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Abstract. A novel approach based upon Discontinuous Galerkin (DG) discretization, applied
to the divergence form of the multicomponent Navier-Stokes equations, is here presented and
used to compute non reactive turbulent axisymmetric gaseous jets. The original key feature
is the use of L2-projection form of the (perfect gas) equation of state. This choice mitigates
problems typically encountered by the front-capturing schemes in computing multicomponent
flow fields, i.e. spurious oscillations across material and contact surfaces where the mixture
composition is changing. The solver makes also use of a shock-capturing technique based
on artificial dissipation selectively added into the equations and tuned in connection with the
magnitude of inviscid residuals of the equations and on suitable coefficients accounting for
the variation of the unknown variables within and across grid elements. A simple limiting
procedure is introduced in order to avoid the occurrence of unphysical gas properties due to
negative and/or greater that one mass fractions values within the domain. The DG code based
on the proposed novel technique for multicomponent flow computation is here employed to study
the mixing mode and the preferential diffusion mechanism of a mixture jet of helium and carbon
dioxide in a surrounding flow of air, both in laminar and turbulent flow regimes. Mass diffusion
is modelled by means of Fick’s first law and use is made of constant Prandtl and Schmidt
numbers in Wilcox’s (2008) k−ω model. Third-order accurate results are presented, discussed
and compared with the available experimental data. They confirm the possible existence in
coaxial jets of different periodic flow structures, greatly affecting mixing rates, and different
species diffusive mass fluxes. The relative importance of both phenomena depends on the flow
regime and its characteristics. The tests carried out give at the same time indications about
the accuracy of the proposed method and its effectiveness in computing complex unsteady flow
fields.

1



N. Franchina, M. Savini and F. Bassi

1 INTRODUCTION

The increased power and enhanced performance of the available computational resources
achieved during these last years allowed a more widespread use of high-order accurate dis-
cretizations for the numerical prediction of complex flow fields of academic and industrial
interest. The discontinuous Galerkin finite element method is one of the most promising nu-
merical method due to the great geometrical flexibility, good scalability for high-performance
computing and inherent high-order accuracy.

In the current work, the development of the DG code MIGALE [1, 2, 3, 4] for the computa-
tion of multicomponent flows, is presented. The solver is considered as one of our preliminary
steps to deal with homogeneous (gas phase) combustion problems by means of a high-order
CFD-DG tool and at present it neglects the modeling of chemical reactions.

The increasing importance of an accurate prediction of combustion processes, especially
for the control of pollutant emissions, is nowadays indeed demanding further development of
high-fidelity solvers, accurate enough to trace the evolution of chemical species down to ppm
scale and, at the same time, robust and reliable enough to be applied to problems of industrial
interest. The DG approach marries the ability to allow discontinuities in a natural way with
its great accuracy granted even on general meshes, both important properties to compute the
wrinkled flame fronts encountered in turbulent combustion, and indeed reactive DG codes have
recently appeared (see e.g. [5, 6]).

The study of coaxial jets, with and without swirl, is of great importance in the assessment
of the burner efficiency and it is an essential requirement to subsequently investigate the burner
behaviour with partially premixed and non-premixed flames. In addition to this, the impact of
coaxial jets fluid dynamics is crucial not only on the performances of rockets and combustion
devices, but also in non-reactive components such as injectors and exhausts of turbofan en-
gines. Studies on the behaviour of coaxial jets date back to the seventies with the pioneering
experimental investigations presented in [7, 8, 9]; recent works [10, 11] confirm the existence
of different flow configurations depending on the velocity and density ratios between inner and
outer jets, as well as on geometrical details of the apparatus. The two main distinctive features
are the “wake-like” and “jet-like” turbulent shear structures that, roughly speaking, develop re-
spectively when the jets velocity ratio is near unity or far away from this value. Typically the
flow field is turbulent and unsteady, with large scale fluctuations generated by Kelvin-Helmoltz
instabilities at the shear interface between the jets, superimposed on the broad-band small scale
turbulent background; thus the accurate simulation of gaseous coaxial jets represents indeed a
challenging task for any multicomponent flow solver. Moreover, the growing interest in the use
of syngas derived both from biomasses and coal, possibly added by methane in order to raise
its enthalpy content (LHV), and/or in methane enrichment by hydrogen (to increase its flame
speed and its lean stability limit) in turbogas burners, draws the attention toward the study of the
effects induced by the faster mixing of one species (e.g. H2), as compared with other species,
on the whole process of combustion. As shown in [12], these effects are quite significant at low
Reynolds numbers.

