lid-driven cavity flow.

Mean number of linear (GMRES) iterations

Re mesh order GMRES Bassi et al. Di Pietro et al.

1000
80×80 k = 1 60/120 120 120
40×40 k = 2 60/120 120 120
20×20 k = 3 60/120 99 95

5000
160×160 k = 1 120/240 240 240
80 ×80 k = 2 120/240 240 240
50×50 k = 3 120/240 236 235
20×20 k = 6 120/240 222 173

10000
240×240 k = 1 240/480 480 480
120×120 k = 2 120/240 240 240
80×80 k = 3 120/240 240 240
40×40 k = 6 120/240 236

Table 2.2: Mean number of GMRES iterations required by each step of the
pseudo-transient continuation strategy.
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Final relative residual (value of r at steady state convergence)

Re mesh order GMRES Bassi et al. Di Pietro et al.

1000
80×80 k = 1 60/120 9.52 · 10−11 1.31 · 10−10

40×40 k = 2 60/120 4.72 · 10−11 1.91 · 10−11

20×20 k = 3 60/120 4.11 · 10−12 6.48 · 10−12

5000
160×160 k = 1 120/240 1.25 · 10−4 3.98 · 10−5

80 ×80 k = 2 120/240 9.98 · 10−7 1.37 · 10−5

50×50 k = 3 120/240 1.74 · 10−10 1.82 · 10−6

20×20 k = 6 120/240 1.07 · 10−5 1.12 · 10−10

10000
240×240 k = 1 240/480 1.53 · 10−4 1.83 · 10−5

120×120 k = 2 120/240 4.33 · 10−6 1.89 · 10−5

80×80 k = 3 120/240 4.05 · 10−6 2.26 · 10−6

40×40 k = 6 120/240 1.66 · 10−6

Table 2.3: Final value of the discretization relative residual r, as defined in
(2.25).

Mean linear relative residual (GMRES convergence indicator)

Re mesh order GMRES Bassi et al. Di Pietro et al.

1000
80×80 k = 1 60/120 9.95 · 10−4 1.33 · 10−3

40×40 k = 2 60/120 1.68 · 10−4 2.24 · 10−4

20×20 k = 3 60/120 9.44 · 10−10 6.72 · 10−10

5000
160×160 k = 1 120/240 1.20 · 10−3 1.30 · 10−3

80 ×80 k = 2 120/240 2.96 · 10−4 3.90 · 10−4

50×50 k = 3 120/240 1.14 · 10−4 2.28 · 10−4

20×20 k = 6 120/240 7.07 · 10−4 3.59 · 10−5

10000
240×240 k = 1 240/480 1.50 · 10−4 5.90 · 10−4

120×120 k = 2 120/240 3.34 · 10−4 4.37 · 10−4

80×80 k = 3 120/240 3.36 · 10−4 2.21 · 10−4

40×40 k = 6 120/240 1.14 · 10−4

Table 2.4: Mean value of the final GMRES relative residual, see e.g. [8] for
details, for each step of the pseudo-transinet continuation strategy.
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2.2, are able to provide an indication of the solution strategies computa-
tional cost. As a matter of fact, the multiplication of these two values gives
approximately the total number of GMRES iterations required to reach the
steady state solution. Once steady state convergence is achieved, the value
of r is an indicator of the convergence rate of the discretization residual and
is reported in Table 2.3. Finally, the mean of the final linear relative resid-
ual, see Table 2.4, is an indicator of the convergence rate of the GMRES
algorithm. All the combination of mesh sizes and polynomial degrees tabu-
lated for the sake of comparison are able to provide accurate solutions of the
lid-driven cavity flow, as demonstrated testing against accurate benchmark
solutions devised by Erturk [32], see Figure 2.3.

In Table 2.2 it is interesting to note that the mean number of GMRES
iterations is equal to the user-defined maximum number of iterations in al-
most all the computations. The mean of the final linear residual, reported
in table 2.4 is well above the prescribed GMRES relative residual tolerance
(1 · 10−9) indicating that the linear system is not fully resolved. GMRES
convergence up to numerical precision is not required in steady state sim-
ulations as the computational cost of a non-linear iteration grows without
further reducing the discretization residual, however, the GMRES final lin-
ear residual must be comparable to the solution increment norm. If this is
not the case the fulfillment of the steady state condition (2.31) could indi-
cate a poor GMRES convergence preventing the achievement of the steady
state solution. This junk situation arose employing k = 1 discretizations
at Reynolds numbers 5000 and 10000 with the Bassi et al. dG discretiza-
tion and would have required to resort to greater number of Krylov spaces
and maximum linear iterations. As a matter of fact, the value of r is in
the order of 10−4 while our empirical rule suggests r ∼ 10−5 to ensure the
steady state achievement. Furthermore, looking at the Figures 2.3, one
can appreciate the trashed lines corresponding to the un-converged k = 1
discretizations standing out from the bunch. This clearly indicates that the
slower center of the primary vortex is still not fully developed.

As expected the number of non-linear iterations needed to obtain the
steady state solution is bigger for higher Reynolds numbers because the
non-linear term overcomes the effects of the diffusion term. Moving towards
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Figure 2.3: 2D lid-driven cavity tests. Top row and bottom row left, Re
1000, 5000 and 10000: Plots of horizontal (red) and vertical (blue) velocity
components along the vertical and horizontal centerlines respectively. All
the solution referred in Tables 2.1, 2.2, 2.3 and 2.4 are plotted overlapped
according to the Reynolds number. The dots correspond to the reference
values provided by Erturk et al [32]. Bottom row right: Velocity contours
and mesh sketch for the k = 6 discretization at Re 10000.
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high-order discretizations (increasing the polynomial order and decreasing
the mesh size) helps the algorithm efficiency because the overall number
of degrees of freedom decreases. We specify that the initial guess for the
non-linear solver is zero velocity and pressure for all the computations here
reported regardless of the polynomial degree.

The Di Pietro et al. dG discretization seems to benefit the most from
high-order function spaces. The imposition of discontinuous boundary con-
ditions at the top corners of the cavity clearly limits the extension to higher-
orders and generates oscillations in the discretization residual convergence
history. At Re 10000 the downward trend in the number of non-linear itera-
tions observed moving towards higher-order Di Pietro et al. discretizations
is broken at k = 6 and the steady state solution condition (2.31) is not even
satisfied for the Bassi et al. discretization.

