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Abstract

In the manufacturing industry, the request of complex products and the de-

creasing of production time have led to more and more sophisticated CNC-

controlled multi-axis machines. Often their setup process is affected by differ-

ent mistakes caused by the persons responsible that lead to collisions inside

the working area. Those collisions often lead to damage the tool and the

work piece.

The thesis deals with this problem, providing new insights for a fast

and robust collision detection. Imagining to start from scratch, through a

dynamic analysis of the impact in a mechanical transmission, we reached to

identify the sensors which provide the optimal trade-off between the quality

of impact information measured, feasibility and costs. Then, we propose

two new collision detection algorithms able to identify the unwanted event

as fast as possible, with the goal to reduce the impact force and containing

the damage. Furthermore, their performance are compared with the most

successful algorithm found in literature on two different mechanical systems:

a heavy automatic access gate and the laboratory’s robotic arm.

Keywords. Collision Detection, Inertial Platforms, Mechatronic Systems,

Sensor Fusion, Estimation, Kalman Filtering, Robotics, Safe Physical Hu-

man Robot Interaction, Observing Generalized Momentum.
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Chapter 1

Introduction

(a) Physical Human-Robot
Interaction.

(b) Complex manufacturing process.

Figure 1.1: Two examples of collision detection industrial applications.

The impact is a very complex phenomenon which occurs when two or

more bodies undergo a collision, or come in touch each other.

This topic has always attracted the interest of scientists and engineers

from different areas of knowledge for years. The first studies go back to 1639

with Marci [32], who derived the first relations on impact mechanics based

1
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Figure 1.2: Damages of main spindle units and their causes [2].

on experiments, and have continued until nowadays with the developing of

several methods for detecting and avoiding a collision.

In the manufacturing industry, the increasing product complexity and de-

creasing production time have led to more and more complex manufacturing

processes. Therefore, collisions within the working area of the machine tools

occur more often.

Those collisions often lead to damage the tool and the work piece. Especially

in cases of machining processes very large and complex work pieces, e.g. in

the Aerospace Industry, where such a damage might be very expensive. Ad-

ditionally, these collisions could cause the breakage of the whole machine,

which will lead to downtime and high costs [44].

In Figure 1.2 we report the results of a survey on spindle damages. It com-

prises the analysis of 231 spindle systems and their causes of failure. Ninety-

seven out of two hundred failures in the observation period can be attributed

to process loads. The remaining failures are the consequence of direct or

indirect faulty operation and crashes [2].
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While CAM software automatically generate complex machining pro-

grams, the process itself may still be erroneous. These errors range from

wrong NC programs for specific NC control units [46], wrong or missing con-

siderations of the whole machine tool, or clamping devices, caused by human

errors[46].

The first two error sources (wrong NC program, wrong or missing consid-

eration of machine parts) can be prevented by using machine simulation

programs prior to the real production process at the real machine tool with

its adjusted control unit. However, operator errors, which increasingly ap-

pear as the process gets more and more complex, cannot be prevented by

simulation.

In Figure 1.3 we report a schematic illustration of the setup process of a

CNC-controlled multi-axis machine for a new machining task. In particular,

the setup process can be especially affected by different mistakes caused by

the persons responsible. Such errors may result in collisions of the machine

tool, work piece or clamping devices. These collisions not only damage the

work piece or the clamping device, but may also lead to damages at the ma-

chine tool and, consequentially, lead to downtimes and high costs. Obviously,

the damage depends on the kind and strength of the collision.

For the last decades, a lot of strategies have been researched and imple-

mented to decrease the impact of collisions on the manufacturing processes

[4]). Figure 1.4 shows an overview of currently existing collision protection

measures.

Newly generated, the NC software are usually tested thoroughly with simula-

tion programs prior to the real production process. They simulate the whole

machine tool, coupling the 3D-CAD model of the real machine and the work-

piece with the NC-code in terms of boundary representation models. Some



4 CHAPTER 1. INTRODUCTION

Figure 1.3: Setup process of a CNC-controlled multi-axis machine for a new
machining task and possible collision causes [2].

of them also use Virtual Reality or Augmented Reality to enhance an effect

close-to-reality [37,38,41,47]. An integration of the real NC control unit into

the simulation environment is also possible [61]. These machine simulation

programs detect most errors of the NC program. However, during the real

production process on a real machine tool there are still a lot of tasks that

cannot be simulated with machine simulation software. As mentioned before,

these operations are all manual user operations, setup of new work pieces or

new tools and a change of the clamping device during the production process.

Another approach to prevent collisions, even during the operation, uses exter-

nal sensors like a camera system [53] or laser systems to monitor the working

space. These systems are limited to the sensor detection fields.

To reduce the collisions on the process and therefore to limit the costs

of a crash, some systems do not prevent the collision itself but decrease the

strength of the collision. Sensorless solutions allow collision detection with-

out additional sensors, just by analyzing the signals of the motor current of
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the main spindle and the feed axes. In case of a crash the current of the

spindle engine increases and a stop signal will be sent automatically to all

moving machine axes [3].

Sensor-based measures use additional sensor elements which are applied to

the machine structure. In [9] different solutions are described using spindle-

integrated piezo force sensors for the identification of collision situations.

In [43] a sensor-based method coupled with mechanical overload protection

elements for contact detection between tool and workpiece to initiate the

emergency reaction is presented. Another strategy to avoid damages caused

by collisions is to integrate mechanical overload elements into the force flux

of the machine tool. One example is the use of overload clutches which are

integrated in the feed axes between axis drive and ball screw. In case of

collision, the torque in the feed drive chain rises to a critical limit and the

overload clutches separate the ball screw from the drive. Compared to sen-

sorless solutions, sensor-based collision detection is in general much faster

because of the fast reaction time of the sensor systems [12].

An industrial sector where the collision detection topic has come of key

interest is that of Robotics.

For more than half a century it was predicted that robots will eventually

interact and work closely with humans in diverse everyday environments as

well as support them in industrial scenarios. However, despite large efforts

in all major robotic fields, only recently have robots gained capabilities in

both sensing and actuation, which may enable operation in the proximity of

humans.

Recently, some significant contributions in control, design, motion planning,

and safety were achieved to provide a solid basis for physical Human-Robot



6 CHAPTER 1. INTRODUCTION

Figure 1.4: Overview of different collision protection measures [4].

Interaction (pHRI) [17].

There have been initial investigations of robot-human collisions and their

related impact characteristics. The resulting contact forces during the impact

phase may be reduced by pursuing a lightweight robot design [20], by adding

soft visco-elastic covering to the links [59], or by introducing compliance in

the driving system so as to mechanically decouple the heavy motor inertia

from the link inertia [7, 58]. Others approaches focus on the developing of

algorithms, able to detect a collision merging the information from different

sensors – i.e. motor torque and speed [11,17].

These innovations are expected to lead to entirely new application domains

that will require highly flexible and autonomous robotic systems, like:

• support of humans in heavy industrial jobs,

• elderly care in elderly-dominated societies,

• rehabilitation robotics,

• tele-presence systems during lack or high cost of local human expertise,
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• and unmanned warfare with human augmentation.

1.1 Contribution of the thesis

In Figure 1.4 the collision detection strategies are classified in two categories:

the Collision Preventive and Damage Preventive, or Reducing.

Focusing on the second category, the present thesis provides new insights

for a fast and robust collision detection addressing to industrial applications.

Through a dynamic analysis of the impact in a mechanical transmission,

we reach to identify the types of sensor which provide the optimal trade-off

between the quality of information measured on the impact, feasibility and

costs.

Furthermore, we propose two new collision detection algorithms, which per-

formance are compared to the top algorithm found in literatures on two

different mechanical systems: a heavy automatic access gate 1.5a and the

laboratory’s robotic arm 1.5b.

(a) DEIMOS automatic access gate. (b) Laboratory’s robot arm.

Figure 1.5: Application cases considered in this thesis.
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1.2 Structure of the thesis

The Robotics, with the physical Human-Robot Interaction theme, appears

to be the industrial sector where the Damage Preventive strategy is inves-

tigated and innovated more, with the development and testing of different

approaches. Thus, as a first work step we investigated the algorithms used in

this field, with goal to become aware of the main Damage Preventive strate-

gies and identify the most successful current solution to use as a benchmark

for testing our proposed approaches.

To develop our algorithms, we decided to start from scratch, going to

review the main literatures about the impact mechanics, and its modeling

approaches, with the goal to get a deeper understanding of the phenomenon.

As next step, after identifying a suitable contact math model for our scopes,

we analyzed the impact dynamics in a generic controlled mechanical system

to find the sensors able to provide a good information on the collision event.

Finally, based on the knowledge achieved, we developed our collision detec-

tion strategies based on two different application cases – that are a heavy

automatic access gate and the laboratory’s robotic arm.

In the following, a summary of the chapters is reported.

Chapter 2: State of the art on collision detection algorithms

In this chapter we present the solutions and methods adopted for the collision

detection in Robotics. First, the main structure of a collision detection algo-

rithm is given, then the results of the literature investigation on the impact

detection in Robotics are reported.
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Chapter 3: Fundamental of impact dynamics

In this chapter we review the main literatures about the impact mechanics

and its modeling approaches with the goal to get a deeper understanding of

the phenomena and identify a specific modeling approach with which study

the collision phenomena in a mechanical transmission in the next chapter.

Chapter 4: Impact dynamics on a controlled mechanical system

In this chapter we investigate the effects of a collision on controlled mechan-

ical system with the scope of identifying the optimal sensors for developing

a reliable and generalizable strategy for the collision detection problem.

Chapter 5: Friction estimation approach to the collision detection

In this chapter we present a new collision detection approach applied to

the industrial application case of the safety in the automatic access gate.

Furthermore, we compare its performance with the Generalized Momenta

algorithm, the most successful collision detection algorithm used in Robotics.

Chapter 6: Inertial Generalized Momenta algorithm

In this chapter we propose an evolution of the Generalized Momenta which

merges the inertial information of the load with its approach. Furthermore,

we apply and compare its performance respect the FEEFK and standard

Generalized Momenta algorithm on a robot arm application case.





Chapter 2

State of the Art on collision

detection algorithms

This thesis deals with the collision detection issues and wants to propose new

innovative solutions with the traits to be reliable and generalizable to any

type of controlled mechanical system, such as a manufacturing machine or a

robot.

The Robotics, with the physical Human-Robot Interaction theme, appears

to be the industrial sector where the Damage Preventive strategy is inves-

tigated and innovated more, with the development and testing of different

approaches.

Exactly starting from the Robotics, in this chapter we present the solu-

tions and methods adopted in this field. The goal is to become aware of the

main strategies and identify the most successful current solution to use as a

benchmark for testing our proposed approaches.

At the beginning of this chapter, we present the main structure of a

collision detection algorithm, describing its main parts and defining the aims

of this work. Afterward, the main approaches used in Robotics are reported.

11
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Figure 2.1: Collision detection algorithm general block diagram

2.1 Structure of a collision detection algo-

rithm

In this section the main structure of a collision detection algorithm is de-

scribed.

The collision detection problem can be seen as a type of fault detection

task where the fault is a collision, an unwanted external event that might be

detect as fast as possible. Accordingly, the algorithm is composed mainly by

two part: the Feature Generation and Fault Detection. In Figure 2.1 they

are represented by the red and blue area.

The Feature Generation block takes the sensor data to extract useful, or

compacted, information with which is possible to detect the unwanted event.

In our case, this part consist in a sensor fusion algorithm which gives as

output the signal i, that we define as collision detection signal.

The Fault Detection part can be divided in others two subsystems: the
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Threshold Generation and the Activation Logic.

The first, as the name suggest, generates a threshold with which it is possible

to discriminate the occurrence of a collision based on the Activation Logic.

The threshold, indicated with ith, represents the system’s behavior in the

nominal conditions. The Activation Logic detects the occurrence of a collision

based on a specific math law, which formulates and identities the difference

between the signal i and the threshold ith.

In literature is possible to find different methods to develop the Fault De-

tection block. Often the chosen solution depends on the specific application.

Differently, the Feature Generation can be the same independently from the

scenario. Moreover, the Threshold Generation influence more the robustness

of the algorithm than the rapidity of detecting an impact, on contrary of the

Feature Generation.

One of the main proposes of our work is to develop an algorithm usable

in the most different applications where is present a controlled system with

a body in movement which might collide, or we want it to collide, with an

another physical object.

For these reasons, our work focus mainly on the study of innovative meth-

ods for the feature generation than the way to discriminate the unwanted

event itself. For the detection part and how to generate the threshold, we

address the reader to more specific literature, like the source in [25]. For

completeness, we limit ourselves to mention some of them.

In the following we report the main collision detection algorithm used in

Robotics.



14 CHAPTER 2. SOA ON COLLISION DETECTION

2.2 Collision detection schemes in Robotics

The main objective of this thesis is the study of the impact detection problem

for industrial applications, in particular the development of a reliable and

generalizable strategy for its identification.

One of the industrial areas where the theme of collision detection is of

great interest, and as consequence it is the most studied, is that of Robotics.

In these years the idea of a physical interaction between robots and humans,

with different proposes, is emerging. It can be intended as a working collab-

oration, support of humans in heavy industrial jobs, support for health care

needs, rehabilitation robotic, or again as entertainment robotics. This has

led to a development and design of new mechanical systems and automatic

control strategies to ensure a safety physical interaction.

This part of the chapter intends to provide the background on the main

collision detection methods used in Robotics. First, it briefly provides the

basic notions on robot dynamics description, requirement for understanding

the methods reported afterwards.

2.2.1 Robot dynamics background

For sake of clarify, we consider a serial robot (Figure 2.2), having n joints with

associated generalized coordinates q, that may collide with the environment.

Moreover, the mechanical structure is assumed rigid and for each joint is

associated a commanded torque τ iJ .
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Figure 2.2: Scheme of a generic serial robot.

Collision-free dynamics

During normal operation the standard robot dynamic model is described by

the following matrix equation [45],

M(q)q̈ + C(q, q̇)q̇ + g(q) = τJ (2.1)

where

• q ∈ Rn are the generalized coordinates associated to the position of

the links;

• M(q) ∈ Rn×n is the symmetric and positive definite inertia matrix;

• C(q, q̇)q̇ ∈ Rn is the centripetal and Coriolis vector;

• g(q) ∈ Rn is the gravity vector;

• τJ ∈ Rn are the joint torques supplied by motors.
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During collision dynamics

When the robot collides with a standing or a moving obstacle in its workspace,

an external force appears in the dynamics equation. For simplicity, it is as-

sumed that there is at most a single link involved in the collision. Let

ẋc =

vc
ωc

 = Jc(q)q̇ ∈ R6 (2.2)

be the construct vector of the vector of the linear velocity, vc, at the contact

point and the angular velocity, ωc, of the associated robot link. Jc(q) is the

Jacobian referred to the impact contact point. The Cartesian collision forces,

fc, and moments, mc, are denoted by

Fc =

 fc
mc

 ∈ R6 (2.3)

When a collision occurs, the robot dynamics (2.1) becomes

M(q)q̈ + C(q, q̇)q̇ + g(q) = τJ − τc (2.4)

with τc ∈ Rn is the collision torque, which is associated to the Cartesian

collision force Fc by

τc = JTc (q)Fc (2.5)

2.2.2 Direct derivation method

Using the equation (2.4) the impact force Fc can be estimated as

τ̂c = τJ −M(q)q̈− C(q, q̇)q̇− g(q) (2.6)
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The most simple estimation of the impact force is obtained by using joint

torques and link positions information. However, this approach is usually

not applicable in practice because q cannot be differentiated two times due

to the presence of non-negligible noise.