Numerical investigation on the mixing and diffusion phenomena in a coaxial jet of helium
and carbon dioxide in air, at two different velocity ratios, is herein carried out using the mul-
ticomponent DG MIGALE code. The adopted DG solver is based on the “exact” Riemann
solver [13] and on the BR2 scheme [1] for the computation of the interface convective and dif-
fusive flux vector, respectively. It is well-known that the discretization of multicomponent flow
fields has to cope with numerical oscillations that are not encountered with single component
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flows. Unphysical fluctuations may appear near contact and material interfaces, where the mix-
ture composition changes, even with low-order accurate discretizations, depending on the sort
of approximation adopted, see e.g. [14, 15]. Following the approach presented in [16] to miti-
gate spurious pressure oscillations at contact/material interface, the pressure is computed from
the weak form of the equation of state for ideal gases. This can be viewed as a “regularization”
of pressure that reduces its polynomial order of representation. Numerical oscillations that may
also occur, due to flow field discontinuities, are treated by means of a shock-capturing scheme
that explicitly adds artificial dissipation based on the inviscid residuals of the equations.

Two unsteady test cases have been computed, with jet-to-coflow velocity ratio V ranging
from 5 to 1, and their results compared with experiments carried out at the Politecnico di Mi-
lano [17]. The computations allow a twofold check on the accuracy of the developed code,
capable to investigate both the different mixing modes in coaxial jets and the concurrent mech-
anism of preferential diffusion of mass species.

In Section 2 we first describe the governing system of equations adopted for multicompo-
nent gas mixture and the formulas employed to compute the mixture properties, then the DG
approximation, the artificial dissipation and limiting procedure are presented. Section 3 reports
the computed solutions along with a discussion on the jet structures and the mixing of chemical
species. Final remarks are summarized in Section 4.

2 NUMERICAL METHOD

The numerical discretization presented in this section applies to the conservative form of the
RANS equations. Their system for turbulent non reactive multicomponent flows is obtained
through Favre averaging, neglecting the contributions due to the product of temperature and
species mass fractions fluctuations. The system is written for both planar and axisymmetric 2D
flows as follows
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where ρ, p, v = (vx, vr), et, ht = et + p/ρ, are the density, pressure, velocity, total internal
energy and total enthalpy of the mean motion respectively, while yi is the mass fraction of the
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i-th species. The inclusion of the geometrical factor r allows to use a unique implementation;
r is equal to the radius in the axisymmetric case and equal to one in the planar case, whilst the
coefficient φ in Eq. (3) is equal to one and zero in the former and latter case, respectively.

Equations (1) and (7) express the conservation of the whole mass mixture and of N− 1 mass
species, while Equations (2)–(4) express the momentum and energy conservation. As the total
mass of the mixture is the sum of the mass of all species, the last (N-th) species conservation
equation could be added to (7) in place of Eq. (1). Our choice, which is widely used in academic
and commercial codes, ensures the global mass conservation, unaffected by chemical reactions
and diffusive transport, and implicitly assumes that

yN = 1−
N−1∑
i=1

yi, yi ≥ 0 ∀i = 1, . . . ,N (8)

instead of computing the mixture density as ρ =
∑N

i=1 ρi.
The term A in the energy equation (4) summarizes the divergence of the work of laminar

stresses and the divergence of the “effective” heat flux vector qe
h, defined as

qe
h = −

(
k +

µtcp
Prt

)
∇T. (9)

P is the production term that models the energy exchange between mean and turbulent field
(see [18] for their complete expressions).