2.5 CONCLUSIONS

The coupling of high-order dG discretizations of the incompressible Navier-
Stokes equations to a pseudo-transient continuation strategy produces fast
(regarding to the small number of non-linear iterations required) steady
state solvers in moderate to high Reynolds number regimes. The applica-
bility of coupled variables discretization to transient flow computations and
3D complex geometries is limited by the inefficiency of the solution strat-
egy. The poor convergence of the ILU0 preconditioned GMRES algorithm
applied to indefinite matrices is well documented, see eg. [67], and the artifi-
cial compressibility device doesn’t seems to settle the issue. The possibility
to improve the preconditioner efficiency, to apply the Schur complement
method and the multigrid tecnique should be investigated in an attempt to
extend coupled variables discretizations to real-life CFD computations.





Chapter 3

h-Adaptivity Benefits in the
Context of DG
Discretizations

3.1 INTRODUCTION

During the last decade discontinuous Galerkin methods (dG) have been
gaining popularity inside the finite element community thanks to their in-
creased flexibility and robustness compared to continuous Galerkin (cG)
discretizations. The latter were often preferred because they require less
degrees of freedom to get the same spatial accuracy order, however, the
increased availability of computational resources and the development of
high efficiency finite element libraries is circumventing this drawback.

dG discretizations are based on flux formulations providing a weak cou-
pling between neighboring elements. Test and trial functions belong to the
functional space L2 over the computational domain allowing for discontinu-
ous solution at element interfaces. The properties of the interface numerical
fluxes are strongly related to the properties of resulting dG discretization
therefore it is suitable to design the fluxes according to the physics of the
phenomena to be modelled and to the mathematical properties of the gov-

55
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erning equations. The possibility to choose between the multitude of flux
formulations developed in the context of finite volumes approximations is
very attractive. dG discretizations enjoy geometric flexibility as well al-
lowing a straitforward implementation of h-adaptive refinement based on
element subdivision. This strategy maintains the conservation of physical
quantities inherent in dG discretizations and organizes the additional ele-
ments in a hierarchical structure facilitating further refinement or coarsen-
ing steps. The geometric properties of the mesh do not deteriorate during
the refinement process as the elements shape is independent of the ele-
ments size. The dynamic refinement process is driven by a posteriori error
estimators computed over the computational domain in order to identify
the regions of higher solution variability and uniformly distribute the dis-
cretization error. As opposite, in cG discretizations the imposition of C0

continuity for test and trial functions requires additional effort in the case
of non-conforming meshes, see e.g. [50] for details, because the degrees of
freedom at cell’s interfaces are not coincident in presence of hanging nodes.

The interest in mesh adaptivity in the context of finite element dis-
cretizations has been strong since the pioneering work of Babuška [7]. The
derivation of accurate errors estimators has been considered by many au-
thors, e.g. [52], [31] among others, in order to optimize the computational
effort related to the numerical simulation of partial differential equations.
However, the quantification of the benefits related to different adaptivity
strategies has been limited. The research efforts of Hartmann [45], [46]
aimed at the development of residual-based indicators and adjoint-based
indicators for goal-oriented refinement in order to ensure a cheaper evalua-
tion of the aerodynamic force coefficients. The results obtained by means of
dG discretizations of the Navier-Stokes equations in complex 3D test cases
were encouraging.

In this work we are going analyze the h-adaptivity strategy in the con-
text of dG discretizations performing simple 2D test cases, using exact or
effortless a posteriori error estimators, and comparing the convergence rates
with the standard global h-refinement strategy. We hope that the results
we are going to present will help the understanding of the adaptivity pros
stimulating further quantification efforts. The Symmetric Interior Penalty
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dG discretizations of the Laplace equation will be considered in Section
3.2.2 and the h-adaptity benefits will be quantified by means of two sim-
ple test cases. In Section 3.3.1 we will move to the dG discretization of
the incompressible Navier-Stokes equations. Using the discretization pro-
posed by [28] the global h-refinement convergence rates will be compared
to the adaptive h-refinement ones testing against the Kovasznay exact so-
lution. An adaptive refinement study on the 2D lid-driven cavity flow will
be proposed in Section 3.3.3.

3.2 LAPLACE EQUATION

In order to understand which gains we can expect from h-adaptivity we
start with simple test cases considering the dG discretization of the Laplace
equation {

∇2u = f, in Ω,
u = 0, on ∂Ω,

(3.1)

and testing against analytical solutions. In Section 3.2.4 we are going to
compare the convergence rates obtained performing feature-based refine-
ment in the best case scenario (when the refinement strategy is driven by ex-
act errors estimators), with the convergence rates of the global h-refinement
strategy. We first present the variational settings and the Interior Penalty
dG formulation of the Laplace equation here adopted.

3.2.1 Variational Settings

Once an admissible triangulation Th>0 of the domain Ω is introduced, let
k > 0 and consider the finite dimensional space

V k
h := {vh ∈ L2(Ω); ∀T ∈ Th, vh|T ∈ Pk(T )}, (3.2)

so that
Uh = [V k

h ]d, Ph = V k
h /R, Xh = Uh × Ph. (3.3)

The mesh faces are collected in the set Fh partitioned into F ih ∪Fbh, where
Fbh collects the faces located on the boundary of Ω and for F ∈ F ih there



58 h-Adaptivity Benefits in the Context of DG Discretizations

are T1 and T2 such that F = ∂T1 ∩ ∂T2. For any function φ such that a
(possibly two-valued) trace is defined on F , let

[[φ]]
def
= φ|T1 − φ|T2 , {φ}

def
=

1
2

(φ|T1 + φ|T2), (3.4)

while for F ∈ Fbh the jump and average operators are conventionally defined
as [[φ]] = φ and {φ} = φ. For F ∈ F ih, nF is defined as the unit normal
pointing from T1 to T2 while, for F ∈ Fbh, nF represents the unit outward
normal to Ω.

3.2.2 DG Discretization

For all (uh, vh) ∈ V k
h × V k

h , we consider the following bilinear form devised
by Arnold in [5]

ah(uh, vh) =
∫

Ω
∇huh · ∇hvh +

∑
F∈Fh

σ

∫
F

[[uh]] [[vh]]−∑
F∈Fh

∫
F

(nF · {∇huh} [[vh]] + nF · {∇hvh} [[uh]]),
(3.5)

where σ = Cσ
k2

hF
, with Cσ > 0, as suggested by Georgoulis in [36].