A solution to evade this problem can be achieved using the position reference

information instead of the measure. As described afterwards, this method

can be used for a robot that is being controlled by a high performance position

controller.

2.2.3 Derivation from desired dynamics

For a planned trajectory with smooth derivatives of higher order and a well

parameterized position controller, it can be assumed that

qref ≈ q (2.7)

where qref ∈ Rn is the joint position reference. q and its derivatives can be

approximated by qref and its derivatives. An estimate of the collision joint

torque is given by

τ̂c = τJ −M(qref )q̈ref − C(qref , q̇ref )q̇ref − g(qref) (2.8)

Even though this method suffices for stiff position control and smooth desired

motions, the scheme is not a general estimation of collision torques since it

is not independent from the controller and desired trajectories.

In the next sections three different disturbance observers that neither suf-

fer from the problem of requiring q̈ nor from the demanded a priori knowledge

of qref are proposed. The methods may be interpreted as a ”virtual sensor”
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for external torques along the robot structure [18].

2.2.4 Energy based detection

In order to recognize the occurrence of a collision, observing the energy of

mechanical system can be sufficient [17].

The method is based on the following scalar quantity

r̂(t) = k ·
[
E(t)−

∫ t

0
(q̇τJ + r̂)ds− E(0))

]
(2.9)

where

• its initial value r̂(0) = 0;

• k > 0 is the observer gain;

• E(t) is the total robot energy. It is defined by the sum of robot kinetic

energy T and potential energy due to gravity U :

T = 1
2 q̇

TM(q)q̇

U =
n∑
i=1

mi · h(q)i · g

where mi and hi are respectively the center of mass and its vertical

position than the absolute reference system, g is the gravitational con-

stant.

The parameter r̂ is called collision detection signal and essentially mon-

itors the energy changes of the robot. During free motion, r̂ = 0, up to

measurement noise and unmodeled disturbances. In response to a generic

collision, r̂ raises exponentially and detection occurs as soon as r̂ ≥ rTH .

The scalar rTH is a suitable threshold whose actual value depends on the
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noise characteristics in the system. Dynamic thresholding can be used to

avoid false detection due to spurious spikes in noisy signals, as shown in [10].

Note that r̂ can be computed using the measured joint position q, the joint

velocities q̇ (possibly obtained through numerical differentiation), and the

commanded motor torques. No acceleration measurements is needed.

It is possible to show [17] the resulting dynamics of r̂ is

˙̂r = −kr̂ + kq̇Tτc (2.10)

i.e., that of a first-order stable linear filter driven by the work performed by

the joint torques due to collision. 1/k is the time constant of the filter.

This method has the advantage of very low computational complexity. How-

ever, not all possible collision situations are detected by this scheme. With

the robot at rest (q̇ = 0), the instantaneous value of τc does not affect r̂, but

begins as soon as the robot starts moving. As a consequence, with the robot

at rest, true impulse collision forces/torques cannot be detected with this

scheme. On the other hand, when the robot is in motion, collision can be

detected if the Cartesian collision force Fc produces motion at the contact.

2.2.5 Observing joint velocity

In Figure 2.3 is shown the scheme of the joint velocity observer. The under-

lying idea is to construct an nonlinear disturbance observer, as proposed in

[29], based on the velocity [17].

Assuming the joint velocities as state of the system, x = q̇, and the impact

force is constant,
ˆ̇r = 0

r̂ = τc

(2.11)
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Figure 2.3: Joint velocity disturbance observer

according to [29] it is possible to build the following disturbance observer:

ˆ̇x = M−1 (τJ − n(q, q̇) − r̂) (2.12)

r̂ = K · (x̂− x) (2.13)

where K = diag {ki} is the observer gain matrix and n(q, q̇) is defined as

n(q, q̇) = C(q, q̇)q̇ + g(q) (2.14)

As shown in [17], it is possible to obtain the transfer function between the

collision torque τc and the observed disturbance [17] r̂:

r̂ =
(
sI +KM−1

)−1
KM−1 · τc (2.15)
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In other words, a filtered version of τc with a variable filter frequency is

obtained.

Unlike the previous, this method is independent from the trajectory and

motion control performances. However, it suffers of two main disadvantages:

• it requires the computation of M−1(q);

• a nonlinear filter dynamics between d̂ and τc are introduced. Due to

the term M−1(q), the filter has a variable cut-off frequency, which is

difficult to determine.

In the following section the concept of estimating the collision torques

based on the observation of the generalized momentum p is introduced.

Thanks to this choice of changing the state variable describing the system

dynamics, it is possible to obtain a linear filter behavior between r̂ and τc,

evading the problems mentioned above.

2.2.6 Observing generalized momentum

This method has a similar structure to the previous one. However, in contrast

to the velocity observer its basic concept is to observe the generalized angular

momentum [11]:

p = M(q)q̇ (2.16)

First, the physical relationship between p and q of the robot equation needs

to be explicated. The robot dynamics (2.4) can be rewritten to

ṗ = dM(q)q̇
dt = Ṁ(q)q̇ +M(q)q̈

ṗ = τJ − β(q, q̇)− τc
(2.17)
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Figure 2.4: Generalized momentum disturbance observer

where

β(q, q̇) = n(q, q̇)− Ṁ(q)q̇

= C(q, q̇)q̇ + g(q)− Ṁ(q)q̇

= C(q, q̇)q̇ + g(q)−
(
C(q, q̇) + C(q, q̇)T

)
q̇

= g(q)− C(q, q̇)T q̇

(2.18)

These relations can be found in most standard robotics textbooks as [45].

Now, assuming the generalized angular momentum as state of the system,

x = p, and the impact force is constant, according to [29] it is possible to

build the following disturbance observer:

ˆ̇x = τm − β(q, q̇) − r

r̂ = K · (x̂− x)
(2.19)
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where K = diag {ki} is the observer gain matrix.

Combining (2.19) and (2.17), it is shown in [17] that the observed disturbance

is a component-wise filtered version of the real external torque. The dynamics

of r̂ is therefore
ˆ̇r = −Kr̂ +Kτc (2.20)

and its components can be written as

r̂i = ki

s+ ki
τ ic (2.21)

where ∀i ∈ {1, ..., n}, with n is the number of joints. Each ki can be in-

terpreted as a filter constant T i = 1
ki

of the ith external joint torque signal

component. In order to ensure fast collision detection a high observer filter

frequency is needed, i.e. large K. In ideal conditions

K →∞⇒ r̂ ≈ τc

However, the presence of sensor noise can compromise a clear collision de-

tection, leading to false trigger activations. Thus, certain low pass filter

characteristics are needed.

2.3 Threshold generation methods

In this section, for completeness, we report some methods to generate and

check the threshold.
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2.3.1 Limit checking of absolute values

The simplest and frequently used method is the limit checking of the collision

detection signal i(t). The signal is monitored and checked if its absolute value

exceeds certain thresholds, a maximal value Imax and a minimal value Imin.

The normal state is when

Imin < i(t) < Imax

which means that the process is in normal situation if the signal stays within

a certain tolerance zone.

This simple method is applied in the almost all process automation system.

Examples are the oil preassure, the coolant water of combustion engine or

the control error of a control loop. The thresholds are mostly selected based

on experience and represent a compromise. On one side false alarms through

normal fluctuations of the variable should be avoided, on the other side faulty

deviations should be detected early. Therefore, a trade-off between too nar-

row and too wide thresholds exists.

A further improvement of limit checking can be realized by applying signal

prediction. By using polynomial regression models

i(k) = a0 + a1k + a2k
2 + ...

with k = t/Ts, and recursive least squares parameters estimation a prediction

of the signal can be made for N sample ahead. The predicted signal then

shows relatively early danger of exceeding a threshold of avoids a false alarm

if the signal returns to normal zone without action. The prediction can also

be made by using stochastic difference equations for the randomly changing
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monitored signal [24].

2.3.2 Trend checking

A further simple solution is to calculate the first derivative of i(t), the trend

of the signal and to check if

İmin < i̇(t) < İmax

If relative small threshold are selected, an alarm can be obtained earlier than

for limit checking of the absolute value. Trend checking is for example ap-

plied for the oil pressure for vibration problem in bearings, turbines of wear

of machines. Limit checking of absolute values and trends can be combined.

One solution is to make the threshold of absolute values dependent on the

trend – e.g. Imax = f(İmax), Imin = f(İmin) – in order to detect fast devel-

oping deviations early and to avoid false alarms for small trend, if the value

is far from the threshold possibility to make the threshold adaptive, that is

function of the other variables [25].

2.3.3 Adaptive thresholds

The use of an adaptive threshold, instead of a fixed one, can improve the

performance of a fault-detection module significantly with respect to delay

of detection and false alarm rate [51].

The threshold consists of a filter with lead-lag behaviour which is driven by

the input signal. This causes the filter output to be zero for steady-state

inputs: otherwise it is a measure for the dynamic input excitation. In order

to rectify this signal the absolute value is computed. If more input signals

are involved for each input the highpassfiltering and the rectification has to
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Figure 2.5: Combination of limit checking for absolute values and trends [25].

be performed. A constant value is added due to the effects of measurement

noise on the residual. Optionally a first-order low-pass filter can be applied

in order to smooth the adaptive threshold. In Figure 2.6 is reported the

scheme of the approach.

Figure 2.6: Adaptive threshold main structure [25].
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2.4 Conclusion

In this chapter we described the main structure of a collision detection al-

gorithm. Further, we investigated the main algorithm currently used in

Robotics for the safe human robot interaction. In particular, the Generalized

Momenta appears to be the most successful algorithm. For this reason, it

was chosen as benchmark to test our future solutions.

In the next chapter, we go more in deep in analyzing the impact phe-

nomena. First we study the physical aspect of the event and its modeling

approaches. Afterward, we investigate the collision effect on a controlled

mechanical system, with the aims to find the best information, thus sensors,

with which to develop our approaches.





Chapter 3

Fundamental of impact

dynamics

The impact is a complex phenomenon that occurs when two or more bodies

undergo a collision.

This topic has always attracted the interest of scientists and engineers

from different areas of knowledge for years – from the physics, machines de-

sign, robotics, multi-body simulation – these are just a few examples. The

first studies go back to 1639 with Marci [32], who derived the first relations

on impact mechanics based on experiments, and have continued until nowa-

days [1, 14, 16, 33, 39]. The goal is to develop theories that can predict the

dynamics of colliding objects in term of: velocities before and after the im-

pact, contact force and energy losses.

In this chapter we review the main literatures on this topic. At the

beginning, we present the fundamentals of impact mechanical theory. Next,

we report an overview of its modeling approaches focusing on the methods

which are results most suitable in the description of the collision phenomenon

29
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for multibody systems.

Focusing on our final goals, the scope of this survey is to get a deeper

understanding of the phenomenon and identify a modeling approach with

which analyze the impact in a controlled mechanical system, described in

the next chapter.

3.1 Basic Impact Theory

3.1.1 Types of impact

By definition, Impact is a complex physical phenomenon which occurs when

two or more bodies collide with each other [42]. It is a brief duration event

where the corps are subject to high force levels and sudden changes of ve-

locity. As a consequence, the bodies are subject to dissipation of energy in

various forms [15]: plastic deformation, damping of material, wave propaga-

tion, friction, sound and heat.

In order to classify collisions into specific types which require distinct meth-

ods of analysis, we need to think about the deformations that develop during

collision, the distribution of these deformations in each of the colliding bod-

ies, and how these deformations affect the period of contact [49]. Reading

the literature is possible to identify two macro classification about the im-

pact: rigid impacts, or slow speed impacts, and plastic impacts, or high speed

impacts. The first type of impact is characterized by small deformations

in the contact area of the colliding bodies in comparison to their both the

cross-sectional dimensions and the depth. The kinetic energy of the colliding

bodies is not enough high to produce a relevant deformation in the contact

area [6,14,49]. On contrary, the second consider the domain of high velocity

impact, generally associated with explosives and projectiles. In these case
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(a)

(b)

Figure 3.1: An oblique-eccentric collision between two bodies (B1, B2) is
shown in 3.1a. Vi indicates the initial velocity of the bodies, di is the dis-
tance of the center of mass from contact point. In Figure 3.1b is shown the
components of the impact force acting on the body B1.
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there are a plastic strains which are not more negligible and associable with

the mechanical assumption of ”small deformation” [16,49]. We point up that

this work focuses on the first class of collisions.

For the rigid impacts is possible identify subclasses depending on the ma-

terial property of the colliding bodies and the modeling assumptions. In

general, there are three types of analysis for low speed collisions, associated

with particle impact, impact with compliant contact region and impact on

flexible bodies [6,14,49]. Particle impact is an analytical approximation that

considers the bodies as particles, which by definition are smooth and spher-

ical, with a symmetric position of the center of gravity. The second type,

in contrast to the first, considers the bodies as physical bodies with their

own geometries and positions of the center of gravity. The analysis of the

impact is realized considering the contact stresses resulting from the impact

of two bodies. The last class investigates the collision in flexible body (e.g.

transverse impact on a beam, longitudinal impact of two rods, ...etc.), where

elastic wave propagation phenomenon is relevant. Here, the impact is ac-

companied by a stress wave that propagates in the impacting bodies away

from the region of impact. The energy is transformed into vibrations which

becomes an important fraction of the total energy.

Another kind of classification focuses on the dynamics of the colliding

bodies. In Figure 3.1 is shown a generic collision between two bodies with a

single contact point. The line represents the direction of the impact, normal

to the tangential plane at the contact point [42]. Depending on the mass

center position of the bodies and the direction of their initial velocity than

the line of impact, four types of collision can be defined:

• central or collinear : the mass centers of the two bodies are on the line
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of impact;

• eccentric: the mass centers of one or both bodies are not on the line of

impact;

• direct: the initial velocities of the two bodies are along the line of

impact;

• oblique: if the initial velocities of one or both bodies are not along the

line of impact.

Obviously, the most general and predominant collision scenario is oblique-

eccentric impact [14].

The type of collision determines in a unique way the dynamics of bodies. For

example, in case of a direct-eccentric collision the impact force acts mainly

along the normal to the contact surface. Due to the non-alignment between

the center of gravity of the bodies and the line of impact, the force generates

a momentum on the bodies which puts on them in rotation.

A different scenario is the oblique-central impact. In this case the contact

force is composed by two components: tangential and normal to the contact

surface,

Fi = Fi,t + Fi,c (3.1)

with Fi is indicates the contact force, while Fi,t, Fi,n are respectively the

tangential and normal component. The first term is given by the friction

phenomenon generated by the sliding between the two bodies during the

contact. It depends on the relative tangential speed, i.e. the angle of impact

than the line of impact, and by the surface roughness of bodies. The second

is the impact force’s main component, related to the impact physical phe-

nomenon which will be described later.
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The friction phenomenon becomes more prominent less the collision is cen-

tral. In literature is reported that is modeled using the traditionally Coulomb’s

law [14, 16, 39, 48, 49]. In this work is not reported this aspect since it is un-

necessary for our aims. For more detailed information about the effects of

the friction on impact dynamics and its modelling approach, we address the

reader to the reference literature.

3.1.2 Mechanics of impact

In this section we report the mechanics of impact described by Stronge in

[14]. Referring to Figure 3.2a, he considers a collinear-direct impact of two

rigid bodies, labeled B1 and B2, respectively with initial speed V i
1 and V i

2 .

The friction is not considered, thus the impact force is given entirely by its

normal component: Fi ≡ Fi,n.

The contact points are separated by an infinitesimal deformable particle with

diameter λ. The particle is the lumped representation of the small local de-

formation of the bodies in the contact region. With δ is indicated the inden-

tation or compression of the deformable particle.

By and large, two phases can be identified: the compression, or loading phase,

and the restitution, or unloading phase [14].