The diffusive mass flux of the i-th species Ji of Eqs. (4) and (7) is computed according to
the Fick’s first law

Ji = −ρDe
i,m∇yi, (10)

where De
i,m is the “effective” mass diffusion coefficient of the species i in the mixture obtained

as the sum of molecular and turbulent contributions,

De
i,m = Di,m + µt/(ρSct),

and Sct is the turbulent Schmidt number introduced to model the product of species and ve-
locity fluctuations through the classical gradient diffusion hypothesis. The Di,m coefficient is
computed using a modified form of the Stefan’s formula reported in [19], where yi has been
replaced by Xi (molar fraction of the i-th species) for self-consistency, i.e. at least when all
Dij = D, the formula guarantees that Dim = D, and hence

∑N
i=1 Ji = 0,

Di,m =
1−Xi

N∑
j=1, j 6=i

Xj

Dij

. (11)

The binary diffusion coefficients Dij are approximated as

Di,j = D(i,j)0

(T/T0)n

p/p0

, (12)

where D(i,j)0
is a reference diffusion coefficient at a reference state given by the pressure and

temperature values p0 and T0 ([20]). Due to the constraint on the sum of mass diffusive fluxes,
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JN = −
∑N−1

i=1 Ji, the mass diffusivity coefficient of the last species in the mixture DN,m is
implicitly defined as

DN,m =

N−1∑
i=1

Di,m∇yi

N−1∑
i=1

∇yi

. (13)

Note that, being working with non-reactive flows, the mass diffusion due to temperature gra-
dients (Soret effect), as well as terms related to pressure gradients and body forces, have been
neglected.

The diffusion flux Ji gives rise to an energy flux hiJi which, summed over all the species
present in the mixture, provides the last terms in the RHS of Eq. (4), where the summation
convention over repeated indices is adopted.

The turbulence model employed is the “high-Reynolds” version of Wilcox’s k − ω turbu-
lence model [21, 22]. Notice that the model adopted is not in its standard form and employs
the modifications introduced in [2], i.e., in Equations (4)-(6) the turbulent kinetic energy k is
replaced by a limited value k̄ to avoid the occurrence of negative values; besides the model uses
ω̃ = logω instead of ω. Furthermore, “realizable” ω̃r (i.e. properly limited ω̃) values are used
in the source term of Equation (6) and in the eddy viscosity computation to guarantee physical
turbulent stress values. The standard RANS model employed makes use of the simple assump-
tion of constant turbulent Prandtl number and of unique constant turbulent Schmidt number for
each species. In this work they are fixed at 0.9 and 0.75, respectively.

The dynamic viscosity µ and thermal conductivity λ of the mixture are computed using the
Wilke’s formula [23] and the corrected expression given in [24] respectively, (see [25])

µ =
N∑
i=1

Xiµi

N∑
j=1

Xjφij

, λ =
N∑
i=1

Xiλi
N∑
j=1

Xjφij

(14)

with

φij =

{
1 +

(
µi

µj

)1/2(
Ri

Rj

)1/4
}2

{
8

(
1 +

Rj

Ri

)}1/2
. (15)

The specific heat at constant pressure cp,i, the dynamic viscosity µi and the thermal conductivity
λi of each species i are defined as a function of the temperature through polynomial expansion
up to the desired order of approximation. As in the present application pressure and temperature
are nearly constant, all species thermofluidynamic properties are assumed constant.

In the hypothesis of perfect gas, the constitutive equation of state for the mixture reads p =
ρRT , where R is the mixture gas constant,

∑N
i=1 yiRi. Herein the weak form of the EOS is

considered and p is defined in a weak sense via an integral relation:∫
vp dV =

∫
vρRT dV,
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where v is every function in the chosen functional space, belonging to the Hilbert space of
square integrable functions. The pressure degrees of freedom pj are computed in a straightfor-
ward way as

pj(t) =

∫
vjρRTdV, (16)

due to the selected basis functions v, orthonormal in the physical reference frame.