The dG discretization of Equation (3.1) requires to find u ∈ V k
h so that

ah(uh, vh) =
∫

Ω
fvh, ∀vh ∈ V k

h . (3.6)

3.2.3 Adaptive h-Refinement Strategy

Our h-refinement strategy as well as our dG implementation are based on
the tools provided by the open source finite element library libMesh [53].
Refinement is performed through element subdivision so that the resulting
mesh maintains a hierarchical structure. Each element of the starting mesh
is possibly the ancestor of a family tree where only the elements without
offspring (the so called active elements) are able to hold degrees of freedom.
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An incremental h-refinement index is associated with every level of the tree
starting from the ancestors (h-refinement-level = 0). This organization
plays a key role in maintaining the local nature of the projection operators
involved in the refinement and coarsening processes.

Once a metric to compute an error value for each element of the triangu-
lation Th has been introduced, the refinement strategy consist in specifying
the percentage of the maximum error value discerning the refinement or
coarsening instruction. For example we can specify that all the elements
having an error greater than the ninety percent of the maximum error will
be marked for refinement while all the elements with an error smaller than
the tenth percent will be marked for coarsening. The maximum number
of h-refinement-levels is specified by the user in order to quench the refine-
ment process and bound the number of elements in the mesh. When the
elements marked for refinement have reached the maximum h-refinement-
level the algorithm has converged to the final non-conforming mesh.

In order to accurately compare adaptive and global h-refinement the
adaptive refinement user-dependent parameters are specified so that the
number of elements increases smoothly at each refinement step. The re-
finement strategies are performed starting for the same mesh. In case of
global h-refinement the mesh step h is halved after each computation while
in case of adaptive h-refinement the increase in the number of elements
depends from the refinement parameters chosen once and for all at the be-
ginning of the computation. Every adaptive refinement step is performed
starting from the mesh obtained at the previous refinement iteration.

3.2.4 Adaptive h-Refinement vs Global h-Refinement

In order to compare adaptive and global h-refinement we solved the Laplace
equation (3.1) admitting exact solutions

u = sin(πx) sin(πy) (3.7)

and
u = e−2.5((x−1)2+(y−1)2) (3.8)



60 h-Adaptivity Benefits in the Context of DG Discretizations

Figure 3.1: Laplace equation test case. Left and Right: dG solution of the
Laplace Equation setting forcing terms and Dirichlet boundary conditions
according to (3.7) and (3.8) respectively.

by means of the dG discretization (3.6) choosing a first order k = 1 approx-
imation and starting from a 4× 4 quadrilateral mesh of the computational
domain Ω = [0, 1]2. The behaviour of the analytical solutions is shown in
Figure 3.1. It is interesting to note that while the solution in Equation
(3.7) has the same variability over the domain Ω the solution (3.8) mimics
the behaviour of a boundary layer located at x = 1, y = 1 which decays
radially away from this location.

The convergence rates of the error in the L2 and L∞ norms

‖u− uh‖L2 =
(∫

Ω
|u− uh|2

) 1
2

(3.9)

‖u− uh‖L∞ = max |u− uh| on Ω (3.10)

are computed against the exact solution for the adaptive and global h-
refinement strategies and are reported in Figure 3.2. In both the simulations
adaptive h-refinement is driven by exact error in L2 norm. The error is
computed against the corresponding exact solution for each element T of
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the triangulation Th, so that

Error|T
def
=
(∫

T
|u− uh|2

) 1
2

(3.11)

(3.12)

The error in L2 norm shows the same convergence rate regards to the
square root of the number of degrees of freedom for adaptive and global
h-refinement confirming that the dG discretization is able to deal with
non-conforming meshes without any loss in accuracy. The situation is dif-
ferent for the error in L∞ norm. With respect to the solution in Equation
(3.7) adaptive h-refinement doesn’t produces any gain because the solu-
tion has the same variability over the computational domain. On the other
hand, considering the analytical solution (3.8), we can appreciate a lower
absolute value for the error in L∞ norm when adaptive h-refinement is
performed. This means that the error distribution due the adaptive h-
refinement demonstrates a greater uniformity than the error distribution
due to global h-refinement. Looking at the lower chart in Figure 3.2 we
can state that the convergence rate for the error in L∞ norm is greater
in the adaptive h-refinement case until the error is uniformly distributed,
once this condition has been satisfied the theoretical convergence rate is
maintained.

This error analysis confirms that adaptive refinement is useless when
approximating solutions showing the same variability over the computa-
tional domain while the strategy becomes attractive when the error is not
uniformly distributed. The latter situation typically arise when dealing
with non-linear partial differential equations in complex geometries.

3.3 INCOMPRESSIBLE N-S EQUATIONS

Local mesh adaptivity can be useful when dealing with non-linear PDE like
the incompressible Navier-Stokes equations. Predicting the mesh regions
with higher solution variability would imply the ability to predict the solu-
tion behaviour during the preliminary mesh design phase. The possibility
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Figure 3.2: Laplace equation test case. Up and Down: convergence rates for
the error in L2 and L∞ norm computed against the solutions in Equations
(3.7) and (3.8) respectively.
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to use a posteriori error estimators to uniformly distribute the error over
the domain helps to achieve mesh independence for the solution avoiding
time consuming mesh design and re-design. We consider the steady incom-
pressible Navier-Stokes equations for an incompressible flow with constant
properties and homogeneous no-slip boundary conditions in a domain Ω
which is assumed to be bounded and connected:

u · ∇u− ν∇2u +∇p = f ,

∇ · u = 0,
u = 0 on ∂Ω

(3.13)

where ν is the viscosity and f is a given body force. For simplicity, we
assume that the density is ρ = 1.

3.3.1 DG Discretization

Using the variational settings introduce in Section 3.2.1 the dG approxima-
tion of Equation (3.13) proposed by [28] consist of seeking (uh, ph) ∈ Xh

s.t.

ν ah(uh,vh)− bh(uh, qh) + th(uh,uh,vh) + ch(ph,vh)

+sh(ph, qh) =
∫

Ω
fvh, ∀(vh, qh) ∈ Xh.

(3.14)

In the sequel we will briefly describe the bilinear and trilinear forms involved
in the dG discretization (3.14).