As soon as the colliding bodies come in contact the first phase begins. The

impact force Fi(t) rises as the deformable particle is compressed (Fig. 3.2b).

The maximum deformation δc and maximum impact force Fi,max occur si-

multaneously when the relative velocity v vanishes (v = V2−V1) (Fig. 3.2c).

During this phase, the kinetic energy of relative motion is converted into in-

ternal energy of deformation by the contact force. The work of compression,

Wc equals the area under the loading curve (Fig. 3.2d).
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(a) Collinear impact of two rigid bodies with contact points separated by an in-
finitesimal deformable particle. The particle represents small local deformation of
the contact region.

(b) Normal contact force Fi as a
function of relative displacement δ.

(c) Changes of normal velocities V1,
V2 as functions of time. v is the
relative velocity between the bodies
(v = V2 − V1)

(d) Work Wc done by normal contact force Fc against bodies during period of
compression, and work Wrs recovered during restitution, as functions of normal
relative displacement δ at contact point.

Figure 3.2: Mechanics of impact
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Figure 3.3: Energy conversions during the impact

The compression phase terminates and restitution begins at time tc, when

the normal relative velocity of the contact points vanishes. In this phase, the

particle internal energy is released. The elastic strain energy stored during

compression generates a force which restores the initial kinetic energy of rel-

ative motion of the bodies, or at least part of it. Unless the impact speed

is extremely small, part of the initial kinetic energy is dissipated during the

collision. This can be due to plastic deformation, elastic vibrations, rate-

dependent processes such as viscoplasticity, friction, sound and heat (Fig.

3.3) [6, 8, 15,56].

Whatever the cause, it results in an inelastic or irreversible relation between

the Fi and the compression δ. The compliance of the deforming region dur-

ing restitution is smaller than that during compression, so when the contact

terminates there is some residual compression δf of the deformable particle.

This fact can be observed in Figure 3.2d from an energetic point of view,

where the Wrs is clearly lower than Wc: the area under the unloading curve

is less than the area under the loading curve.
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3.1.3 Coefficient of restitution

As mentioned in the previous section, a fraction of the initial kinetic energy

is dissipated during the collision. Not whole the elastic strain energy stored

in the compression phase is released in the restitution phase. Part of it could

remain trapped in the bodies as permanent deformation or dissipated in other

forms.

The energy loss about the relative motion in the normal direction can be

expressed in terms of a coefficient of restitution, usually denoted by e. It

represents a sort of the efficiency index of energy conversions during the

impact:

• perfectly elastic: for e = 1, when no energy is lost;

• perfectly plastic: for e = 0, when all energy is lost and the deformation

is permanent;

• partially elastic: for e > 0.5, when energy is lost but no permanent

deformation;

• partially plastic: for e < 0.5, when energy is lost and permanent defor-

mation.

Newton first defined this impact parameter on the basis of his measurements

of energy loss in collisions between identical balls. He proposed a kinematic

coefficient of restitution defined as:

e = −vf
vi

(3.2)
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where vi and vf are respectively the normal component of the relative velocity

of the colliding bodies at the beginning and at the end of event:

vi = V i
2 − V i

1

vf = V f
2 − V

f
1

(3.3)

Newton presumed incorrectly that the coefficient of restitution is a material

property. In his Principia (1686) he gave values for spheres made of steel

(e = 5/9), glass (e = 15/16), cork (e = 5/9) and compressed wool (e = 5/9).

Poisson, in 1835, improved the theory dividing the impact into a compression

and restitution phase and postulates the impulse hypothesis [56]. According

Poisson the coefficient of restitution is defined by:

e = −pf − pc
pc

(3.4)

where pc is the impulse relative to the compression phase, whilst pf is the

total impulse of the impact. Thus, pc and pf are respectively

pc =
∫ tc

0
Fi(t)dt

pt =
∫ tf

0
Fi(t)dt

(3.5)

It can be shown [14] they are equal to

pc = −mvi

pf = mvf −mvi
(3.6)
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where m is the effective mass during the collision. Considering the scenario

in Figure 3.2a, m is given by

m = M1M2

M1 +M2
(3.7)

Poisson also recognized that his definition is equivalent to the kinematic co-

efficient of restitution for direct impact between rough bodies if the direction

of slip remains the same.

Finally, in 1991, Stronge formalized the coefficient of restitution relying on

the internal energy dissipation hypothesis: the square of the coefficient of

restitution, e, is the negative of the ratio of the elastic strain energy released

during restitution to the internal energy of deformation absorbed during

compression,

e
2 = −Wrs

Wc

(3.8)

The internal energy of compression Wc and the energy released in the resti-

tution phase Wrs are defined as

Wc = −1
2mv

2
i

Wrs = mv2
i

2

(
1− pf

pc

) (3.9)

Stronge in [50, 56], through an energetic analysis of a planar impact of two

bodies, put in evidence that the three restitution models are equivalent un-

less the bodies are rough, the configuration is eccentric and the direction of

slip varies during collision. In these case, it appears that the Stronge’s hy-

pothesis of restitution is the better of the three theories, since Poisson’s and

Newton’s models show a paradox when it is considered an impact with e = 1.

Their methods produce non-zero energy dissipation in the normal direction,
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Figure 3.4: Coefficient of restitution as a function of the initial relative ve-
locity of the colliding bodies and their materials

fact in contrast with the meaning represented by the coefficient of restitution.

It has been widely experimentally proved that the coefficient of restitution

depends on many elements, not just by the relative initial velocity, such as

the geometry of bodies in contact, the material properties, the duration of

contact and, possibly, friction [15, 23, 33, 39, 40, 48, 54, 60]. In Figure 3.4

is shown qualitatively the relationship between the coefficient of restitution

and impact velocity for a central-direct collision of two spheres of different

materials: it tends to level out with increase in impact velocity. Based on

the studies reported by Goldsmith [15], it is worth to report the following

relationship:

e
2 = 1− αv̇βi (3.10)

where parameter α and the exponent β depend on the material and geome-

try. Usually, bodies with a low ratio of surface area to volume (like spheres)

present this kind of behavior [6, 15].
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3.1.4 Wave propagation phenomenon

Related to the energy loss and coefficient of restitution is the phenomenon

of wave propagation. Since real bodies are not perfectly rigid, their parts are

not instantaneously subjected to the same change of motion following the

impact. The disturbance generated at the contact point travels in the body

as stress (and deformation) waves with a finite velocity [6, 49]. These waves

produce oscillations and part of the impact (kinetic) energy is converted to

the energy associated with this vibration. A useful parameter to quantify this

situation is the ratio between the duration of impact and the period of the

fundamental natural mode of vibration of the impacting bodies. The greater

is this ratio, the smaller is the energy dissipation associated with the elastic

waves since they can travel across the bodies many times before the impact

ends. If this ratio is large enough, a quasi-equilibrium state is reached [6].

These observations are complemented by Stronge [49] who states that stress

waves contribute to energy dissipation during collision if the relative size of

the bodies is different from unity. In this case, the waves in the larger body

do not have sufficient time to reflect from any boundary and, in essence, re-

main ”trapped” in the body. Experimental results of this fact can be found

in [23,28,40,60]. The authors, trying to predict the impact dynamics of flex-

ible bodies, such as flexible beam, using discrete models approach, confirmed

the strong dependency of the energy lost during impact on vibrations of the

contacting bodies.

Summarizing, if the two impacting bodies are similar in size and material

properties, the vibration energy lost is negligible [49]. The coefficient of

restitution is mainly determined by the plastic deformation near the im-

pact, which depends on the approach relative velocity of the colliding bodies.
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Whereas, for slender bodies like beams or plates, the time of impact tends

to be short compared with the period of propagation of stress waves. Thus,

a more significant portion of the initial kinetic energy remains in the bodies

in the form of vibration. In this case the coefficient of restitution may be

significantly influenced by this factor [6].

Until now it has been reported an overview of the impact physical phe-

nomenon, its classification and its characteristics. Furthermore, it has been

presented an important parameter, easily determined experimentally, which

gives an energetic evaluation of the losses due to the impact.

The following section will deal with the issues modeling of impact dynamics.

3.2 Survey on impact modeling approaches

Furthermore, it has shown the complexity of the physical phenomenon with

the main mechanical aspects: wave propagation, elastic and plastic deforma-

tions at the contact. The literature reports two different approaches which

trying to cope the description of this tough physical phenomena: discrete

approach and continuous approach. As it will be noted, the first type of

methods is inadequate reference for our aims. Thus, this work focuses on the

second approach.

3.2.1 Discrete approach

The first approach is referred to as Impulse–Momentum method, Rigid Body

Contact Modeling or Piecewise Analysis Method. It based on the Impulse-

Momentum law and mainly aims to predict the velocities of the colliding
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bodies after impact.

The basic assumption underlying such analysis is that the impact occurs in-

stantaneously. It is justified if the duration of the contact period is small

enough such that the configuration of the system does not change much dur-

ing that period. This scenario shows when the colliding bodies are very rigid.

The phenomenon is treated as discontinuous and the dynamic analysis is di-

vided into two intervals: the beginning and the end of impact. Integration of

the system equations of motion is carried out while checking for the contact

between the different components of the system. At the time of contact,

the dynamic analysis is stopped and a balancing of the system momenta is

performed to obtain the jump in the velocities (or momenta) of the different

bodies due to the impact. Integration of the system equations of motion is

restarted with the new velocities (or momenta) until the next impact occurs.

The energy dissipations during the event are taken into account through the

coefficient of restitution. Thus, its accuracy is crucial to obtaining sufficiently

good results.

Goldsmith, in his classic work [15] devotes a chapter to the application of

this theory to several problems. Brach uses this approach exclusively in [8]

to model numerous problems of practical value.

The algebraic nature of this method makes the mathematical development

easy and accessible to most engineers as can be seen in Brach’s work, but

the unknown duration of the impact limits its application, since for large

enough contact periods the system configuration changes significantly [36].

This is very common in multibody systems like robots. The manipulator

is inherently flexible and when it comes into contact with its environment,

independently at how could be rigid, the impact duration cannot be assumed

to be instantaneous. That because part of kinematic energy is dissipated by
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the flexible components of the system.

Moreover, as it is mentioned in the previous section, although the coefficient

of restitution is capable of capturing the energy losses, it depends on many

factors and it is difficult to use for general impact scenarios.

Another drawback emerges in presents of friction. According to this ap-

proach, there are not an unequivocal use of Coulomb’s law to model friction

during impact. Several authors have noted the inconsistencies that arise

when rigid body models are used with Coulomb’s empirical law of friction.

Examples are described by Wang and Kumar [55] and Mason and Wang [34]

where the aforementioned inconsistencies are demonstrated by either no fea-

sible solution or by multiple solutions for particular initial conditions. This

has been attributed to the approximate nature of Coulomb’s model and to

the inadequacy of rigid body model, but no clear explanation has been found.

Despite these disadvantages, in the cases where rigid-body hypothesis is valid,

this approach has been used to solve the intermittent motion problem in me-

chanical systems [27] and it is still the most commonly used approach in

vehicle accident reconstruction [1]. Also, it has been used to predict the im-

pact dynamics of flexible bodies, such as flexible beams.

Summarizing, it is difficult to make general statements on the validity of

discrete impact dynamics models. They depend on the applicability of the

rigid-body hypothesis, more specifically, whether it is reasonable to neglect

deformation at the contact point [23, 28,40,60].

3.2.2 Continuous approach

The second approach is referred to as continuous analysis or force based meth-

ods. The collision is assumed as continuous phenomenon: the contact force
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and the relative deformations vary in a continuous manner. So the dynamic

analysis may be performed in the usual way, by simply adding the contact

force to the equations of motion during their action period. This approach

allow a better description of the real behavior of the system, especially in

scenarios where friction may not be neglected, in presence of complex en-

vironments with multiple contacts collision and, especially, with respect to

impact with long duration they are effective and accurate.

For the most general collision, i.e. the oblique-eccentric collision (section

3.1.1), the contact force is modeled as the sum of two components:

Fi(t) = Fi,n(t) + Fi,t(t) (3.11)

where Fi is the impact force, whilst Fi,n and Fi,t are respectively the compo-

nents of force normal and tangential at the contact surface.

The first term, in general, is modeled as a spring-damper element as func-

tion of a fictitious penetration, δ, between the colliding bodies at the contact

point and its rate, [6, 8]:

Fi,n = Fk(δ) + Fb(δ, δ̇) (3.12)

It represents the main aspects of the phenomenon mentioned in the previ-

ous section 3.1.2. The second term of 3.11 takes into account the friction

phenomenon. It is mainly model through the Coulomb’s law or using more

sophisticate models like Bristol friction approaches [16]. Since this work it

does not have as main goal the modelling and simulation of the collision

event, we address the reader to more specialized literatures about the mod-

elling aspect about the friction.

The first published work about contact modeling was written by Hertz in
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1896, which is based on the theory of elasticity [52]. It relates the contact

force with a nonlinear spring behavior. Although his work is one of the

most important example of analysis of the contact between two elastic bod-

ies, Goldsmith proved experimentally that Hertz’s theory provides a good

description for impact of two spheres or a sphere and a plate, that is if the

materials are hard and the initial speed is low, but it is not valid in most im-

pact situations where some plastic deformation and energy dissipation always

takes place. To overcome this problem Kelvin and Voigt [15, 36] proposed

as solution the Kelvin-Voigt model: the spring-dashpot model with a linear

behavior. It provides a reasonable method for representing the energy dissi-

pation related to the contact force without considering the plastic deforma-

tion issues. Although its simplicity has made it a popular choice [21,30,35],

it is not represents the impact dynamics with accuracy. Finally, with Hunt

and Crossley (1975), it was introduced the nonlinear spring-dashpot, which

catches the benefit of the previous methods and overcame their issues.

In the following is reported more in deep the modeling aspects of these

last approach.

3.3 Continuous contact dynamics models

The discussion from the previous section indicates that the continuous model

approach is better suited for aims of this work. This section looks in more

detail at the literature regarding the implementation of continuous analysis

methods [36]. These models are essentially non-linear spring models used

to predict the force acting to separate the colliding bodies. Since in the

following paragraphs we consider only the normal component of the contact
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force, it will be hereafter declared as Fn, instead of Fi,n.

3.3.1 Hertz’s contact model

The Hertz Theory was developed basing on the theory of elasticity and ana-

lyzing the collision between two spheres [14,26,36]. The bodies are assumed

to be homogeneous, isotropic and linearly elastic, and the plastic flows are

treated quasi-statically. The impact process is assumed as two rigid bodies

interacting via a non-linear spring along the line of impact. The relative de-

formations are concentrated in the proximity of the contact area and elastic

wave motion is neglected. In other words, the use of Hertz Theory, and the

contact models derived from it, should be restricted to contact between bod-

ies with non-conformal geometries, i.e., where the shape of the two bodies

have sufficiently dissimilar profiles, such that the contact regions are small in

comparison to the size of either body. Moreover, Hertz’s model does not take

into account any dissipation phenomena. This involves, referring to Gold-

smith work [15], this model can be used only for low impact speeds and hard

materials.

In general, the contact force according to Hertz is given by:

Fn(t) = k · δn (3.13)

where δ is relative local penetration. k and n are constants which take into

account the material and geometric properties of the colliding bodies. In

case of central collision between two spheres of isotropic materials, analyzed

by Hertz, n = 3/2 and k is directly related with the geometry and material
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(a) Hertz contact force model with permanent indentation

(b) Kelvin-Voigt contact model with hysteresis damping.

(c) Force-indentation law with nonlinear spring-damping.