2.1 Discontinuous Galerkin Discretization

The governing equations (1)–(7) can be written in compact form as

∂u

∂t
+∇ · F (u,∇u) + st (u,∇u) = 0, (17)

where u ∈ Rm is the unknown solution vector of the m conservative variables, F ∈ Rm ⊗ Rd

is the sum of inviscid and viscous flux functions (with d indicating the number of dimensions)
and st ∈ Rm is the turbulent source term vector.

The discretization is defined over a computational mesh made of a set of non-overlapping
elements Th = {K}. We thus consider the system (17) in its weak form over Th and use a dis-
continuous Galerkin scheme based on the following space consisting of polynomial functions,

Vh
def
= [Pk

d(Th)]m, (18)

where
Pk
d(Th)

def
=
{
vh ∈ L2(Ω) | vh|K ∈ Pk

d(K), ∀K ∈ Th
}

being Pk
d(K) the space of polynomials of degree at most k defined on the element K. The DG

discretization requires to compute uh ∈ Vh, such that:∑
K∈Th

∫
K

vivj
dUj

dt
r dx−

∑
K∈Th

∫
K

∂vi
∂xn

Fj,n (uh,∇huh + R([[uh]])) r dx

+
∑
e∈F

∫
e

[[vi]]n F̂j,n

(
u±h , (∇huh + ηere[[uh]])±

)
r dσ

+
∑
K∈Th

∫
K

visj (uh,∇huh + R ([[uh]])) r dx = 0, (19)

for each function vi ∈ Vh, where sj = st,j + sax,j is the sum of turbulent and axisymmetric
source terms. In Eq. (19) F defines the collection of all edges e and the functions R and
re : [L2(e)]d → [Pk

d (Th)]d are the global and local lifting operators∫
Ω

re (v) · τ h dx = −
∫
e

{τ} · v dσ, ∀τ h ∈ [Pk
d(Th)]d, (20)

R (v) =
∑
e∈F

re (v) , (21)

used by the BR2 scheme [1] to define a DG discretization of the viscous part of the governing
equations. The jump [[·]] and average {·} trace operators are defined as usual in the DG context
to conveniently deal with discontinuities at elements interface as

[[uh]]
def
= u+

hn
+ + u−hn

−, {vh}
def
=
v+
h + v−h

2
, (22)
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where the ± superscripts indicate the trace of the numerical solution over a generic edge com-
puted from the two adjacent elements K+ and K−. The coefficient ηe is a stability parameter
depending on the number of elements faces; see [26] for a detailed analysis of the BR2 method.

Suitable numerical flux functions (F̂j in Eq. (19)) are used in place of the physical fluxes
(convective and diffusive) to properly deal with the non-uniqueness of these vectors on the
elements interfaces. The inviscid part of the flux is computed via “exact” Riemann solver [13]
while the diffusive part as the average of the fluxes computed from neighboring elements.

The conservative formulation of the governing equations is used only for the purpose of
fluxes computation, whilst the unknowns are given by the primitive variables vector

q = [ρ, T, vx, vr, k, ω̃, y1, y2, ..., yN−1]T .

The use of the primitive variables is computationally more efficient in the evaluation of the
diffusive fluxes, where the gradient of q is required, since it is already available. Differently
from monocomponent flow simulations, in multi-fluid flow computations we employ the density
ρ in place of the pressure p. In most reactive gas dynamic environments the pressure is in fact
slowly varying or nearly homogeneous, whereas strong density gradients exist near flame fronts
and thermal boundary layers.

The new multicomponent DG solver here presented closely follows the implementation of
the monocomponent DG MIGALE code [1, 2, 3, 4]. A fully implicit discretization is employed
with Jacobian matrices analytically computed to account in exact manner for the dependence
of residuals on the values of variables and gradients, also including the treatment of lifting
operators and boundary conditions.