Discrete Velocity Divergence Operator

Define on Uh × Ph the bilinear form

bh(vh, qh) = −
∫

Ω
∇h · vhqh +

∑
F∈Fi

h

∫
F

nF · [[vh]] {qh}. (3.15)
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Discrete Pressure Gradient Operator

Define on Ph × Vh the bilinear form

ch(qh,vh) =
∫

Ω
∇hqh · vh −

∑
F∈Fh

∫
F

nF · [[vh]] {qh}. (3.16)

Pressure Stabilization Term

Define on Ph × Ph the bilinear form

sh(qh, rh) =
∑
F∈Fi

h

γhF

∫
F

[[qh]] [[rh]] , (3.17)

where γ ∈ R+ is a penalty parameter.

Convective Trilinear form

For all (wh,uh,vh) ∈ [Uh]3

th(wh,uh,vh) =
∫

Ω
(wh · ∇huh) · vh −

∑
F∈Fi

h

∫
F

nF · {wh} [[uh]] · {vh}+

∫
Ω

1
2

(∇h · wh)(uh · vh)−
∑
F∈Fh

∫
F

nF · [[wh]]
1
2
{uh · vh}.

(3.18)
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Diffusion Term Discretization

For all (uh,vh) ∈ Uh × Uh, we consider the Symmetric Interior Penalty
discretization of the Laplacian operator first devised by Arnold in [5],

ah(uh,vh) =
∫

Ω
∇huh : ∇hvh

−
∑
F∈Fh

∫
F

({∇huh} : [[vh]]⊗ nF + {∇hvh} : [[uh]]⊗ nF )

+
∑
F∈Fh

σ

∫
F

[[uh]] · [[vh]] , (3.19)

where σ = Cσ
k2

hF
, with Cσ > 0, as suggested by Georgoulis in [36].

3.3.2 Adaptive h-Refinement vs Global h-Refinement

Adopting the strategy described in Section 3.2.3 we compare adaptive and
global h-refinement testing against the analytical solution of the Navier-
Stokes equation proposed by Kovasznay in [54]

u = 1− eλx cos(2πy) i +
λ

2π
eλx sin(2πy) j ,

p =
1
2

(1− e2λx), (3.20)

where λ = 1
2∗ν − ( 1

4∗ν2 + 4π2)
1
2 and we set ν = 0.025 to obtain a Reynolds

number Re = 40. Dirichlet boundary conditions are imposed according
to the exact solution over the whole boundary of two-dimensional domain
(−0.5, 1.5)× (0, 2).

The convergence rates for the error in the L2 and L∞ norms are com-
puted against the exact solution for both the adaptive and the global h-
refinement strategies and using different metrics to quantify the error over
the computational domain. Figure 3.3 has been obtained driving adaptive
h-refinement by means of the exact error in L2 norm, as defined in (3.11).
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Figure 3.3.2 shows the convergence rates when the refinement metric is
proportional to the solution jump over element interfaces, so that

Error|T
def
=

∑
F∈∂T


hF

∫
F
| [[uh]] |, if F ∈ F ih,

hF

∫
F
|uh − ubc|, if F ∈ Fbh,

(3.21)

where hF is the characteristic dimension of the face F and ubc is the exact
value of the Dirichlet boundary condition imposed over ∂Ω.

The error in L2 norm demonstrates the same convergence rate regards
to the square root of the number of elements for adaptive and global
h-refinement confirming that the dG formulation is well suited for non-
conforming mesh discretizations of the computational domain. As in the
Laplace equation test case, we obtain a lower absolute value for the error in
L∞ norm when adaptive h-refinement is performed. This means that the
error distribution due the adaptive h-refinement enjoys a greater uniformity
than the error distribution due to global h-refinement, as shown in Figure
3.6.

In Figure 3.5 it can be appreciated that the error metric (3.21) is able to
drive adaptive refinement towards the error distribution obtained in the case
of an exact error estimator, with a slightly worse behaviour in the finer grids
computations. Starting from a 4×4 elements mesh six levels of h-refinement
have been introduced (much more than in practical simulations) resulting in
a non-conforming grid of almost 10000 elements. Even if more sophisticated
a posteriori error estimators can be derived, we consider the error metric
(3.21) a suitable feature-based refinement strategy as it allows to obtain
better error distributions over the domain and is fairly inexpensive.

3.3.3 h-Adaptive 2D Lid-driven Cavity Test

We decided to apply adaptive h-refinement, driven by the solution jump
error metric defined in (3.21), to the simulation of the challenging 2D lid-
driven cavity flow at Reynolds 104. The computational domain for this
problem is a square with edges of unit length where the top side of the
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Figure 3.3: Kovasznay test case. Convergence rates for the error in L2 and
L∞ norm computed against the solutions in Equations (3.20). Adaptive
h-refinement is driven by an exact L2 error metric, as defined in (3.11).



68 h-Adaptivity Benefits in the Context of DG Discretizations

10 100

sqrt(elements)

0.001

0.01

0.1

1

Ve
lo

ci
ty

 E
rro

r
Linf norm global h refinement
Linf norm adaptive h refinement
L2 norm global h refinement
L2 norm adaptive h refinement

10 100

sqrt(elements)

0.001

0.01

0.1

Pr
es

su
re

 E
rro

r

Linf norm global h refinement
Linf norm adaptive h refinement
L2 norm global h refinement
L2 norm adaptive h refinement

Figure 3.4: Kovasznay test case. Convergence rates for the error in L2 and
L∞ norm computed against the solutions in Equations (3.20). Adaptive
h-refinement is driven by an error metric based on the solution jump over
elements interfaces, as defined in (3.21).
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Figure 3.5: Kovasznay test case. Comparison of the convergence rates for
the error in L∞ norm using the error metrics defined in (3.11) and (3.21).
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Figure 3.6: Kovasznay test case. Distribution of the velocity error in L2

norm. Top, 1024 elements mesh obtained with global h-refinement. Bot-
tom, 1018 elements mesh obtained with adaptive-h refinement driven by an
exact L2 error metric, as defined in (3.11).
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order k elements dofs starting mesh h levels max error %
1 10200 30600 30x30 4 30%
2 2386 14316 20x20 3 20%
3 1509 15090 15x15 3 10%
6 733 20524 10x10 3 5 %

Table 3.1: Data for the 2D lid-driven cavity test with h-adaptive refinement
at Re 10000

cavity slides with a constant imposed velocity, while no-slip homogeneous
Dirichlet boundary conditions are imposed on the remaining sides. As
reported in table 3.1, different polynomial expansion orders k and mesh
densities are considered as starting point for h-adaptive refinement simula-
tions. The final mesh densities and the refinement parameters adopted in
each simulation are tabulated as well.