Figure 3.5: Hertz contact force model with damping.
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properties of the bodies:

k = 4
3π(hi + hj)

(
RiRj

Ri +Rj

)1/2

(3.14)

where Ri e Rj are respectively the radii of the spheres, while h is defined by:

hm = 1− ν2
m

πEm
with m = i, j (3.15)

The variables νm and Em are the Poisson’s ratio and the Young’s modulus

associated with each sphere respectively.

The Hertz model can be extended to account the plastic deformation by

introducing hysteresis in the contact force law. This is obtained using a

different force-indentation relationship for the unloading phase of the contact

which generally takes the following form [57]:

Fn(t) = Fn,max

(
δ(t)− δp
δc − δp

)2

for t > tc (3.16)

where Fn Fn,max and δc are respectively the maximum normal force and

penetration reached during the loading phase (Fig. 3.5a). δp is the permanent

indentation which must be specified as an additional parameter. tc is the

instant when the compression phase ended (section 3.1.2).

It is clear that the proposed model assumes that the permanent indentation

is the sole factor accounting for the energy loss during impact. This is not

an unreasonable assumption for most impact problems.

3.3.2 Hysteresis damping model

The simplest model of the contact force between two bodies was suggested by

Kelvin and Voigt [15]. The model incorporates a linear spring and damper in
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Figure 3.6: Kelvin-Voigt contact force model

parallel connecting the two contact points of the colliding bodies (Fig. ??).

The contact force is evaluated from:

Fn = kδ + dδ̇ (3.17)

where δ is the relative penetration of the surfaces of two colliding bodies in

the direction of impact. The parameter k is the stiffness coefficient of the

spring, and the parameter d is the damping coefficient of the damper. Ac-

tually this model was born to describe the mechanics behavior of polymer

materials. Solids whose follows the equation (3.4) are referred to as Kelvin-

Voigt solids [36].

In order to guarantee that the damping force dδ̇ satisfies both boundary

conditions at the time of initial contact and at the time of separation, the

coefficient d is chosen such that the damping force is in phase with the inden-

tation velocity but proportional to the indentation. This model is referred

to as a hysteresis damping model [36], and may be expressed as

Fn = kδ + µδ · δ̇ (3.18)
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where the terms µδ is the hysteresis damping terms. the parameter µ is

called the hysteresis damping factor. In Figure 3.5b is shown the trends

of the contact force during the compression and the restitution phases of

contact. During the compression period, the contact force follows the loading

path shown. The contact force is increased from zero to its maximum value

1m at which point the amount of indentation is δc. During the restitution

period, the contact force follows the unloading path for which the force and

the indentation are both reduced from Fn,max and δc to zero. Therefore, the

hatched area represents the dissipated energy during impact. The boundary

of the area is called the hysteresis loop.

As the figure suggests, the bodies exert tension on each other right before

separation. The process of separation, though, must be a smooth one. Thus,

intuitively this model may not be an accurate force model. Even for linear

elastic materials, the impact force must be nonlinear due to the nonlinear

nature of impact [36].

A more accurate model of the contact force is discussed next.

3.3.3 Hertz contact model with damping

Hunt and Grossley (1975) proposed a sort of extension of Hertz’s model with

the idea of represent the energy loss in impact as damping function similar

to the one in the Kelvin-Voigt model. The contact force model will then be

of the form [22]:

Fn = kδn +Dδ̇ (3.19)

Where D is the hysteresis damping coefficient proposed by Hunt and Grossley

as

D = µδn (3.20)
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The damping parameter µ can be related to the coefficient of restitution,

since both are related to the energy dissipated by the impact process.

Assuming that the energy dissipated during the compressive phase and dur-

ing expansion phase are equal and basing on the Goldsmith results 3.10, Hunt

and Crossley [22] approximated the hysteresis damping factor as a function

of the restitution coefficient e and the normal relative velocity vi at the start

of impact phase:

µ = 3
2αk (3.21)

where α is the parameter which taken into account the material and geometry

of the bodies (section 3.1.3), whilst k is the stiffness coefficient of the spring

representing the impact stiffness.

Lankarani and Nikravesh [31] performed a similar analysis, but they instead

assumed that the amount of energy dissipated was much less then the energy

stored in compression. According to their work, hysteresis damping factor is

defined as:

µ = 3
2αk

(
1− αvi

2

)
(3.22)



Chapter 4

Impact dynamics on a

controlled mechanical system

In the previous chapter it was conducted a survey on impact mechanics and

its modeling methods. About the second aspect we showed there are two

different approaches: discrete and continuous. The first considers the event

occurs instantaneously and aims to predict the velocities of the colliding

bodies after impact only as function on their initial velocities. The math-

ematical development is easy and accessible to most engineers, but since it

assumes of impulsive duration of the impact, where the system configuration

is considered unchanged, it is limited to collisions between rigid bodies. The

continuous approach describes the dynamics of a collision by modeling the

interaction between the bodies as nonlinear spring-dashpot element. The

impact is represented by a force which dynamics depends on the element pa-

rameters and the virtual penetration between the bodies. Thus, the dynamic

analysis may be performed simply adding the contact force in the equations

of motion. Compared to the discrete approach, it allows a more general

description of the real behavior of the system, since it does not require as-

53
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Figure 4.1: Impact scenario taken as example to study the impact dynamics
on a actuated system.

sumptions which limit its application. For these reasons, we concluded that

the continuous approach is more suitable for our proposes.

Starting from this point, in this chapter we analyze the impact on con-

trolled mechanical system with the scope of identifying the suitable types of

sensor for the development of our collision detection strategies.

4.1 Collision scenario

In order to analyze the dynamics of a collision on a generic mechanical system,

as a paradigmatic example, it is considered the scenario shown in Figure 4.1.

An actuator, through a linear transmission, moves a cart with a mass Ml

towards an obstacle at constant speed. The obstacle is motionless. In Figure

4.1 the actuator and the obstacle are straightforwardly represented by an

electrical motor and a wall. With xl and ẋl are indicated the absolute velocity

and position of the load, while with xo the obstacle absolute position. The

motion is considered along one direction. Thus, the type of collision is direct-

central impact.

Since our work addresses to the industrial world with a generalized point

of view, the actuator is considered commanded by means of a closed-loop
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speed control.

The transmission converts the motor rotary motion, θm, to linear one of the

load xl. With r is indicated the transmission ratio which is given by

r = ẋl

θ̇m
(4.1)

In a real transmission there may be different phenomena which degrade

the performance, both from an energetic and dynamic point of view. To

describe these aspects we take into account the elasticity of transmission. At

certain frequencies it produces a decoupling effect between the motor and

load position.

As components of energy dissipation or elements which oppose to the motion,

the model takes into account a viscous friction term both on the motor and

load side.

About the collision event, the following assumptions are made. The im-

pact dynamic is defined by Hunt and Crossley’s nonlinear contact model:

Fc :

 0 if xo > xl

kc (xl − xo)n + dc (xl − xo)n · ẋl if xo 6 xl
(4.2)

where Fc is the impact force, whilst kc and dc represent respectively the

stiffness and damping of the contact element. As a contact surface geometry

we consider the obstacle flat, while the cart a sphere of radius Rs = 10mm.

Thus, kc is defined as

kc = 4
3 (σs + σf )

√
Rs (4.3)

in which the material parameters σs and σf are given by

σi = 1− v2
i

Ei
(i = s, f) (4.4)
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and the quantities vi and Ei are, respectively, the Poisson’s ratio and Young’s

modulus associated with sphere and the flat surface. About the damping

coefficient dc of contact, according to Hunt and Crossley, is defined as

kc = 3 (1− e) · kc
2

√
Rs (4.5)

where e is the impact coefficient of restitution.

In the next section the analysis of collision through a rigid transmission

is performed.

4.2 Impact with rigid transmission

In this section we investigate the dynamics of a rigid transmission during a

collision.

In Figure 4.2a is shown the scenario taken into account where δ represents

the virtual penetration between the bodies, needed for the impact modeling

(review the chapter two).

The analysis is split in two parts. Defining with tc the time when the

bodies come in touch, the first part considers the system before the impact

occurs, that is at time t < tc. The second part deals with the studying of

collision effects on the mechanical system, thus for t ≥ tc.

The motion equation before the collision occurs, that is till xo ≤ xl, is

defined by the following differential equation,



τm = Jtθ̈m + dtθ̇m

θ̇m(0) = 0

θm(0) = 0

(4.6)
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(a) Collision scenario in case of rigid transmission.

(b) Dynamics of the system before the collision.

(c) Block diagram of the system during the impact.

Figure 4.2: Block diagram of the system during the collision.
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where,

• τm is the motor torque;

• Jt is the overall inertia of the system: Jm + Mlr
2. The term Mlr

2

indicates the load inertia reduced at motor side, whilst Jm is the motor

inertia.

• dt is the overall friction of the system: dm + dlr
2. The terms dm and

dlr
2 are respectively the viscous friction coefficient of the motor and

load.

The dynamics represented in the Laplace domain is given by,

Θm(s) = (τm(s)) ·G(s) (4.7)

where G(s) is the transfer function of the mechanical system,

G(s) = 1
Jts2 + dts

(4.8)

It is a standard second order dynamics with a pole in the origin, p1 = 0, and

the other in p2 = −dt
Jt

. The generalized gain is µg = 1
dt

.

In Figure 4.2b is shown the block diagram of the dynamic system, where

it is possible to observe how the motor torque and the loading forces act as

input to G(s) giving as output the motor position and, by the transmission

ratio r, the position of load mass.

At the instant when the load mass collides with the obstacle, the dynamics

changes significantly. On the load mass appears the impact force Fc described

by,

Fc = kcδ
n + dcδ

n · δ̇ (4.9)
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where δ = xl−xo and represents the virtual penetration between the bodies.

kc and dc are respectively the stiffness and damping of the impact model.

Since the obstacle is assumed motionless, the penetration and the load mass

velocity are coincident: δ̇ = ẋl.

In figure 4.2c is reported the block diagram of the system which helps to

put in evidence the difference between the two situations.

Although the model adopted allows to represent the collision event as con-

tinuous phenomenon, the instant of first contact between the bodies, that is

the instant at which appears the contact force in the model dynamics equa-

tion, remains a discontinuous event.

To properly formalize the dynamic description, we rewrite the motion equa-

tion beginning from the instant at first contact. Remembering that tc is the

instant when xo = xl, the dynamic equation during the impact is given by



τm − Fc · r = Jtθ̈m + dtθ̇m

θ̇m(tc) = θ̇mc

θm(tc) = θmc

(4.10)

where θmc and θ̇mc are respectively the motor position and velocity at first

instant of the impact. Since the transmission is rigid, θmc and θ̇mc are directly

related to the load mass kinematics by the ratio transmission r:

θ̇mc = ẋl(tc)
r

θmc = xl(tc)
r

= xo
r

(4.11)

Substituting the expression of contact model (4.9) the dynamics equation
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becomes


τm − [kc (xl − xo)n + dc (xl − xo)n · ẋl] · r = Jtθ̈m + dtθ̇m

θ̇m(tc) = θ̇mc

θm(tc) = θmc

ẋl(tc) = ẋlc

xl(tc) = xo

(4.12)

As final step, we describe the evolution of dynamic system starting from the

impact time tc. That is

xl(t) = δ(t) + xl(tc) = δ(t) + xo

θm(t) = θδ(t) + θm(tc) = θδ(t) + θmc

(4.13)

Replacing xl and θm with the previous relations in (4.12), we obtain the

motion equation of the system during the collision:



τm −
(
kcδ

n + dcδ
nδ̇
)
· r = Jtθ̈δ + dtθ̇δ

θ̇δ(tc) = θ̇mc

θδ(tc) = 0

δ̇(tc) = ẋlc

δ(tc) = 0

(4.14)

Finally, since the transmission is rigid (δ = θδ · r), it is possible to re-write
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the motion equation in a more compact form,



τm = Jtθ̈δ + dtθ̇δ + dcθ
n
δ θ̇δr

(2+n) + kcθ
n
δ r

(1+n)

θ̇δ(tc) = θ̇mc

θδ(tc) = 0

(4.15)

In Figure 4.3 we report the results of an impact simulation example in

Simulink, whose parameters are shown in table 4.1. Referring to our collision

scenario, we consider an impact between a plastic sphere of 10 mm toward a

steel wall at the constant speed of 0.25 m/s. As it possible to observe by the

graph, the collision begins at time of 408 ms, as soon as the contact force

rises, and lasts for 63 ms. The event does not cease with a unique phase of

impact. The initial kinetic energy is dissipated on several stages of contact.

About the first, it presents a loss of kinetic energy of 52% of the initial one.

It has a duration of 1.2 ms during which the contact force reaches the peak

value of 864 N . About the virtual penetration δ, it reaches the maximum

value of 0.091 mm.

As is it possible to observe, the type of collision simulated is a quite rigid

impact.

To gain a deeper understanding of the system dynamics can be useful to

graph the Bode diagram.

Since it is a nonlinear system, first of all, we need to linearize it. Reviewing

dynamic equation 4.15 on the following form

θ̈δ = f(θδ, θ̇δ, τm, Fl)

and applying the Taylor expansion, we get the equation of the linearized
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Figure 4.3: Results of an impact simulation in Simulink of the collision sce-
nario.

Table 4.1: Parameters used for the Simulink simulation of the collision sce-
nario.

Tm (Nm) 0.5
Jt (kgm2) 2.3500e-04
dm (Nms/rad) 0.03
τ 0.0150
kc (N/m) 9.8261e+08
dc (Ns/m) 2.9478e+08
n 1.5
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system:

∆τm = Jt∆θ̈δ +
(
dt +D∆(¯̇θδ, θ̄δ)

)
∆θ̇δ +K∆(¯̇θδ, θ̄δ)∆θδ (4.16)

¯̇θδ and θ̄δ are the speed and motor position at the linearization point. With

∆· are indicated the ”smal” deviation variables round the linearization point.

The terms K∆(¯̇θδ, θ̄δ) and D∆(¯̇θδ, θ̄δ) represent, respectively, the linearized

contact parameters of stiffness and damping, whose expression are

K∆(¯̇θδ, θ̄δ) = kc · n · rn+1 · θ̄n−1
δ + dc · n · rn+2 · θ̄n−1

δ · ¯̇θδ

D∆(¯̇θδ, θ̄δ) = dc · rn+2 · θ̄nδ
(4.17)

It is interesting to note how they change depending on the states of system.

In particular, the increase of δ leads a more rigid and viscous contact proper-

ties. About the speed δ̇, its increase involves only an increment of the contact

stiffness. These observations come out to be very useful to understand the

physic phenomenon and to tune the contact parameters for simulation pro-

pose.

Now, representing the equation 4.16 in Laplace domain is possible to obtain

the transfer function of the linearized system,

G∆(s) = ∆Θδ(s)
∆τm

= 1
Jts2 + (dt +D∆) s+K∆

(4.18)

It is a second order mass-spring-damper system with two poles in

p1,2 =
− (dt +D∆)±

√
(dt +D∆)2 − 4JtK∆

2Jt
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and gain

µ = 1
K∆

.

In a more useful parametric formulation, G∆(s) can be rewritten as,

G∆(s) = ωn
s2 + 2ξωns+ ω2

n

(4.19)

where

ωn =
√
K∆

Jt
and ξ = (dt +D∆)

2ωn

are respectively the natural frequency and damping factor of the linearized

system.

Observing this last expression, it is possible to perceive how the dynamics

change over the collision. The increase of penetration between the bodies and

its rate leads a faster dynamic behavior and more damped. This fact can be

seen in Figure 4.4. We report the G∆ Bode diagram for the previous sim-

ulation example considering different linearization point. In particular, we

consider five configurations of the dynamic system, starting from the instant

before the impact to the first peak of the load cell. We can observe clearly

that the increase of δ and δ̇ involve an increment of the rigid behavior of the

system. Thus, an increase of the system bandwidth and faster dynamics of

the collision in the motor position.