2.2 Time Integration

The DG space discretization of the governing equations (19) is here written in the form of
the following non-linear ODE system

M
dU

dt
+ R(U) = 0, (23)

where U is the vector of global unknown degrees of freedom, M the global block diagonal
mass matrix and R the residuals vector. The time discretization of Eq. (23) is efficiently per-
formed by means of a linearly implicit Rosenbrock-type Runge-Kutta schemes, following the
implementation presented in [27], that can be written as:

Un+1 = Un +
s∑

j=1

mjWj, (24)

(
I

γ∆t
+ J̃

)n

Wi = −R̃

(
Un +

i−1∑
j=1

aijWj

)
+

i−1∑
j=1

cij
∆t

Wj, i = 1, . . . , s, (25)

where

J =
∂R

∂U
, R̃ = M−1R, J̃ =

∂R̃

∂U
= M−1

(
J− ∂M

∂U
R̃

)
, (26)

and cij , aij , mj , γ are the scheme coefficients. The Eq. (25) is then replaced by the following
efficient implementation that avoids the computation of M−1J̃,(

M

γ∆t
+ J− ∂M

∂U
R̃

)n

Wi = −Mn

[
R̃

(
Wn +

i−1∑
j=1

aijWj

)
−

i−1∑
j=1

cij
∆t

Wj

]
, (27)
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for i = 1, . . . , s. For steady problems the time discretization is performed using the back-
ward Euler scheme with the Jacobian matrix analytically computed to achieve quadratic conver-
gence. For unsteady computations, accurate Runge-Kutta schemes up to fourth-order accuracy
are adopted.

The linear system is finally solved using the restarted GMRES algorithm with 120 Krylov
vectors, 240 iterations and a relative tolerance of 10−6. The code is parallel and employs the
METIS package to handle grid partitioning and the PETSc library [28] for linear algebra.

2.3 Shock-capturing technique

High-order DG methods, like any linear (i.e. independent of the local solution) high-order
method, suffer from numerical oscillations in the vicinity of flow field discontinuities. In mul-
ticomponent flow computations, spurious fluctuations appear near material fronts already with
a first-order approximate conservative scheme. Thus, to obtain a crisp representation of dis-
continuities and preserve the accuracy within smooth flow field regions, it is necessary to adopt
ad-hoc numerical techniques, such as shock capturing schemes suited to control oscillations.

In this work we employ the shock-capturing technique presented in [16], originally inspired
by [29] which is based on the explicit introduction of artificial viscosity into the governing
equations. The following element-wise artificial dissipation contribution is thereby added to the
system (19): ∫

K

ε
(
u±h ,uh

) ∂vi
∂xn

∂uj
∂xn

dx. (28)

The artificial viscosity coefficient ε depends on two residual-based quantities: i) the difference
between the numerical and physical inviscid fluxes and ii) the divergence of the inner convective
fluxes,

ε = Ch2
K

3∑
n=1

(
|Sn|+ |Dn|

q̃∗n

)
Fs, (29)

where C is a user-defined value, hK the characteristic dimension of the element K defined in
2D as

hK =
1√

1

(∆x)2
+

1

(∆r)2

, (30)

where ∆x and ∆r are the dimensions of the quadrilateral enclosing K, scaled in such a way
that their product matches the area of K.

The viscosity is selectively introduced based on the behavior of the variables q̃ = (ρ, T, yM),
i.e. the density, the temperature and the mass fraction yM of the species showing the local
greatest variation, chosen to tune the dissipation. Notice that in Eq. (29), the vector q̃∗ =
(ρ, T, 1) is used instead of q̃ to avoid break-up caused by too small values of yM . The Sn terms
account for changes occurring at elements interface and based on the difference between the
“numerical” and inner convective flux, herein denominated si. The Dn terms account for any
steep gradient in the flow field occurring within the elements and are based on the divergence
of the convective inner flux, denoted by di,