In Figure 3.7 the solutions are compared with the accurate reference
solutions presented in [32] demonstrating a perfect agreement for all the
orders of approximation here considered. It is remarkable that a very ac-
curate solution can be obtained at k = 6 on a 733 elements mesh despite
the discontinuous boundary condition imposed at the top corners of the
cavity. In Figure 3.8 the velocity contours and the non-conforming mesh
distributions demonstrate the ability of the error metric to detect the re-
gions with higher velocity gradients at the boundary layers. A finer mesh
allows to take into account the areas of the computational domain with
higher solution variability.

3.4 CONCLUSIONS

Adaptive h-refinement allows to obtain accurate solutions regardless of the
starting mesh density and the order of the approximation (the density and
the quality of the mesh must be adequate to get the solution behaviour
and specific treatment may be required to improve the mesh boundaries
resolution over the refinement process). The choice of the user-defined
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Figure 3.7: 2D lid-driven cavity test case, Re 10000. Plots of horizontal
(red) and vertical (blue) velocity components along the vertical and hori-
zontal centerlines respectively. The dots correspond to the reference values
provided by Erturk et al [32]. Overlapped solid lines correspond to the
values computed with first, second, third and sixth order of polynomial
expansion on local h-adapted grids.
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Figure 3.8: 2D lid-driven cavity test case, Re 10000, velocity contours and
non-conforming meshes. Top row, from left to right, k = 1 and k = 2
dG approximation. Bottom row, from left to right, k = 3 and k = 6 dG
approximation
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refinement parameters is significant in order to get an appropriate mesh out
of the refinement process. The possibility to refine the mesh following the
indications provided by a posteriori error estimators, evaluate the solution,
and eventually modify user-defined input parameters introduces further
flexibility in finite element computations.

We have demonstrated that simple and inexpensive error estimators
are able to provide better distributions of the approximation error in 2D
test cases. We claim that adaptivity is even useful when approximation
non-linear partial differential equations in complex 3D domains because
the solution variability is often unevenly distributed and the error of the
spatial discretization accumulates at bounded, but often unpredictable, re-
gions. Moreover, in complex domains global hp-refinement often involves
several mesh redesign steps in order to reach mesh independence while
the possibility to adapt a coarse mesh during the computation accelerates
the achievement of a neat solution. On the other hand the infrastructure
required to perform adaptive mesh refinement computations in parallel ar-
chitectures is significant as all the data structures need to be dynamically
managed, and load rebalancing between processes is required. Up to know
these difficulties have prevented an extensive use of adaptive mesh refine-
ment in industrial applications. Further effort in the development of flexible
and efficient open-source finite element libraries need to be spent in order
to acknowledge the benefits of adaptive mesh refinement in real-life com-
putations.



Chapter 4

A Robust Open-Source
Solver for Hemodynamic
Simulations

4.1 INTRODUCTION

Since the observation that the forces exerted from the flow of blood on the
vascular wall lead to changes in the behavior of endothelial and smooth
muscle cells and are associated to physiological equilibrium and patholog-
ical states, the study of in-vivo hemodynamics has been at the center of
several research efforts in the last decades [18]. The recent availability
of high-resolution angiographic imaging modalities, such as rotational an-
giography, computed tomography, and magnetic resonance, and the devel-
opment of image processing and computational geometry techniques has
made it possible to provide patient-specific domain definitions for charac-
terizing in-vivo hemodynamics using computational fluid dynamics (CFD)
[71].

The high inter-subject variability in vascular anatomy and the strong
role of geometry in determining hemodynamic patters have lead to the
need of extending the characterization of in-vivo hemodynamics to large
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patient populations. Such step is indeed needed for the introduction of
hemodynamic variables in the context of clinical trials [57]. The shift from
individual models to simulations in large patient cohorts has led to the
need for efficient, streamlined methods for segmentation, pre-processing,
automated mesh generation and CFD that allow to run large numbers of
cases efficiently and with minimal operator-dependence [3].

The need for extending the analysis on large numbers of cases adds ex-
tra requirements on a solver to be used for this purpose, and a few features
become essential. Parallelization is needed to cut the time-to-result, one
of the current bottlenecks of the adoption of these technologies in clinical
contexts. Support for multiple element types and hybrid meshes enhances
the flexibility with which a patient-specific geometry can be automatically
discretized. The adoption of global and adaptive hp refinement strategies
compensates the limitations of automated geometry-driven mesh genera-
tion, since it is not possible to manually tailor the mesh to individual cases
and since different geometries can generate flow features over the cardiac
cycle that are not necessarily predicted by the geometry but that need to be
properly captured by the mesh. Recently, open-source finite element frame-
works providing the above features have become available [53]. In this work,
we aim at taking advantage of these technologies to provide a open-source
solver that can be coupled to pre-processing tools [3] to provide a complete
solution for patient-specific characterization of in-vivo hemodynamics.

We face here the basic problem of solving the incompressible Navier-
Stokes (INS) equations at moderate to high Reynolds numbers in realistic
geometries. The pulsatile nature of the blood flow in arteries involves fast
transients at the systolic peak, as a matter of fact, in physiologic con-
ditions, the inflow Reynolds number can double in a small fraction of the
cardiac cycle, requiring robust algorithms and solution strategies. Although
the inclusion of effects like deformable walls and non-Newtonian rheology is
potentially important for specific applications, their inclusion should be bal-
anced against the uncertainties associated with the imaging reproducibility,
the additional unknown parameters introduced and the increased compu-
tational costs, and will be subject of future work.

Among the wide choice of solution schemes for the numerical approxi-
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mation of the incompressible Navier-Stokes equation, we have aimed at a
trade-off between performance and robustness of the solution process and
accuracy of the scheme. In particular, we resorted to a pressure-correction
scheme combining a fully-implicit Discontinuous Galerkin discretization of
the advection-diffusion step, and a Galerkin discretization of the projec-
tion step. In this configuration we are able to exploit the ability of dG to
deal with convection-dominated flows maintaining a less expensive Galerkin
discretization for the Laplacian operator associated with the pressure pro-
jection step. The decoupling of the incompressibility constraint from the
equation of momentum conservation lead to a more efficient implementation
than a fully coupled scheme as both the steps of the scheme can be solved
with iterative methods employing standard preconditioners. Moreover, by
adopting a differential splitting approach we avoid matrix manipulation,
which simplifies the implementation of the parallel solver.