To conclude this analysis, for completeness, we invite to observe that the

overall system dynamics is a Switching Dynamic System, where the switching

variable is the relative position between the cart and obstacle δ. In particular,

before the collision, for δ < 0, the dynamics is described by a classic Linear

Time-Invariant system. Differently, for δ > 0 , we have a Nonlinear dynamic
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Figure 4.4: Bode diagram of system dynamics during the collision with rigid
transmission.

system. In mathematical form the overall dynamics is described by,

SY S :

 τm = Jtθ̈m + dtθ̇m if δ < 0

τm −
(
kcδ

n + dcδ
nδ̇
)
· r = Jtθ̈δ + dtθ̇δ if δ > 0

(4.20)

4.3 Impact with elastic transmission

In the previous case we considered a rigid connection between the motor and

load. This involves the motor torque is able to act instantly on the load

dynamics and, vice versa, an external load force is able to act directly on the

motor dynamics. In other words, the transmission has a infinity bandwidth.
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(a) Collision scenario in case of elastic transmission.

(b) Block diagram of the system before the collision.

(c) Block diagram of the system during the impact.

Figure 4.5: System dynamic analysis in case of elastic transmission during a
collision.
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Obviously, this is an ideal condition. In a real transmission there are different

phenomena which degrade the performance from an energetic and dynamic

point of view. The most common are the elasticity, irregularities (affect the

transmission ratio), backlash and nonlinear friction.

Trying to get closer at real scenario, without unnecessarily complicating the

analysis regarding our goals, in this section we study the impact dynamics

in a elastic transmission. We remove the rigid connection hypothesis and

consider the motor torque generated through spring-dashpot element (fig.

4.5a).

For this scenario the motion at time before the collision is described by

the following system of equations:



τm − τel = Jmθ̈m + dmθ̇m
τel
r

= Mlẍl

τel = kel

(
θm −

xl
r

)
+ del

(
θ̇m −

ẋl
r

)
θ̇m(0) = 0

θm(0) = 0

ẋl(0) = 0

xl(0) = 0

(4.21)

where τel is the internal reaction of the elastic transmission represented on

motor side. kel and del are respectively the stiffness and damping of the

spring-dashpot element.

As it is possible to note the system dynamics is decoupled by the elastic trans-

mission. The first equation describes the dynamics between the motor and

the transmission. The second one, between the transmission and the load.
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The next equation describes the dynamics of the spring-dashpot element, or

rather how the motor and load are decoupled. The last four relations are the

initial condition of the system.

The description of dynamics in Laplace domain is given by,



τm(s)− τel(s) = JmΘm(s)s2 + dmΘm(s)s
τel(s)
r

= MlXl(s)s2

τel(s) = kel

(
Θm(s)− Xl(s)

r

)
+ dels

(
Θm(s)− Xl(s)

r

) (4.22)

In Figure 4.5c is shown the system block diagram where is possible to catch

graphically the decoupling between the motor and the load dynamics.

As in the rigid transmission scenario, when the collision occurs a new

term in the motion equation appears. In the second equation of (4.21) we

add contact force, Fc, expression. Thus, the dynamics in time domain is

described by



τm − τel = Jmθ̈m + dmθ̇m
τel
r
− [kc (xl − xo)n + dc (xl − xo)n · ẋl] = Mlẍl

τel = kel

(
θm −

xl
r

)
+ del

(
θ̇m −

ẋl
r

)
θ̇m(tc) = θ̇mc

θm(tc) = θmc

ẋl(tc) = ẋlc

xl(tc) = xo

(4.23)

As in the previous scenario, we rewrite the evolution of system dynamics



4.3. IMPACT WITH ELASTIC TRANSMISSION 69

starting from the impact time tc obtaining the following representation,



τm − τel = Jmθ̈δ + dmθ̇δ
τel
r
−
(
kcδ

n + dcδ
nδ̇
)
· r = Mlδ̈

τel = kel

(
θδ −

δ

r

)
+ del

(
θ̇δ −

δ̇

r

)

θ̇δ(tc) = θ̇mc

θδ(tc) = 0

δ̇(tc) = ẋlc

δ(tc) = 0

(4.24)

As for the rigid scenario, we face Switching Dynamic System where the dy-

namics is described by a classic Linear Time-Invariant system for δ < 0

(that is before the collision occur), whilst for δ > 0 (during the impact) the

dynamics is nonlinear.

Comparing this last expression with the motion equation of the rigid

transmission scenario (eq. (4.21)), it is possible to note the collision acts

differently on the system. The load dynamics is affected directly by the

impact force, while the motor senses the collision through the elastic reaction

of the transmission. As it is possible to figure out, the impact dynamics on

the motor position might be slower compared to that on the load.

In the following we put more in evidence this fact, going to study the system

dynamics in Laplace domain. Differently from the rigid scenario, where we

linearized the dynamics about the normal trajectory, we decide to simplify the

impact model considering a linear behavior instead of nonlinear one for sake

of computation. We underline this implication does not change significantly

the considerations we get from this analysis.

From the previous chapter, we have seen that the nonlinear impact model
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is better than the linear one, since it approximates better the phenomena

from the energetic point of view. As it is possible observe from the Figure

4.5a, we are studying the case of a mechanical system dynamics with two

elastic elements in series. Since, we are interest in deepening the impact

dynamic aspects, then the energic one, the simplification for this analysis

can be considered valid.

To describe the system dynamics during the collision in Laplace domain, we

reformulate the contact model as

Fc = Kc (xl − xo) +Dc (xl − xo) · ẋl (4.25)

where Kc and Dc are respectively the stiffness and damping of the linear

contact element.

Applying the Laplace transform at eq. 4.24 with the linear contact model

we get,



τm(s)− τel(s) + Jmθ̇mc = JmΘm(s)s2 + dmΘm(s)s
τel(s)
r

+Mlẋlc = Mlδ(s)s2 +Dcδ(s)s+Kcδ(s)

τel(s) = kel

(
Θδ(s)−

δ(s)
r

)
+ dels

(
Θδ(s)−

δ(s)
r

) (4.26)

In Figure 4.5c is shown the block diagram of the elastic transmission dy-

namics during the collision where is possible to observe how the decoupling

effect influence the impact dynamics than the rigid transmission scenario

(Fig. 4.2c). It is clear that the feedback reaction of the contact acts pri-

marily on the load dynamics. Thus, for the analysis of the impact dynamics

through the transmission, we observe the system starting from the load side.

In particular, we study the dynamics of the system considering as input only
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Figure 4.6: Block diagram of system dynamics during the collision consider-
ing as input only Mlẋlc .

Mlẋlc , that is the initial momentum of the load mass. Physically, this fact is

like to study the scenario where the load mass is initially stationary and the

obstacle collides to the system at the initial velocity ẋlc . From this point of

view, the assumption of consider as input Mlẋlc makes sense, since our main

aim in this chapter is to investigate the dynamic effects of collision inside

the mechanical system, specially, identify the measurable system informa-

tion from which is possible detect the impact. Under this view, we can state

that Mlẋlc is the input of the impact phenomenon.

Thus, considering Mlẋlc as the only input and setting the others at zero

value, it is possible to review the block diagram 4.5c obtaining that in Figure

4.6. Where the two transfer function of the system are:

Gcδ = b2s
2 + b1s+ b0

a4s4 + a3s3 + a2s2 + a1s+ a0
(4.27)

Gδθ = dels+ kel
Jms2 + dts+ kel

(4.28)

where dt = dm + del and the coefficients ai, bi are:

ai =



a0 = Kδkel

a1 = dtKc +Dckel + Jm
r2 del + dm

r2 kel

a2 = JmKc +Dcdt + kelMl + Jm
r2 kel + dm

r2 del

a3 = JmDc + dtMl + Jm
r2 del

a4 = JmMl

(4.29)
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bi =



b0 = kel

b1 = dt

b2 = Jm

(4.30)

The first transfer function describes the system dynamics between the load

side input and the load position. The second describes the dynamic relation

between the motor position and the load position. Observing the block dia-

gram 4.6, and in particular the transfer function Gδθ, it is noted two facts.

First, it is possible to appreciate more clearly the decoupling effect between

the motor and the load position due to the elastic transmission. Second, the

motor position senses a filtered dynamics of the collision.

To investigate in more detail this last point, it’s convenient to neglect the

viscous terms of the system. Thus, the previous transfer functions become:

Gcδ = Jms
2 + kel

JmMls4 +
(
JmKc + kelMl + Jm

r2 kel

)
s2 +Kδkel

(4.31)

Gδθ = kel
Jms2 + kel

(4.32)

In the following are reported the analytic expression of the Gcδ’s gain and

singularities:

z1,2 = ±
√
kel
Jm

p1,2,3,4 = ±
(
−B ±

√
B − 4AC
2A

)1/2

µ = kel
Kckel

(4.33)
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where,
A = JmMl

B = JmKδ + kelMl + Jmkel
τ 2

C = Kδkel

(4.34)

Instead, Gδθ is standard second order filter with two imaginary poles posi-

tioned in

p1,2 = ±
√
kel
Jm

. (4.35)

In Figure 4.7 are shown the bode diagrams of Gδθ and Gcδ for different val-

ues of Kc. Observing the changing of resonance positions than the natural

frequency of Gcδ, it is possible to identify two cases. The first is when the

resonance positions of Gδθ are located before the imaginary poles of Gcδ, or

rather they are inside the Gδθ bandwidth. In this case the elastic transmis-

sion does not affect on the impact dynamics sensed by the motor position.

That is, the transmission can be assumed rigid. On contrary, when the res-

onance positions of Gδθ are located after the imaginary poles of Gcδ, the

transmission filters the higher frequency components of the impact. So, the

collision dynamics sensed by δ and θ will be different.

Analyzing what has been achieved so far, it is possible to formulate a stiffness

condition of Kc so the system dynamics can be assumed as rigid, that is:

Kc ≤
kel · Jt
Jm · r2 . (4.36)

In conclusion, in case of elastic transmission, the measure of position at

load side, where the collision occurs, might contain more information on the

impact dynamics than the measure at motor side.
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Figure 4.7: Bode diagram of Gδθ and Gcδ for different values of the impact
stiffness parameter, Kc.

4.4 Impact with control system

In this section, we aim to study the collision effects in a controlled mechanical

system.

As anyone might figure out, the information which guarantees the fastest

collision detection, obviously, is the force. The use of load cells or torque

sensors close to the impact allows a direct measurement of the contact force.

In a controlled system another solution might be estimate the impact through

the control action the actuator exerts on the system. At the time of collision,

a difference between the reference signal and the measure is generated, which

results in a control action on the system to restore the wanted motion.

In this analysis, we want to highlight the dynamic relationship between

the impact force and the control action. Clearly, the exact math expression
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Figure 4.8: Block diagram of the system.

Figure 4.9: Dynamic analysis in case of speed-controlled system during the
collision.

describing the system dynamics depend on the type of the actuator and the

motion control law. This work wants to be a qualitative analysis with the goal

to investigate the effectiveness of the control action information for detecting

a collision.

We recall that the final goal of this chapter is to determine which are the most

reliable information, thus types of sensor, with which develop an algorithm

for impact detection.

For this analysis we consider the scenario reported in Figure 4.1, where

the mechanical system is ideal (it is rigid) and, as example, controlled in

speed.

Starting from the Figure 4.2b, let’s add the transfer functions representing

the dynamic of the controller and actuator. In Figure 4.8 is shown the block

diagram under analysis. The dynamic model of the mechanical system is

indicated with Gm(s) (equation (4.8)), the actuator dynamics with A(s) and

the regulator with R(s).

In most of the cases Gm(s) is generalizable with a transfer function shown in

eq. 4.8). The dynamic behavior of the actuator, A(s), can be approximated
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as a a first order low pass filter:

A(s) = µa
τas+ 1 (4.37)

The regulator is modeled as a generic transfer function with the constraint

to be at least proper. A famous example of regulator is the PID controller:

R(s) = E(s) ·
(
KP +KDs+ KI

s

)
(4.38)

Studying the effect of the impact force on the control action involves to

deduce the transfer function between Fc and τm, and between Fc and u:

GFc,τm(s) = L(s)
1 + L(s)

GFc,u(s) = 1
A(s)

L(s)
1 + L(s)

(4.39)

where L(s) = Gm(s)R(s)A(s) is the open loop transfer function of the sys-

tem.

Refering at basic theory of control systems, more the poles of L(s) are posi-

tioned in the high frequency, more the control action u, or the actuator effort

τm, will be sensitive to impact dynamics. This implies the following design

requirements of the system:

• a light and rigid mechanical system;

• a driver and actuator with a high bandwidth;

• tuning a regulator with high dynamics performance.

The first two points depend on the designing of mechanical system, thus on

the application and economy reason. Whilst the controller dynamic perfor-
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Figure 4.10: Sensors used for detecting a collision, sorted by how fast they
allow to detect the event.

Figure 4.11: Application example about the principle of load cell measure-
ment.

mance are limited by the stability of closed loop system.

4.5 Sensors for collision detection

Up to now, we studied and formalized the impact dynamics on a mechanical

system considering different scenarios: a collision with a rigid transmission,

a collision with an elastic transmission and a collision in presence of a speed

loop control. In particular, we investigated its effects on the state variables

of the system.

Based on the results obtained, in this section we identify the sensors which

guarantee the optimal trade-off between the quality of information measured

on the impact, feasibility and costs.
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Figure 4.12: Types of sensor for collision detection

The Figure 4.10 summarize the sensors that can be used for detecting a col-

lision, sorted by how fast they allow to detect the event.

The fastest collision detection can be achieved measuring directly the

impact force using torque sensors or load cells in the mechanical system.

It is important to underline that more the sensor is located close to the

impact, more the measure of the collision will be effective. This can be

easily explained by the following example. Let’s take into account the case

in Figure 4.11. A mass M is situated between two load cell. The sensors

are modeled as two spring. A force Fc, hit the first load cell. The question

is what the sensors measure. It is very clear the load on the left measures

exactly the impact force, while the load cell on the right measures the impact

force minus the inertia of the mass:

Frl = Fc

Fll = Fc −M · ẍ

About this solution we can state that the main drawback is given by the

high cost of the sensors, their location and setting up on the system. It

might require to make important changes to the mechanical system. This

fact is especially true for the torque sensors, which required to be integrate
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into the force flux of the machine.

At second place there are the kinematic data at load side, where the

collision occurs. We saw the kinematic data in case of elastic transmission

contains more information on the impact dynamics than those at the motor

side.

Respect the previous solution we are not able to catch the complete impact

dynamics. The impact’s higher frequency components are filtered by the

mechanical system. This fact has been shown on the study of impact in a

rigid transmission.

The kinematic information considered to detect a collision are the speed and

acceleration. Thus, as type of sensors we mention the encoder and the iner-

tial platform.

The encoder is the most common transducer to measure the position of a

shaft or a linear axle. In literature is possible to find different methods to es-

timate the speed by differencing the position; however, all of them present an

issue very relevant for our scopes. In [5] is shown, for a fixed a quantization,

the Root Mean Square Error of estimated speed increases with the inverse

square of the sampling period. Trying to reduce the error would increase

the delay between two data and consequently the amount of the impact fre-

quency components observable. Furthermore, it would limit the achievable

closed-loop control bandwidth and slowing down the collision data from the

control action variable of the regulator.