Sn (u±h ,uh) =
M∑
i=1

∂q̃hn(uh)

∂uhi

si(u
±
h ), Dn (uh) =

M∑
i=1

∂q̃hn(uh)

∂uhi

di(uh). (31)
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The artificial viscosity is then multiplied by a factor Fs based on the maximum absolute
value of the temperature, density and mass fraction scaled gradients, depending on polynomial
order k and mesh coarseness parameter hK , given by

Fs =

(
|dq̃j|

hK
k

)k

, (32)

with

|dq̃j| = maxj

(
|∇hq̃j|
q̃∗j

)
, j = 1, 2, 3.

The user-defined coefficient C has been determined through numerical experiments and in the
present work it typically varies between 0.1 and 1.

2.4 Limiting on mixture properties

During computations, out of bounds mass fraction values may appear in the solution flow
field and this may lead to the attainment of unphysical gas properties. Different strategies
have been considered by various authors to deal with oscillations arising in non monotonic
approximation scheme, e.g. [30]. In this work, we do not constraint species degrees of freedom
and thus negative or greater than one mass fraction values may appear. To keep this potential
problem under control, we employed a simple limiting procedure that locally uses modified
mass fraction values, satisfying Eq. (8), for the sole purpose of gas properties computation. The
technique is presented in [16]; it first corrects (if necessary) each of the N species mass fraction
to a minimum value and then divides each one by the sum of the new N mass fraction values.

3 He-CO2 JET IN A CO-FLOW STREAM OF AIR

In this section third-order accurate (P2) computations are discussed and compared with avail-
able experimental data [17].

Experiments were performed at ambient conditions in a configuration typical of non-premixed
coaxial burners, consisting of an inner long pipe (x/D = 37.5) delivering a mixture of he-
lium (11.8% on a mass basis) and carbon dioxide, surrounded by much a shorter air annulus
(x/Dm = 3.9). The closed chamber diameter is 5.6 times the annulus outer diameter, therefore
confinement effects should not be relevant. The post thickness is 3.5 mm. Other geometrical
parameters of the apparatus are listed in Table 1.

jet air inner air outer chamber
Diameter 8 15 36 200
Length 300 80 80 300

Table 1: Test rig dimensions [mm]

The considered test cases are summarized in Table 2, where the Reynolds numbers, based on
bulk velocity, (hydraulic) diameter and kinematic viscosity, are reported alongside with density
(D), velocity (V ) and momentum flux (M ) inner-to-outer ratios.

Notice that in [17], due to a typing error, what is referred to as bulk velocity is actually the
centerline velocity at the exit. The flow regime is incompressible, being the jet freestream Mach
number Majet ' 0.025.

An unstructured grid consisting of 42722 elements of mixed triangular and quadrilateral type
is employed to discretize half geometry. Figure 1(a) shows the computational domain (bottom
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Case Rejet Reair V D M
1 3140 2350 4.82 0.695 16.13
2 3140 9480 1.19 0.695 1.01

Table 2: Test case Reynolds number, velocity, density and momentum flux ratios

part of figure) and a close up of the mixing region (top part) near the merging of jet and co-flow.
Note that the whole length of the tube has been discretized since it is not long enough to obtain
a fully developed pipe flow.

(a) grid (b) time history

Figure 1: Computational mesh (left) and time histories of Case 1 – red and Case 2 –black (right)

The flow field is unsteady in both test cases, so computations were run in time-accurate mode
until a periodic solution was finally set. To check the attainment of periodicity, fluidynamic
quantities were continuously sampled at three points in the initial region of jets interaction
(x/D = 1, 0.5 ≤ r/D ≤ 0.95); an example of density time histories is shown in Figure 1(b).

In Case 1 both the inner and outer channel boundary layer Reynolds numbers are in the
transitional range; even if they are well above the threshold for the development of turbulence in
the subsequent jet free shear layer, flow field features may heavily depend on displacement and
momentum thicknesses at the pipe exit. Therefore, for test Case 1 both laminar and turbulent
computations were performed.