4.2 SOLUTION SCHEME AND FINITE ELE-
MENT DISCRETIZATION

In this section, we provide a brief description of the solution strategy cho-
sen to numerically approximate the unsteady INS equations. In the next
paragraph we briefly discuss the choice of the finite element discretization
adopted for the Pressure-Correction scheme presented hereafter.

Let Ω ∈ Rd, d ∈ {2, 3}, denote a bounded connected open set. We con-
sider the INS equations supplemented with no-slip homogeneous boundary
conditions, 

∂u
∂t

+ u · ∇u− ν∇2u +∇p = f in Ω,

∇ · u = 0 in Ω,
u = 0 on ∂Ω,

where ν > 0 denotes the (constant) viscosity, f is a given body force and,
in tensor notation, u · ∇u = uj∂jui. For simplicity, the (constant) density
ρ is taken equal to 1.
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A well known approach for the numerical solution of the INS equations
is to decouple the incompressibility constraint∇·u = 0 from the equation of
momentum conservation using a projection method. This class of methods
only requires to solve an advection-diffusion equation for the velocity and
an elliptic equation for the pressure at each time step, circumventing the
saddle point problem induced by the incompressibility constraint, cf. [67].
As noted by Karniadakis and Sherwin [50], in moderate to high Reynolds
number incompressible flows, splitting methods are computationally effi-
cient and competitive in accuracy compared to more expensive coupled
methods. As a matter of fact, in convection-dominated unsteady hemody-
namic simulations, the time step is restricted by stability consideration and
by the fast dynamics of pulsatile flows in the first place so that the splitting
error fails to limit the accuracy of the scheme.

4.2.1 Pressure-Correnction scheme

Among the large number of projection methods proposed in literature, we
consider the incremental form of the Pressure-Correction algorithm devised
by Guermond and Quartapelle in [42]. To obtain a second-order accurate
time discretization we adopt a second-order backward differentiation for-
mula (BDF) for the discretization of the unsteady term. The Temam device
[72] is used to stabilize the nonlinear advective term. We define the pair
(un+1, pn+1) iteratively by solving the following problems:

(
β0

∆t
− ν∇2

)
un+1 + (un+1 · ∇)un+1 +

1
2

(∇ · un+1)un+1 =

fn+1 −
(
β1

∆t
un +

β2

∆t
un−1

)
−∇(γ1p

n + γ2p
n−1 + γ3p

n−2)
in Ω,

un+1 = 0 on ∂Ω,
(4.1)

and 
−∇2(pn+1 − pn) = − β0

∆t
∇ · un+1 in Ω,

∂(pn+1 − pn)
∂n

= 0 on ∂Ω.
(4.2)
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The coefficients β0 =
3
2
, β1 = −2, β2 =

1
2

are associated to the BDF2, while

taking γ1 =
7
3
, γ2 = −5

3
, γ3 =

1
3

yields a pressure extrapolation computed

according to the BDF order (cf., e.g., [44]). This two step algorithm is one
of the cheapest operator splitting schemes for the unsteady incompressible
Navier-Stokes equations, it is well suited for a finite element discretization
and it allows to work in primitive variables. To avoid time step restric-
tions and extrapolations for the non-linear term, equation (4.1) is solved
by means of the Newton method requiring the computation of the analytic
Jacobian associated with each linear iteration.

4.2.2 Finite element discretization

The space-discrete version of the Pressure-Correction scheme outlined in
the previous paragraph is based on a discontinuous Galerkin discretization
of the advection-diffusion equation together with a standard continuous
Galerkin approach for the pressure projection step. The dG approximation
of the velocity field allows for discontinuous solutions at element interfaces
while the cG approximation imposes C0 continuity over the computational
domain for the pressure unknown. This combination yields some interesting
properties: it guarantees LBB stable equal-order dG(k)-cG(k), and mixed-
order dG(k)-cG(k − 1) velocity-pressure discretizations, and it allows the
practice of adaptive p-refinement for the velocity variable (the pressure
can also be globally p-refined). Moreover, the favorable properties of dG
methods in convection dominated regimes are exploited in the advection-
diffusion step.

The proposed discretization has been validated against a large set of
classical two- and three-dimensional tests covering a wide range of Reynolds
numbers and has proved effective for the simulation of convection-dominated
flows both from the accuracy and the computational cost viewpoints. Refer
to [15] for implementations details, proof of LBB stability, and validation
on challenging benchmark test cases.
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4.3 SOLVER IMPLEMENTATION

4.3.1 libMesh implementation

The solver is implemented using the tools provided by the open-source
finite element library libMesh [53], which supports cG and dG discretiza-
tions using arbitrary unstructured grids. Different cells are implemented
(namely tetrahedra, prisms, hexahedrals and pyramids in 3D) which can
coexist in arbitrarily refined states on the same hybrid mesh. For the ap-
proximation of the velocity unknown we adopt a modal shape function
allowing for adaptive p refinement starting from equal-order dG(k)-cG(k)
discretizations. Lagrangian basis functions discretize the pressure unknown
and binds the polynomial expansion order to the order of approximation
of the mesh geometry. Global p refinement for the pressure unknown is
supported up to second order on arbitrary meshes limiting the maximum
approximation order to dG(3)-cG(2).

4.3.2 Parallelization strategy

Parallelization is provided by the libMesh library at the assembly level,
while data structures and algorithms for the parallel solution of sparse lin-
ear systems are provided by the PETSc toolkit [8]. Both levels make use of
the MPI communication protocol, thereby following a distributed memory
model. Mesh partitioning is performed using the METIS library or its paral-
lel counterpart ParMETIS (http://glaros.dtc.umn.edu/gkhome/views/metis).

4.4 IN-VIVO HEMODYNAMIC SIMULATIONS

In order to demonstrate the ability to accurately resolve high-Reynolds
numbers flows in patient-specific geometries we consider both steady and
transient simulations in a three bends carotid siphon, and steady state
simulations in a planar anastomosis surgically created in the harm.
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Figure 4.1: Carotid siphon, pulsatile simulation. Behaviour of the maxi-
mum inflow velocity over the cardiac cycle.