The inertial measurement platform, as the name suggests, are sensors

based on inertia, able to measure accelerations. In industrial mechatronic

systems, the IMU sensors can increase the knowledge of the system, permit-
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ting an increment of performance in terms of safety, maintainability, efficiency

and productivity. Their peculiarity is they required a specific signal process-

ing since the raw data are often noisy. They are so sensitive to catch the

natural vibration frequency of the mechanical system, often unwanted for the

main scopes of their application. In [13] are reported different uses of the iner-

tial sensor in industrial applications, where is possible to appreciate this fact.

At third place, there are the kinematic data at motor side. As mention

before, in case of elastic transmission they might contain less impact dy-

namic information than the load side. As type of kinematic data, we take

into account, again, the speed and acceleration. Thus, as type of sensors we

mention, again, the encoders and inertial platforms. However, for practical

reason, the using of encoders on the actuators is more common.

In final position, obviously, there is the control action of the regulator.

This variable presents less frequency components of the impact. In the rel-

ative section of this chapter, we saw that the bandwidth of the control ac-

tion depends on the mechanical system and the control law of the regulator.

About the transducers, it is more difficult identify a technology since it de-

pends on the actuator used.

Final considerations

Observing what has been achieved so far, we are now able to identify the

sensors needed for designing a collision detection algorithm that guarantees

the fastest performance. Excluding the torque/force sensors for costs and

practical reasons, we find three types of sensors:
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• a position sensor at actuator side – e.g. encoder sensors;

• an information related to the regulator control action – e.g. PWM in

the case of electrical motor;

• an inertial measurement unit positioned at load side.

It is important to note the sensors considered individually do not repre-

sent an optimal solution. Each of them has its own limits. The IMU provides

the fastest information about the collision, but it is often noisy. On contrary,

the actuator encoder guarantees a cleaner data on the event, but its dynam-

ics depends on the mechanical system (the presence of clearance or elastic

deformations). The regulator control action is the most robust information,

but it also the slowest to detect the event. It has also the property to inherit

the same physical interpretation of the collision: e.g. for a DC motor the

current can be described as a torque and, consequentially as a contact force.

Based on the results obtained and these last considerations, in the next

chapters we present two innovative collision detection algorithms. As it will

be possible to observe, at the base of these new solutions there is the sensor

fusion concept, which contemplates a smart merging of the sensor data to

get a new information that takes the main advantages of the raw data and

compensates the drawbacks.





Chapter 5

Friction estimation approach to

the collision detection

In the previous chapter, we investigated the effects of a collision on controlled

mechanical system identifying four type of sensor for a reliable measurement:

force sensors, encoders, accelerometers and sensors related to measure the

control action of the regulator.

We reported that the force sensors allow the fastest measure of the impact

force, but they have the drawback to be not very practical due to the cost

and their setting up on the system. So, this solution was excluded. The using

of accelerometers at load side we get an information with the highest impact

dynamics, but the data are often noisy. On contrary, the actuator encoders

show a cleaner information but dependent on the mechanical system. Fi-

nally, the slower but robust information is given by control action, related to

the error between reference point and the measure, generated by the collision.

In this chapter we present a new collision detection approach applied to

the industrial application case of the safety in the automatic access gate.

83
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Figure 5.1: Collision scenario

Furthermore, we compare its performance with the Generalized Momenta

algorithm, the successful collision detection algorithm used in Robotics.

5.1 FEEFKF algorithm

To introduce the proposed method, let’s resume the collision scenario of the

previous chapter (Figure 5.1).

A speed controlled actuator moves a cart with a mass Ml towards an obstacle

at constant speed. The transmission is considered rigid and as components

of energy dissipation a viscous friction term both on the motor and load side

is taken into account.

We have seen that the dynamics of the system before the collision occurs is

given by

τm = Jtθ̈m + dtθ̇m (5.1)

where τm is the motor torque, Jt and dt are respectively the overall inertia

and the overall friction of the system.

Afterwards, we have seen that during the collision a force term relative to

the contact force appears in the equation,

τm − Fc · r = Jtθ̈m + dtθ̇m (5.2)



5.1. FEEFKF ALGORITHM 85

The core idea of this approach is modeling the impact force as a viscous

friction and identify the collision as virtual change of the wear condition of

the mechanical system. Thus, the contact force is now described as

Fc = dc · ẋl (5.3)

while the dynamic equation becomes

τm = Jtθ̈m + dt′ θ̇m (5.4)

where dt′ = dt + dcr
2 is the new global viscosity friction coefficient of the

system during the collision.

In other word, the problem of detecting an impact force is expressed as

estimation of the viscous friction coefficient of the mechanical system.

Starting from the last model equation (5.4), the goal is to estimate the

friction coefficient dt of the system, given the measurement of the motor

torque (τm), the speed (ωm) and acceleration (ω̇m). The motor speed is

considered to be measured using an encoder on the motor, whilst the motor

acceleration is measured using an inertial measurement unit on the cart (at

load side) and from knowledge of the transmission ratio, r.

Since the model is nonlinear, in order to solve the estimation problem, the

Extended version of the Kalman filter must be used. As reported in [19], EKF

consists in applying linearization techniques about the estimated trajectory,

to get simple approximation of the system and then compute the Kalman

filter gain respect these points.

Thereby to formulate the Extended Kalman filter problem, there are three

main steps to follow:

1. basing on the model equation, define the state space model of the sys-
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tem;

2. linearize the system;

3. define the noise covariance matrix Q and R.

About the first step, given the measurement of the motor torque, the speed

and the acceleration, the state variables of the system are defined as:

About the first step, the state variables of the system are,

x =



x1 = dt

x2 = θ̈m

x3 = θ̇m

while the observation are given by,

z =


z1 = ωm

z2 = ω̇m = ax

r

where ax is the acceleration measurement of the cart. The motor torque τm
is the input u of the system.

Hence, the state space model in discrete time is:



x1(k + 1) = x1(k) + w1(k)

x2(k + 1) = u(k)−x1(k)x3(k)
Jt

+ w2(k)

x3(k + 1) = x3(k) + Tsx2(k) + w3(k)

z1(k) = x2(k) + v1(k)

z2(k) = x3(k) + v2(k)

(5.5)
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where wn represents the uncorrelated noise of the plant, vm the uncorre-

lated noise in the measurement and Ts is the sampling time.

The second step consists in linearize our model. Starting from the classic

state space description of nonlinear system,


x(k + 1) = f(x(k + 1),u(k))

z(k) = h(x(k),u(k))

the system is linearized in the following manner:

δF = δf(x, u)
δx

=


1 0 0

−x3
Jt

0 −x1
Jt

0 Ts 1

 (5.6)

δH = δh(x, u)
δu

=

 0 1 0

0 0 1

 (5.7)

Finally, to complete the formulation the covariance matrix of the model

is defined as:

Q =


w1 0 0

0 w2 0

0 0 w3

 , R =

 v1 0

0 v2

 (5.8)

where Q represent the covariance matrix related to the plant noise while

R is linked to the measurement noise. They are considered diagonal as sim-

plified assumption.
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Comparing from the mathematical point of view the FEEFKF with the

Generalizes Momenta algorithm, we can state both are model based ap-

proaches which assume the mechanical system is rigid. Our solution intro-

duces a little computational complexity than the robotic algorithm, and it

doesn’t work in every collision situation. With the mechanical system at

rest (the motor speed is zero) is not possible to detect an impact, since is

not possible to get an estimate of the virtual friction coefficient. On the

other hand, we believe these drawbacks are a low price to pay for getting the

performance shown in the next sections.

The strong point of FEEKF is to be able to merge the data in a unique

parameter with physical meaning easily understandable and interpretable.

Furthermore, it requires only low-cost sensors. It only needs to add the

accelerometer sensor, since in a controlled system the others two information

(the motor speed and the torque for the scenario considered) are already

present.

About its functioning limit, we argue the resting scenario is not a dan-

gerous case in every industrial application. Thinking about a collision with

a human, it corresponds at the situation where is the person which collides

to the system. A case where the responsibility rests with the human. In

the next chapter, we will go more in deep about this problem and we will

propose a second approach which solves this problem.

In the following section, we finally show the performance of the FEEKF

algorithm, also compared to GM, for an application case well designed for

our goals.
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5.2 Application case: safety in automatic ac-

cess gate

In this section a particular application case is presented, which highlights the

potential of the sensor fusion solution proposed in this work.

(a) DEIMOS automatic access gate.

(b) Rubber bumper.

Figure 5.2: Image of the mechanical system used for the tests.

5.2.1 Problem description

The electromechanical system used to test the algorithm is a heavy automatic

access gate (Figure 5.2). The gate has a weight of 620 Kg and a operative

speed of 12 meters per minute. The goal is to detect in the minimum time the

collision of the gate against a person, a car or any other object. Obviously,

from a safety point of view, the impact with a human is the most significant

to detect.

This lead to an examination of two types of impact:

• Stiff : it relates to collisions between a gate and rigid objects (e.g. a

car or human bones);

• Soft: this type of impact refers to collisions among the gate and soft
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Figure 5.3: Comparison of the two different impacts. The stiff one has an
higher impact force and, consequentially an higher deceleration.

items (e.g. obese people). Another crucial condition, modeled as soft

impact, happens when a person remain stuck between the gate and the

barrier at the end of the track, being pressed by the gate.

Since the system now is completely described is easy to deduce that the

stiff impact will produce an higher deceleration compared to the soft one, as

visible in figure 5.3.. On the other side, a soft impact will be more visible on

the torque signal, due to the slow increase of the force needed to overcome

the obstacle.

Due to these remarks, the sensor fusion algorithm proposed perfectly meets

the requirements, promising better performance than Generalized Momenta,

which uses only the information on the motor side.
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5.2.2 Experimental setup

The mechanical structure of the gate consists of four components:

• motor: typically a synchronous brushless motor, with the speed of the

rotor calculated by the resolver;

• transmission: reduce the rotational speed, increasing the torque pro-

duced in output;

• rack: transform the motion from rotational to linear;

• moving mass: this is effectively the gate, which moves forward and

backward, opening and closing the access.

The Extended Kalman Filter requires three measurements from the sys-

tem:

1. acceleration: using an accelerometer placed on the moving part of the

gate. Since the derivative of the angular speed is needed, using the fol-

lowing equation the linear acceleration is transformed into a rotational

one:

ω̇m = ẍ

r
(5.9)

where r is the gear ratio and ẍ the longitudinal acceleration;

2. torque: in this case, the torque is estimated directly from the motor

current:

Tm (t) = Kt · im (t) (5.10)

where im is the current in the motor and Kt is the coefficient which

relate the current to the torque;
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Figure 5.4: Schematic of the experimental layout. The position of the IMU
and the load cell reflect the real location during the tests.

3. angular velocity, ωm: this variable is acquired through a resolver con-

nected to the motor.

In addition to these data and only for validation propose, the force of the

impact is acquired using a load cell. This sensor permits to understand when

the collision begins and, as a consequence, an evaluation of the time required

by the algorithm to identify the impact. The load cell chosen has a stiffness

of 500 N/mm which approximate the rigidity of human cranium.

The experimental layout described is shown in Figure 5.4.

The two type of collision defined in the previous section are recreated in this

way:

• Stiff : using the load cell previously described;

• Soft: placing a rubber bumper in front of the gate, which absorb a part

of the impact force.

All these data are acquired using a dedicated electronics which runs the

algorithm in real-time. The embedded system permits to stop the gate in

case of detection of the impact.
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Figure 5.5: The structure of the algorithm is briefly resumed in the figure.
The torque, the angular speed and the acceleration permit to estimate the
friction coefficient. Then this parameter is used for the creation of the sig-
nature and the identification of the impact.

5.2.3 Collision detection algorithm

The algorithm for the collision detection (resumed in figure 5.5) can be di-

vided in two parts. The first is the FEEKF algorithm, which generates the

friction coefficient. The second part is the collision detection logic.

The math model of the gate is the same of the scenario taken into account

in section 5.1; as well as the relative application of the FEEKF algorithm.

About the collision detection logic, since the behavior of the system is

deterministic, the impact can be detected simply comparing the actual value

of the friction coefficient with a threshold curve which represent the normal

behavior of the system without collision. This threshold curve is defined as

the signature of the gate.

In the following, the threshold generation process and the impact detec-

tion logic are presented.
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Signature creation and update

In this phase a number (> 10) of closing operation without impact has been

carried out, estimating for each operation a friction coefficient curve. The

threshold is then created taking the mean of these curves and increasing it

by a safe-factor, in this case the standard deviation. Each time the gate

completes a closing operation without impact the signature is updated with

the new values; in this way the behavior of the gate is updated, matching

the changes in the environment (weather, aging of the components etc.).

Impact detection

Once the reference behavior is created the impact can be detected simply

identifying when the friction coefficient exceeds the signature, as visible in

figure 5.6.

5.2.4 Results

In this section we present the performance of the FEEKF algorithm for the

application case considered. In particular, we compare our solution with

other three approaches.

A solution based on only the measure from the inertial platform, that

we called Pure Inertial algorithm. A second one, which is based only the

torque data, that we called Pure Torque algorithm. Finally, the Generalized

Momenta algorithm used in Robotics, presented in the first chapters of this

thesis.

It is important to underline the method used to generated the threshold

for these last approaches is the same of the FEEKF algorithm. Therefore,

the only difference in performance between the algorithms is given by the
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Figure 5.6: The figure illustrates how the algorithm identify the impact. In
red (dashed line) is visible the signature created during the setting up of the
system. In blue (dashed-dotted line) there is the friction coefficient estimated
during a closing operation. In green (solid line) is visible the trigger which
identifies the impact. It is clear that when the blue line exceeds the red one
the impact is detected.
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Figure 5.7: Trigger of activation of the algorithm during a stiff impact at
maximum speed. The red line is the FEEKF, the green line is the PI algo-
rithm, the blue line is the PT algorithm and the violet line the GM algorithm.
The black continuous line is the force of the impact measured by the load
cell.

different data about the collision contained in the measures, or in the main

information with which the threshold is generated.

The benchmark used to test the performance consists in a closing oper-

ation at the maximum speed reachable by the gate, that is 12 meters per

minutes. In particular, the reliability of the algorithm is tested for the two-

different type of impact described.

Stiff impact

The trigger activations for the stiff impact which, recalling the concept, rep-

resents a collision with a rigid object, are shown in figure 5.7 and the perfor-

mance of the algorithms are summarized in the table 5.1.

In case of stiff impact, high level of acceleration is detected and, as a conse-

quence, the Pure Inertia algorithm, which uses only the accelerometer signals,

is the fastest to detect the collision. Some milliseconds later, we get the Fric-
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tion Estimation Extended Kalman Filter. It takes the advantages from the

accelerometer signals and identifies the impact very quickly. The Generalized

Momenta detects the collision after the PI and the FEEKF since it doesn’t

have any measure at load side. The Pure Torque algorithm identifies the

collision much later compared to the new algorithms. It detects the colli-

sion only when the regulator increases the current in order to overcome the

obstacle.

In conclusion, for this type of impact, the best performance are achieved

by the FEEKF and the PI algorithm.

Algorithm type Activation time [ms]
Mean Std deviation

Pure Inertia 21 3
FEEKF 36 3

GM 76 5
Pure Torque 186 20

Table 5.1: Performance of the algorithms in case of stiff impact. The mean
and the std deviation are computed using 30 impact test.

Soft impact

A soft impact happens when the stiffness of the object against whom the

gate hits is low. In the application presented, this type of impact is recreated

placing a rubber bumper on the moving part of the gate. The performance are

summarized in Table 5.2, while in Figure 5.8 the activations of the triggers,

compared to the force of the impact, are shown.