Figure 2 displays the Mach numbers and species mass fractions of the laminar solution at a
generic instant of time, while Figure 3 shows the time-averaged periodic solution. At the jet
exit, the shear layer (Kelvin-Helmholtz) instability generates a continuous detachment of vor-
tices moving toward the axis, all counter-clockwise rotating, i.e. with positive vorticity. When
they encounter their mirror image at the axis of symmetry, a local reinforcement is clearly visi-
ble prior to their slow downstream decay under the influence of viscosity. One single dominant
frequency is present in the time spectrum, corresponding to a Strouhal number

St =
ωD

Vbulk
' 0.49.
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(a) Max (b) May

(c) yHe (d) yair

Figure 2: Case 1, laminar: instantaneous contours

(a) Max (b) yHe

Figure 3: Case 1, laminar: time-averaged contours

In case it were a fully developed (Poiseuille) pipe flow, this would correspond to a Strouhal
number based on momentum thickness of 0.021, at the upper edge of the classical laminar
range (0.01− 0.02).

In order to evaluate the mechanism of preferential diffusion, we compute a local diffusion
parameter ξ defined as follows,

ξ =
XCO2

X0
CO2

− XHe

X0
He

,

where X0
i is the initial mole fraction of the species i. Positive values of this parameter can be

interpreted as a local excess of carbon dioxide as compared with helium; the opposite is true for
negative values.

Figure 4 shows the time-averaged numerical and experimental distributions of ξ and axial
non-dimensional velocity in the coaxial jets near field. As one can see, the laminar solution
overestimates maxima and minima in both ξ and velocity profiles; in particular, trace of the
recirculation bubble due to the finite post thickness is still present at x/D = 0.75, causing a
zone of local backflow. We then turned to turbulent computations, using Wilcox’s 2008 (high-
Re) turbulence model.
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(a) ξ (b) velocity

Figure 4: Case 1, laminar: time-averaged ξ coefficient and axial velocity at x/D = 0.75

Figure 5 displays the Mach numbers, species mass fractions, vorticity and turbulence in-
tensity of the turbulent solution at a generic instant of time, whilst Figure 6 shows the time-
averaged periodic solution. The vorticity is scaled with the pipe radius and the air ambient
sound speed; in the turbulence intensity the turbulent kinetic energy is scaled with the square
inlet air velocity. Unsteady coherent structures are still well evident, even if they are less pro-
nounced and more smeared, owing to the diffusive action of turbulence. In the reported figures
it can be noticed the different jet spreading rate, greater than in the laminar case, as should be
expected. The axial distance travelled by perturbations before reaching the axis of symmetry is
therefore shorter.

Figure 7 is, for the turbulent case, the companion of Figure 4 . The results are now in a much
better agreement with experimental data, confirming how the turbulence plays a key role in the
mass and momentum mixing process. Maybe different results could have been obtained turning
on turbulence in the simulation starting from the jet discharge axial point, but this is left as a
future exercise. Test Case 2 was therefore only run under turbulent assumption.

Figure 8 shows a snapshot of the Mach numbers, species mass fractions, vorticity and tur-
bulence intensity. This pictures are not at all alike their analogous obtained at greater velocity
ratio. Vortices are leaving the air co-flow at the outer diameter as well and, moreover, the region
enclosed between the two coaxial jets is now of the “wake-like” type with vortices of alternating
sign visible close to the exit.

The coherent structures generated at the interface persist much longer downstream and the
eventual setting of a self-similar solution is expected to occur farther away. The most important
parameter governing what kind of configuration is likely to appear in the near field is indeed
the momentum flux ratio M and it is well established that a value of M around unity leads to a
deficit velocity profile, and possibly to an unsteady vortex street, typical of wake flows.