4.4.1 Patient-Specific Carotid Siphon

The three-bends siphon model was obtained from a three-dimensional ro-
tational angiography (3D RA) of a subject presenting an healthy internal
carotid artery (ICA). The geometry has been extracted from the imaging
data using the segmentation capabilities of the Vascular Modeling Toolkit
[3]. The computational hybrid mesh, consisting of 66206 tetrahedral cells
and 13844 prismatic elements, has been automatically generated with the
same tool and directly exported to the solver with automatically assigned
boundary indicators for the imposition of boundary conditions. Two layers
of prismatic cells are created in a preliminary phase shrinking the boundary
mesh in order to obtain a suitable mesh step size perpendicularly to the ves-
sel wall and accurately resolve the viscous boundary layers, see Figure 4.2.
Once the prisms have been generated the density of internal tetrahedral
elements is specified according to the local vessel radius, estimated through
the definition of vessel centerlines, see [4] for details. Blood is modeled as
a Newtonian fluid with a density of 1.06 g/cm3 and a dynamic viscosity
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of 0.035 Poise. No-slip and traction-free boundary conditions are imposed
at the walls and the ICA outlet, respectively. Steady state computations
are performed for Re 300, 600 and 1000, the latter being above the average
physiologic conditions, employing dG(1)-cG(1), dG(2)-cG(1) and dG(3)-
cG(2) discretizations. Fully developed Dirichlet boundary conditions are
imposed at the ICA inlet, while initial conditions over the whole domain
corresponds to zero velocity and pressure. The simulations are advanced
in time adopting a pseudo-time integration with fixed time step ∆t = 0.01
until a steady-state is reached. In Figures 4.3, 4.4 and 4.5 velocity contours
for all the approximation degrees here considered are compared. While at
Reynolds 300 low order and high order solutions are in good agreement, at
Reynolds 600 and 1000 higher-order discretizations predict different flow
patterns, especially at the last bend. The mesh is clearly too coarse for the
dG(1)-cG(1) approximation and a finer grid would be required for dG(3)-
cG(2) in order to ensure mesh independence.

Transient simulations are performed for an average inflow Reynolds
number of 200 relying on dG(2)-cG(1) discretizations. In order to take
into account pulsatility inflow boundary conditions are imposed accord-
ing to the Womersley analytical solution [76] so that the maximum input
velocity (located at center of the inflow section) follows the behaviour rep-
resented in Figure 4.1. Time integration is performed with a fixed time
step ∆t = 0.001 over three cardiac cycles for a total of 3000 time steps.
After the first period the flow is already fully developed and the solution
over the second and third cycle is indistinguishable demonstrating indepen-
dence from the initial condition (zero velocity and pressure over the whole
domain). The solution variability over the systolic peak is appreciable in
Figure 4.9 where the screenshot acquisitions 9, 10, 11, and 12, see Figure
4.1, are shown.

4.4.2 Patient-Specific Anastomosis

We perform in-vivo hemodynamics on a planar anastomosis surgically cre-
ated in the harm of a hemodialysis patient. Inflow Reynolds numbers of
400, 600, 800 and 1000 are considered, corresponding to 170, 255, 340,



IN-VIVO HEMODYNAMIC SIMULATIONS 83

Figure 4.2: Carotid siphon, hybrid mesh consisting of a boundary layer of
prisms and tetrahedral elements inwardly.
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Figure 4.3: Carotid siphon, Re 300, velocity contour. From left to right,
dG(1)-cG(1), dG(2)-cG(1), dG(3)-cG(2) discretizations.
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Figure 4.4: Carotid siphon, Re 600, velocity contour. From left to right,
dG(1)-cG(1), dG(2)-cG(1), dG(3)-cG(2) discretizations.
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Figure 4.5: Carotid siphon, Re 1000, velocity contour. From left to right,
dG(1)-cG(1), dG(2)-cG(1), dG(3)-cG(2) discretizations.
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Figure 4.6: Carotid siphon, pulsatile simulation, Re 200: velocity contours
on planes perpendicular and parallel to the vessel centerline. Top row and
bottom row, from left to right, screenshots corresponding to acquisitions 1,
2, 3 and 4, see Figure 4.1.
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Figure 4.7: Carotid siphon, pulsatile simulation, Re 200: velocity contours
on planes perpendicular and parallel to the vessel centerline. Top row and
bottom row, from left to right, screenshots corresponding to acquisitions 5,
6, 7 and 8, see Figure 4.1.
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Figure 4.8: Carotid siphon, pulsatile simulation, Re 200: velocity contours
on planes perpendicular and parallel to the vessel centerline. Top row and
bottom row, from left to right, screenshots corresponding to acquisitions 9,
10, 11 and 12, see Figure 4.1.
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Figure 4.9: Carotid siphon, pulsatile simulation, Re 200: velocity contours
on planes perpendicular and parallel to the vessel centerline. Top row and
bottom row, from left to right, screenshots corresponding to acquisitions
13, 14, 15 and 16, see Figure 4.1.
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and 426 ml/min respectively. The goal of Arterio-Venous Fistula (AVF)
creation is to obtain an adequate vascular access (capable of a flow rate
higher than 300 ml/min), in order to connect the patient circulation to the
artificial kidney. Hemodynamic simulations in the context of native Atero-
Venous Fistula are quite challenging becuase of the high Reynolds numbers
involved and establish a interesting test case for our solver. Moreover the
quantification of the pressure drop as a function of the flow rate across the
planar anastomosis is one of the outcomes of the ARCH FP7 project for
improvement of short- and long-term outcome of vascular access in patients
on hemodialysis therapy.

In all the computations a dG(2)-cG(1) approximation is considered on
a computational mesh consist of 283183 tetrahedral elements, see Figure
4.10. We obtain almost 3 million of degrees of freedom for each velocity
component while the pressure counts of only 50000 dofs (corresponding to
the number of mesh nodes). Fully developed Dirichlet boundary conditions
are imposed at the inflow section and at the outflow of the small artery in
order to guarantees that the 90% of the flow rate actually goes through the
anastomosis toe towards the fistula outflow, where a traction-free boundary
condition is set. The simulations are advanced in time adopting a pseudo-
time integration with fixed time step ∆t = 0.01. None of the simulations
converged to a steady state solution as the vessel region located afterwords
the anastomosis bifurcation is characterized by unstable counter rotating
vortices. This instabilities are probably due to the recirculation of the
flow inside the anastomosis bulb causing a portion of the flow to impact
the inward stream, see Figure 4.12. In Figure 4.11 a volume rendering
of the velocity magnitude inside the anastomosis allows to appreciate the
increased complexity of flow patterns when higher Reynolds numbers are
considered. Validation of the solver with experimental data coming from
Particle Image Velocimetry (PIV) on this anastomosis model is ongoing
thanks to a collaboration with the University of Gent in the context of the
Arch FP7 project.
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Figure 4.10: Anastomosis, unstructured mesh.
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Figure 4.11: Anastomosis, velocity volume rendering. Top and bottom row,
from left to right, Re 400, 600, 800 and 1000.
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Figure 4.12: Anastomosis, streamlines. Top and bottom row, from left to
right, Re 400, 600, 800 and 1000.