The effect of the bumper is visible in Figure 5.8; in fact the slope of

the force is not continuous, it has two steps. The first is related to the force

absorbed by the bumper, while the second starts when the bumper has ended
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Figure 5.8: Trigger of activation of the algorithm during a soft impact at
maximum speed. The red line is the FEEKF, the green line is the PI algo-
rithm, the blue line is the PT algorithm and the violet line the GM algorithm.
The black continuous line is the force of the impact measured by the load
cell.

its work.

The first algorithm to identify the impact is the FEEKF, which is able to

perfectly mix the information from the accelerometer and the torque. Then

we get the GM, which, thanks to the speed information, is faster than the PT

solution. The worst performance is achieved by the Pure Inertia algorithm,

since in this type of impact the amount of acceleration measured is very low

and it mixes up with the noise.

Algorithm type Activation time [ms]
Mean Std deviation

FEEKF 66 10
GM 98 6

Pure Torque 193 15
Pure Inertia 386 14

Table 5.2: Performance of the algorithms in case of soft impact. The mean
and the std deviation are computed using 30 impact tests.
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Considerations

The two types of collision considered are drastically. The stiff collision

presents, obviously, a high impact dynamics with a fast increase of the con-

tact force and high deceleration of the gate. On contrary, the soft collision

presents very slow dynamics, indeed it can be separated in two steps. The

first, when the bumper absorbs most of the impact energy producing a lower

reaction force on the loadcell and low deceleration on the gate. The second,

when the bumper is completely compress and the remaining kinetic energy

of the gate goes directly on the load cell.

For this reasons, the PI solution is the fastest to detect the collision, while

its worst scenario is the soft collision where the acceleration data of the im-

pact are mixed up with the noise.

About the PT algorithm, in the stiff collision shows the worst performance.

The impact dynamics is so fast the regulator is not able to update immedi-

ately its control action. Opposite situation happens during the soft collision,

where the dynamics is slower.

More interesting is to compare the FEEFK with the GM algorithm. The

first performs better in the stiff impact, while they show similar performance

in the soft impact. The reason behind this fact has been explained in the

previous chapter. The main difference between the solutions comes from the

different frequency component information of the impact contained in the

IMU data at the load side and in the encoder data at motor side. In the stiff

collision, due to some clearances and elastic deformations of the mechanical

system, some high frequency components of the impact are lost at motor

side.

In the end, the algorithm which performs better and is more robust for

the different collisions is that one which uses and merges more information,
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Figure 5.9: Sensors identified to measure a collision.

that is the FEEKF algorithm.

5.3 Conclusion

Based on the result of the previous chapter, in this one we presented a new

the collision detection algorithm which merges the data of three different

sensors to obtain a unique information with which generating the collision

threshold and detect the unwanted event. Moreover, we shew it performs

better than the Generalized Momenta, the top collision detection algorithm

used robotics and taken into account here as benchmark.

Summarizing, the sensors used by FEEKF are:

• position sensor at the actuator side;

• inertial measurement unit positioned at the load side;

• an information related to the effort of actuator – e.g. the torque for an

electrical motor.

The collision detection signal is a virtual viscous friction coefficient. In

Figure 5.9 is reported the usual controlled mechanical system considered with

highlighted the information used.
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In the next chapter we present a second new collision detection algorithm

applied on more complicate mechanical system, a robot arm. In particular,

it is an evolution of the Generalized Momenta algorithm with the using of

acceleration data.





Chapter 6

Inertial Generalized Momenta

algorithm

In the previous chapter, we presented the Friction Estimation Extended

Kalman Filter collision detection algorithm. A novel approach which merges

the data of three different sensor types – i.e. the load inertial measures,

where the collision occurs, the speed and torque data of the motor, before

the mechanical transmission chain – to obtain a unique information with

which generating the collision threshold and detect the unwanted event. In

particular, it based on the concept to model the collision as a virtual viscous

friction. Thus, studying the change in the wear condition of the mechanical

system is possible to identify a collision.

Analyzing its performance on an automatic gate access application case,

we saw it shows better performance than the Generalized Momenta algo-

rithm, the currently most successful collision detection algorithm used in

Robotics. However, as drawback, it can be applied only when the mechan-

ical system is in movements, or, in other words, when the motor speed is

different from zero.

103
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Figure 6.1: Collision scenario used to present the novel solution.

Trying to solve this problem and develop a solution which surpasses the

friction approach, in this chapter we present an evolution of the Generalized

Momenta algorithm which merges the accelerometers data with its approach.

The performance are valued on a more complicate mechanical system, a robot

arm.

6.1 IGM algorithm

To introduce the proposed method, let’s resume the usual collision scenario,

as well as it has been done for the FEEKF method (Figure 6.1).

A speed controlled actuator moves a cart with a mass Ml towards an obstacle

at constant speed. The transmission is considered rigid and as components

of energy dissipation a viscous friction term for the motor and load is taken

into account.

We have seen the dynamics of the system before the collision occurs is given

by

τm = Jtθ̈m + dtθ̇m (6.1)

where τm is the motor torque, Jt = Jm + Mln
2 and dt = dm + dln

2 are

respectively the overall inertia and the overall friction of the system. n is the

transmission ratio.
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Afterwards, we have seen that during the collision a term relative to the

contact force appears in the equation,

τm − Fc · n = Jtθ̈m + dtθ̇m (6.2)

Now that the scenario has been reminded, let’s formulate the Generalized

Momenta algorithm. Basing on the reference [17], it is possible to formulate

the following observer:
ˆ̇p = τm − dtθ̇m − r̂

r̂ = K · (p̂− p)
(6.3)

where we remind that p = Jtθ̇m is the momentum of mechanical system and

r is the component-wise filtered version of the real impact force,

r̂ = K

s+K
· Fcn (6.4)

with the gain K of the algorithm which sets the pole of the low-pass filter.

In the previous chapter, we saw two important facts about the Generalized

Momenta algorithm. First, it shows a slower collision detection performance

than the FEEFK. Second, the main reason behind this fact rests with the GM

does not use the inertial information of the load, where the collision occurs.

As proven in the chapter 4, the motor speed ”feels” less impact dynamics in

comparison the acceleration data at the load side.

Thus, the idea is to try of injecting the lost impact dynamics by the motor

speed from the accelerometer. In other words, try to ”accelerate” the motor

speed.

To achieve that, we merge up the motor speed data with the accelerometer

ones using a complementary filter. A low-pass filter for the motor speed data,

while a high-pass filter for the accelerometer data. So, the new motor speed
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Figure 6.2: The structure of the IGM algorithm is briefly resumed in the
figure. The motor speed and the acceleration permit to estimate a new
motor speed, with larger frequency content. Then this parameter and the
motor torque are used with the GM approach for the creation of the signature
and the identification of the impact.

is given by

ˆ̇θm = ẍl
n · s

· s2

s2 + k1s+ k2
+ θ̇m ·

k1s+ k2

s2 + k1s+ k2
(6.5)

where ki are constants which determine the cutoff frequency and damping

of the second order filters. In Figure 6.2 we report the scheme of this new

approach, that we name as: Inertial-Generalized Momenta algorithm (I-GM).

In conclusion, the novel solution combines the positive aspects of the

Generalized Momenta with basic idea behind the FEEFKF approach, that

is to take advantage of the inertial measure to speed up the dynamics of the

others signals.

In the following section, we show the performance of the FEEKF algo-

rithm compared to GM and its evolution, considering the collision application

case of a robot arm.
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Figure 6.3: Laboratory’s robot arm used for the application case.

6.2 Application case: collision detection with

a robot arm

6.2.1 Problem description

The electromechanical system used to test the algorithms is a light robot arm

used for researching activities in our laboratory. It is not a robust industrial

robot. Thus, the types of collision trials, the speed and force of impact have

been limited.

Like for the automatic access gate case, the goal is to detect in the minimum

time a collision towards different types of obstacle, made of different mate-

rial, thus different stiffness and capacity to absorb an impact. This lead to

formulate two types of impact:

• Stiff : it relates to collisions between rigid objects – e.g. human bones or

steel objects. In particular, rigid enough to generate high decelerations
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in the load accelerometer measures.

• Soft: this type of impact refers to collisions with soft obstacles – e.g.

obese people. The idea is to test the opposite scenario, where the

impact dynamics is contained inside the bandwidth of the transmission

and the deceleration values are low in way to reduce the effectiveness

of the load accelerometer measures due to the noise.

In the following section, the description of the robot arm and the exper-

imental setup is reported.

6.2.2 Experimental setup

The robot arm used is shown in Figure 6.3. It is 6 DoF robot with weight

around 5 kg. The actuators of the wrist are collocated at the extremity

of the forearm. The motors of the main links are not placed in the robot’s

joints, but in the robot base. Through reducers and belts, they command the

angular position of the links. In particular, each transmission chain has been

designed in way to obtain a constant relation between the motor rotation

and the link absolute orientation:

ωmi = qi
ni

(6.6)

where ni and qi are respectively the ratio transmission and absolute angular

position of the link-i. The actuators are trapezoidal brushless motors.

For our scopes, we consider only the link’s motors which coordinate the

robot space position. We do not use the wrist’s motors, since they influence

the end-effector orientation, that is not very relevant for the collision detec-

tion problem.
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Furthermore, we test the algorithms on the arm and forearm motors for

practical and cost reasons. Our system is a home-made light robot, mainly

used for research activities on trajectory planning and control system theory.

Since it has not been possible to remove the wrist, the most delicate part,

we have been limited the trials at two types of collision: impact on the arm

and forearm of the robot (Figure 6.8). In the section 6.2.4, we will give a

description on the benchmark trials for test the algorithms.

About the sensing aspect, we have seen the algorithms require three in-

formation. The speed and torque of the motors, measured ahead of the

transmission, and the motor accelerations estimated by load side. In partic-

ular, they are obtained from the following sensors:

• the motor speeds come from the motor encoder measures;

• the motor torques estimated by the PWM and the datasheet infor-

mation. which absorb a part of the impact force. Unfortunately, the

winding current measures are not available for type of motor brand

used.

• The motor accelerations are measured by inertial measurement units

placed on the links. Knowing sensor positions on links, lIMUi
, it is

possible to get the link angular accelerations,

q̈i = azi
lIMUi

(6.7)

and, as consequence, the motor acceleration:

ω̇mi = q̈i
ni

(6.8)

In addition to these data and only for validation propose, the force of the
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Figure 6.4: Schematic of the experimental layout. The positions of the IMU
and the load cell reflect the real location during the tests.

impact is acquired using a load cell. This sensor permits to understand when

the collision begins and, as a consequence, an evaluation of the time required

by the algorithm to identify the impact. The load cell chosen has a stiffness

of 500 N/mm which approximate the rigidity of human cranium.

The experimental layout described is shown in Figure 6.4.

The two type of collision defined in the previous section are recreated in this

way:

• Stiff : using the load cell previously described;

• Soft: placing a rubber bumper in front of the load cell, which absorbs

part of the impact force.

All these data are acquired using dedicated electronics which runs the algo-

rithm in real-time. The embedded system permits to stop the robot in case

of detection of the impact.



6.2. COLLISION DETECTION WITH A ROBOT ARM 111

6.2.3 Collision detection algorithms

In this section the collision detection algorithms implemented for the robot

arm are described.

As described in the second chapter, the general structure of a collision

detection is composed by two parts.

The first part, called feature generation block, generates the collision detec-

tion signal – that is the information with which detecting the impact. The

second part is the collision detection logic, which defines how to identify the

collision.

In this work, we have developed two different feature generation algorithms:

the Friction Estimation Extended Kalman Filter algorithm and the Inertial

Generalized Momenta algorithm. Since both are based on the dynamic model

of the system, first of all, the dynamic equations of the robot are reported.

Followed by the description of the algorithms and the threshold generation.

Robot arm model

In Figure 6.5a is shown the parametrized model of the robot arm.

With the red axes is indicated the absolute reference system of our model.

qi are the absolute angular coordinate of the links, considered positive with

anticlockwise rotation. li is the length of a link, while lGi is the position of

the center of mass along the link-i. mi and Ji are respectively the mass and

rotational inertia of the link-i.

Now, let’s proceed to calculate the robot dynamic model for the link of

interest.

Exploding the system and applying the Newton-Euler approach, we get the
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(a)

(b) (c)

Figure 6.5: The figures illustrate the dynamic model of the robot arm. The
Fig. (a) shows the parameterized model. The Fig. (b) reports the forces
acting on the arm, while the Fig. (c) the forces acting on the forearm.
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balance equations of the dynamic model:

T1 = J1q̈1 + (g + z̈G1)m2lG1 cos q1 −m1ẍG1lG1 sin q1

−Rxl1 sin q1 +Rzl1 cos q1

(6.9)

T2 = J2q̈2 + (g + z̈G2)m2lG2 cos q2 −m2ẍG2lG2 sin q2 (6.10)

where,

• mig terms are the weights of the link;-i

• miẍGi, mi ¨zGi are the inertia forces of the link-i;

• Jiq̈i are the torques of inertia of the link-i;

• Ti indicates the joint torque of the link-i.

• Rx and Rz are the internal reaction forces of the joint, which their

expressions are given by,

Rx = m2ẍG2 (6.11)

Rz = m2g +m2z̈G2 (6.12)

What remains for obtaining the final expressions of the dynamic model

is to rewrite the positions of the centers of mass in function of the link

coordinates and calculate the accelerations. Thus, the position of the centers
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of mass are,

xG1 = lG1 cos q1 (6.13)

zG1 = lG2 sin q2 (6.14)

xG2 = l1 cos q1 + lG2 cos q2 (6.15)

zG2 = l1 sin q1 + lG2 sin q2 (6.16)

Calculating the second derivate we get the accelerations,

ẍG1 = −lG1
(
q̈1 sin q1 + q̇2

1 cos q1
)

(6.17)

z̈G1 = lG1
(
q̈2 cos q2 − q̇2

2 sin q2
)

(6.18)

ẍG2 = −l1
(
q̈1 sin q1 + q̇2

1 cos q1
)
− lG2

(
q̈2 sin q2 + q̇2

2 cos q2
)

(6.19)

z̈G2 = l1
(
q̈1 cos q1 − q̇2

1 sin q1
)

+ lG2
(
q̈2 cos q2 − q̇2

2 sin q2
)

(6.20)

Finally, substituting these last expressions in 6.9 and 6.10, we obtain the

robot dynamic model,

T1 =
(
J1 +m2l

2
1 +m1l

2
G1

)
q̈1 +m2l1lG2 cos (q2 − q1) q̈2−

m2l1lG2 sin (q2 − q1) q̇2
2 + (m2l1 +m1lG1) g cos q1

(6.21)

T2 =
(
J2 +m2l

2
G2

)
q̈2 +m2l1lG2 cos (q2 − q1) q̈1+

m2l1lG2 sin (q2 − q1) q̇2
1 +m2lG2g cos q2

(6.22)

As final step we include the actuating chain – the reducers and motor –
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with their inertia and transmission ration,

T1 =
(
Ja1

n2
1

+ J1 +m2l
2
1 +m1l

2
G1

)
q̈1 +m2l1lG2 cos (q2 − q1) q̈2−

m2l1lG2 sin (q2 − q1) q̇2
2 + (m2l1 +m1lG1) g cos q1

(6.23)

T2 =
(
Ja2

n2
2

+ J2 +m2l
2
G2

)
q̈2 +m2l1lG2 cos (q2 − q1) q̈1+

m2l1lG2 sin (q2 − q1) q̇2
1 +m2lG2g cos q2

(6.24)

where Jai is the overall inertia of the actuating components, and Ti is rede-

fined as the motor torque, τmi, reported at the joint,

Ti = τmi
ni

(6.25)

IGM algorithm

In the section 6.1, we have seen the IGM is composed by two part. First, the

complementary filter merges the motor speed and the inertial data at load

side to obtain a new speed with higher frequency content. Then, having in

input the motor torque and the new speed, GM generates the residual r for

the collision detection.