Furthermore, a much more complex flow field is apparent as a natural outcome of the jets
strong mutual interaction. This is also verified in Figure 9, where relevant steady spatial oscilla-
tions are noticeable. It is sensible to infer that removing the symmetry constraint and simulating
the whole coaxial jet may result in a smoother average flow field, since perturbations are not
forced to develop themselves simultaneously.
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(a) Max (b) May

(c) yHe (d) yair

(e) vorticity (f) turbulence intensity

Figure 5: Case 1, turbulent: instantaneous contours

(a) Max (b) yHe

Figure 6: Case 1, turbulent: time-averaged contours
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(a) ξ (b) velocity

Figure 7: Case 1, turbulent: time-averaged ξ coefficient and axial velocity at x/D = 0.75

(a) Max (b) May

(c) yHe (d) yair

(e) vorticity (f) turbulence intensity

Figure 8: Case 2: instantaneous contours
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(a) Max (b) yHe

(c) May (d) turbulence intensity

Figure 9: Case 2: time averaged contours

(a) ξ (b) velocity

Figure 10: Case 2: time-averaged ξ coefficient and axial velocity at x/D = 0.75

Time-averaged ξ and non-dimensional vx graphs are reported in Figure 10. The computed
radial profile of helium and carbon dioxide mass fraction is satisfactory, keeping in mind the
uncertainties inherent in the measurements (note the lack of symmetry and the nearly absence
of positive values in the experimental data) and the fact that the local ξ rms is of the same order
of its mean value; proof of this last statement can be found in Figure 11. On the other hand,
there is an evident mismatch in the radial velocity profile. It seems due to the overestimation of
the post recirculation zone in the numerical solution, similarly to what already manifest, even if
to a lesser extent, in the Case 1 turbulent computation. The change of flow configuration from
the “jet-like” to the “wake-like” type enlarged the rear separation bubble and shifted radially
outward the point of minimum average velocity at x/D = 0.75.

15



N. Franchina, M. Savini and F. Bassi

Figure 11: Case 2: instantaneous ξ coefficient at x/D = 0.75

4 CONCLUSIONS

A high-order accurate DG scheme suited to multicomponent flow computation has been pre-
sented and applied to investigate the complex mixing and diffusion mechanism occurring in
coaxial jets. Oscillations typically encountered by numerical schemes applied to the conserva-
tive form of the multicomponent gas equations are herein kept under control by means of: i) the
use of the weak form of the equation of state that allows to compute a more regular pressure
field, ii) the addition of a shock-capturing term based upon local inviscid residuals and inter-
face flux jumps, and iii) a limiting technique on mass fraction values, in order to avoid mixture
properties out of admissible bounds.

The DG solver has been used to compute the flow of a mixture of helium and carbon dioxide
discharging in a surrounding co-flow of air at two different Reynolds numbers and inner-to-
outer momentum flux ratios. Laminar and turbulent unsteady computations have been carried
out to assess the capability of the code and to investigate the jet and co-flow mixing process
taking place. The results obtained indicate in all cases the presence of a strongly unsteady flow
field with the development of noteworthy coherent structures. Moreover, even at Re as small as
about 103, the assumption of turbulent flow is necessary to obtain a reasonable agreement with
measurements.

The preferential diffusion of helium with respect to carbon dioxide is evident (and well cap-
tured) only at the smaller Re and higher velocity ratio, when also the computed time-averaged
velocity field in the near region is close to the experimental one. In this case the mixing pro-
cess resembles the one, well known, experienced by a jet emanating in a quiescent ambient,
whereas a complete different picture exists when jet and co-flow possess similar velocity (more
correctly, similar momentum flux). In this latter case one observes a “wake-like” mixing mode,
characterized by a more complex interaction and a much long-lasting presence of vortices.

Finally, it is worth to mention that in the former case (jet) the unsteadiness is focused on
a single time scale and the unsteady vorticity field is positive definite, while in the latter case
(wake) more frequencies are present altogether with an unsteady vorticity field showing both
signs. These and other interesting topics are currently under investigation and will be the subject
of a forthcoming paper.
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