CONCLUSIONS 95

4.5 CONCLUSIONS

The ability to simulate the blood flow behaviour in complex geometries re-
constructed in-vivo employing high-order finite element discretizations has
been demonstrated. The fully implicit discontinuous Galerkin discretiza-
tion of the advection-diffusion step extend the applicability of the Pressure-
Correction algorithm to convection-dominated pulsatile flows. Efficiency
and robustness of the solution strategy are ensured by the decoupling of
the incompressibility constraint from the momentum equation, thereby al-
lowing an effective solution process based on standard preconditioned it-
erative solvers. The solver will be available as open-source as part of the
Vascular Modeling Toolkit [3], which now provides an integrated workflow
from medical images to simulations. We believe that the availability of
open-source approaches to high-throughput computational hemodynamics
such as the one presented in this work will encourage the adoption of these
technologies in clinical research contexts.





Appendix A

teFE

A.1 teFE Overview

During the PhD course a C++ object-oriented implementation of finite
element function spaces has been developed. Among the multitude of finite
element implementations we focused on high-order basis function being
more suitable in the context of dG discretizations. To allow for the greater
flexibility we considered both basis function defined on the reference space
and basis functions defined on the physical space. While the former are
efficient to compute being optimal in the context of hp-adaptivity, the latter
are flexible allowing to deal with arbitrarily shaped cells and being useful
in the context of h-multigrid.

For the implementation of reference space shape functions we followed
the guidelines proposed by Karniadakis in [50] in order to obtain orthonor-
mal modal basis functions on standard element shapes (tetrahedrals, hex-
ahedrals, pyramids and prisms in 3D; quadrilaterals and triangles in 2D),
and using Jacobi polynomials as building block. For the implementation of
physical space shape functions we rely on the procedure proposed by Tesini
in [74] based on the modified Gram-Schmidt orthonormalization of Mono-
mial basis functions. In order to deal with coordinate mappings, required to
compute geometric parameters and quadrature points for exact numerical
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integration, Lagrangian basis functions have been coded for first and second
order of geometry. Moreover higher-order Lagrangian basis functions can
be obtained by means of the inversion of the Vandermonde matrix, see [50]
for details, given a suitable set of points. Arbitrarily order Gauss-Jacoby
quadrature rules has been coded as well.

A.2 teFE Implementation

For the code implementation we rely on template programming, espe-
cially function templates with operator overloading and static polymor-
phism based on the definition of interfaces are widely adopted. As a matter
of fact the library name, teFE, stands for templated finite elements. The ar-
chitecture is designed bearing in mind modularity and flexibility. The boost
libraries data types are adopted in order to write dimension independent
code and take advantage of template metaprogramming when performing
numerical integration.

The definition of a finite element space requires to specify the reference
or the physical space wrapping the basis functions, the mapping functions,
and the quadrature rules. An example of template instantiation is as follows

FiniteElement
<ReferenceSpaceFin i teElement

<ReferenceSpaceMappingFunction
<Expl i c i tLagrang ianFin i t eE lementBas i s >,

H i e ra r ch i ca lF in i t eE l ementBas i s ,
JacobiGaussFiniteElementQuadrature> > f e ;

Each structure (basis functions, mapping functions, quadratures) that re-
quires storage has its own container separated from the specific implemen-
tation. Moreover, the container is templated with the dimensions of the
problem in order to properly size the class members defined by means of
boost libraries data types, e.g.

BasisFunction<itemDim> bas i sFunct ion ;
MappingBasisFunction<itemDim , itemDim> mappingFunction ;

Once the finite element implementation and containers have been in-
stantiated the values required for numerical integration are computed by
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means of an initialization

f e . i n i t ( bas i sFunct ion , b order ,
mappingFunction , m order ,
quadrature , q order , elem ) ;

where the initialization method implementation reads

template <unsigned int Dim>
void in itFE ( BasisFunction<Dim>& bas i sFunct ion ,

const unsigned int b order ,
MappingBasisFunction<Dim, Dim>& mappingFunction ,
const unsigned int m order ,
Quadrature& quadrature ,
const unsigned int q order ,
const Elem∗ elem )

{
a s s e r t ( elem != NULL) ;
f in i teElementQuadrature . i n i t ( quadrature ,

elem−>type ( ) ,
q o rder ) ;

f in iteElementMapping . i n i t ( mappingFunction ,
quadrature , elem ,
m order ) ;

f i n i t e E l e m e n t B a s i s . i n i t ( bas i sFunct ion ,
quadrature ,
elem−>type ( ) ,
b order ) ;

this−>computeBasisFunction ( bas i sFunct ion ,
mappingFunction ) ;

}

Using the boost libraries data types the following code is dimension
independent and iteration over the indexes of the element matrix is avoided

BasisFunction<itemDim> : : ShapeMatrix& shapeMatrix =
bas i sFunct ion . getShapeFunction ( ) ;

UBLAS : : vector<UBLAS : : matrix<Real> >& shapeDerivMatrix =
mappingFunction . getShapeFunctionDerivX ( ) ;

UBLAS : : matrix<Real> s t i f f n e s s M a t r i x =
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UBLAS : : zero matr ix<Real>(shapeMatrix . s i z e 1 ( ) ,
shapeMatrix . s i z e 1 ( ) ) ;

for (unsigned int qp = 0 ; qp < quadrature . nbPoint ( ) ; qp++)
{

s t i f f n e s s M a t r i x += prod ( shapeDerivMatrix ( qp ) ,
t rans ( shapeDerivMatrix ( qp ) ) ) ∗
quadrature . getWeight ( ) [ qp ] ∗
mappingFunction . getJacobian ( ) [ qp ] ;

}

Up to now teFE has been linked to the libMesh finite element library
[53] but the high degree of modularity allows a rapid recasting in the context
of other C++ implementations.
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