Differently to the collision scenario, with which we have introduced the

algorithm, we need to pre-process the inertial data before implementing the

IGM approch. The inertial data are affected by the gravity acceleration,

which requires to be removed. To achieve that, we use the angular position

of the link to know how the gravity spans between the axes of the IMU
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Figure 6.6: Comparison between the raw accelerometer measure and after
its pre-processing.

sensors and through basic trigonometry relations it can be removed:

āzi = azi − azicos(qi) (6.26)

The Figure 6.6 shows the result of the pre-processing for the arm’s iner-

tial measure along the z-axis, where it is possible to appreciate the difference

between the signals. It is very clear the raw signal presents an offset due

to the presence of the gravity. Then, during the rotation of the arm, the

gravity along the axis grows. Observing the data, it is also possible to catch

the direction of rotation of the robot arm.

Now, it is possible to apply the IGM algorithm. The complementary filter
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for the robot arm is given by,

ˆ̇q1 = āz1
lIMU1

· s2

s2 + k1s+ k2
+ q̇1 ·

k1s+ k2

s2 + k1s+ k2
(6.27)

where q̇1 is obtained from motor speed ωm1 and the transmission ratio n1.

The residual of GM algorithm, always for the arm, is given by,

r̂1 =K1 ·
(∫ (
T1 −m2l1lG2 cos (q2 − q1) q̈2 −m2l1lG2 cos (q2 − q1) q̈2

+m2l1lG2 sin (q2 − q1) q̇2
2−r̂1)dt− p1

) (6.28)

where the momentum p1 is calculated by

p1 =
(
Ja1

n2
1

+ J1 +m2l
2
1 +m1l

2
G1

)
ˆ̇q1 (6.29)

The kinematic data of the joins are obtained from the motor ones through

the transmission ratios.

The formulation of IGM for the forearm is given by,

ˆ̇q2 = āz2
lIMU2

· s2

s2 + k1s+ k2
+ q̇2 ·

k1s+ k2

s2 + k1s+ k2
(6.30)

and

r̂2 =K2 ·
(∫ (
T2 −m2l1lG2 cos (q2 − q1) q̈1 −m2l1lG2 sin (q2 − q1) q̇2

1

−m2lG2g cos q2q̇
2
2−r̂2)dt− p2

) (6.31)

where

p2 =
(
Ja2

n2
2

+ J2 +m2l
2
G2

)
ˆ̇q2 (6.32)

It is possible to note that we have written the algorithm at joints side,

differently to the collision scenario in section 6.1. However, we underline that
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nothing changes, since the speeds and torques of the joints still come from

the motors.

FEEKF

In this section we formulate the FEEFK algorithm for robot arm. In par-

ticular, for the arm link since the approach is not applicable for the forearm

link. In the Results section, the types of trials are described with explained

the reason about its not-applicability.

Starting from the dynamic equation 6.21, let’s add the virtual viscous

friction term, representing the contact force:

T1 =
(
Ja1

n2
1

+ J1 +m2l
2
1 +m1l

2
G1

)
q̈1 +m2l1lG2 cos (q2 − q1) q̈2−

m2l1lG2 sin (q2 − q1) q̇2
2 + (m2l1 +m1lG1) g cos q1 + dv · q̇1

(6.33)

where dv is the virtual viscous coefficient.

Following [19] as a reference to apply the Extended Kalman Filter, let’s

formalize its main steps.

First, we define the state variables of the system, its input and the observa-

tions. Thus, the state variables are,

x =



x1 = dv

x2 = q̈1

x3 = q̇1

x4 = q1

(6.34)

while the input u is the joint torque T1, which can be calculated from the mo-

tor torque measured and the transmission ration: T1 = τm1
r1

. The observations
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of the system are,

z =



z1 = q̈1 = āz1
lIMU1

z2 = q̇1 = ωm1

z3 = q1 = θm1

(6.35)

where ωm1 and θm1 are respectively the speed and angular position of the

motor. āz1 is the pre-processed acceleration, while lIMU1 is the sensor position

along the arm link.

Hence, the discrete state space model of the arm link dynamics is:



x1(k + 1) = x1(k) + w1(k)

x2(k + 1) = fx2 + w2(k)

x3(k + 1) = x3(k) + Tsx2(k) + w3(k)

x4(k + 1) = x4(k) + Tsx3(k) + w4(k)

z1(k) = x2(k) + v1(k)

z2(k) = x3(k) + v2(k)

z3(k) = x4(k) + v1(k)

(6.36)

where,

fx2 =
(
u(k)−m2l1lG2 cos (q2 − x4(k)) q̈2+

m2l1lG2 sin (q2 − x4(k)) q̇2
2 − (m2l1 +m1lG1) g cosx4(k)−

x1(k) · x3(k)
)
· 1
Ja1
n2

1
+ J1 +m2l21 +m1l2G1

(6.37)

wn represents the uncorrelated noise of the plant, vm the uncorrelated noise

in the measurement and Ts is the sampling time.

The second step consists in linearize our model and find the linearized matrix
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F and H, requested for applying the EFK in accordance to [19]. Starting from

the classic formulation in state space of a nonlinear system,


x(k + 1) = f(x(k + 1),u(k))

z(k) = h(x(k),u(k))

The matrix F is given by,

δF = δf(x, u)
δx

=



1 0 0 0

F(2,1) 0 F(2,3) F(2,4)

0 Ts 1 0

0 0 Ts 1


(6.38)

where

F(2,3) = − x3
Ja1
n2

1
+ J1 +m2l21 +m1l2G1

(6.39)

F(2,3) = − dv
Ja1
n2

1
+ J1 +m2l21 +m1l2G1

(6.40)

F(2,4) =
(
g sin (x4) (l2m3 + lG2m2)− l2lG3m3q̇

2
2 cos (x4 − q3) +

l2lG3m3q̈2 sin (x4 − q2)
)
· 1
Ja1
n2

1
+ J1 +m2l21 +m1l2G1

(6.41)

While the matrix H is,

δH = δh(x, u)
δu

=

 0 1 0

0 0 1

 (6.42)

Finally, to complete the formulation the covariance matrix of the model
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is defined as:

Q =I4x4 ·w (6.43)

R =I4x4 · v (6.44)

where Q represents the covariance matrix related to the plant noise, while

R is linked to the measurement noise. They are considered diagonal as

simplified assumption. w and v are the variance vectors of the respective

matrix.

Collision detection logic

With final goal to compare the performance of the two algorithms designed

and the benchmark algorithm (the GM), we have developed a simple collision

detection logic in way it does not influence the results.

Thus, based on a set of movements without impact, the threshold is created

taking the mean of these curves and increasing it by a safe-factor, in this

case the standard deviation multiplied by constant value.

Once the reference behavior is created the impact can be detected simply

identifying when the collision detection signal exceeds the threshold.

In Figure 6.7a and 6.7a are reported respectively an example of activation

for the FEEFKF and IGM algorithms.

6.2.4 Results

In this section we present the performance of the FEEKF and IGM algo-

rithms for the application case considered. In particular, we compare our

solutions with the Generalized Momenta algorithm used in Robotics and
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Figure 6.7: The figure illustrates how the FEEKF (a) and the IGM (b)
algorithms identify the impact. In red (dashed line) is visible the signature
created during the setting up of the system. In blue (dashed-dotted line)
there is the friction coefficient estimated during a closing operation. In green
(solid line) is visible the trigger which identifies the impact. It is clear that
when the blue line exceeds the red one the impact is detected.



6.2. COLLISION DETECTION WITH A ROBOT ARM 123

presented in the first chapters of this thesis.

It is important to underline the method used to generated the thresh-

old for methods is the same. Therefore, the only difference in performance

between the algorithms is given by the different data about the collision con-

tained in the measure, or in the main information with which the threshold

is generated.

The benchmark used to test the performance consists in two trials. In

the first trial the collision occurs on the robot arm as shown in Figure 6.8a.

The link starts its movement with an orientation of 45 degree and impacts

with a joint constant speed of 16 degree per second. The forearm during the

motion is kept perpendicular to the ground, q2 = 90◦. The aim with this

trial is to test the algorithms for the arm motor.

In the second trial the collision occurs on the forearm, close to the wrist,

as shown in Figure 6.8b. The robot arm starts with an orientation of 45

degree and impacts with a joint constant speed of 16 degree per second. The

forearm during the motion is kept parallel to the ground, q2 = 0◦. The aim

with this trial is to test the algorithms for the forearm motor.

With the last trial emerges an important issue about the applicability of

the FEEKF algorithm. Since the forearm is kept at constant orientation,

its motor speed is zero and the friction estimation approach does not work.

During the motion it always estimates a viscous friction force equal to zero,

thus an infinity value of the viscous friction coefficient which implies an

impossibility of detecting the collision.

This might be a good application example of the FEEKF algorithm limit,

since the mechanical system is actually in movement and a collision occurs,

but, due to the transmission, the motor speed is zero and the event cannot

be detect.
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(a) (b)

Figure 6.8: The figures illustrate the types of collision performed for testing
the algorithms on the robot arm. (a) shows the TRIAL-1, the collision on
the arm. (b) shows the TRIAL-2, the collision on the forearm.

Thus, with the first trial are tested all the algorithms, while with the

second are compared only the IMG and GM algorithms.

Stiff impact

The trigger activations for the stiff impact which, recalling the concept, rep-

resents a collision with a rigid object, are shown in figure 6.9 and the perfor-

mance of the algorithms are summarized in the table 6.1.

For the first trial, the FEEKF algorithm is the fastest to detect the col-

lision. It identify a collision occurred after 10 milliseconds. 20 milliseconds

later, the trigger of Inertial Generalized Momenta sets off. As for the auto-

matic gate application case, The GM algorithm identifies the collision much

later compared to the others, since it doesn’t have any measure at load side,

where the collision occurs.

For the second trial, the novel GM is faster than the classic GM about

48 milliseconds. it is interning to note that, although FEEFKF is not always
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Figure 6.9: Triggers of the IGM algorithm for the stiff impact. (a) is for the
collision on the arm, (b) is for the collision on the forearm. The red line is
the FEEKF, the green line is the IGM algorithm and the violet line the GM
algorithm. The black continuous line is the force of the impact measured by
the load cell.

applicable, it show the best performance.

Algorithm type
TRIAL-1:

activation time
(ms)

TRIAL-2:
activation time

(ms)
Mean Std deviation Mean Std deviation

FEEKF 10 3.2 - -
IGM 13 2.1 19 3
GM 35 5 67 10

Table 6.1: Performance of the algorithms in case of stiff impact. The mean
and the std deviation are computed using 30 impact test.

Soft impact

The performance of the algorithms for the stiff impact are summarized in

Table 6.2, whilst in Figure 6.10 the activations of the triggers are shown.

As for the automatic access gate case, the effect of the bumper is very
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Figure 6.10: Triggers of the IGM algorithm for the soft impact. (a) is for
the collision on the arm, (b) is for the collision on the forearm. The green
line is the IGM algorithm and the violet line the GM algorithm. The black
continuous line is the force of the impact measured by the load cell.

visible.

Comparing the trend of the load cell between the two types of collision for

the first trial, taken as example, we can see the signal is very smooth in the

soft impact than the rigid case.

Though it does not appear so clearly, for both the trials the first algorithm

to identify the impact is, again, the FEEKF which is able to perfectly mix

the information from the accelerometer, the torque and speed.

Some milliseconds later, we get the IGM, while the worst performance are

achieved by the benchmark algorithm.

Considerations

It is important to note the results confirm the main conclusions obtained

with the gate application case. The solutions which perform better and are

more robust for the different collisions are those which merge the load inertial

measures with the motor ones, that are the torque and the speed.

Indeed, the algorithm which shows the worse performance is the Generalized
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Algorithm type
TRIAL-1:

activation time
(ms)

TRIAL-2:
activation time

(ms)
Mean Std deviation Mean Std deviation

FEEKF 93 2.6 - -
IGM 96 1.9 412 5.3
GM 122 10.5 438 7.2

Table 6.2: Performance of the algorithms in case of soft impact. The mean
and the std deviation are computed using 30 impact test.

Momenta, which does not use the accelerometer data.

The IGM e FEEKF algorithms present comparable results. The first

approach seems performs a little better, however it has the drawback of not

being always applicable, as for the collision trial on the forearm.

6.3 Conslusion

Starting from the Generalized Momenta approach, in this chapter we have

developed a its evolution which takes the advantages from its older version

and the FEEKF solution.

In particular, it shows similar performance to the FEEFK approach without

have the drawback of the applicability when the motor speed is zero or the

system is motionless. We called it as Inertial Generalized Momenta collision

detection algorithm.

Summarizing, as the FEEKF algorithm, it uses the following sensor:

• position sensor at motor side – e.g. encoders;

• inertial measurement unit position at load side;

• finally, an information related to the control action of the regulator.
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Figure 6.11: The structure of the IGM algorithm is briefly resumed in the
figure. The torque, the angular speed and the acceleration permit to estimate
the residual. Then this parameter is used for the creation of the signature
and the identification of the impact.

In conclusion, in Figure 6.11 we reports the final structure of the IGM

collision detection algorithm.
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we propose





Chapter 7

Conclusions

This work focused on the collision detection issue for industrial application,

trying to contribute with different aspects: from modeling, sensors and algo-

rithms.

The goal of a collision detection algorithm is to identify a collision in a

way to reduce the force generated. Thus, rapidity is crucial characteristic of

the algorithm.

After investigating in literatures the physics of the phenomenon, its mod-

eling approaches and the current collision detection schemes,we analyzed the

impact dynamics in a generic actuated system, finding the sensors which

give the optimal tradeoff between feasibility, costs and information about

the collision event. Summarizing, the sensors are:

• position sensor at motor side – e.g. encoders;

• inertial measurement unit positioned at load side, close to the collision

occurs;

• an information related to the control action of the regulator.

131
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Figure 7.1

Considering as example a mechanical system actuated by an electrical motor,

in Figure 7.1 we highlights the information used.

Basing on these results, afterward we developed and tested two new col-

lision detection algorithms.

The first, it is the Friction Estimation Extended Kalman Filter. As the

name suggests, the core of this approach is to use the EK filtering to estimate

a virtual viscous coefficient, used to model the collision event, and detect the

impact as a virtual changing of the mechanical system wear.

Analyzing its performance respect the General Momenta algorithm, the cur-

rently best recognized collision detection solution used in Robotics, we saw

our solution is the fastest independently the physical characteristic of the

collision – i.e. stiff impacts or soft impacts.

Further, we saw it presents a drawback about its applicability. The algorithm

works only when the actuator is in movement.

To surpass this problem, we proposed also a second solution based on

General Momenta approach and the FEEKF idea of merging the accelerom-

eter information with the others two data, the actuator speed and effort. In

particular, using a complementary filter we got a good estimate of the speed

at the load during the collision. Using this signal with GM we obtained an

relevant improvement of its performance, so much to be almost equivalent to

the FEEKF solution. We named it: Inertial Generalized Momenta.
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Figure 7.2: The structure of the algorithm is briefly resumed in the figure.
The torque, the angular speed and the acceleration permit to estimate the
friction coefficient. Then this parameter is used for the creation of the sig-
nature and the identification of the impact.

Figure 7.3: The structure of the IGM algorithm is briefly resumed in the
figure. The torque, the angular speed and the acceleration permit to estimate
the residual. Then this parameter is used for the creation of the signature
and the identification of the impact.
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In conclusion, we reports the final schemes of the new proposed algorithms

7.2 7.3.
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